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We propose a non-parametric estimator of the conditional hazard function weighted on the
recursive kernel method given a explantory variable taking values in a semi-metric space and
a scalar response. The functional estimate has attracted a lot of attention in the statistical
literature. For an overview of the present state on nonparametric functional data (FDA), we
refer to the works [1] and [2]. The hazard function, also known as the risk function, is a concept
commonly used in survival analysis and reliability theory. One of the important work about
the conditional hazard rate in infinite dimensional space for functional covariates is [3]. Under
ergodicity condition, we establish the almost complete convergence rate of our estimator.

Let (Xi, Yi)i=1,...,n be a sequence of strictly stationary ergodic processes. We also assume
Xi take values on a semi-metric space (F , d) whereas Yi are real-valued random variables. We
suppose that the conditional cdf F x of Yi given Xi = x has a continuous density fx with respect
to Lebesgue’s measure on R. We define the hazard function hx, for y ∈ R and F x(y) < 1, by

hx(y) =
fx(y)

1− F x(y)
.

The recursive double kernels type estimator F̂ x of F x is defined by

F̂ x(y) =

n∑
i=1

K(a−1i d(x,Xi))H(b−1i (y − Yi))

n∑
i=1

K(a−1i d(x,Xi))

, y ∈ R,

where K is the kernel, H is a strictly increasing distribution function and ai, bi are sequences
of positive real numbers such that lim

n→ +∞
an = lim

n→ +∞
bn = 0.

We define the recursive double kernels estimator f̂x of fx by

f̂x(y) =

n∑
i=1

b−1i K(a−1i d(x,Xi))H
′(b−1i (y − Yi))

n∑
i=1

K(a−1i d(x,Xi))

, y ∈ R,

where H ′ is the derivative of H.
We estimate the hazard function ĥx by

ĥx(y) =
f̂x(y)

1− F̂ x(y)
, y ∈ R.

To establish the almost complete convergence of ĥx, we include the following assumptions:
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(H1) φ(x, h) := P(X ∈ B(x, h)) > 0,∀h > 0. where B(x, h) := {x′ ∈ F/d(x′, x) < h}.

(H2) (i) |F x1(y1)− F x2(y2)| ≤ C1(d(x1, x2)
β1 + |y1 − y2|β2), β1 > 0, β2 > 0.

(ii) |fx1(y1)− fx2(y2)| ≤ C1(d(x1, x2)
β1 + |y1 − y2|β2), β1 > 0, β2 > 0.

(H3) ∀(y1, y2) ∈ R2,|H(j)(y1)−H(j)(y2)| ≤ C|y1 − y2| , for j = 0, 1.∫
|t|β2H(1)(t)dt <∞,

∫
H ′2(t)dt <∞.

(H4) K is a function with support (0,1) such that 0 < C1I[0,1] < K(t) < C2I[0,1] < ∞, where
IA is the indicator function.

(H5) (i) lim
n→+∞

n−1
n∑
i=1

aβ1i φi(x, ai)

φ(x, ai)
= 0, (ii) lim

n→+∞
n−1

n∑
i=1

bβ2i φi(x, ai)

φ(x, ai)
= 0.

(H6) lim
n→+∞

ϕn,j(x) log n

n2
= 0 where, ϕn,j(x) =

n∑
i=1

b−ji φi(x, ai)

φ2(x, ai)
, for j = 0, 1.

Theorem 1. Under hypotheses (H1)-(H4), we have:
sup
y∈S
|ĥx(y)− hx(y)| =

O

(
n−1

n∑
i=1

aβ1i φi(x, ai)

φ(x, ai)

)
+O

(
n−1

n∑
i=1

bβ2i φi(x, ai)

φ(x, ai)

)
+O

(√
ϕn,1(x) log n

n2

)
a.co.

Lemma 1. Under hypotheses (H1),(H2)(i) and (H3), we have:
sup
y∈S
|F̂ x(y)− F x(y)| =

O

(
n−1

n∑
i=1

aβ1i φi(x, ai)

φ(x, ai)

)
+O

(
n−1

n∑
i=1

bβ2i φi(x, ai)

φ(x, ai)

)
+O

(√
ϕn,0(x) log n

n2

)
a.co.

Lemma 2. Under hypotheses (H1),(H2)(ii) and (H3), we have:
sup
y∈S
|f̂x(y)− fx(y)| =

O

(
n−1

n∑
i=1

aβ1i φi(x, ai)

φ(x, ai)

)
+O

(
n−1

n∑
i=1

bβ2i φi(x, ai)

φ(x, ai)

)
+O

(√
ϕn,1(x) log n

n2

)
a.co.
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