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A set L endowed with two binary operations + and [ , ] is called a Leibniz ring or, more
precisely, a left Leibniz ring, if it satisfies the following conditions:

(i) (L,+) is an abelian group;

(ii) [a, b+ c] = [a, b] + [a, c] and [a+ b, c] = [a, c] + [b, c];

(iii) [a, [b, c]] = [[a, b], c] + [b, [a, c]],

for all a, b, c ∈ L.
For many algebraic structures, a natural starting point is the study of objects generated by a

single element. In the case of Lie rings, one-generated rings have a rather simple structure. For
Leibniz rings, however, the corresponding problem turns out to be considerably more subtle.
We take the first steps toward understanding such Leibniz rings (see also [1]). It is also worth
noting that, for the closely related structure of Leibniz algebras, an analogous problem was
successfully solved by the authors; a detailed account can be found in the monograph [2].

Let C = Z/kZ, where k = 0 or k is a positive integer. For each n ∈ N, let Cn be isomorphic
to C as an additive group, and put

A =
⊕
n∈N

Cn.

Thus, every element of A can be written as a finite sequence x = (αn)n∈N, where αn ∈ C.
Define an operation [ , ] on A as follows. If x = (αn)n∈N and y = (βn)n∈N, then

[x, y] = (γn)n∈N,

where
γ1 = 0, γn+1 = α1βn for all n ∈ N.

A direct verification shows that this operation is biadditive and satisfies the Leibniz identity

[x, [y, z]] = [[x, y], z] + [y, [x, z]]

for all x, y, z ∈ A. Hence A is a Leibniz ring.
Let aj = (δjn)n∈N, where δjn is the Kronecker delta. Then

[a1, an] = an+1 for all n ∈ N.

Therefore, the ring A is generated, as a Leibniz ring, by the single element a1.
Now put

Aj =
⊕
n≥j

Cn.

Then
A = A1 ≥ A2 ≥ · · · ≥ An ≥ An+1 ≥ · · · ,

⋂
n∈N

An = 〈0〉.
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This gives the lower central series of the Leibniz ring A. Moreover, each An is generated as a
subring by the element an.

If C = Z, the constructed Leibniz ring is denoted by FL(1,Z). If C = Z/kZ = Zk, where k
is a positive integer, then it is denoted by FL(1,Zk).

Let R = Z[X] and consider the additive abelian group

FL(Z[X]) = 〈a〉 ⊕R,

where 〈a〉 is an infinite cyclic group. Thus every element of FL(Z[X]) has the form

u = α0a+ f(X), f(X) = λ0 + λ1X + · · ·+ λnX
n,

where α0, λ0, λ1, . . . , λn ∈ Z.
For

u = α0a+ f(X), v = β0a+ g(X),

where
g(X) = µ0 + µ1X + · · ·+ µkX

k,

define the product [ , ] by

[u, v] = α0β0 + α0µ0X + α0µ1X
2 + · · ·+ α0µkX

k+1.

A direct computation shows that, for arbitrary elements u, v, w ∈ FL(Z[X]), one has

[u, [v, w]] = [[u, v], w] + [v, [u,w]].

This construction gives a polynomial realization of the one-generated Leibniz ring. In par-
ticular, we have the following result.

Theorem 1. The Leibniz rings FL(1,Z) and FL(Z[X]) are isomorphic.

The next theorem shows that, in the torsion-free case, the above construction is essentially
the only possible infinite-rank example among one-generated Leibniz rings.

Theorem 2. Let L be a Leibniz ring whose additive group is torsion-free. Then either L is
isomorphic to FL(1,Z), or L has finite 0-rank.

The following theorem gives the corresponding analogue for Leibniz rings whose additive
group is an elementary abelian p-group.

Theorem 3. Let L be a Leibniz ring whose additive group is an elementary abelian p-group
for some prime p. Then either L is isomorphic to FL(1,Zp), or L is finite.
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