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We study a frictionless contact problem between a viscoelastic body and an obstacle.
The process is assumed to be dynamic and the contact is modelled with a version of normal
compliance and adhesion. We derive a variational formulation for the problem then we prove
the existence and the uniqueness of a weak solution. The proof is based on nonlinear evolution
equations, monotone operators theory and fixed point arguments, see for instance [1]-[3].

Let’s consider the following adhesive dynamic contact problem

Problem P

Find a displacement field u : Q x [0,7] — R? and a stress field o : Q x [0,7] — S? and a
bonding field 5 : Q x [0, 7] — [0, 1] such that

o = Ae(u) + Ge(u) in Qx(0,7),

pii = Divo + fy in Qx(0,7),

u=0 on Iy x(0,7),

ov = [ on Iy x(0,7),

—0y = DPu (U,,) - ’7V62Ry(uy) on Fg X (O,T), (1)
—0r :Pr( )R‘r(ur) on [I'gx (O,T),

B=—(B R (w))*+ 7R (ur)|?) —ea), in Tsx(0,7T),

B(0) = fBo in T,

u(0) = ug, u(0) = v in €.

Using Green’s formula, we get

Problem PV

Find a displacement field u : [0,7] — V and a stress field o : [0,7] — H and a bonding
field 5 :[0,T] — L*°(I'3) such that

o(t) = Ae (i) + Ge(u(t)), (2)
(i, V)vixy + (0,6(V))vixv + Jaa(B; u,v) = (f(t), 0)yixy Vo €V, ae. t€(0,T),  (3)
B8 == (8 (w(Bo(w)* + 7| Re(ur)|*) = a) . in (0,7), (4)

u(0) = uo, u(0) = vo, B(0) = fo. (5)

where the adhesion functional j,q : L>(I's) x V' x V — R is given by
Jaa(B, u,v) = / (pv (un) = %B?Ry(uy)) voda +/ p-(B) R, (u,).v-da,
I's I's
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Let n € L*(0,T; V") be given. We consider the following variational problem PV},

Problem PV,
(lnbn,v)lev + (A(é‘lln), 6(@))7{ -+ (T](t), U)V’XV = (f(t), U)V/vav ecVaete [O, T], (6)

un(0) = uo, 1y (0) = vo. (7)
Lemma 1. There exists a unique solution to problem PV, satisfying the following regularity
u, € W0, T;V)nCY(0,T; H),i, € L* (0, T; V).

Moreover, if u; represents the solution of problem PV, for n =mn; € L*(0,T;V"),i = 1,2, then
there exists C' > 0 such that

/0 s (s) — n(s) [2ds < C / () — ma(s)[2ds Vit € (0.7

We use the displacement field u, obtained in Lemma 1 and we consider the following
initial value problem

Problem PV;;B
Find the adhesion 3, : [0,7] — L*(T'3) such that

= = (B (uRolitm)? + | Rt )IP) = 22),, i T x (0,7T),
B(0) = By in T3.
Lemma 2. There exists a unique solution 3, € W1>°(0,T; L*(I's)) N Z to problem PVnﬁ .
Now, we introduce the operator A : L (0,T; V') — L?(0,T; V") defined by
(An(t), v)vixv = (Ge (ug(t)) ,£(v)) gy + Jaa(Bn, iy, V).
Lemma 3. The operator A has a unique fized point n* € L*(0,T;V").

Now, we have all the ingredients to state and prove our principal theorem

Theorem 1. Problem PV has a unique solution (u, o, 3) which satisfies

u€ W0, T;V)nCH0,T; H),ii € L* (0, T; V'), (8)
o€ L*(0,T;H), Dive € L*(0,T;V"), (9)
BeWh>(0,T;L*(T3) N Z. (10)
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