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Some discrete point symmetries of a system of differential equations can easily be guessed
but it is usually a challenging problem to list all its independent discrete symmetries, which
may need the explicit construction of the entire point symmetry (pseudo)group of this system.
Even for so classical, most fundamental and well-studied models of mathematical physics as
(1 4 1)-dimensional linear heat equation

U = Ugg, (1)

their discrete point symmetries have not been completely understood. Thus, the involution ¢
alternating the sign of z and the transformation .#” inverting ¢,
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were for a long time considered as discrete symmetries of (1). However, in [1] we show that they
both belong not only to the identity component of the point symmetry pseudogroup G of (1)
but, moreover, to a one-parameter subgroup of GG. In contrast to G, the maximal Lie invariance
algebra g of (1) is well known, g = g°° € g, where g** = (P!, D, K, G*, P, I), g™ = {Z(h)}

is an infinite-dimensional abelian ideal of g, and A runs through the solution set of (1).

Theorem 1. ([1,2]) The point symmetry pseudogroup G of the (1+1)-dimensional linear
heat equation (1) consists of the point transformations of the form
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where o, B, v, §, A1, Ao and o are arbitrary constants with «d — By =1 and 0 # 0, and h is
an arbitrary solution of (1).

We modify the standard operation in G by continuously extending the domains of trans-
formation compositions and then properly analyze the structure of G [1|. The pseudogroup G
splits over G == {Z(h):t = t, & = 2,0 = u + h(t,2)} 9 G, G = G x G'™ where the
subgroup G of G is singled out by the constraint h = 0 and, therefore, is a six-dimensional
Lie group. Moreover, G*° = F X R, where R <1 G** and F < G are singled out by the
constraints « =d =1, f =y =0and \; = \g =0, 0 = 1, respectively. R~ H(1,R) x Z, and
F ~ SL(2,R), where SL(2,R) and H(1,R) denote the real degree-two special linear group and
the real rank-one Heisenberg group, respectively.

In fact, the transformation ¢ belongs to the subgroup £ of G*** and under the isomorphism
F — SL(2,R) the image of ¢ is the matrix —F, where E := diag(1l,1). The matrix —F has
very peculiar properties.
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Recall that the matrix A € SL(2,R) with A # £F is called elliptic if | tr A| < 2, parabolic if
| tr A| = 2 and hyperbolic if | tr A| > 2. It is well known that a matrix A € SL(2,R) belongs to
exp (51(2, R)) if and only if either tr A > —2 or A = —FE. Hence, the set exp (81(2, ]R)) consists
of the elliptic elements, the hyperbolic and parabolic elements with positive traces, £ and —FE.
Since the multiplication by —FE switches the signs of matrix traces, it maps the hyperbolic
and parabolic parts of exp (sl(Z,R)) onto the complement of exp (sl(2,]R)) in SL(2,R), and
vice versa. Therefore, the action by —FE changes the relation “belongs to (no) one-parameter
subgroup” to its negation for hyperbolic and parabolic elements of SL(2,R), and in this sense
the role of —F on the level of one-parameter subgroups is analogous to the role of a discrete
element on the level of connected components. This is why we call —F a pseudo-discrete

element of SL(2, R).

Definition 1. Given a Lie group G with Lie algebra g and exp(g) # Giq, we call an
element g € G pseudo-discrete if g(Giq \ exp(g)) C exp(g).

Proposition 1. The transformation ¢ is a pseudo-discrete element of G*.

Given a system of differential equations, it is natural to call pseudo-discrete elements of
its point symmetry (pseudo)group pseudo-discrete point symmetries of this system. So far
the question if the transformation # can be called a pseudo-discrete point symmetry of the
equation (1) is an open problem. However, an example of a genuine pseudo-discrete point
symmetry is given by the Burgers equation

U + VU, = Uy, (2)
whose maximal Lie invariance algebra is g® = <75t, 75, /é, 75“"3, §x>

Theorem 2. ([1,3]) The point symmetry group G® of the Burgers equation (2) is constituted
by the point transformations of the form
at + ﬂ T + )\1t + )\0 -
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where o, B, v, 6, Ay and \g are arbitrary constants with ad — fy = 1.

Proposition 2. j(GB \ exp(g®)) C exp(g®) for 7= (t,z,0) = (t,—x,0) € GB, ie.,
this transformation is a pseudo-discrete element of G® or, equivalently, is a pseudo-discrete
point symmetry of the equation (2).

Acknowledgements. The authors are grateful to Alexander Bihlo, Vyacheslav Boyko, Yevhen
Chapovskyi, Michael Kunzinger, Sergiy Maksymenko, Dmytro Popovych, and Galyna Popovych
for valuable discussions. The authors express their deepest thanks to the Armed Forces of
Ukraine and the civil Ukrainian people for their bravery and courage in defense of peace and
freedom in Europe and in the entire world from russism.

1. Koval S., Popovych R.O. Point and generalized symmetries of the heat equation revisited,
arXiv:2208.11073.

2. Opanasenko S., Popovych R.O. Mapping method of group classification. J. Math. Anal. Appl.,
2022, 513, 126209, arXiv:2109.11490.

3. Pocheketa O.A. and Popovych R.O., Extended symmetry analysis of generalized Burgers equa-
tions. J. Math. Phys., 2017, 58, 101501, arXiv:1603.09377.

http://www.imath.kiev.ua/~young/youngconf2023



