INTERNATIONAL CONFERENCE OF YOUNG MATHEMATICIANS
THE INSTITUTE OF MATHEMATICS OF THE NATIONAL ACADEMY OF SCIENCES OF UKRAINE
JUuNE 1-3, 2023, Ky1v, UKRAINE

LIMIT THEOREMS FOR MULTIFRACTAL PRODUCTS OF RANDOM
FIELDS

I. Donhauzer!

'La Trobe University, Melbourne, Australia
i.donhauzer@latrobe. edu. au

Multifractal temporal and spatial data have been observed in many applications, for ex-
ample, environmental processes (precipitations fields), engineering (teletraffic), and cosmology.
Jaffard [3] showed that the class of multifractal random processes is wide and all Lévy processes
except Brownian motion and Poisson processes are multifractal.

For multifractal signals a single exponent is not sufficient to characterise their scaling prop-
erties. The multifractal spectrum D(hg) of a signal shows Hausdorff dimensions of sets, where
the Hurst exponent of a signal is hg. Under so-called multifractal formalism [2], the Rényi
function is linked to the multifractal spectrum by the Legendre transform, and is an important
tool in the analysis of multifractal processes. The main focus of this investigation is to study
the multifractal measure () defined as a limit of measures p,,(-) generated by multifractal
products of random fields.

0, = (0,0,...,0) and 1, = (1,1,...,1) denote the origin and the unit vectors in R" respec-
tively. In what follows, P,[0,, t] is the hyperparallelepiped with the opposite vertices 0, and
t= (t1,ta,....,tn), t; € [0,1], i € 1,n, and the edges parallel to the axes. In the following, we
assume that all random variables and random fields are defined on the same probability space
[, F. P},

Let A(s), s € R", be a measurable, homogeneous and isotropic, nonnegative random field
such that P(A(0,) > 0) = 1, EA(0,) = 1, and EA%(0,) < +oo. Let A®(-), i €0,1,..., be an
infinite collection of independent stochastic copies of A(-). Let b > 1 be a scaling parameter.
For m € N, the finite product A,,(-) of the random fields A®(-) is defined by

m—1

Am(s) = [ AV (¥'s).

=0

The product A,,(-) can be used to define the nonnegative random measures ,,(-) on Borel
subsets B C P,[0,, 1,] as

o (B) == /BAm(s)ds, m € N.

Let p(+) be a random measure defined on Borel subsets of P,[0,, 0,]. The Rényi function of
the random measure p(-) is a deterministic function given by
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where {Bl(j), [=0,1,..2% — 1,5 =1,2,..., } denotes the mesh formed by the j-th level dyadic
decomposition of P,[0,, 1,]. L
Assumption 1 Let p = (p1,p2,....,0x), p; >0, j =1,k, k> 2, and the function

p(us, s, ..., up,, p) > E(ﬁ/\pﬂ'(uj)),

Jj=1
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for all u; € R", j = 1, k. Let also the function p(-) satisfy the condition

1 1 1 2 2
p(ul us? ) p) > p(ul? W p)

. 2 2 l I l n
if [Ju? — ul|] > [Juf” — ], o ), ) € R A£G, i€ {12, k) T = 1,2,

Theorem 1. Let Assumption 1 hold true for the vector p = (p1,p2,....,pk), p; > 1, j = 1.k,

such that Z§:1 p; = p > 2, and the scaling parameter b and the mized moments satisfy the
conditions

b> (EAP(0,))"
> I (p(0n,b' 1,26, .., (k = 1)b' 1, p)) < 00

where c1, = (c,c,...,c) € R™. Then, for a given finite or countable family of Borel sets B =
{B;: Bj C P,[0,, 1,]}, lim p,(B;) = u(B;) in Ly, q € [0,p] and a.s.
m—0o0

Theorem 2. Let Assumption 1 hold true and p(-, 1,) > 1, where p is an even integer. Also,
let there exist such xy and Cy > 0 that for all x > xg

In(p(1,, 21y, ...,(p— Dz1,, 1,)) < Ciz™%, a>n.

If
b> (EAP(0,))"",

then for any Borel set B and q € [2,p]

P(s) e < 0z (210) "

Theorem 3. Let the conditions of Theorem 1 hold true for all ¢ <p, i.e. u(-) € Ly, q > p.
If for q € (0,1) the function p(0,,x, q), q= (¢ —1,1), is nondecreasing in ||z||, satisfies

p(0,,07"'1,,, q)
Zl ( EA(0,) ) < 00,
and for ¢ > 1 and some k-dimensional vector p = (q/k, ..,q/k) it holds

Zln EA%(0,) < oo
p(0p, b= 1y, ... b= (k — 1)1, p) '

Then the limiting measure u(-) possesses the following Rényi function

1
T(q)=q—1- —log, EN(0,), q € [0,p].

1. Donhauzer, 1., Olenko, A. Limit theorems for multifractal products of random fields. arXiv
preprint arXiv:2202.02885, 2022.

2. Jaerisch, J., Sumi, H. Multifractal formalism for generalised local dimension spectra of Gibbs
measures on the real line. Journal of Mathematical Analysis and Applications, 2020, 491, 2,
124246.

3. Jaffard, S. The multifractal nature of Lévy processes. Probability Theory and Related Fields,
1999, 114, 2, 207-227.

http://www.imath.kiev.ua/~young/youngconf2023



