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Boundary reconstruction problems arise in numerous engineering applications, including
non-destructive testing and electrical impedance tomography. Classical iterative methods for
such inverse problems typically rely on Fr�echet derivatives, a good initial guess, and substantial
analytical work. In this work we apply genetic programming [4] as a standalone method to the
boundary reconstruction problem governed by the heat equation in two- and three-dimensional
domains, circumventing the need for derivative information.

Consider a doubly connected domain D ⊂ Rd, d = 2, 3, with inner boundary Γ1 and outer
boundary Γ2, where each boundary is a non-intersecting simple closed curve (or surface for
d = 3) of class C2. The direct initial-boundary value problem for the heat equation reads

∂u

∂t
= ∆u in D × [0, T ],

u = fℓ on Γℓ × [0, T ], ℓ = 1, 2,

u(·, 0) = 0 in D,

(1)

where fℓ, ℓ = 1, 2, are given smooth functions satisfying the compatibility condition fℓ(·, 0) = 0,
and T > 0 is the �nal time. Problem (1) is well-posed; for a detailed analysis we refer to [3].

With f1 = 0 and f2 ̸= 0, the inverse geometric problem consists of reconstructing the interior
boundary Γ1 from supplementary heat �ux data on the outer boundary Γ2,

∂u

∂ν
= g2 on Γ2 × [0, T ], (2)

where g2 is a given smooth function and ν is the outward unit normal to Γ = Γ1∪Γ2. The inverse
problem (1)�(2) belongs to the class of nonlinear ill-posed problems. It is well established that
the unknown boundary Γ1 can be uniquely identi�ed from the Cauchy data on Γ2, as stated in
the following theorem proved in [3].

Theorem 1. Let D and D̃ be two doubly connected domains with a common exterior bound-

ary Γ2 and interior boundaries Γ1 and Γ̃1, respectively. Denote by u and ũ the classical solutions

of (1) in D and D̃, respectively, with f1 = 0 and f2 ̸= 0. If

∂u

∂ν
=

∂ũ

∂ν

on Γ2 × [0, T ], then Γ1 = Γ̃1.

In this work, the technique of multi-gene genetic programming [1] as a standalone solver
has been adopted. A population of candidate boundaries Γ1 is evolved through an iterative
selection and recombination procedure.

The interior boundary is assumed to be star-shaped and is parameterized by a radial function

Γ1 =

{
r(s)(cos s, sin s), s ∈ [0, 2π], d = 2,

r(θ, ϕ)(sin θ cosϕ, sin θ sinϕ, cos θ), θ ∈ [0, π], ϕ ∈ [0, 2π], d = 3,
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where r : Rd−1 → (0,∞) is an unknown periodic function. Each individual v(r) encodes r as a
linear combination of K symbolic trees (genes) fi,

v(r) = w0 +
K∑
i=1

wifi, wi ∈ R, fi : Rd−1 → R. (3)

Recombination operators act on individual values de�ned by (3), followed by re�tting the
weights wi via least squares. Crossover performs linear combination and gene blending, while
mutation is responsible for gene exploration and �ne-tuning.

The �tness of a candidate is given by the regularized functional of the inverse problem
(1)�(2),

J(v(r)) =

∥∥∥∥∂u(r)

∂ν
− g2

∥∥∥∥2

L2(Γ2)

+ α ∥r∥22 , α > 0,

where u(r) denotes the solution of (1) for the candidate boundary de�ned by r. The forward
problems are solved via the method of fundamental sequences [2], which reduces the parabolic
problem (1) to a recursive sequence of modi�ed Helmholtz problems.

The algorithm is formulated for two- and three-dimensional domains. Robustness of the
proposed scheme is assessed on several numerical examples with exact and noisy data.
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