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A ring R is understood as an associative ring with nonzero unit element and U(R) is
understood as the group of invertible elements of a ring R and by M, (R) the set of n x n
matrices over R.

An elementary matriz with elements of the ring R is understood as a square matrix of one
of the following types: 1) a diagonal matrix with invertible elements on the main diagonal; 2)
a matrix that differs from the unit matrix by the presence of any nonzero element outside the
main diagonal.

A right (left) Bezout ring is a ring in which every finitely generated right (left) ideal is
principal. A Bezout ring is a ring which is both right and left Bezout ring.

A ring is said to be a right (left) duo ring if any right (left) ideal of this ring is a 2-sided
ideal. If the ring is both left and right duo ring, then it is called duo ring [2].

It follows immediately from the definition above that an element a of a ring R is called a
duo-element if for any r € R there exists an element s € R such that ar = sa. The set of all
duo-elements of the ring R will be denoted by Duo(R).

A ring R is called a ring of duo-stable range 1 if aR + bR = R implies that there exists
t € Duo(R) such that a + bt = u, where u € U(R).

A ring R is said to have central stable range 1 [1], if for any a,b € R satisfying aR+bR = R,
there exists such t € Z(R) that a + bt is an invertible element in R.

A ring R is called a ring with elementary reduction of matrices |3| in case of an arbitrary
matrix over R possesses elementary reduction, i.e. for an arbitrary matrix A over the ring R
there exist such elementary matrices over R , Py, ..., Py, Q1,...,Q, of respectful size that

Pl'PQ"'Pk-'A'Ql'QQ"'QS:diag(€17...,57~70,...,0)7

where Re; 1R C Re;Neg;R forany ¢t =1,2,...,r — 1.
All other necessary definitions can be found in [1], [3], and [4].

Proposition 1. Fvery homomorphic image of a ring of duo-stable range 1 is ring of duo-
stable range 1.

Proposition 2. FEvery direct product of rings of duo-stable range 1 is ring of duo-stable
range 1.

Proposition 3. A ring of central stable range 1 is ring of duo-stable range 1.

Theorem 1. A Bezout ring with duo-stable range 1 is a ring with elementary reduction of
matrices.

A ring R is said to be an FID-ring [4] if any idempotent matrix F over it has the property
of elementary idempotent reduction, i.e., there exist elementary matrices P, ..., Py, Q1,...,Qs
over R of respectful size such that

P Py P E-(Q- Q2 Q) = diag(dy,dy,...,0,...,0).

Theorem 2. A Bezout ring with duo-stable range 1 is EID-ring.
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Theorem 3. Let R is Bezout ring with duo-stable range 1. Then any non-invertible matrix
15 a product of idempotent matrices.
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