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Let L% be the space of functions x € L (R) that have locally absolutely continuous deriva-
tives up to order (r — 1), and such that 2(") € L (R).
f € Ll is a comparison function for x € L! if [|z]|c < ||f]ls and

z(§) = f(n) = 1" (] < | (n)l.
An odd 2w-periodic function ¢ € L. is called an S-function if ¢(- — w/2) is even, |p| is
convex upward on [0, w] and strictly increasing on [0, w/2]. Let
[z ][ps := sup{l|zelr,(ap) : a;b € R, pu(supp(ep) v+) < 6},
where supp, ) © 1= {t € (a,b) : |x(t)| > 0}, zx := max{£x,0}. Then
[#][pjs := max{{lz+[|ps, [lz—Ilps}-
Denote by K, the class of functions z € L., for which the S-function ¢ is a comparison
function and set K, (p|e) := {z € Ky : [|z][y: < [l@llpe} -
By the symbol W we denote the class of continuous, nonnegative and convex functions ,
defined on [0, 00), such that ®(0) = 0.
For M C L., denote by M the class of functions € M such that for p,d > 0 each of the
exact upper bounds

sup{f ®(2(t)) dt : a,b e R, p(suppyy ) gé},@ew,
is attained on some interval [«, ] (Whlch depends on ® and p,d). Set
Wi (Ao, Ar) = o € L, ¢ flellye < Ao, o]l < A3,

ple =

A r r
Lyt = A{z € LT : |zllpe = lloarllpe 1217 ]loo 3,

where ¢, is the Euler ideal spline of order r, and ¢, (t) := A™"p, (At). Let
I.(0) == {[a,b] CR: u(supp[ayb} 14) <60}, x € Ky(p|w).
Theorem 1. Let ¢ be a 2w-periodic S-function, p,d > 0, and ® € W. Then

b B
sup sup / ®(2lL(t)) dt = / (P (t+ 7)) dt,
[a,b]€1£(0) zeK,(plw) A
where the segment [A, B is such that u(supp[AjB] gpi) =9, and T is chosen from the condition
pe(A+0+7) = ¢i(B =0 +7) =[],

while © satisfies
d=nw+20, neNU{0}, 20 €[0,w).

Theorem 2. Let ¢ be a 2w-periodic S-function, p > 0, 6 > 0, and q > p. Then the
Boyanov—Naidenov problem of finding the exact upper bound

sup  |2+|gjs-
z€K,(plw)

15 equivalent to the problem of finding the exact constant C' in the inequality of different metrics

|z sllys < Cllzllpw, = € con Ky(p|w)
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Here con [N(w(p|w) denotes the cone generated by the set IN(@(p|w), moreover C' = 1= "
plw

The following results follow from Theorems 1 and 2.
Theorem 3. Let r € N; Ay, A.,p,d > 0; ¢ > p, w = /A, where X is determined by
condition Ay = A||oarllplw- Then

Csup lzxllgs = Arlleasllgs-
z€WT, (Ao, Ay)

Theorem 4. Under the assumptions of Theorem 3, the Boyanov-Naidenov problem of
finding the exact upper bound

sup lzlg
ZGW;IW(AmAT)

is equivalent to the problem of finding the sharp constant C = C(\) in the inequality

— TrA
lz<llys < Cllzlgllz™ e, = € Lyg,

1 orlloing
where, v = "2 Moreover, C'(\) = lerllgs

r+1/p’ ol -

Denote by T, the set of trigonometric polynomials of order not greater than n. Then let
TH(Alp) = {T € Tu: [Tl < A lIsinn()}, w=m/n.
Theorem 5. Letn e N; A/p,d >0; ¢ >p, w=mn/n. Then
sup{||Tellys : T € T2(Alp)} = Al sinn(-) s

Theorem 6. Under the assumptions of Theorem &, the Boyanov-Naidenov problem of
finding the exact upper bound

sup || T [|gts
TeTy (Alp)

is equivalent to the problem of finding the sharp constant C' in the inequality of different metrics
ITellgs < CntP YTy, T € T,

”Sin(')Hq\né
[[sin() [ *

Let oy, be the set of polynomial splines of order r of defect 1 with knots kh, k € Z, then let

Ohr(Alp) :=A{s € onr : Isllpe < Allearllpe}, A=m/h.
Theorem 7. Letr € N; A p,0,h >0; g >p, A\=mn/h. Then

Moreover, C' =

sup{ llsillgs : 5 € ok (A[p) b = Alloas g
Theorem 8. Under the assumptions of Theorem 6, the Boyanov-Naidenov problem of
finding the exact upper bound

sup  [|sxlgs
seal, (Alp)

15 equivalent to the problem of finding the sharp constant C in the inequality of different metrics
sillgs < APV C - lslppp, 5 € G

llorllg xs

Moreover, C' = .
llrllpix
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