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The Jafari integral transform of the integrable function v (t) denoted by F (ψ (s) , φ (s)) is
recently introduced by Hossein Jafari [4] by:

J [v (t)] = F (ψ (s) , φ (s)) = φ (s)

∫ ∞
0

v (t) exp(−ψ(s)t) dt,

where t ≥ 0 and φ (s) , ψ (s) : R+ −→ R+ such that φ (s) 6= 0.

Definition 1. [2, 3] For v(n) ∈ L1 (0,∞), n− 1 < σ < n, n ∈ N, α = σ − n+ 1, 0 < α < 1,
the higher order Atangana–Baleanu fractional derivative of Caputo sense is defined by

(
ABCDσ

0v
)

(t) =
M (α)

1− α

∫ t

0

Eα (−rα (t− s)α) v(n) (s) ds, t ≥ 0,

where M (α) is a normalization function satisfying M(0) = M(1) = 1 and rα = α
1−α .

Definition 2. [1] For v ∈ L1 (0,∞), 0 < α < 1, the modified Atangana–Baleanu fractional
integral operator is defined by

(
ABMIα0 v

)
(t) =

1− α
M (α)

v (t) +
α

M (α)

(
RLIα0 v

)
(t)− 1− α

M (α)
v (0)

(
1 +

rα
Γ (1 + α)

tα
)
, (1)

where RLIα0 is the well known Riemann-Liouville fractional integral.

Moreover, it holds that (
ABMIα0 v

)
(0) =

α

M (α)

(
RLIα0 v

)
(0) .

The modified integral operator in (1) can be written as(
ABMIα0 v

)
(t) =

1− α
M (α)

(v (t)− v (0)) +
α

M (α)

((
RLIα0 (v − v (0))

))
(t) .

When α = 0 we recover the initial function, and if α = 1, we obtain the ordinary integral.

Definition 3. [1] For v ∈ L1 (0,∞), n − 1 < σ < n, n ∈ N, α = σ − n + 1, the modified
higher order Atangana–Baleanu fractional integral operator is defined by

(
ABMIσ0v

)
(t) =

1− α
M (α)

[(
RLIn−10 v

)
(t) + rα

(
RLIn+α−10 v

)
(t)− v (0)

(
tn−1

Γ (n)
+ rα

tn+α−1

Γ (n+ α)

)]
,

=
1− α
M (α)

[(
RLIn−10 v − v (0)

)
(t) + rα

(
RLIn+α−10 v − v (0)

)
(t)
]
. (2)
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Lemma 1. [1] For v(n) ∈ L1 (0,∞), n− 1 < σ < n, n ∈ N, α = σ − n+ 1, then

(
ABMIσ0

ABCDσ
0v
)

(t) = v (t)−
k=0∑
n−1

v(k) (0)
tk

k!
;

(
ABCDσ

0
ABMIσ0v

)
(t) = v (t)− v (0) .

In the following, let v(t) ∈ A with new general transform F(s).

Lemma 2. The new general transform of the modified Atangana–Baleanu fractional integral
operator (1) is

J
[(
ABMIα0 v

)
(t)
]

=
1− α
M (α)

(
1 +

rα
ψ (s)α

)[
F (ψ (s) , φ (s))− φ (s)

ψ (s)
v (0)

]
.

Remark 1. If φ (s) = 1 and ψ (s) = s, then the Laplace transform is given by [1], direct
calculation will lead to

J
[(
ABMIα0 v

)
(t)
]

= L
[(
ABMIα0 v

)
(t)
]

=
1− α
M (α)

(
1 +

rα
sα

)[
F (ψ (s) , φ (s))− 1

s
v (0)

]
,

Remark 2. If v (0) = 0, then
(
ABMIα0 v

)
(t) =

(
ABIα0 v

)
(t), consequently we get

J
[(
ABMIα0 v

)
(t)
]

= J
[(
ABIα0 v

)
(t)
]

=
1− α
M (α)

(
1 +

rα
ψ (s)α

)
F (ψ (s) , φ (s)) .

Lemma 3. The new general transform of the modified higher order Atangana–Baleanu
fractional integral operator is defined by (2) is

J
[(
ABMIσ0v

)
(t)
]

=
1− α
M (α)

ψ (s)α + rα

ψ (s)n+α−1

[
F (ψ (s) , φ (s))− φ (s)

ψ (s)
v (0)

]
.

Remark 3. If φ (s) = 1 and ψ (s) = s, we get

J
[(
ABMIσ0v

)
(t)
]

= L
[(
ABMIσ0v

)
(t)
]

=
1− α
M (α)

sα + rα
sn+α−1

[
F (ψ (s) , φ (s))− 1

s
v (0)

]
,

and this is the same result obtained in [1].
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