
International Conference of Young Mathematicians
The Institute of Mathematics of the National Academy of Sciences of Ukraine

June 4�6, 2025, Kyiv, Ukraine

ASYMPTOTIC PROPERTIES OF SOLUTIONS TO ONE
CLASS OF NONLINEAR SECOND ORDER DIFFERENTIAL

EQUATIONS

A. V. Vorobiova

Odesa I.I. Mechnikov National University, Odesa, Ukraine

e-mail: alla.vorobyova@stud.onu.edu.ua

Di�erential equation
y′′ = α0p(t)f(t, y, y

′), (1)

where α0 ∈ {−1; 1}, p : [a, ω[→]0,+∞[ (−∞ < a < ω ≤ +∞) is a continuous function,
f : [a, ω[×∆Y0 × ∆Y1 →]0,+∞[ is continuously di�erentiable, Yi ∈ {0,±∞}, ∆Yi

is either
[y0i , Yi[

1 or ]Yi, y
0
i ] is concidered. We also suppose the function f satisfy the conditions

lim
t↑ω

πω(t) · ∂f
∂t
(t, v0, v1)

f(t, v0, v1)
= γ uniformly by v0 ∈ ∆Y0 , v1 ∈ ∆Y1 , (2)

lim
yk→Yk
yk∈∆Yk

vk · ∂f
∂vk

(t, v0, v1)

f(t, v0, v1)
= σk uniformly by t ∈ [a, ω[, (3)

where vj ∈ ∆Yj
, j ̸= k, k ∈ {0, 1}.

By conditions (2), (3) the function f is in some sense close to regularly varying function
[1] by every variable. Partial cases of (1) were considered for example in [2],[3]. For one class
of regularly varying solutions to the equation (1) asymptotic representations and conditions of
existence were found.

De�nition 1. Solution y of the equation (1) is called Pω(Y0, Y1, λ0) if it is de�ned on
[t0, ω[⊂ [a, ω[ and

lim
t↑ω

y(i)(t) = Yi (i = 0, 1), lim
t↑ω

(y′(t))2

y(t)y′′(t)
= λ0.

For di�erent values of parameter λ0 the class of such solutions contains regularly, slowly and
rapidly varying as t ↑ ω functions. Pω(Y0, Y1, λ0)-solutions of the equation (1) are regularly
varying functions as t ↑ ω of index λ0

λ0−1
if λ0 ∈ R \ {0, 1}.

For more general case as f depends only on y and y′ asymptotic properties and necessary
and su�cient conditions of existence of such solutions of equation (1) have been received in [2].

We need next subsidiary notations

πω(t) =

{
t as ω = +∞,
t− ω as ω < +∞,

Θi(z) = φi(z)|z|−σi , (i = 0, 1),

J1(t) =

t∫
A1

ω

(
α0p(τ) |πω(τ)|γ+σ0

∣∣∣∣λ0 − 1

λ0

∣∣∣∣σ0
)
dτ ;

1As Yi = +∞(Yi = −∞) assume y0i > 0 (y0i < 0).
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A1
ω =


a, if

ω∫
a

p(τ) |πω(τ)|γ+σ0 dτ = +∞,

ω, if
ω∫
a

p(τ) |πω(τ)|γ+σ0 dτ < +∞;

J2(t) = |(1− σ0 − σ1)|
1

1−σ0−σ1 signy01

t∫
B2

ω

|J1(t)|
1

1−σ0−σ1 dτ ;

B2
ω =


b, if

ω∫
b

|J1(t)|
1

1−σ0−σ1 dτ = +∞,

ω, if
ω∫
b

|J1(t)|
1

1−σ0−σ1 dτ < +∞;

Following theorem is obtained for the equation (1).

Theorem 1. Let in the equation (1) σ1 ̸= 1. Then for the existence of Pω(Y0, Y1, λ0)-
solutions to the equation (1) in cases λ0 ∈ R \ {0, 1}, it is necessary and if

λ0 ̸= σ1 − 1 or (σ1 − 1)(σ0 + σ1 − 1) > 0,

then also su�cient

πω(t)y
0
1y

0
0λ0(λ0 − 1) > 0, πω(t)α0y

0
1λ0(λ0 − 1) > 0, as t ∈ [a, ω[,

lim
t↑ω

y00 |πω(t)|
λ0

λ0−1 = Y0, lim
t↑ω

y01 |πω(t)|
1

λ0−1 = Y1

lim
t↑ω

πω(t)J
′
2(t)

J2(t)
=

λ0

λ0 − 1
, lim

t↑ω

πω(t)J
′
1(t)

J1(t)
=

1− σ0 − σ1

λ0 − 1
.

Moreover, for each such solution, the following asymptotic representations hold as t ↑ ω

πω(t)y
′(t)

y(t)
=

λ0

λ0 − 1
[1 + o(1)],

πω(t)y
′′(t)

y′(t)
=

1

λ0 − 1
[1 + o(1)].
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