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We investigate a class of (1 + 1)-dimensional systems of nonlinear diffusion equations from
the viewpoint of Lie symmetry analysis. Our main focus is on constructing the equivalence
group of the class, identifying the kernel of the maximal Lie invariance algebras, singling out
nine inequivalent subclasses, whose systems admit Lie symmetry extensions, and performing
the complete group classification for one of these subclasses.

The class consists of systems of diffusion equations of the form

Ut = aﬂc [F(U)Ux] 5 (1)

1

where U = 52 € R? and the matrix F(U) = (f

11 f
f21 f22
coefficients, u* = u®(t, z) are the concentration (or density) functions of two different substances
that interact with each other, ¢t and = are time and spatial independent variables, respectively.

The kernel of the maximal Lie invariance algebras of the system (1) is the three-dimensional
algebra

) fa = fob(ul, u?) are the diffusion

A" = (0}, Oy, D = 2t0; + x0,). (2)
Theorem 1. The equivalence algebra of the class (1) is the linear span of the vector fields
Or, Oy Oyay t0r — [POpar, 20y + 2 0par, uOyp + f*Oppe — fPDsea
in the space R}, x Rf, x R, which is isomorphic to aff(1,R) @ aff(1,R) @ aff(2, R).

Corollary 1. The mazximal group of continuous equivalence transformations of the class (1)
consists of point transformations.

t=eMt4sy, z=e"r+s, U=AU+Q, F=e""224"1FA (3)

93 —96
in the space RZ, x R x R, where A = (e + ((994656 fat) ,Q = <Zl> , and Sg, S1, q1, G2,
) 5 2

0y, 01, ...,0s are arbitrary constants.

Remark 1. In addition to the continuous transformations (3), the class of systems of
equations (1) also admits discrete equivalence transformations of the form

f:—t,i’:x u® = u®, fab——f“b
fzt’ 5::_1. ~ fab f'ab

The superposition of transformations (3) and (4) defines transformations

lo

f=lot+s0, &=ha+s, U=PU+Q, F_ZP_lFP (5)
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P21 P22
that lyl; # 0, P is an arbitrary constant nondegenerate matrix.

in the space Rix x R? x R}, where P = <p nop 12), and [y, [y, pa are arbitrary constants such

Theorem 2. Systems of equations of the class (1) admit extensions of the kernel of maximal
Lie invariance algebras (MIA) (2) if and only if the nonlinearities f* = f®(ut,u?), up to the
equivalence induced by transformations (5), take the forms listed in Table 1.

Table 1: The types of nonlinearities for which systems (1) admit the extension of the kernel (2)
and the kernels of MIA for the respective subclasses.

No | fab The kernel of MIA

1| f*= e"“1¢ab, w=u? Al = (A" nto; — 0,1), n€{0,1}

2 | f1= “*f(g)ﬂ + uz@ Y, AY = (A" ntd, — u?0,),
f12 _ “—2(()012 + (9022 _ gpn) _ (%)29021)7 n € {0,1}
2= et f22: "%(3022—’;—;@21), W= u?

- > L= ()R, A = (A" 00, —u'd,a), n € R
P2 = ()12l £22 = (yl)n22 gy = o2

4] 1= ()", f12 = (u?)" ' 12, A = (A", ntd; — uPdy2 — O ),
2= (uz)n +1 o2 F2 = (uz)n 02 w=u'—lnu® | neRr

5 | fit = enul(goll u1<p12), 112 = enu1¢12’ AD = <A”,nt6t —uld,2 — au1>7
f21 = gnut (9021 b — 22 4 (u1)2<,012), n e {0,1}
2= e (2 +ulp'?), w=u?+1/2(u')?

6 | fH = (u')"pt, f12=(ul)rmpt? A = (A" ntd, — I — mu?0,z),
f2= (et f2 = (u)e?, w=ir [ n€R, mEeR, m#—1,0

7| = (ul)”goab w = u?/u A = (A"t 0, —I), neR
= ()" (p" + @21 Inu?), A = (A", ntdy — I — u?d,1),
2= (u?)" (o™ — oM nu?— ' In*u?), |neR
f2= ()",
2 = ()" (2 — 2 Inu?), w=u'/u+ nu?

9 | fla—c n9(2p 20943 + 1 ) Ay = (A" ntdy —mI — J),
f20 — n9(2p usE G + e ) w = pe™? neR, melR

Throughout Table 1 the functions p® = % (w) are arbitrary smooth functions satisfying
the conditions @ + ¢*2 # 0, plp?? — P22t #£ 0, I = 4y, J = 1?0y — u'd,. In
entry 9 of Table 1 the functions p* = ¢ ( ) wa = wa(w) are arbitrary smooth functions such
that ! # —!, ¥? +290¢ # 0, p = Vuu®, § = arctanu’/ul, @ = (u',u?), § = (p',¢?),
U= (1 97), g8 = (=% eh), ot = (—v29h).
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