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Convex hull peeling is a construction in multivariate data analysis and stochastic geometry:
one forms the convex hull of a sample, removes the sample points which lie on its boundary,
and iterates. The successive layers encode the geometry of the sample and are closely related
to depth and outlier detection. Recent work of Calka and Quilan established the limit theory
for the first layers of random convex hull peelings in a unit ball [1| and simple polytopes [2].
The aim of the present talk is to present the extension of the approach described by Calka
and Quilan to families of convex bodies and to apply it for generalized convex hulls of random
samples, namely K-hulls, studied in [3].

Let £ := {L; : i € I} be a non-empty collection of compact convex sets in R? with the

convex hull
conv(L) := conv <U Li> :
icl

For 1 < m < |I|, the m-point peeling of the family £ (or of the convex hull conv(L)) is the set

convi™ (L) = ﬂ conv< U Li>.

JCIL|J|=m iel\J

Thus, if the cardinality |/| is finite, then conv™ (L) consists of all points of R? which can be
represented as convex combinations of points of every subfamily of £ of cardinality |I| — m.
Alternatively, conv™ (L) consists of points that remain in the convex hull conv(£) no matter
which m bodies are removed.

The second type of peeling generalizes that of Calka and Quilan and is defined as follows.
A set L; € L is contributing to a subfamily F C L if

conv U L; | 2 conv U L;
L;eF LieF\{L;}

Set LW := L. For m > 1, let C,,(£) C I be the set of indices of contributing sets of £(™ and
define I, := 1\ U;”:_ll C;j(L) and L™ := {L; :i € I,,}. The m-th recursive convex hull peeling
of the family L (or of the conver hull conv(L)) is

convy (L) := conv(L™) = conv (U LZ-> :

1€1m

Note that when the family £ consists of singletons, the recursive convex hull peeling of £
coincides with the classical convex hull peeling of a point configuration considered by Calka
and Quilan [2]|. In what follows we use superscripts [m] for the m-point peeling and subscripts
[m] for recursive peeling.
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We shall now apply the above notions to the K-hulls of random samples as studied in [3].

Let K be a fixed convex body containing the origin in the interior. Recall from [3| that, for a
set A C R?, its K-hull is
convg(A) == m (K +x).
z€RY: ACK +x
Note that if K is the Euclidean unit ball, then convg(A) is the ball hull of A. Let =, =
{&,...,&} be a random sample of independent points uniformly distributed in K, and define

n

Xn = ﬂ(K — &) = K@En =Ko COHVK(En)v
=1

where A6 B :={z € R?: 2+ B C A}. The polar body to X,, can be written as

Xy = <ﬁ(K — @)) O = conv (O(K - &)") = conv (L),

i=1 i=1
where E?L = {(K - 51)07 SR (K - gn)o}'
We define the two peelings of X? as follows
(XM = conv™(£2)  and  (X2)jm) := convim (L3).

Our main results establish the convergence of properly rescaled peelings (X)™ and (X2 m)-
The limiting objects are defined through a Poisson hyperplane tessellation. Let S9! denote
the unit sphere in R%. Let Px = {(t;,u;), i > 1} be a Poisson process on (0,00) x S with
intensity measure equal to the product of V;(K)™!, Lebesgue measure on (0, 00), and the surface
area measure Sq_1(K,-). The associated half-spaces H (t;) generate a Poisson tessellation of
R¢, and its zero cell is

Z = m H, (i),

(tiui) €Px
where H (t) := {z € R?: (x,u) <t}. Let Il be the image of Px under (¢,u) — t~'u. Then
Z° = conv(Ilg).
This representation allows us to define two peelings of Z° via Zf) ; = convi,(Ilx) and (Z o)lml —
convl™(ITg). Let ICEIO) be the space of convex bodies on R? endowed with the Hausdorff distance.

Theorem 1 (m-point peeling). Assume that the conver body K is strictly convex. Then,
for every m € N, the random vector of convex bodies (n_l(Xg)m, o ,n‘l(X,‘;)[m]) converges
i distribution, as n — 0o, on the space (ICL(iO))m endowed with the product topology to
((Zzo)W, ... (Z°)m).

Theorem 2 (Convex hull peeling). For every m € N, the random vector of convex bodies

(nN(X2)p), - (X)) converges in distribution, asn — 0o, on the space (lCElO))m endowed
with the product topology to (Z[Ol], e Z[om]).
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