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In this work, we study the existence and the uniqueness of the solution of a wave equation
with dynamic Wentzell type boundary conditions on a part of the boundary Γ1 of the domain
Ω, with nonlinear delays in nonlinear dampings in Ω and on Γ1, given by:

utt −∆u+ µ1g1(ut) + µ2g1(ut(t− τ)) = 0 in Ω× (0,∞),

vtt + ∂νu−∆Tv + µ′
1g2(vt) + µ′

2g2(vt(t− τ)) = 0 on Γ1 × (0,∞)

u = v on Γ× (0,∞)

u = 0 on Γ0 × (0,∞)

(u(0), v(0)) = (u0, v0) in Ω× Γ, (ut(0), vt(0)) = (u1, v1) in Ω× Γ

ut(x, t− τ) = f01(x, t− τ) in Ω× (0, τ),

vt(x, t− τ) = f02(x, t− τ) on Γ1 × (0, τ),

(1)

where Ω is a bounded domain in Rn, (n ≥ 2), with smooth boundary Γ = ∂Ω, divided into two
closed and disjoint subsets Γ0 and Γ1, such that Γ0 ∩ Γ1 = ∅ and Γ0 ∪ Γ1 = Γ. We denote by
∇T the tangential gradient on Γ, by ∆T the tangential Laplacian on Γ and by ∂ν the normal
derivative where ν represents the unit outward normal to Γ. µ1, µ2, µ

′
1 and µ′

2 are positive real
numbers, the two functions g1(ut(t− τ)) and g2(vt(t− τ)) describe the delays on the nonlinear
frictional dissipations g1(ut) and g2(vt), on Ω and Γ1, respectively, τ > 0 is a time delay and
u0, v0, u1, v1, f01 and f02 are the initial data in some suitable (Sobolev) function spaces.
We introduce the following set

H1
Γ0

(Ω) =
{
u ∈ H1(Ω) / u|Γ0

= 0
}
,

which is endowed with the Hilbert structure induced by H1 (Ω).
Then, we consider the canonical norms of H1

Γ0
(Ω) and H1(Γ1)

‖u‖2
H1

Γ0
(Ω) = ‖∇u‖2

L2(Ω) , ‖v‖2
H1(Γ1) = ‖∇Tv‖2

L2(Γ1) .

Now, we state the following existence and uniqueness result:

Theorem 1. Let (u0, u1, v0, v1) ∈ [H2(Ω)∩H1
Γ0

(Ω))×H1
Γ0

(Ω)]× [H2 (Γ1)×H1 (Γ1)], f01 ∈
H1

Γ0
(Ω;H1 (0, 1)) and f02 ∈ H1 (Γ1;H1 (0, 1)) satisfying the following compatibility condition:

∂νu0 −∆Tv0 + µ′
1g2(v1) = 0 on Γ1,

f01(·, 0) = ut in Ω,
f02(·, 0) = vt on Γ1.

Then, problem (1) possesses a unique global weak solution verifying for T > 0 :

(u, ut, utt) ∈ L∞(0, T ;
[
H1

Γ0
(Ω)
]2 × L2(Ω)),

(v, vt, vtt) ∈ L∞(0, T ;
[
H1 (Γ1)

]2 × L2(Γ1)).
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We shall give a proof of above theorem, by using the Faedo-Galerkin’s approximation (see
[1, 2]).
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