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We consider the stochastic differential equation with interaction [1]

dx(u, t) = a
(
x(u, t), µt

)
dt+

∫
Rd
b
(
x(u, t), µt, p

)
W (dp, dt),

x(u, 0) = u, u ∈ Rd, t ∈ [0, 1], µt = µ0 ◦ x(·, t)−1.
(1)

where
a : Rd ×M2(Rd)→ Rd, b : Rd ×M2(Rd)× Rd → Rd×d.

Here Mp(Rd) is the set of all probability measures µ on the Borel σ-field on Rd such that∫
Rd
|v|p µ(dv) < +∞, p ≥ 1.

Definition 1. For µ, ν ∈Mp(Rd), we denote by γp(µ, ν) the Wasserstein distance of order p,

γp(µ, ν) :=

(
inf

κ∈C(µ,ν)

∫
Rd×Rd

|x− y|p κ(dx, dy)
) 1

p

, (2)

where C(µ, ν) is the set of all couplings of µ and ν.

We assume that the coefficients of (1) satisfy the Lipschitz condition with respect to the
Euclidean norm in Rd and the Wasserstein distance γ2. Under these assumptions, the stochastic
differential equation with interaction admits a unique solution on [0,+∞). Moreover, for every
t > 0, the measure µt = µ0 ◦ x(·, t)−1 is a random element in M2(Rd) [1].

We define the Euler–Maruyama approximation associated with the Monte Carlo initial
measure µN0 as follows. Let

tk =
k

n
, k = 0, 1, . . . , n,

be the uniform partition of [0, 1]. For t ∈ [tk, tk+1), set

xNn (t, u) = xNn (tk, u) + a
(
xNn (tk, u), µ

N,n
tk

)
(t− tk)

+

∫ t

tk

∫
Rd
b
(
xNn (tk, u), µ

N,n
tk
, p
)
W (dp, ds),

(3)

with initial condition
xNn (0, u) = u,

where
µN,ntk

= µN0 ◦
(
xNn (·, tk)

)−1
.

To reduce the number of spatial nodes required by the discretization procedure and to avoid
the dimensional dependence of regular grid constructions, we propose to approximate the initial
measure by an empirical Monte Carlo measure

µN0 =
1

N

N∑
i=1

δUi , U1, . . . , UN
i.i.d.∼ µ0. (4)

http://www.imath.kiev.ua/~young/youngconf2026



International Conference of Young Mathematicians
The Institute of Mathematics of the National Academy of Sciences of Ukraine

June 3–5, 2026, Kyiv, Ukraine

Assume that, for some q > 2, the initial measure µ0 has a finite q-th moment,∫
Rd
|u|q µ0(du) < +∞.

Lemma 1. There exists a constant C > 0, depending only on d, q, such that

E γ22(µ0, µ
N
0 ) ≤ C N−

2(q−2)
q(d+4) .

Let p > d, and choose

γ ∈
(
0,

2p− d
2p

)
, σ :=

γ

γ + d
.

For a compact set K ⊂ Rd, let λd(K) denote its d-dimensional Lebesgue measure. The
constants Cp > 0, C(d, p, γ) > 0, and Ctime

K > 0 denote the constants arising respectively from
the p-th moment estimate, the spatial continuity estimate, and the time discretization estimate
on K.

Theorem 1. Assume that the conditions considered above hold. Then

E sup
u∈K

sup
t∈[0,1]

|x(u, t)− xNn (u, t)| ≤ C̃K

(
C

σ
2N−

σ(q−2)
q(d+4) + n−

1
2

)
,

where

C̃K :=
γ + d

d1−σγσ
(
λd(K)C

1
2p
p

)σ(
C(d, p, γ)Cp

) 1−σ
2p (diamK)(1−σ)(1−

d
2p
−γ) + Ctime

K .

Corollary 1. Let

α :=
σ(q − 2)

q(d+ 4)
.

Choosing the number of Monte Carlo nodes as

N =
⌈
n

1
2α

⌉
,

we obtain the balanced estimate

E sup
u∈K

sup
t∈[0,1]

|x(u, t)− xNn (u, t)| ≤ C̃K
(
C

σ
2 + 1

)
n−

1
2 .
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