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We study a self-adjoint Sturm-Liouville operator

` = −
d2

dx2
+ q(x)

on the indefinite space L2((−a, a), sign(x)), where a potential q ∈ Lloc
1 (−a, a) and a ∈ R+.

Remark 1. L2((−a, a), sign(x)) is a Krein space, where the indefinite inner product is
defined by

[f, g] =

∫ a

−a
f(x)g(x)sign(x)dx, f, g ∈ L2((−a, a), sign(x)).

Theorem 1. Let ` = −
d2

dx2
+ q(x) be the self-adjoint Sturm-Liouville operator on the in-

definite space L2((−a, a), sign(x)), where the potential q satisfies the following conditions:

q ∈ Lloc
1 (−a, a) and q(x) > 0, a ∈ R+. (1)

Then the point spectrum of ` is

σp(`) = {λn}∞n=1 ∪ {λ−n}∞n=1.

Moreover, the eigenvalues satisfy the following

. . . < λ−2 < λ−1 < 0 < λ1 < λ2 < . . . .

The classical Darboux transformation of the Sturm–Liouville operators was studied in [1].
Now, we investigate Darboux transformation on L2((−a, a), sign(x)). If we use coupling of the
Sturm–Liouville operator on L2((−a, a), sign(x)) and old results of the Darboux transformation,
then we obtain the following theorem.

Theorem 2. Let ` = −
d2

dx2
+ q(x) be the self-adjoint Sturm–Liouville operator on

L2((−a, a), sign(x)), where the potential q satisfies (1). Let λ1 and φ1 be eigenvalue and
eigenfunction of `, respectively, (i.e. `(φ1) = λ1φ1(x)) and λ−2, λ−1, λ1 ∈ σp(`), such that
|λ−1| 6 λ1 < |λ−2|. Then

1. ` admits the following factorization

` = LR + λ1,

where L and R are defined by

L =
d

dx
+
φ′1(x)

φ1(x)
and R = −

d

dx
+
φ′1(x)

φ1(x)
.
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2. The Darboux transformation of ` is the following self-adjoint Sturm–Liouville operator on
L2((−a, a), sign(x))

`1 = RL+ λ1.

Furthermore, the point spectrum of `1 can be found by

σp`1 = σp(`)\{λ−1, λ1}.
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