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Let Lr
∞ be the space of functions x ∈ L∞(R) that have locally absolutely continuous deriva-

tives up to order (r − 1), and such that x(r) ∈ L∞(R).
f ∈ L1

∞ is a comparison function for x ∈ L1
∞ if ∥x∥∞ ≤ ∥f∥∞ and

x(ξ) = f(η) ⇒ |x′(ξ)| ≤ |f ′(η)|.
An odd 2ω-periodic function φ ∈ L1

∞ is called an S-function if φ(· − ω/2) is even, |φ| is
convex upward on [0, ω] and strictly increasing on [0, ω/2]. Let

∥x±∥p|δ := sup{∥x±∥Lp(a,b) : a, b ∈ R, µ(supp(a,b) x±) ≤ δ},
where supp(a,b) x := {t ∈ (a, b) : |x(t)| > 0}, x± := max{±x, 0}. Then

∥x∥p|δ := max{∥x+∥p|δ, ∥x−∥p|δ}.
Denote by Kφ the class of functions x ∈ L1

∞, for which the S-function φ is a comparison
function and set Kφ(p |ε) :=

{
x ∈ Kφ : ∥x∥p|ε ≤ ∥φ∥p|ε

}
.

By the symbol W we denote the class of continuous, nonnegative and convex functions Φ,
de�ned on [0,∞), such that Φ(0) = 0.

For M ⊂ L1
∞ denote by M̃ the class of functions x ∈ M such that for p, δ > 0 each of the

exact upper bounds

sup
{∫ b

a
Φ
(
xp
±(t)

)
dt : a, b ∈ R, µ

(
supp[a,b] x±

)
≤ δ

}
,Φ ∈ W,

is attained on some interval [α, β] (which depends on Φ and p, δ). Set
W r

p|ε(A0, Ar) := {x ∈ Lr
∞ : ∥x∥p|ε ≤ A0, ∥x(r)∥∞ ≤ Ar},

Lr,λ
p|ε := {x ∈ Lr

∞ : ∥x∥p|ε = ∥φλ,r∥p|ε ∥x(r)∥∞},
where φr is the Euler ideal spline of order r, and φλ,r (t) := λ−rφr (λt). Let

I±(δ) :=
{
[a, b] ⊂ R : µ

(
supp[a,b] x±) ≤ δ

}
, x ∈ Kφ(p |ω).

Theorem 1. Let φ be a 2ω-periodic S-function, p, δ > 0, and Φ ∈ W . Then

sup
[a,b]∈I±(δ)

sup
x∈K̃φ(p|ω)

∫ b

a

Φ
(
xp
±(t)

)
dt =

∫ B

A

Φ
(
φp
±(t+ τ)

)
dt,

where the segment [A,B] is such that µ
(
supp[A,B] φ±

)
= δ, and τ is chosen from the condition

φ±(A+Θ+ τ) = φ±(B −Θ+ τ) = ∥φ∥∞,

while Θ satis�es

δ = nω + 2Θ, n ∈ N ∪ {0}, 2Θ ∈ [0, ω).

Theorem 2. Let φ be a 2ω-periodic S-function, p > 0, δ > 0, and q ≥ p. Then the

Boyanov�Naidenov problem of �nding the exact upper bound

sup
x∈K̃φ(p|ω)

∥x±∥q|δ.

is equivalent to the problem of �nding the exact constant C in the inequality of di�erent metrics

∥x±∥q|δ ≤ C∥x∥p|ω, x ∈ con K̃φ(p |ω)
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Here con K̃φ(p |ω) denotes the cone generated by the set K̃φ(p |ω), moreover C =
∥φ∥q|δ
∥φ∥p|ω

.

The following results follow from Theorems 1 and 2.

Theorem 3. Let r ∈ N; A0, Ar, p, δ > 0; q ≥ p, ω = π/λ, where λ is determined by

condition A0 = Ar∥φλ,r∥p|ω. Then
sup

x∈W̃ r
p|ω(A0,Ar)

∥x±∥q|δ = Ar∥φλ,r∥q|δ.

Theorem 4. Under the assumptions of Theorem 3, the Boyanov�Naidenov problem of

�nding the exact upper bound

sup
x∈W̃ r

p|ω(A0,Ar)

∥x±∥q|δ

is equivalent to the problem of �nding the sharp constant C = C(λ) in the inequality

∥x±∥q|δ ≤ C∥x∥αp|ω∥x(r)∥1−α
∞ , x ∈ L̃r,λ

p|ω,

where, α = r+1/q
r+1/p

. Moreover, C(λ) =
∥φr∥q|λδ
∥φr∥αp|π

.

Denote by Tn the set of trigonometric polynomials of order not greater than n. Then let

T ω
n (A |p) := {T ∈ Tn : ∥T∥p|ω ≤ A ∥ sinn(·)∥p|ω}, ω = π/n.

Theorem 5. Let n ∈ N; A, p, δ > 0; q ≥ p, ω = π/n. Then

sup
{
∥T±∥q|δ : T ∈ T ω

n (A |p)
}
= A∥ sinn(·)∥q|δ.

Theorem 6. Under the assumptions of Theorem 5, the Boyanov�Naidenov problem of

�nding the exact upper bound

sup
T∈Tω

n (A|p)
∥T±∥q|δ

is equivalent to the problem of �nding the sharp constant C in the inequality of di�erent metrics

∥T±∥q|δ ≤ Cn1/p−1/q∥T∥p|ω, T ∈ Tn.

Moreover, C =
∥ sin(·)∥q|nδ

∥ sin(·)∥p|π
.

Let σh,r be the set of polynomial splines of order r of defect 1 with knots kh, k ∈ Z, then let

σε
h,r(A |p) := {s ∈ σh,r : ∥s∥p|ε ≤ A∥φλ,r∥p|ε}, λ = π/h.

Theorem 7. Let r ∈ N; A, p, δ, h > 0; q ≥ p, λ = π/h. Then

sup
{
∥s±∥q|δ : s ∈ σh

h,r(A |p)
}
= A∥φλ,r∥q|δ.

Theorem 8. Under the assumptions of Theorem 6, the Boyanov�Naidenov problem of

�nding the exact upper bound

sup
s∈σ̃h

h,r(A|p)
∥s±∥q|δ

is equivalent to the problem of �nding the sharp constant C in the inequality of di�erent metrics

∥s±∥q|δ ≤ λ1/p−1/q · C · ∥s∥p|h, s ∈ σ̃h,r.

Moreover, C =
∥φr∥q|λδ
∥φr∥p|π

.
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