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We study the existence and the asymptotic behavior of sequence of positive solutions to the
following nonlocal elliptic problem

(−∆)spu+ um−1 = λuq−1 in Ω,
u > 0 in Ω,
u = 0 in RN \ Ω,

(1)

where s ∈ (0, 1), Ω ⊂ RN ,( N > ps) is bounded domain, q ∈ [p, p∗s) , the real parameter λ > 0
and m sufficiently large such that

p < q ≤ p∗s < m

The operator (−∆)sp is the fractional p-Laplacian defined by

(−∆)spu(x) := P.V.
∫
RN

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+ps
dy, s ∈ (0, 1), p ≥ 2

if p = 2 is the linear fractional Laplacian (−∆)s.
Motivated by [1] and the study of nonlocal problems involving fractional p-Laplacian oper-

ator [2], [3], we prove existence results in the fractional Sobolev space defined by

Xs :=
{
u ∈ W s,p

0 (Ω) :

∫
Ω

|u|m <∞
}
.

Applying variational methods. Indeed, we assume a different hypotheses on the value of q
to prove the existence results:

• Case 1: p < q < m

• Case 2: p < q ≤ p∗s < m

Definition 1. We say that u ∈ Xs(Ω) is a weak solution of equation (1) if u satisfies∫ ∫
DΩ

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+ps
dx dy +

∫
Ω

um−1v = λ

∫
Ω

uq−1v,∀v ∈ Xs(Ω).

(1)

Now we state our first existence result as the following theorem.

Theorem 1. Let s ∈ (0, 1), N > ps and p < q ≤ p∗s. Then, there exists λ > λ∗ > 0 such
that for each λ > λ there is m0 > p∗s such that for every m ≥ m0, equation (1) has at least two
positive nontrivial solutions zm, um ∈ Xs

m(Ω) and zm 6≡ um.
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Also, we provide a crucial regularity result about L∞ boundedness of weak solution for
equation (1) to be able to study the asymptotic behavior of the solutions found whenm→ +∞.
This asymptotic behavior will be determined by an interesting limit problem, given in the
following Theorem.

Theorem 2. Assume that λ > λ∗ and let {um}m (resp. {zm}m )be a sequence of solutions.
Then, there exists u, z ∈ K := {u ∈ W s,p

0 (Ω) : 0 ≤ u ≤ 1} such that um ⇀ u(resp. zm ⇀ z)
strongly in W s,p

0 (Ω) and strongly in every Lebesgue space. Moreover, there exists Gu,Gz ∈ L∞(Ω)
and u, z satisfy 

(−∆)spw + Gw = λwq−1 in Ω,
w ≥ 0 in Ω,
w = 0 in RN\Ω,

(2)

where 0 < Gw ≤ λ, Gw 6≡ 0, and Gw(1− w) = 0, a.e Ω.
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