INTERNATIONAL CONFERENCE OF YOUNG MATHEMATICIANS
THE INSTITUTE OF MATHEMATICS OF THE NATIONAL ACADEMY OF SCIENCES OF UKRAINE
JUNE 4-6, 2025, Ky1v, UKRAINE

STRONGLY CONSISTENT ESTIMATION OF DRIFT PARAMETER
IN TEMPERED FRACTIONAL ORNSTEIN-UHLENBECK PROCESS

O. D. Prykhodko!, K. V. Ralchenko'?
'Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

2University of Vaasa, Vaasa, Finland
prykhodkood @gmail.com, kostiantynralchenko@knu.ua

Fractional Brownian motion is a well-known and widely used stochastic process. Its exten-
sions — the tempered fractional Brownian motion (TFBM) and its second kind (TFBMII) —
were introduced by Meerschaert and Sabzikar (see [1]), and by Sabzikar and Surgailis (see [2]),
respectively.

TFBM B, = {Bj;,(t),t > 0} and TFBMII Bjj, = {Bjj,(t),t > 0} are defined for
positive values of H and A, they are based on a two-sided Wiener process {Ws, s € R} and
have the following representations:
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They possess many properties that attract the attention of researchers due to their the-
oretical significance. TFBM and TFBMII can be used to model a wide range of real-world
phenomena. Although these processes are relatively new, numerous results and equations in-
volving them have already been studied. Nevertheless, many equations and models still require
further investigation.

We study the behavior of the increments of TFBM and TEFBMII. As a result, upper bounds
for them were established. These conclusions are formulated and proved in the following theo-
rems.

Theorem 1. For any 0 > 0 and any p > 2 there exists a nonnegative random variable
n=mn(6,p) such that for all 0 <ty <t; <ty +1

|Bi;,(th) — By a(t2)| < (5 V1) (81 — t2)™ (Jlog (t1 — t)[P V1) as.,
and there ezist positive constants Cy = Cy (8, p) and Cy = Cs (6, p) such that for all u >0
P(n>u) < Cre %,

Theorem 2. For any 7 > 2 and any p > 2 there exists a nonnegative random variable
n =n(7,p) such that for all 0 <ty <t; <ty+1

| B A(t1) — B (t2)] < (tf(log+ t)" VvV 1) (ty — t2)7 ([log (t, — )PV 1)1 a.s.,
and there exist positive constants C; = Cy (1,p) and Cy = Co (T, p) such that for all u > 0

P(n>u) < Cre &%,
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As an application of these theorems, we study the problem of estimating the drift parameter
in the following Langevin-type equation:

t
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where 1y € R, 6 and o are positive parameters, and the driving process X is either TFBM
Bi;, or TFBMII Bjj,. The solution to such an equation is often referred to as the tempered
fractional Ornstein—Uhlenbeck process.

We introduce and investigate estimators of the parameter 6 > 0, based on continuous or
discrete observations of a trajectory of Y.

If Y is observed continuously over the entire interval [0, 7], then the estimator for 0 is given
by:

Nl

_ P4
2 [l Y2dt

To obtain a discrete-time counterpart of the estimator é\T, we take a fixed n > 1, and set
T =n™"! where m > 1. A trajectory of the process {Y;,¢ € [0,T]} is observed at times k/n,
k=0,...n". Thus, {Yi/n,k=0,...,n™} is a discrete sample. In this case, the estimator for
6 is the following:
an(m) -z (Y%:ni—ll_ yg) ‘
22k:0 Y;cQ/n

We examine the behavior and asymptotic properties of é\T and gn(m) Our main results
establish that these estimators are strongly consistent.

Theorem 3. é\T — 0 a.s asT — oo.
Theorem 4. 6,(m) — 0 a.s. as n — oc.

These theoretical results are supported by numerical simulations.
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