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Let Mn(C) be a space of n× n square matrices defined over complex field C.
Consider a linear and completely positive map

Φ : Mn(C)→Mn(C) (1)

to be a quantum channel induced by a family of projections:

Φ(X) =
s∑

i=1

λiPiXPi. (2)

Following constraints must be satisfied:

1.
Pi = P ∗

i = P 2
i ∀i ∈ {1, .., s}, where P ∗

i is conjugate transpose of Pi. (3)

2.
s∑

i=1

λiPi = I (4)

3.
0 ≤ λi ≤ 1 ∀i ∈ {1, .., s} (5)

Problem 1. The problem of existence of collections of projections that satisfy (3) for
different λi was partially solved by S. A. Kruglyak in [1], and for equal coefficients λi there is
a complete solution proposed in [2].

Our main goal is to find quantum channel of type (2) for which Φ is invertible. Another
subsequent goal is to establish additional properties of eigenvalues of such channels.

Theorem 1. Let Pi ∈ Mn(C) and ki = rank(Pi), i = 1, 2, 3, ..., s. Provided Φ is nonsingu-
lar, the following inequality holds:

s∑
i=1

k2i ≥ n2

Thus, maps with small s and small rank(Pi) are necessarily singular for n big enough.

Proposition 1. For s = 4 we consider a quantum channel Φ : M2(C) → M2(C) of the
form

Φ(X) =
1

2

4∑
i=1

PiXPi
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with rank(Pi) = 1, i = 1, 2, 3, 4. It was shown that if every Pi has only real entries, then Φ is
singular. And if only P1, P2 ∈ M2(R) but some entries of P3 and P4 have nonzero imaginary
part, then Φ is invertible for all but one case

P1 · P2 =

(
0 0
0 0

)
.

Proposition 2. For s = 6 and λi = 6
13
, i = 1, 2, 3, 4, 5, 6, we took known construction of

projections Pi ∈ M6(C) that satisfy (3) and found that nonsingular Φ has 11 eigenvalues with
largest of them to be 1 of simple multiplicity. The spectral gap of σ(Φ) is 1

26
.

Theorem 2. Consider a case of Kraus decomposition

Φ(X) =
s∑

i=1

V ∗
i XVi, Vi ∈Mn(C)

of unital quantum channel. Then, Φ has a simple eigenvalue α = 1 if and only if a collection
V1, V2, ..., Vs is irreducible.
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