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We study the classical and non-classical Laguerre operators ¢, on L? (0, +oo) in terms of
the Crum transformation, which can be defined by
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Note, if & > —1, then /, is called a classical Laguerre operator. In this case, ¢, is considered
in the Hilbert space L*(R,,w,), where w,(z) = x%~*
indefinite metric
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is a weight function. If &« < —1 and
a & Z_, l, is called a non-classical Laguerre operator the Pontryagin space II(«) with the
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As was known,

Ea(gbn(x?a)) = )‘ngbn(xaa)’ ne Z-i—a

where A, and ¢,, are eigenvalue and eigenfunction, respectively, which can be found by
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On(r,0) = € 2 xa+%Ln(x2,oz) and N\, =2a+2+4n, neZ,.

Moreover, ¢, is called a Laguerre function and L, is called a Laguerre polynomial such that
1
Ly(z,a) =

z, . —a ( —z, nta) )
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We obtained the following results:
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neZ,=NU{0}and a ¢ Z_.

Proposition 1. Let a ¢ Z_ and ¢y,
skian W (¢o(z, @), .

., On_1 be the Laguerre functions. Then the Wron-
, On_1(x, ) can be calculated by

n—1

W(go(x,), ... oni(z,0)) = [[(~2)*é(z,a + k).

k=0
Next, we study the direct Crum transformation of the Laguerre operator.

Theorem 1. Let o ¢ Z_, let l,, be a Laguerre operator, and let ¢y, . .., ¢,_1 be the Laguerre
functions. Then the Crum transformation of £, is the following operator
d2
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where the potential ¢© is given by

L) = (v +n)?—

5 4 2%+ 2n.
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Furthermore, (€ can be rewritten in terms of Laguerre operators as

gC’ = goa-‘rn + 2n,
where 1s the Laguerre operator.
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Our main goal is the inverse Crum transformation of the Laguerre operator and the relation
between the classical and non-classical Laguerre operators.

Theorem 2. Let {, be a Laguerre operator such that n € N and a« —n ¢ Z_, and let
0, - -, Pn_1 be the eigenfunctions of {,. Then the inverse Crum transformation of ¢, can be

defined by

2
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where the potential ¢'C can be calculated by

Cf N N 1 2n?
¢ (2) = dalr) = 25510 (W(¢0(x,a), ...,gbn_l(:z,a))) Tt

Furthermore, ¢'¢ is the Laguerre operator such that

KIC = ga—m qIC(x) = @M—n(x)a

KIC

The point spectrum of the inverse Crum can then be found by

o,(19) = 0, (b)) ULk, s Aa ), A =200+ 2 4 4.

Corollary 1. Let {, be a classical Laguerre operator such that n € N, a —n ¢ Z_ and
a—n < —1, and let ¢g, ..., ¢,_1 be the eigenfunctions of £,. Then the inverse Crum transfor-
mation of U, is the non-classical Laguerre operator £q_,.
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