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Consider the following equation

y(n) = α0p(t)f(y, y
′, . . . , y(n−1))

n−1∏
i=0

φi(y
(i)), (1)

where α0 ∈ {−1, 1}, p : [a, ω[→]0,+∞[ is a continuous function, a < ω ≤ +∞, φi : ∆Yi
→

]0,+∞[, i = 0, n− 1, are continuous, regularly varying functions of order σi as y(i) → Yi,
i = 0, . . . , n− 1, Yi ∈ {0,±∞}, σi ∈ R, and σ =

∑n−1
i=0 σi ̸= 1, ∆Yi

is of the form either [y0i , Yi[
or ]Yi, y

0
i ], f : [a, ω[×∆Y0×∆Y1×. . .×∆Yn−1 →]0,+∞[ is a continuously di�erentiable function

such that

lim
vk→Yk
vk∈∆Yk

vk · ∂f
∂vk

(v0, v1, . . . , vn−1)

f(v0, v1, . . . , vn−1)
= 0 uniformly with respect to vj ∈ ∆Yj

(2)

for j, k ∈ {0, 1, . . . , n− 1}, j ̸= k.
It follows from (2) that the function f(y, y′, . . . , y(n−1)) is close to a regularly vary-

ing functions [1]. As examples of such functions one can consider |y0|γ0 |y1|γ1 . . . |yn|γn×
× exp (lnµ |y0y1 . . . yn|), |y0|γ0 |y1|γ1 . . . |yn|γn lnµ |y0y1 . . . yn| ln |y0y1 . . . yn| and so forth. There-
fore, class of di�erential equations (1) encompasses a class of high order essentially nonlinear
equations. Partial cases of such equations are used for studying high order di�erential equa-
tions, which are used for modeling of complex physical processes. One of partial cases of (1)
was studied in [2].

De�nition 1. Let −∞ ≤ λ0 ≤ +∞. A function y : [t0, ω[→ R (t0 ∈ [a, ω[), which is n
times continuously di�erentiable, is called a Pω(Y0, Y1, . . . , Yn−1, λ0)-solution of the di�erential
equation (1) if it satis�es the conditions

y(n)(t) ̸= 0, y(j−1)(t) ∈ ∆Yj−1
, (j = 1, . . . , n), t ∈ [t0, ω[,

lim
t↑ω

y(j−1)(t) = Yj−1, (j = 1, . . . , n), lim
t↑ω

[y(n−1)(t)]2

y(n)(t) y(n−2)(t)
= λ0,

and

y(n)(t) = α0p(t)f
(
y(t), y′(t), . . . , y(n−1)(t)

) n−1∏
i=0

φi(y
(i)(t)), t ∈ [t0, ω[.

Necessary and su�cient conditions for the existence of Pω(Y0, Y1, . . . , Yn−1, λ0)-solutions
were established in the non-singular case when λ0 ∈ R \ {0, 1, . . . , n− 2, 1}. Moreover, asymp-
totic representations of such solutions and their derivatives up to order n − 1 inclusive as
t ↑ ω were obtained, and the question of the number of solutions with the derived asymptotic
representations was resolved.
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Let's introduce the following notations:

πω(t) =

{
t, if ω = +∞,

t− ω, if ω < +∞,
I(t) =

∫ t

Aω

p(τ)|πω(τ)|1−σdτ ,

Aω =

{
a, if

∫ ω

a
p(τ)|πω(τ)|1−σdτ = +∞,

ω, if
∫ ω

a
p(τ)|πω(τ)|1−σdτ < +∞,

β =

{
1 if ω = +∞,

−1 if ω < +∞,

νi = sign Yi, a0i = (n− i)λ0 − (n− i− 1), C =
n−1∏
i=0

∣∣∣∣∣(λ0 − 1)n−i−1∏n−1
j=i+1 a0j

∣∣∣∣∣
σi

, (i = 0, n− 1).

Then the following theorem holds:

Theorem 1. Let λ0 ∈ R \
{
0, 1

2
, . . . , n−2

n−1

}
and 1 − σ ̸= 0. Then for the existence of a

Pω(Y0, Y1, . . . , Yn−1, λ0)-solution to the di�erential equation (1) the conditions

νj−1νj < 0 if Yj−1 = 0, νj−1νj > 0 if Yj−1 = ±∞,

α0νn−1 < 0 if Yn−1 = 0, α0νn−1 > 0 if Yn−1 = ±∞,

are necessary, as well as

νj−1σja0j(λ0 − 1)πω(t) > 0 (j = 1, . . . , n), α0νn−1(λ0 − 1)πω(t) > 0,

α0ν
σ−1
n−1I(t) > 0 for t ∈ [a, ω[, lim

t↑ω

πω(t)I
′(t)

I(t)
=

1− σ

λ0 − 1
,

and, if the algebraic equation with respect to µ

β

λ0 − 1

n∑
i=1

σi−1

n−1∏
k=i

β
a0k

λ0 − 1

i−1∏
k=1

(
β

a0k
λ0 − 1

+ µ

)
=

(
µ+

β

λ0 − 1

) n−1∏
k=1

(
β

a0k
λ0 − 1

+ µ

)
(3)

has no roots with zero real part, they are also su�cient.
Moreover, for each such solution, as t ↑ ω, the asymptotic relations hold

y(i)(t) =
[(λ0 − 1)πω(t)]

n−i−1∏n−1
j=i+1 a0j

y(n−1)(t)[1 + o(1)], (i = 0, n− 1),

where y(n−1)(t) is determined by the asymptotic relation

|y(n−1)(t)|1−σ

f (y(t), . . . , y(n−1)(t))
∏n−1

i=0 Θi(y(i)(t))
= νn−1α0C(1− σ)I(t)[1 + o(1)]

in which Θi(y
(i)(t)) is a slowly varying component of the function φi (i = 0, . . . , n− 1).

There exists an m-parametric family of solutions with these asymptotics in the case when
among the roots of the algebraic equation (3) there are m roots (counting multiplicities), whose
real parts have sign opposite to that of (λ0 − 1)πω(t).
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