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In this paper, we provide some sufficient conditions for the asymptotic stability of solu-
tions of nonlinear dynamic systems with impulsive perturbations on time scale by using some
inequality of Gronwall type. In this paper, we shall consider linear differential systems with
impulsive perturbations modeled by

z∆ = A (t) z + F (t, z) + ψ (t, z) ∆g, (1)

where z ∈ Rn, t ∈ T and A : T→ Rn∗n a regressive matrix-valued function , ∆g denotes
the distributional derivative of the function g. The functions F, ψ : T × Rn → Rn and g :
T∩ [0,∞)→ R is a function of bounded variation, right-continuous on T∩ [0,∞). Here ∆g can
be identified to a Stieltjes measure and will have the effect of sudden change of the state of
the system at the points of discontinuity of g. Equations of the form (1) are called measure
differential equations. Our interest here is to treat Eq. (1) as a perturbation of the linear
differential system

z∆ (t) = A (t) z (2)

where the perturbation F (t, z) + ψ (t, z) ∆g, is impulsive
Let z (t, t0, z0) and y (t) = z (t, t0, z0) be the solutions of (2) and (1), respectively, through

(t0, z0), existing in the right of t0 > 0, The function z (t, t0, z0) is a solution of (1) with y (t0) = z0,
if and only if, it is a solution of

y (t) = RA (t, t0) z0+

∫ t

t0

RA (t, σ (s))F (s, y (s)) ∆ (s)+

∫ t

t0

RA (t, σ (s))ψ (s, y (s)) ∆g (s) , t ∈ R+

(3)
where RA (t, t0) is the fundamental matrix of the equation (2) satisfying RA (t0, t0) = I,

where I denotes the unit matrix .

Definition 1. Let r ≥ 0 and Br = {z ∈ Rn� ‖z‖ ≤ r}.
(i) The ball Br is globally exponentially stable if there exist γ > 0 and c > 0, such that

∀z0 ∈ Rn
‖z (t)‖ ≤ c ‖z0‖ e	γ (t, t0) + r,∀t ≥ t0

(ii) The system (1) is globally practically exponentially stable if there exists r > 0 such
that Br is globally exponentially stable.

Naturally, the size of the radius r depends on the upper bound of the perturbation term.

We shall assume throughout all the paper that the nominal system

z∆ = A (t) z, z (t0) = z0

is uniformly asymptotically stable (U.A.S), if and only if there exists a positive constant a̧
with −a ∈ R+and there is c ≥ 1 independent on any initial point t0, such that

‖RA (t, t0)‖ ≤ ce	a (t, t0) for all t ∈ T+
t0
. (4)
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Theorem 1. Assume that:
(i) the nominal system (2) is U.A.S,
(ii) F satisfies a Lipschitz condition of the type

‖F (t, z)− F (t, z)‖ ≤ L (t) ‖z − y‖

where L (t) ∈ Lp (T∩R+,T∩R+) with p ∈ T∩ [1,∞) ,
(iii) ‖ψ (t, z)‖ ≤ γ (t) for all t ≥ 0, where γ (t) is a continuous function and

G (t) =

∫ t+1

t

γ (s) ∆v (s)→ 0, t→∞ (5)

Here v (t) is the total variation of the function g over the interval T∩ [0, t].
Then, if ψ (t, 0) = 0, the null solution of (1) is globally asymptotically stable under the

condition ‖L‖p ≥ p
(
1− a

c

)
if p ∈ T∩ (1,∞).

Theorem 2. Assume that all the conditions of Theorem 1 are satisfied except that condition
(ii) is replaced by

‖F (t, z)‖ ≤ ξ (t) ‖z‖+ ς (t)

where ξand ς ∈ Lp (R+,R+) with p ∈ [1,∞] . Then the system (1) is globally practically expo-
nentially stable under the condition ‖ξ‖ > p

(
1− a

c

)
in the case p ∈ (1,∞). The result is still

valid in case p =∞ under the additional condition ‖ξ‖∞ < a
c
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