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We study a frictionless contact problem between a viscoelastic body and an obstacle.
The process is assumed to be dynamic and the contact is modelled with a version of normal
compliance and adhesion. We derive a variational formulation for the problem then we prove
the existence and the uniqueness of a weak solution. The proof is based on nonlinear evolution
equations, monotone operators theory and �xed point arguments, see for instance [1]-[3].

Let's consider the following adhesive dynamic contact problem

Problem P
Find a displacement �eld u : Ω × [0, T ] → Rd and a stress �eld σ : Ω × [0, T ] → Sd and a

bonding �eld β : Ω× [0, T ] → [0, 1] such that

σ = Aε(u̇) +Gε(u) in Ω× (0, T ),
ρü = Divσ + f0 in Ω× (0, T ),
u = 0 on Γ1 × (0, T ),
σν = f2 on Γ2 × (0, T ),
−σν = pν (uν)− γνβ

2Rν(uν) on Γ3 × (0, T ),
−στ = pτ (β)Rτ (uτ ) on Γ3 × (0, T ),

β̇ = − (β (γν(Rν(uν))
2 + γτ∥Rτ (uτ )∥2)− εa)+ in Γ3 × (0, T ),

β(0) = β0 in Γ3,
u(0) = u0, u̇(0) = v0 in Ω.

(1)

Using Green's formula, we get

Problem PV
Find a displacement �eld u : [0, T ] → V and a stress �eld σ : [0, T ] → H and a bonding

�eld β : [0, T ] → L∞(Γ3) such that

σ(t) = Aε(u̇) +Gε(u(t)), (2)

(ü, v)V ′×V + (σ, ε(v))V ′×V + jad(β, u, v) = (f(t), v)V ′×V ∀v ∈ V, a.e. t ∈ (0, T ), (3)

β̇ = −
(
β
(
γν(Rν(uν))

2 + γτ∥Rτ (uτ )∥2
)
− εa

)
+

in (0, T ), (4)

u(0) = u0, u̇(0) = v0, β(0) = β0. (5)

where the adhesion functional jad : L
∞(Γ3)× V × V → R is given by

jad(β, u, v) =

∫
Γ3

(
pν (uν)− γνβ

2Rν(uν)
)
vνda+

∫
Γ3

pτ (β)Rτ (uτ ).vτda,
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Let η ∈ L2(0, T ;V ′) be given. We consider the following variational problem PVη

Problem PVη

(üη, v)V ′×V + (A(εu̇η), ε(v))H + (η(t), v)V ′×V = (f(t), v)V ′×V ∀v ∈ V a.e t ∈ [0, T ], (6)

uη(0) = u0, u̇η(0) = v0. (7)

Lemma 1. There exists a unique solution to problem PVη satisfying the following regularity

uη ∈ W 1,2(0, T ;V ) ∩ C1(0, T ;H), üη ∈ L2 (0, T ;V ′) .

Moreover, if ui represents the solution of problem PVη for η = ηi ∈ L2 (0, T ;V ′) , i = 1, 2, then
there exists C > 0 such that∫ t

0

∥u̇1(s)− u̇1(s)∥2V ds ≤ C

∫ t

0

∥η1(s)− η2(s)∥2V ′ds ∀t ∈ [0, T ].

We use the displacement �eld uη obtained in Lemma 1 and we consider the following
initial value problem

Problem PV β
η

Find the adhesion βη : [0, T ] → L2(Γ3) such that

β̇η = −
(
βη

(
γν(Rν(uην))

2 + γτ∥Rτ (uητ )∥2
)
− εa

)
+

in Γ3 × (0, T ),

β(0) = β0 in Γ3.

Lemma 2. There exists a unique solution βη ∈ W 1,∞(0, T ;L2(Γ3)) ∩ Z to problem PV β
η .

Now, we introduce the operator Λ : L2 (0, T ;V ′) → L2 (0, T ;V ′) de�ned by

(Λη(t), v)V ′×V = (Gε (uη(t)) , ε(v))H + jad(βη, uη, v).

Lemma 3. The operator Λ has a unique �xed point η∗ ∈ L2 (0, T ;V ′).

Now, we have all the ingredients to state and prove our principal theorem

Theorem 1. Problem PV has a unique solution (u, σ, β) which satis�es

u ∈ W 1,2(0, T ;V ) ∩ C1(0, T ;H), ü ∈ L2 (0, T ;V ′) , (8)

σ ∈ L2 (0, T ;H) , Divσ ∈ L2 (0, T ;V ′) , (9)

β ∈ W 1,∞(0, T ;L2(Γ3)) ∩ Z. (10)
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