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ELLIPTIC PROBLEM WITH NONLINEAR SINGULARITY
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In this work we show the existence of solution for the following problem:

q
—Au = +Af in Q
u = 0 on Of2

(1)

where N > 2, Q C RY is a bounded regular domain, ¢ > 2, a < 2, X > 0and f is a nonnegative
function belonging to a suitable Lebesgue space.
Since a < £, then problem (1) takes the form

(1-8)4

—Au = L |Vu I+ \f in Q @)
u = 0 on Of)

where = £ < % Throughout this work, we will consider problem (2) as the main problem to
be solved.

In ordre to solve problem (2) we established a Sobolev regularity for v'=# for all 3 < %,
by analyzing v that is the unique solution for the Poisson problem below (3) and by using
estimations on the Green’s function.

—Av = f, in €,
{ v =0, in 092, (3)

Green’s estimes: We gather, in the next lemma, some familiar estimates on the Green’s
function G and its gradient V,G.

Lemma 1. Let G(z,y) be the Green’s Function associated to Q) , then there exist C; :=
Ci(N,Q) >0 and Cy := N such that

{ 1 o(x) i(y)
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} , forae. z,ye

and
1 1

VxG x, <C (@ T,y)max{ —, ——
V.60 < € Glapmax { L

} , forae. z,yefl.

Regularity result:

Theorem 1. Suppose that f € L™(2), m > 1 is such that f > 0 in Q. Consider u to be
the unique solution of the Poisson problem (3). Then for all 5 € (0, %)

WP e WgP(Q),  Yp<p(m)

where
mN

(N—=m)(1—08)+ Nmp’

=, if m > N.
B

if m < N,
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Moreover, There exists a positive constant C' = C(N, m,p, 3,Q) such that
1-8 1-8
|u HWOI”’(Q) < Cllfllpmo
Existence result:

Theorem 2. Assume that f € L™(2),m > 1 is a nonnegative function. Then,

1. ]f% <m < N and 8 < anmfm, then for all 2 < q < (me)(ljyﬁ)JerB’ there exists

A= X (N, q,m, f,Q2) > 0 such that, for all 0 < A < \*, there exists a weak solution u to

the problem (2) such that u'=% € Wy*(Q) for all 1 < p < (N—m)(T—]\[;)—kNm,B'

2. Ifm >N and § < ﬁ, then for all 2 < q < Niﬁ, there ezists \* = \*(N,q,m, f,Q2) >0
such that, for all 0 < X < X*, there exists a weak solution u to the problem (2) such that

ul=F e WyP(Q) for all1 < p < 5
Uniqueness result:

Theorem 3. Assume that f € L™(Q2),m > N is a nonnegative function such that f > 0.
Suppose that [ < ﬁ and that 2 < g < NLB Then problem (1) has at most one positive solution
u such that u' =% € WyP(Q) for all 1 < p < %
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