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Let us consider the following bi-objective constrained optimal control problem

min
(u,y)

{
1

2

∫ T

0

∫
Ω

[y(t, x)− yd(t, x)]2 dx dt,
1

2

∫ T

0

||u(t)||2dt
}
, (1)



∂y

∂t
(t, x)− k∆y(t, x)+β(t, x) · ∇y(t, x) =

m∑
i=1

ui(t)χi(x) for (t, x) ∈ [0, T ]× Ω,

∂y

∂η
(t, x) + αj y(t, x) = αj ya(t) for (t, x) ∈ Σj = (0, T )× Γj, j ∈ {1, · · · , s},

y(0, x) = y0(x) for x ∈ Ω,

(2)

ua(t) ≤ u(t) ≤ ub(t), for almost t ∈ [0, T ], (3)
where,

• The diffusion parameter k is a positive constant.

• The convection term β(t, x) is time-dependent and satisfy β ∈ B := L∞
(
0, T ;L∞(Ω;Rn)

)
.

• The initial temperature is supposed to fulfil y0 ∈ L2(Ω) and the outer temperature ya ∈
L2(0, T ) is space-independent.

• The bounds in the bilateral box constraints fulfil ua, ub ∈ L∞(0, T ;Rm).

The bi-objective optimization problem (1) − (3) can be transformed, using the weighted
sum method, to a single-objective optimization problem where the objective function is

J(u, y) =
w

2
||y − yd||2L2(0,T ;L2(Ω)) +

1− w
2
||u||2L2(0,T ;Rm), w ∈]0, 1[. (4)

For space discretization, we use the symmetric interior penalty Galerkin (SIPG) discretiza-
tion for the diffusion and an upwind discretization for the advection part.

(∂tyh, vh) + ash(yh, vh) = (fh, vh), ∀vh ∈ Vh,
where

ash(y, v) =
∑
T∈Th

∫
T

k∇y · ∇v dx−
∑
E∈εh

∫
E

{{k∇y}} · [[v]] ds−
∑
E∈εh

∫
E

{{k∇v}} · [[y]] ds

+
∑
E∈εh

δε
hE

∫
E

[[y]] · [[v]] ds+
∑
T∈Th

∫
T

(β · ∇yv) dx+
∑
T∈Th

∫
∂T−|Γj

β · n(ye − y)v ds+

∑
T∈Th

∫
∂T−∩Γj

β · nyv ds,
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and

(fh, vh) =
∑
T∈Th

∫
T

m∑
i=1

uiχiv dx+
∑
E∈εδh

∫
E

αj(y − ya)v ds.

For time discretization we use the Euler type method. Let NT be a positive integer. The
discrete time interval I = [0, T ] is defined as 0 = t0 < t1 < · · · < tNT−1 < tNT = T with the size
τn = tn − tn−1, for n = 1, · · · , NT , and τ = max

n=1,··· ,NT
τn.

The discrete approximation scheme of the semi-discrete problem (2) using the backward
Euler type method is

min
un∈Uad

NT∑
n=1

τn

(
w

2

∑
T∈Th

||yh,n − ydn||2L2(T ) +
1− w

2

m∑
i=0

(ui,n)2

)
,

with (yh,n − yh,n−1

τn
, vh

)
+ a(yh,n, vh) = (f, vh), ∀vh ∈ Vh,

(y(0, x), vh) = (y0, vh),

where
Uad = {u ∈ L2(0, T ) : ua ≤ un ≤ ub in (0, T )}, for n = 1, 2, ..., NT .
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