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Let K be an ultrametric algebraically closed field of characteristic zero, complete for an
ultrametric absolute value | · |.

Recently, many papers (including [2, 3, 4]) focused on differences and q-difference equations
in both complex and ultrametric fields. The authors obtained many meaningful results about
the growth order of their solutions. In this paper, we will generalize some of these results to
the case of ultrametric q-difference equations.

In what follows, we denote by A(K) the K-algebra of entire function in K, i.e, the set of
power series with an infinite radius of convergence,M(K) the field of meromorphic function in
K, i.e, the field of fractions of A(K).

A meromorphic function (resp. an entire) is said to be transcendental if it is not a rational
function (resp. not a polynomial).

Let f(x) =
∑

n≥0 anx
n be a ultrametric entire function. For all r > 0, we denote by

|f |(r) = max
n≥0
|an|rn, the maximum modulus of f . This is extended to meromorphic functions

h = f/g by |h|(r) = |f |(r)/|g|(r). Throughout this paper, we use the ultrametric Nevanlinna
theory, so we have to recall some basic notions of this theory (see [1]).

For every r ∈]0, R[, let f be a non-constant meromorphic function on the disk d(0, r). Using
the notation log+ a = max{log a, 0} (where log is the real logarithm function), we define the
compensation function by

m(r, f) = log+ |f |(r) = max{log |f |(r), 0}.

Let f ∈ M(d(0, R−)) such that 0 is neither a zero nor a pole of f . For every r ∈]0, R[, we
denote by Z(r, f) the counting function of zeros of f in the disk d(0, r) counting multiplicity
and N(r, f) the counting function of poles of f in the disk d(0, r) counting multiplicity. They
are defined by

Z(r, f) =
∑

ωα(f)>0,|α|≤r

ωα(f) log
r

|α|

and
N(r, f) = Z (r, 1/f) = −

∑
ωα(f)<0,|α|≤r

ωα(f) log
r

|α|
.

Finally, we set T (r, f) = N(r, f) +m(r, f). The function r 7→ T (r, f) is called the Nevanlinna
function or characteristic function of Nevanlinna. Moreover, Similarly to definition known on
complex case, given f ∈M(K), the superior limit

ρ(f) = lim sup
r→+∞

log T (r, f)

log r
(1)

http://www.imath.kiev.ua/~young/youngconf2023



International Conference of Young Mathematicians
The Institute of Mathematics of the National Academy of Sciences of Ukraine

June 1–3, 2023, Kyiv, Ukraine

is called the order of growth of f or the order of f .
In this part, we consider ultrametric q-difference equations of the form

(
f(qx) + f(x)

)(
f(x) + f

(x
q

))
=
P (x, f(x))

Q(x, f(x))
, (1)

n∑
i=1

Aj(x)f(q
jx) =

P (x, f(x))

Q(x, f(x))
, (2)

where P (x, f(x)) =
∑p

i=0 ai(x)f(x)
i and Q(x, f(x)) =

∑d
i=0 bi(x)f(x)

i are relatively prime
polynomials in f and ai(x) for i = 0, . . . , p, bi(x) for i = 0, . . . , d are polynomials with
ap(x)bd(x) 6= 0 , A1(x), · · · , An(x), aj(x), bj(x) are rational functions and q ∈ K.

In the following, we denote by p = degf P and d = degf Q, the degree of the numerator
P and the denominator Q, respectively. In the same way, we suppose m = max{p, d} >
4 and p− d ≥ 3.
We obtained the following results.

Theorem 1. If q ∈ K satisfies |q| = 1, the equation (1) has no transcendantal entire
solution neither transcendantal meromorphic solution which has finitely many poles.

Theorem 2. Let f be a transcendantal meromorphic solution equation (1) and q ∈ K
satisfies |q| > 1. Then, we have

ρ(f) ≥ logm− log 4∣∣ log |q|∣∣ .

Theorem 3. Let f be a transcendental meromorphic solution of equation (2) and q ∈ K
satisfying |q| > 1. If n < m, we have

(logm− log n)/n log |q| ≤ ρ(f) ≤ log(m+ n− 1)/ log |q|.

Theorem 4. Let f be a non constant meromorphic solution of equation (2) and q ∈ K
satisfying |q| < 1. If m ≤ n then

ρ(f) ≤ log(n/m)/− log |q|.
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