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We present some results on the approximation of solutions to a one-dimensional boundary-
value problem of the form

Ly(t) =y +ZAT l J(t) = f(t) for almost all ¢ € [a,0], By=gq. (1)

Here, r,m € N, a,b € R, a < b, each A,_; € (Ly)™™, f € (L1)™, ¢ € C", and the continuous
linear operator B: (CU"~1D)™ — C™ are chosen arbitrarily. The solution y is considered in
the Sobolev space (W[)™. This boundary-value problem is called general by analogy with the
r = 1 case. All function spaces are complex and given on [a,b]. We assume that problem (1)
has a unique solution y € (W])™ for arbitrary f € (L;)™ and g € C™.

Consider a sequence of general boundary-value problems

Ly yx(t) +ZAT L (T D(t) = f(t) for almost all ¢ € [a,b], Biyp=q (2)

depending on k € N such that, for all f € (L;)™ and ¢ € C™, each problem (2) has a unique
solution y € (W])™, and yx, — y in (W])™ as k — oo.
Specifically [1, Theorem 1], such a sequence exists and is built explicitly in the class of

multi-point boundary-value problems, where each A,_; ; belongs to an arbitrarily chosen dense

subset of (L1)™*™ and
pr r—1

Beye=> > By (ty),

=1 1=0

with all p, € N, g7 € C"™ ™ and t;; € [a, D).
Suppose that the data of problems (2) depend on &, i.e.

Ly zx(t) = fr(t) for almost all ¢ € [a,b], Bgxp = qr, (3)

where fi, € (L1)™, ¢ € C™, and x, € (W])™. We present estimates for the approximation
error xj — y in the normed spaces (W7)™ and (C~1)™,

Theorem 1. Let € > 0 and o € N. Suppose that
e — f, (L)™|| <e and gz — q,C™|| < & whenever k > p. (4)
Then there exist positive numbers » and o > o such that
|z —y, (W)™ |1 < 3¢ whenever k > o.

The number > can be chosen independently of €, o, f, q, fx, and qx, whereas the number o can
be chosen independently of fr and qy.
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Let F" and Fj, denote the primitives of f and fy on [a, b] subject to F'(a) = 0 and Fy(a) =0,
resp.

Theorem 2. Let ¢ > 0 and o € N. Suppose that
|Fy — F,(COY™| <& and |gx — q,C™| < & whenever k> (5)
and that
o := sup{|| By: (Cr=hym . ™| k > 0} < o0.

Then there exist positive numbers s and o > o such that
|zx — y, (CT"N™| < sc0e whenever k> o. (6)

The number s can be chosen independently of €, 0, o, f, q, and problems (2) (i.e. » depends
only on L and B), whereas o can be chosen independently of fi. and qy.

Comparing these theorems, we note that condition (5) is weaker than (4) and that the norm
in O~ is weaker than the norm in W7.
The number 5 in (6) can be explicitly indicated. Namely, if » = 1, we may take

= (Cl -+ 62))\ + ci1co + 1, (7)
where

c1 =1+ Y, (COY™ ™| - |[BY]H, C™,
cg i= 2+ ||Y, (COY™ || [y =1 (CO)y™m ||| A, (L)™ ™,
A= |B: (C’(O))m — (CmH_l.

Here, Y is the matriciant of the differential system

Ly(t) =o' (t) + A(t)y(t) = f(¢)

related to the point ¢ = a, and [BY] is the m x m-matrix whose columns equal the value of
B at the corresponding columns of Y. We let the norm of a vector-valued function equal the
sum of the norms of its components, and we let the norm of a matrix-valued function equal the
maximum of the norms of its columns.

If » > 2, we may define s by formula (7), where

& = 14 [V (€O BV, Cmeem
ey := 2+ [V, (COY™ | [V (COY™ ™| (b — a+ || A, (L)™ ™)),
A= |B: (C(rfl))m — C™||7.
Here, V' is the matriciant of the system (1) reduced to first-order system and related to the
point ¢ = a; V° is the m x rm-matrix function formed by the first m rows of V', and [BV°] is

defined similarly to [BY].
If each problem (3) is multi-point, these theorems are proved in [1].
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