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Let Ψ : R2 → R2 be a continuous vector �eld. L : [0, 1] → R2 be a continuous curve, such
that Ψ does not turn to 0 on the curve L . Then

De�nition 1. (p. 4 in [1]) The winding number γ(Ψ, L) of the �eld Ψ along the curve L
is the number 1

2π
(ϕ(1)− ϕ(0)), where ϕ is the continuous branch of the angular function of Ψ .

Theorem 1. (p. 23 in [1]) The winding number of a continuous vector �eld ξ on a boundary
of a region B ⊂ R2 can be calculated as follows

γ(ξ, B) =
∑

u∈B:ξ(u)=0

ind(ξ)(u)

if ξ has no null vectors on the boundary of B.

Here ind(ξ)(u) denotes the index of the �eld ξ in the point u, i.e. the rotation of the �eld on a
small enough circle with center at the point u.

If the matrix of derivatives of ξ is non-degenerate in the point u, the index can be calculated
as (p. 61 in [1])

ind(ξ)(u) = sign(det(ξ′(u))).

Let us de�ne the factorial power of k−th order of a random variable X as follows

X(k) = X(X − 1) . . . (X − k + 1) .

We obtained the following identity for the higher-order factorial moments of the winding
number of random �eld.

Theorem 2. Let the following conditions hold :
a) ξ and ∂ξi

∂tj
are continuous on B with probability 1 and have bounded moments of the order

2k on B.
b) ∀t ∈ B, the probability density pξ(t)(x) of the random vector ξ(t) is continuous at the

point x = 0.
b′) For all t̃ ∈ B0 = {(t1, . . . tk) ∈ Bk : ti ̸= tj, i ̸= j}, the probability density pξ̃(t̃)(x1, . . . xk)

of the random vector ξ̃(t̃) = (ξ(t1), ξ(t2), . . . , ξ(tk)) is continuous at (x1, . . . xk) = 0.
c) For all t ∈ B, the conditional probability density pt(x|∇ξ(t)) of the random vector ξ(t)

exists, is bounded, and is continuous at x = 0.
c′) For all t̃ ∈ B0, the conditional probability density pt̃(x̃|∇ξ̃(t̃)) of the random vector ξ̃(t̃)

exists, is continuous, and is bounded at x̃ = (0, . . . 0).
d) For all t ∈ B, the conditional probability density pt(z|ξ(t) = x) of the random value ∇ξ(t)

is continuous in z and x.
d′) For all t̃ ∈ B0 the conditional probability density pt̃(z|ξ̃(t̃) = x̃) of the value ∇ξ̃(t̃) is

continuous in z and x.
e) The modulus of continuity on B of each of the components of ξ, ∇ξ satis�es the relation

P (ω(η) > ϵ) = o(η2k), when η ↓ 0 for all ϵ > 0.
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Also let us denote as

N+ = #{r ∈ B : ξ(r) = 0, det(ξ′(r)) > 0}

and respectively
N− = #{r ∈ B : ξ(r) = 0, det(ξ′(r)) < 0}

Then ∑
s1...sk∈{1,−1}

s1 . . . skE((N+)(∑k
i=1 si+k)/2(N−)(k−∑k

i=1 si)/2
) =

=

∫
Bk

E(
k∏

j=1

det(D(tj))|ξ(t1) = · · · = ξ(tk) = 0)pξ̃(t̃)(0)dt1 . . . dtk

where pξ̃(t̃)(0) is the probability density of the random vector ξ̃(t̃) at the point 0, D(tj) is the
matrix of partial derivatives of the �eld ξ at the point tj.

Example 1. As an example of the random �eld that satis�es conditions a)-e) of the theorem
for all k ∈ N, we consider the homogeneous centered Gaussian planar random �eld ξ with
independent components and the following covariance function of components:

Eξi(u)ξi(v) = e−||u−v||2 , i = 1, 2

The condition e) is satis�ed (p. 268 in book [2]).
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