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We study a Crum transformation of the Laguerre operators. Recall some terms.

Definition 1 (see |4, Ch.5|). The Laguerre polynomials L, (z,«) are defined by

n ok
Ly(z,a) = Z (Z—i__(;) ( l:") , n€Zyand a € R\Z_.
k=0 '

If @ > —1, then the sequence of Laguerre polynomials {L, (z, )}, is orthogonal in the
Hilbert space Lo(R,, w,), where the weight function w,, is defined by

we(r) = 2%

and L, (x,«) are called the classical Laguerre polynomials.

If « < —1 and o € Z_, then the sequence of Laguerre polynomials { L, (z, &)}, is orthog-
onal in the Pontryagin space II(«) (see [1|) and L,(z,«) are called the nonclassical Laguerre
polynomials.

In [1,2] the Laguerre operator was studied in the form ¢ = zy” + (o + 1 — z)y’. But, we
study the self-adjoint Laguerre operator on Ls(0,400), which is defined by

d2 Oz2 _
fa = da? * x?

If « > —1, then ¢, is called a classical Laguerre operator. If « < —1 and a ¢€ Z_, then /,,
is called a nonclassical Laguerre operator.

As is know [4, Ch. 5], the point spectrum of ¢, is

1
4 —i—x2.

op(la) = {A|An =21+ ) +4n, neZ}

and eigenfunctions have the following representation

1:2
On(z, ) = e_TxO‘JF%Ln(ﬁ,a), n e L.

d2
Definition 2 (see 3, Ch.2]|). Let £ = —ﬁjtq be the self-adjoint Sturm-Liouville operator
x

on Ly(a,b) and let yy, ..., y, be the first nth eigenfunctions of ¢. The Crum transformation of ¢
is called the following self-adjoint Sturm-Liouville operator

where the potential ¢ can be found by

d / Ly Un yl(x) yn(x)
q(z) =q(x) — 2% (VIM//((;:—:;;) , Wy, yn) = (n_:l) (n_;l) )
yi (@) oy (2)
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Theorem 1. Let ¢, be the self-adjoint Laguerre operator with o & Z_. Then the Crum
transformation of ¢, constructed by ¢o and ¢; is

N d? (@+22-1
€a72:—@+ (T—i—x +4).

Furthermore )
op(la2) = 0p(la)\{ Mo, A1}

and the eigenfunctions of gag are

Uz, ) = dp(x, 0 + 2).

Corollary 1. Let ¢, be the nonclassical Laguerre operator with o € (=3, —1)\{—2}. Then

ga,2 = €a+2 +4.

Theorem 2. Let (. be the self-adjoint Laguerre operator with o & Z_. Then the Crum
transformation of £, constructed by ¢o, ¢1, P2 and ¢3 is

. d? a+4)? -1
e (0
T

4= +:1c2—|—8).

Furthermore )
UP(EOCA) = O-p(ga)\{)\07 )\17 )\27 )\3}

and the eigenfunctions of ga,4 are

Uz, ) = Pz, + 4).

Corollary 2. Let {,, be the nonclassical Laguerre operator with o € (=5, —1)\{—4, —3, —2}.
Then

ga,4 = €a+4 + 8
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