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We consider the stochastic differential equation with interaction [1]

dz(u,t) = a(az‘(u, t),,ut) dt + /Rd b(x(u, t), ut,p) W (dp, dt), 0

SL’(U,O) =u, UERd, te [07 1]7 Mt:NOOx('7t)_1‘

where
a:RYx My(RY) = RY, b R x My(RY) x R — R
Here 2, (R?) is the set of all probability measures p on the Borel o-field on R? such that

/ [v|P p(dv) < 400, p> 1
Rd

Definition 1. For u,v € 9M,(R?), we denote by v,(u, v) the Wasserstein distance of order p,

i) = (Lt [ el stanan)) 2)
w€C (1) JRd xR

where C'(u, v) is the set of all couplings of p and v.

We assume that the coefficients of (1) satisfy the Lipschitz condition with respect to the
Euclidean norm in R? and the Wasserstein distance v,. Under these assumptions, the stochastic
differential equation with interaction admits a unique solution on [0, +00). Moreover, for every
t > 0, the measure p; = pig o z(+,t)~! is a random element in My (R?) [1].

We define the Euler-Maruyama approximation associated with the Monte Carlo initial
measure g as follows. Let

tk:—, k‘:O,l,...,n,
be the uniform partition of [0, 1]. For ¢ € [ty, tx11), set

xr]:[(tvu) kv )+6L( (tk’ ) :uiz’n)(t_tk)

t
//Rd n (teu “tk " p) W(dp,ds), (3)

2N (0,u) = u

with initial condition

where
ui " = o () (t)
To reduce the number of spatial nodes required by the discretization procedure and to avoid
the dimensional dependence of regular grid constructions, we propose to approximate the initial

measure by an empirical Monte Carlo measure
1 N ..
:NZ(SUM Ul;-‘-aUN IVL'/”LO‘ <4)
i=1
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Assume that, for some ¢ > 2, the initial measure po has a finite g-th moment,

[t o) < o
Rd
Lemma 1. There exists a constant C > 0, depending only on d, q, such that

2(g—2)

E3 ko, g ) < C Nt

2p —d Y
76(0, o ), U.—V—i-d'

For a compact set K C R% let \y(K) denote its d-dimensional Lebesgue measure. The

Let p > d, and choose

constants C,, > 0, C(d, p,7v) > 0, and C¥™¢ > 0 denote the constants arising respectively from
the p-th moment estimate, the spatial continuity estimate, and the time discretization estimate
on K.

Theorem 1. Assume that the conditions considered above hold. Then

).

N

~ o 70'( —2)
Esup sup |z(u,t) — ¥ (u,t)| < O (C?N @@ 4
u€K t€(0,1]

where

we

1]

2l

Cr = T (M(K)CE)7 (C(d,p,7) Cy) @ (diam k)2 (0=577) 4 ctime,

Corollary 1. Let

obtain the balanced estimate

N |=

Esup sup |z(u,t) — 2 (u, )] < Ck (C2 +1)n 2.
ue K t€[0,1]
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