
International Conference of Young Mathematicians
The Institute of Mathematics of the National Academy of Sciences of Ukraine

June 1–3, 2023, Kyiv, Ukraine

On anisotropic degenerate parabolic problem with
variable exponents

Abdelaziz Hellal1
1Laboratory of Functional Analysis & Geometry of Spaces, Mohamed Boudiaf-M’sila

University, Algeria
abdelaziz.hellal@univ-msila.dz

This work is devoted to studying the existence and regularity of solutions for some nonlinear
parabolic equations with principal part having degenerate coercivity:

∂tu−
N∑
i=1

Di

 |Diu|pi(x)−2Diu(
ln(e+ |u|)

)σ(x)


+

N∑
i=1

|u|si(x)−1u = f in QT ,

u = 0 on ΣT ,

u(0, x) = u0(x) in Ω.

(1)

where QT
.
= (0, T ) × Ω, ΣT = (0, T ) × ∂Ω, Ω is a bounded open subset of RN , (N ≥ 2),

T > 0 is a real number, f ∈ Lm(·)(QT ), and u0 ∈ L(m(·)−1)s+(·)+1(Ω), s+(·) = max1≤i≤N si(·).

Here, we suppose that Au := −
∑N

i=1

Di

 |Diu|pi(x)−2Diu(
ln(e+|u|)

)σ(x)

 , where m, σ ∈ C(Ω), m(·) > 1,

σ(·) ≥ 0, and the variable exponents pi : Ω −→ (1,∞), si : Ω −→ (1,∞) are continuous
functions. The main difficulties in studying (1) are the fact that, the differential operator Au
is not coercive if u is very large, and the problem (1) has a more complicated nonlinearity than
the classical case pi(·) = pi since it is nonhomogeneous. This shows that the classical methods
for the constant case [2] can’t be applied here. In the classical case σ = 0 and pi(·) = pi the
existence and regularity solution have been treated in [3]. It is worth pointing out that the
problem (1) has been studied in [2] in the particular case pi(·) = 2, i ∈ {1, 2, · · · , N}, m(·) = m,
and σ(·) = θ ∈

[
0, 1 + 2

N

)
with u0 = 0, where the authors have discussed the existence and

regularity results based on (Lemma 2.2, [2]), but this technique does not work in the anisotropic
case. Recently, in [4], the authors have studied the existence and regularity of weak solutions
for the problem (1) in the whole (0, T )×RN with pi(·) growth conditions and locally integrable
data. In accordance with [1] our regularity results are new and have not been proven before
neither in the isotropic nor in the anisotropic case.

Here we give an important definition which is essential to our study of the problem (1).

Definition 1. A function u is a weak solution of problem (1) if: u ∈ L1(0, T ;W 1,1
0 (Ω)) ∩(

Ls+(·)(QT )
)
, and

−
∫ T

0

∫
Ω

u∂tϕdx dt+
N∑
i=1

∫ T

0

∫
Ω

 |Diu|pi(x)−2Diu(
ln(e+ |u|)

)σ(x)

 ·Diϕdx dt

+
N∑
i=1

∫ T

0

∫
Ω

|u|si(x)−1u · ϕdx dt =

∫ T

0

∫
Ω

ϕ(t, x)f dx dt+

∫
Ω

ϕ(0, x)u0(x) dx,

for all ϕ ∈ C1
c ([0, T )× Ω), the C1

c functions with compact support.
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Our main existence result for problem (1) is the following:

Theorem 1. Let m(·) = m, σ(·) = σ, f ∈ Lm(QT ) with m > 1, such that

(N + σ + 2)p(·)
(N + 1)p(·)− 2N(1 + σ) + (N + σ + 2)p(·)

< m <
(N + σ + 2)p(·)

(N + σ + 2)p(·)−N(σ + 1)
,

0 ≤ σ < min

{
p(·)− 1 +

p(·)
N

, p(·)− 2 +
mp(·)
N

}
, p(·) ≥ 2.

Assume that si(·), pi(·) are continuous functions such that for all i = 1, . . . , N

p(·)
(
N + 1− (1 + σ)(m− 1)

)
m
(

(N + 1)p(·)−N(1 + σ)
) < pi(·) <

p(·)
(
N + 1− (1 + σ)(m− 1)

)
mN(1 + σ)− (m− 1)(N + σ + 2)p(·)

, si(·) ≥ pi(·).

Under the above assumptions, the problem (1) has at least one weak solution

u ∈
N⋂
i=0

Lq
−
i

(
0, T ;W

1,qi(·)
0 (Ω)

)
, 1 ≤ qi(·) <

mpi(·)
p(·)

(
(N + 1)p(·)−N(1 + σ)

N + 1− (1 + σ)(m− 1)

)
.

where qi(·) are continuous functions on Ω satisfying for all i = 1, . . . , N

The proof of Theorem needs several steps: First, we approximate the problem (1) with
sequence of problems having smooth solutions (un)n. Then, after deriving uniform estimates
on un, we pass to the limit using a compactness results as in [1].
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