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Let {xt, t ≥ 0} be a regular �nite Markov chain with the state space {1, . . . ,m} and the
intensity matrix Q = ∥qij∥mi,j=1. Given xt = i, the process ξt evolves like a compound Poisson
process with the rate of jumps λi > 0 and the density of jumps fi (x). Then {ξt, xt} is the
Markov additive process with the cumulant function

K [r] =

∫ ∞

−∞
(erx − 1)Λf (x) dx+Q, ℜ (r) = 0,

where Λ = ∥λiδij∥ and f (x) = ∥fi (x) δij∥ (see, for instance, [1]).
For s > 0, let Z (s) = sI +Λ−Q, where I is the identity matrix. Since the eigenvalues of

the intensity matrix have non-positive real parts, the eigenvalues of Z (s) have strictly positive
real parts. Consequently, Z (s) is nonsingular and we can de�ne the nonsingular continuous
matrix funciton

Ms [r] = Z−1 (s) (sI−K [r]) = I− Z−1 (s)Λ

∫ ∞

−∞
erxf (x) dx, ℜ (r) = 0.

The elements of Ms [r] belong to the ring with identity of Fourier transforms of absolutely

integrable functions. For su�ciently large s, matrix 1
2

(
Ms [0] + (Ms [0])

⊤
)
has positive eigen-

values. Therefore, by combining Theorems 7.3 and 8.1 from [2], we obtain the statement.

Proposition 1. There exists s0 > 0 such that for any s > s0 the matrix Ms [r] possesses a

left canonical factorization

Ms [r] = M+
s [r]M−

s [r] , (1)

where M+
s [r] and M−

s [r] are matrix functions with elements from the subrings of Fourier trans-

forms of functions with positive and negative supports, respectively. With the normalizing con-

dition M+
s [∞] = I, the factors of the factorization are unique.

Remark 1. For the scalar case (m = 1), the analogue of the canonical factorization (1)
on the axis ℜ (r) = 0 was formulated in [3, Theorem 2.1] (see, Condition B1). Moreover, [3,
Theorem 3.3] established a link between the components of the canonical and in�nitely divisible
factorizations, and [3, Theorem 5.3] explored the extension of these components to a wider strip
under Cramer's conditions on the jump distribution.
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