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We consider the blow-up, and global existence of solutions to the following time�space
fractional di�usion problem

C
0D

α
t u(x, t) + (−∆)β/2u(x, t) = 0J

γ
t

(
|u|p−1u

)
(x, t), x ∈ RN , t > 0, (1)

supplemented with the initial data

u(x, 0) = u0(x) ∈ C0(RN), (2)

where 0 < α < 1 − γ, 0 < γ < 1, 0 < β ≤ 2, p > 1, 0J
γ
t denotes the left Riemann-Liouville

fractional integral of order γ, C
0D

α
t is the Caputo fractional derivative of order α and (−∆)β/2

stands for the fractional Laplacian operator of order β/2. We show that if p < 1+β(α+γ)/αN ,
then every nonnegative solution blows up in �nite time, and if p ≥ 1 + β(α + γ)/αN and
∥u0∥Lqc (RN ) is su�ciently small, where qc = αN(p− 1)/β(α + γ), then the problem has global
solutions. Finally, we give an upper bound estimate of the life span of blowing-up solutions

Using a �xed point argument, we prove the local existence to problem (1)�(2). First, we
give the de�nition of the mild solution of (1)�(2).

De�nition 1. Let u0 ∈ C0(RN) and T > 0. We say that u ∈ C([0, T ], C0(RN)) is a mild
solution of (1)�(2), if u satis�es

u(x, t) = Pα,β(t)u0(x) +

∫ t

0

(t− s)α−1Sα,β(t− s) 0J
γ
s

(
|u|p−1u

)
(x, s) ds, t ∈ [0, T ]. (3)

Theorem 1. Given u0 ∈ C0(RN), then there exists a maximal time Tmax = T (u0) > 0
such that problem (1)�(2) has a unique mild solution u in C([0, Tmax], C0(RN)). Furthermore,

either Tmax = +∞ or Tmax < +∞ and ∥u∥L∞((0,t),C0(RN )) → +∞ as t → Tmax. If, in addition,

u0 ≥ 0, u0 ̸≡ 0, then u(t) ≥ Pα,β(t)u0 > 0 for t ∈ (0, Tmax). Moreover, if u0 ∈ Lr(RN) for some

r ∈ [1,∞), then u ∈ C([0, Tmax), L
r(RN)).

Then, based on the test function argument, we deal with the follwing blow up result of
(1)�(2). We �rst give the following de�nition of weak solution.

De�nition 2. Let u0 ∈ L∞
loc(RN), 0 < β ≤ 2, 0 < α < 1− γ, 0 < γ < 1 and T > 0. We say

that u ∈ Lp((0, T ), L∞
loc(RN)) is a weak solution of (1)�(2) if∫ T

0

∫
RN

0J
γ
t

(
|u|p−1u

)
ψ(x, t) dxdt+

∫ T

0

∫
RN

u0
C
t D

α
Tψ(x, t) dxdt

=

∫ T

0

∫
RN

u (−∆)β/2ψ(x, t) dxdt+

∫ T

0

∫
RN

u C
t D

α
Tψ(x, t) dxdt, (4)

for every ψ ∈ C1([0, T ], Hβ(RN)) with supp
x
ψ ⊂⊂ RN and ψ(., T ) = 0.
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Moreover, we give the following lemma which proves that every mild solution of problem
(1)�(2) is a weak solution.

Lemma 1. Let u0 ∈ C0(RN) and u ∈ C([0, T ], C0(RN)) be a mild solution of (1)�(2). Then
u is also a weak solution of (1)�(2), for 0 < β ≤ 2, 0 < α < 1− γ, 0 < γ < 1 and all T > 0.

Then, we have

Theorem 2. Let u0 ∈ C0(RN) and u0 ≥ 0, u0 ̸≡ 0. If

1 < p < 1 +
β(α + γ)

αN
,

then every solution of problem (1)�(2) blows up in �nite time.

Next, we show that the solutions of (1)�(2) exist globally.

Theorem 3. Let u0 ∈ C0(RN) and u0 ≥ 0, u0 ̸≡ 0. If p ≥ 1+β(α+γ)/αN and ∥u0∥Lqc (RN )

is su�cienlly small, where qc = αN(p− 1)/β(α + γ), then solutions of (1)�(2) exist globally.
Note that we can take |u0(x)| ≤ C|x|−β(α+γ)/(p−1) instead of u0 ∈ Lqc(RN).
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