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This work deals with the average optimal control of a thermoelastic system depending on a
coupled parameter, with missing initial conditions. We broach the concept of average no-regret
control and its approach, the average low-regret control to get a general description from our
optimal control to an optimality system, by using the Euler Lagrange �rst-order optimality
condition.

Let Ω be an open bounded of R3, smooth boundary Γ of class C2,Γ0 ⊂ Γ, denote by
Σ = (0, T )×Γ, Q = (0, T )×Ω, ω is a non-empty bounded subset of Ω, For T > 0, the following
coupled systems with missing initial conditions, are considered by [1]

ytt − µ∆y − (λ+ µ)∇divy + α∇θ = f + vχω in Q,
θt −∆θ + αdivyt = 0 in Q,
y (x, 0) = y0 (x) , yt (x, 0) = y1 (x) ,
θ (x, 0) = θ0 (x) in Ω,
y = θ = 0 on Σ,

(1)

The coupled systems (1) are used to de�ne the homogeneous isotropic thermoelastic body elastic
and thermal behavior, wherever, λ, µ > 0 are the Lame constants, χω is the characteristic
function of ω, y = (y1, y2, y3) is the vector of the elastic displacement at the moment t from
x = (x1, x2, x3), the elastic temperature θ = θ(x, t) is a scalar function, α is the coupling
parameter in (0, 1) , g = (y0, y1, θ0) are the initial conditions expected to be unknown in H =

(H1
0 (Ω))

3 × (L2 (Ω))
3 × L2 (Ω), f ∈ L2

(
0, T ; (H1

0 (Ω))
3
)
and, v = (v1, v2, v3) is a distributed

control vector with an external force in Uad, Uad = {v ∈ (L2 (Q))
3
: vmin ≤ v ≤ vmax} is a

convex, closed and non-empty subset, vmax, vmin are the maximum and minimum of permitted
force values to reserve the elasticity property of the considered body. The next couple present
the solution of the system (1).

y(v, g, α) ∈ C
(
0, T ; (H1

0 (Ω))
3
)
∩ C1

(
0, T ; (L2 (Ω))

3
)
,

θ(v, g, α) ∈ C (0, T ;L2 (Ω)) .

Associate to (1) the following quadratic cost function [2], [5]:

J (v, g) =
∥∥∥∫ 1

0
y (v, g, α) dα− yd

∥∥∥2

L2
(
0,T ;(H1

0 (Ω))
3
) + ∥∥∥∫ 1

0
θ (v, g, α) dα− θd

∥∥∥2

L2(0,T ;L2(Ω))

+β ∥v∥2(L2((0,T )×ω))3 ,
(2)

where θd, yd are given observations of deformation and temperature respectively. with β > 0.

The next coupled systems presents the characterization of the average no-regret control u
solution of (1)− (2) :

ytt − µ∆y − (λ+ µ)∇.divy + α∇θ = f + uχω,
θt −∆θ + αdivyt = 0,
y (x, 0) = 0, yt (x, 0) = 0, θ (x, 0) = 0,
y = θ = 0.
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
φtt − µ∆φ− (λ+ µ)∇.divφ+ α∇ψt =

∫ 1

0
[y (u, 0, α)− y (0, 0, α)] dα,

−ψt −∆ψ − αdivφ =
∫ 1

0
[θ (0, 0, α)− θ (0, 0, α)] dα,

φ (x, T ) = 0, φt (x, T ) = 0, ψ (x, T ) = 0,
φ = ψ = 0.

ρtt − µ∆ρ− (λ+ µ)∇.divρ+ αdivσ = 0,
σt −∆σ + α∇ρt = 0,

ρ (x, 0) =
1

γ

(∫ 1

0
α∇ψ (x, 0) dα−

∫ 1

0
φt (x, 0) dα

)
,

ρt (x, 0) =
1

γ

∫ 1

0
φ (x, 0) dα,

σ (x, 0) =
1

γ

∫ 1

0
ψ (x, 0) dα

ρ = σ = 0.


ptt − µ∆p− (λ+ µ)∇.divp+ αdivqt =

∫ 1

0
[y (u, 0, α)− y (0, 0, α)] dα− yd +

∫ 1

0
ρdα,

−qt −∆q − α∇p = −θd +
∫ 1

0
σdα+

∫ 1

0
[θ (u, 0, α)− θ (0, 0, α)] dα in Q,

p (x, T ) = 0, pt (x, T ) = 0, q (x, T ) = 0,
p = q = 0.

With the average optimality condition :∫ T

0

∫
ω

(∫ 1

0

pdα + βu

)
(v − u) dxdt ≥ 0, ∀v ∈ Uad.
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