
International Conference of Young Mathematicians
The Institute of Mathematics of the National Academy of Sciences of Ukraine

June 3�5, 2026, Kyiv, Ukraine

Point symmetry pseudogroups of linear Schr�odinger
equations with complex time-independent potentials

J. D. Maniraguha1, R.O. Popovych2

1Fakult�at f�ur Mathematik, Universit�at Wien, Austria
College of Science and Technology, University of Rwanda, Kigali, Rwanda

2Mathematical Institute, Silesian University in Opava, Czech Republic
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

jadomanir99@gmail.com, rop@imath.kiev.ua

The computation of the maximal Lie invariance algebra of a system of di�erential equations
is a quite algorithmic problem, and there are a number of specialized packages for this purpose
in various computer algebra systems. Nevertheless, at least a part of these packages sometimes
miss a part of Lie symmetries, produce incorrect Lie symmetries, and the situation becomes
worse in the course of studying a class of systems of di�erential equations. Finding the complete
point symmetry groups of a system of di�erential equations, including its discrete symmetries,
is not as algorithmic as �nding its maximal Lie invariance algebra. Moreover, the problem of
classifying point symmetries for a class of such systems has not properly been addressed in
the literature. Using results of [1], we solve this problem for the class F ′ of (1+1)-dimensional
linear Schr�odinger equations F ′

V with time-independent complex-valued potentials V , which
are of the form

iψt + ψxx + V (x)ψ = 0, (1)

where ψ is an unknown complex-valued function of two real independent variables (t, x) and V
is an arbitrary smooth complex-valued potential depending on x.

Theorem. A complete list of G∼
F ′-inequivalent cases for the point-symmetry pseudo-

groups GV of equations F ′
V from the class F ′, where G∼

F ′ denotes the equivalence group of
the class F ′, is exhausted by the following cases, where for each case we present the corre-
sponding potential(s) V and the point transformations constituting the group GV .

0. general V (x) : the compositions of the transformations t̃ = t+ λ, x̃ = x, ψ̃ = σ(ψ + Λ)

with the (discrete) transformations of the form t̃ = λ′t, x̃ = |λ′|1/2x+ ν, ψ̃ = eσ
′tψ̂ such

that V (x̃) = V̂ (x)/|λ′| − iσ′/λ′,

1. V (x) = iαx− x2 : t̃ = εt+ λ, x̃ = εx+ 2κ cos(2t+ ν),

ψ̃ = σ exp
(
κ sin(2t+ ν)(−2ix− 2iεκ cos(2t+ ν)− εα)

)
(ψ̂ + Λ̂),

2. V (x) = iαx+ x2 : t̃ = εt+ λ, x̃ = εx+ 2κe2t + 2νe−2t,

ψ̃ = σ exp
(
(κe2t − νe−2t)(2ix+ 2iεκe2t + 2iενe−2t − εα)

)
(ψ̂ + Λ̂),

3a. V (x) = ix : t̃ = εt+ λ, x̃ = εx+ 2κt+ ν, ψ̃ = σ exp
(
iκx+ εiκ2t− εκt2 − ενt

)
(ψ̂ + Λ̂),

3b. V (x) = iαx+ x : t̃ = εt+ λ, x̃ = εx+ (1− ε)t2 + 2(κ+ ελ)t+ λ2 + ν,

ψ̃ = σ exp
(
i(εt+ λ)(εx− εt2 + 2κt+ ν) + iκ(x− t2)− εt(ix+ καt+ αν − iκ2)

+ 1
3
(2i− α)(εt+ λ)3 + 1

3
(iε+ α)t3

)
(ψ̂ + Λ̂),

4a. V (x) = µ/x2 : as in Case 5a

4b. V (x) = µ/x2 − x2 : as in Case 5b
with κ = ν = 0 if µ ∈ R \ {0} and

in addition with ε′ = 1 if µ ∈ C \ R,
4c. V (x) = µ/x2 + x2 : as in Case 5c
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5a. V (x) = 0: t̃ =
λ1t+ λ2
λ3t+ λ4

, x̃ =
x+ κt+ ν

λ3t+ λ4
,

ψ̃ = σ
√
|λ3t+ λ4| exp

(
−iε′λ3x

2 − (κλ4 − νλ3)(2x+ κt+ ν)

4(λ3t+ λ4)

)
(ψ̂ + Λ̂),

5b. V (x) = −x2 : t̃ =
1

2
arctan

2ϱ

ς
, x̃ =

2x+ ϑ

ς(1 + 4ϱ2/ς2)1/2
,

ψ̃ = σ(ς2 + 4ϱ2)1/4 exp

(
−iϱ(2x+ ϑ)2

ς(ς2 + 4ϱ2)
− i

ε′

4

ςt
ς
x2 + iε′(κλ4 − νλ3)

4x+ ϑ

4ς

)
(ψ̂ + Λ̂)

with ϱ := λ1 sin 2t+ 2λ2 cos 2t, ς := λ3 sin 2t+ 2λ4 cos 2t, ϑ := κ sin 2t+ 2ν cos 2t,

5c. V (x) = x2 : t̃ =
1

4
ln

∣∣∣∣4ϱς
∣∣∣∣ , x̃ =

4x+ ϑ

2ς|ϱ/ς|1/2
,

ψ̃ = σ|ϱς|1/4 exp
(
−i(4x+ ϑ)2

8|ϱς|
− iε′ςt

4ς sgn(ϱς)
x2 + iε′(κλ4 − νλ3)

8x+ ϑ

4ς sgn(ϱς)

)
(ψ̂ + Λ̂)

with ϱ := λ1e
2t + 4λ2e

−2t, ς := λ3e
2t + 4λ4e

−2t, ϑ := κe2t + 4νe−2t,

5d. V (x) = x : t̃ =
λ1t+ λ2
λ3t+ λ4

, x̃ =
x− t2 + κt+ ν

λ3t+ λ4
+

(
λ1t+ λ2
λ3t+ λ4

)2

,

ψ̃ = σ
√

|λ3t+ λ4| exp

(
i
λ1t+ λ2

(λ3t+ λ4)2
(x− t2 + κt+ ν) +

2

3
i

(
λ1t+ λ2
λ3t+ λ4

)3
)

× exp

(
−iε′λ3(x− t2)2 − (κλ4 − νλ3)(2x− 2t2 + κt+ ν)

4(λ3t+ λ4)
− iε′tx+ iε′

t3

3

)
(ψ̂ + Λ̂),

where α, λ′, λ, λ1, λ2, λ3, λ4, κ and ν are arbitrary real constants with λ1λ4−λ2λ3 := ε′ = ±1,
λ′ ̸= 0 and α ̸= 0, σ and σ′ are arbitrary complex constants with σ ̸= 0, ε = ±1, and
Λ = Λ(t, x) is an arbitrary solution of the equation F ′

V , hat over a complex value denotes the
same value or its complex conjugate if the derivative of the t-component of this transformation
or, equivalently, the relevant constant λ′, ε or ε′ is positive or negative, respectively.

The point-symmetry pseudogroup GV of each equation F ′
V spits over the pseudogroup Glin

V

of its transformations of linear superposition of solutions, GV = Gess
V ⋉ Glin

V . Here the sub-
group Gess

V of GV consists of the transformations of the corresponding form from the theorem
with Λ = 0 and with the natural domains in the entire space with the coordinates (t, x, ψ, ψ∗).
This subgroup is called the essential point symmetry group of the equation F ′

V . For instance, for
each of the potentials V (x) = iαx+ δx2 with δ ∈ {−1, 0, 1} and V (x) = iαx+x, the group Gess

V

is a �ve-dimensional Lie group with two components; its identity component Gess
V,id is singled

out by the constraint ε = 1. The only independent (up to composing with elements of Gess
V,id)

discrete transformation in Gess
V is the composition of the Wigner time re�ection and the space

re�ection, t̃ = −t, x̃ = −x, ψ̃ = ψ∗ for the potentials V (x) = iαx + δx2 with δ ∈ {−1, 0, 1}
and the transformation t̃ = −t, x̃ = −x, ψ̃ = exp

(
2it(x− t2) + 2

3
αt3
)
ψ∗ for V (x) = iαx+ x.
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