
International Conference of Young Mathematicians
The Institute of Mathematics of the National Academy of Sciences of Ukraine

June 1–3, 2023, Kyiv, Ukraine

Existence of solution of Caputo Fabrizio fractional
differential equations with not instantaneous
impulses using DarboвЂ™s fixed point theorem

B. Ahlem1, A. Nadjet2, A. Nouria3

1Abdelhafid Boussouf University Center, Mila, Algeria
2Ecole Normale SupГ©rieure El Katiba Assia Djebar, Consrantine, Algeria

3Freres Mentouri Constantine University, Consrantine, Algeria
a.benzahi@centre-univ-mila.dz, n65abada@yahoo.fr, arar.nouria@umc.edu.dz

Fractional calculus is a branch of classical mathematics, which deals with the generalization
of operations of differentiation and integration to fractional order. Although fractional deriva-
tion theory is a subject almost as old as classical calculus as we know it today, its origins date
back to the late 17th century, when Newton and Leibniz developed the foundations differential
and integral calculus. In particular, Leibniz introduced the symbol dnf

dtn
when he announced

in a letter to the Hospital , the Hospital replied “What does mean dnf
dtn

if n = 1
2
”? This letter

from Hopital, written in 1695, is today accepted as the first incident of what we call fractional
derivation. Differential equations with instantaneous impulses are frequently used to describe
mathematical simulations of real-world phenomena that experience rapid changes of state [2,3].

In this study, we proved the existence of solutions of the the Cauchy problem of Caputo
Fabrizio fractional differential equations with not instantaneous impulses [1]. Applying the
Darbo’s fixed point theorem along with the technique of Kuratowski measure of non compact-
ness yields the existence result. The same initial value problem for linear implicit fractional
differential equations with non instantaneous impulses under the Caputo Fabrizio fractional
derivative was already studied with Monch’s fixed point theorem and Kuratowski measure of
noncompactness. Finally, we concluded by providing an example to illustrate the applicability
of the found result.

We will study the existence of the following initial value problems (1)
CFDα

si
u(t) = f(t, u(t)), t ∈ (si, ti+1], i = 0, . . . ,m, 0 < α < 1,

u(t) = gi(t, u(t
−
i )), t ∈ (ti, si], i = 1, . . . ,m,

u(0) = u0 ∈ E,

(1)

where Ii = (si, ti+1], Ji = (ti, si], f : Ii×E → E, gi : Ji×E → E, i = 1 · · · , are given continuous
functions, I = [0, T ], T > 0, 0 = s0 < t1 ≤ s1 ≤ t2 < · · · < tm ≤ sm ≤ tm+1 = T .

Theorem 1 (Darbo’s fixed point Theorem). Let D be a non-empty, closed, bounded and
convex subset of a Banach space E and let N be a continuous mapping of D into itself such
that for any non-empty subset C of D,

µ(N(C)) ≤ kµ(C)

Let us list some conditions on the functions involved in this IVP .

(H1) There exists a continuous function G ∈ C(Ii,R+), i = 0 · · ·m, such that

‖f(t, u)‖ ≤ G(t)‖u‖, u ∈ E, t ∈ Ii withG∗ = sup
t∈I

G(t).
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(H2) There exists a continuous function Hi ∈ C(Ji,R+), i = 1 · · ·m, such that

‖gk(t, u)‖ ≤ Hi(t), u ∈ E, t ∈ Ji with H∗ = max
i=0...m

(sup
t∈Ji

Hi(t)).

(H3) For each bounded set D ∈ E and for each t ∈ Ii, i = 0 · · ·m, we have

µ(f(t,D)) ≤ G(t)µ(D), t ∈ Ii.

(H4) For each bounded set D ∈ E and for each t ∈ Ji, i = 1 · · ·m, we have

µ(gi(t,D)) ≤ Hi(t)µ(D), t ∈ Ji.

Theorem 2. Assume that assumptions (H1)− (H4) hold. If

k = max{H∗, (aα + Tbα)G
∗} < 1,

then the IVP (1) has at least one solution on I.
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