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Íåõàé Γ � ñiì'ÿ êðèâèõ γ ó êîìïëåêñíié ïëîùèíi C. Áîðåëåâà ôóíêöiÿ ρ : C → [0,∞]
íàçèâà¹òüñÿ äîïóñòèìîþ äëÿ ñiì'¨ êðèâèõ Γ, çàïèñóþòü ρ ∈ admΓ, ÿêùî∫

γ

ρ(z)|dz| ⩾ 1

äëÿ êîæíî¨ (ëîêàëüíî ñïðÿìëþâàíî¨) êðèâî¨ γ ∈ Γ.
Íåõàé p ∈ (1,∞). p-ìîäóëåì ñiì'¨ êðèâèõ Γ íàçèâà¹òüñÿ âåëè÷èíà

Mp(Γ) = inf
ρ∈admΓ

∫
C

ρp(z) dxdy.

Äëÿ äîâiëüíèõ ìíîæèí E, F i G ó C ïîçíà÷èìî ÷åðåç ∆(E,F ;G) ñiì'þ âñiõ êðèâèõ
γ : [a, b] → C, ùî ç'¹äíóþòü E òà F ó G, òîáòî γ(a) ∈ E, γ(b) ∈ F i γ(t) ∈ G äëÿ a < t < b.

Íåõàé z0 ∈ C. Ïîêëàäåìî

A(z0, r1, r2) = {z ∈ C : r1 < |z − z0| < r2},

Si = S(z0, ri) = {z ∈ C : |z − z0| = ri}, i = 1, 2,

B (z0, r) = {z ∈ C : |z − z0| < r}, B = {z ∈ C : |z| < 1}, Br = {z ∈ C : |z| < r}.

Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C òà Q : D → [0,∞] � âèìiðíà çà Ëåáåãîì
ôóíêöiÿ. Ãîìåîìîðôiçì f : D → C íàçèâà¹òüñÿ êiëüöåâèì Q-ãîìåîìîðôiçìîì âiäíîñíî
p-ìîäóëÿ ó òî÷öi z0 ∈ D, ÿêùî íåðiâíiñòü

Mp(∆(fS1, fS2; fA)) ⩽
∫
A

Q(z) ηp(|z − z0|) dxdy

âèêîíó¹òüñÿ äëÿ äîâiëüíîãî êiëüöÿ A = A(z0, r1, r2), 0 < r1 < r2 < d0, d0 = dist(z0, ∂D), òà
êîæíî¨ âèìiðíî¨ ôóíêöi¨ η : (r1, r2) → [0,∞] òàêî¨, ùî

r2∫
r1

η(r)dr = 1.

Ïðèïóñòèìî, ùî

qz0(r) =
1

2πr

∫
S(z0,r)

Q(z)|dz|

¹ ñåðåäíiì iíòåãðàëüíèì çíà÷åííÿì ôóíêöi¨ Q(z) ïî êîëó S(z0, r).
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Òåîðåìà 1. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D. Ïðèïóñòèìî, ùî
f : D → C � êiëüöåâèé Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0, p > 2, òà äëÿ
äåÿêèõ ÷èñåë r0 ∈ (0, d0), d0 = dist(z0, ∂D), κ = κ(z0) > 0 i α > 0 âèêîíó¹òüñÿ íàñòóïíà
óìîâà

qz0(t) ⩽ κ t2p−3e
α
t

äëÿ ì.â. (ìàéæå âñiõ) t ∈ (0, r0). Òîäi ñïðàâåäëèâà àñèìïòîòè÷íà îöiíêà

lim sup
z→z0

|f(z)− f(z0)| e
α

(p−2)|z−z0| ⩾ (p− 2)
p−1
p−2κ− 1

p−2α− p−1
p−2 .

Íàñëiäîê 1. Íåõàé D � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, z0 ∈ D, òà f : D → C �
êiëüöåâèé Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó òî÷öi z0, p > 2, òà äëÿ äåÿêèõ ÷èñåë
r0 ∈ (0, d0), d0 = dist(z0, ∂D), κ = κ(z0) > 0 i α > 0

Q(z) ⩽ κ |z − z0|2p−3e
α

|z−z0|

äëÿ ì.â. z ∈ B(z0, r0). Òîäi

lim sup
z→z0

|f(z)− f(z0)| e
α

(p−2)|z−z0| ⩾ (p− 2)
p−1
p−2κ− 1

p−2α− p−1
p−2 .

Íàñëiäîê 2. Íåõàé f : B → C � êiëüöåâèé Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó
òî÷öi z0 = 0 ïðè p > 2, f(0) = 0, òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, 1), κ > 0 i α > 0
âèêîíó¹òüñÿ óìîâà

qz0(t) ⩽ κ t2p−3e
α
t

äëÿ ì.â. t ∈ (0, r0). Òîäi

lim sup
z→0

|f(z)|e
α

(p−2)|z| ⩾ (p− 2)
p−1
p−2κ− 1

p−2α− p−1
p−2 . (1)

Çàóâàæåííÿ 1. Îöiíêà (1) ¹ òî÷íîþ òà äîñÿãà¹òüñÿ íà âiäîáðàæåííi f : B → C,

f =

{
k0 e

− α
(p−2)|z| z

|z| , 0 < |z| < 1,

0, z = 0,

äå k0 = (p − 2)
p−1
p−2κ− 1

p−2α− p−1
p−2 , κ > 0, α > 0, p > 2, ùî ¹ êiëüöåâèì Q-ãîìåîìîðôiçìîì

âiäíîñíî p-ìîäóëÿ ó òî÷öi z0 = 0 ç ôóíêöi¹þ Q(z) = κ|z|2p−3e
α
|z| .

Íàñëiäîê 3. Íåõàé f : B → C � êiëüöåâèé Q-ãîìåîìîðôiçì âiäíîñíî p-ìîäóëÿ ó
òî÷öi z0 = 0 ïðè p > 2, f(0) = 0, òà äëÿ äåÿêèõ ÷èñåë r0 ∈ (0, 1), κ > 0 i α > 0

Q(z) ⩽ κ |z|2p−3e
α
|z|

äëÿ ì.â. z ∈ Br0. Òîäi

lim sup
z→0

|f(z)|e
α

(p−2)|z| ⩾ (p− 2)
p−1
p−2κ− 1

p−2α− p−1
p−2 .
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