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Let (ξk, ηk)k≥1 be independent identically distributed random vectors with arbitrarily de-
pendent positive components and Tk ∶= ξ1+ . . .+ξk−1+ηk for k ∈ N. We call the random sequence
(Tk)k≥1 a (globally) perturbed random walk. Consider a general branching process generated
by (Tk)k≥1 and let Yj(t) denote the number of the jth generation individuals with birth times
≤ t. Assuming that Var ξ1 ∈ (0,∞) and allowing the distribution of η1 to be arbitrary, we prove
a law of the iterated logarithm (LIL) for Yj(t). For a family (xt) of real numbers denote by
C((xt)) the set of its limit points.

Theorem 1. Assume that σ2 ∶= Var ξ ∈ (0,∞). Then, for j ≥ 2,

C(( Yj(t) −EYj(t)
(2((2j − 1)(j − 1)!)−1σ2µ−2j−1t2j−1 log log t)1/2 ∶ t > e)) = [−1,1] a.s.,

where µ ∶= Eξ < ∞.

This result complements the recently proved LIL for iterated standard random walk in [2].
In particular, we obtain a LIL for the counting process of (Tk)k≥1.

Theorem 2. Assume that σ2 = Var ξ ∈ (0,∞). Then

C((Y (t) − µ−1 ∫
t

0 P{η ≤ y}dy
(2σ2µ−3t log log t)1/2 ∶ t > e)) = [−1,1] a.s.,

where µ = Eξ < ∞.

The latter result was previously established in the article [1] under the additional assumption
that Eηa1 < ∞ for some a > 0. We show that the aforementioned additional assumption is not
needed.
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