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We consider the blow-up, and global existence of solutions to the following time—space
fractional diffusion problem

§Deu(r,t) + (=) Pu(x,t) = o] (Julf ) (z,t), = €RY, ¢>0, (1)
supplemented with the initial data
u(z,0) = ug(z) € Go(RY), (2)

where 0 < a<1—79,0<v<1,0< <2 p>1,J) denotes the left Riemann-Liouville
fractional integral of order v, § D¢ is the Caputo fractional derivative of order o and (—A)%/2
stands for the fractional Laplacian operator of order 5/2. We show that if p < 1+ f(a+7)/aN,
then every nonnegative solution blows up in finite time, and if p > 1 + (o + v)/aN and
|tol| pacmvy is sufficiently small, where g. = aN(p — 1)/8(a + ), then the problem has global
solutions. Finally, we give an upper bound estimate of the life span of blowing-up solutions

Using a fixed point argument, we prove the local existence to problem (1)—(2). First, we
give the definition of the mild solution of (1)—(2).

Definition 1. Let ug € Co(RY) and T > 0. We say that u € C([0,T], Co(RY)) is a mild
solution of (1)-(2), if u satisfies

u(x,t) = Pug(t)ue(z) +/0 (t—s)* " Sap(t — ) oJY (|ulP'u) (z,s)ds, t€[0,T]. (3)

Theorem 1. Given uy € Co(RY), then there exists a maximal time Tyax = T(ug) > 0
such that problem (1)~(2) has a unique mild solution u in C([0, Thax], Co(RY)). Furthermore,
either Tpax = +00 01 Thpax < +00 and HUHLOO((O,t),CO(RN)) — 400 as t = Thax. If, in addition,
ug > 0, ug £ 0, then u(t) > Pos(t)ug > 0 fort € (0, Thax). Moreover, if ug € L"(RN) for some

€ [1,00), then u € C([0, Trax), L™ (RY)).

Then, based on the test function argument, we deal with the follwing blow up result of
(1)-(2). We first give the following definition of weak solution.

Definition 2. Let up € L2 (RY), 0< <2, 0<a<1—7,0<~vy<1land T > 0. We say

loc
that u € LP((0,7T), L2 (RY)) is a weak solution of (1)—(2) if

T
/ / A (|u|P—1u) (z,1) dmdt+/ / uo E DFp(z, t) dadt
0 RN
/ / A)P2p(x, t) dadt + / / wE DSap(x,t) dadt,  (4)
RN RN

for every ¢ € C*([0,T], H?(RY)) with suppyy cC RY and ¢(.,T) = 0.
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Moreover, we give the following lemma which proves that every mild solution of problem
(1)—(2) is a weak solution.

Lemma 1. Let ug € Co(RY) and u € C([0,T], Co(RY)) be a mild solution of (1)—(2). Then
u is also a weak solution of (1)~(2), for0 < <2, 0<a<1l—7v,0<y<landalT>0.

Then, we have

Theorem 2. Let uy € Co(RY) and ug > 0, ug £ 0. If

Bla+7)

l<p<l1
p +aN’

then every solution of problem (1)—(2) blows up in finite time.

Next, we show that the solutions of (1)—(2) exist globally.

Theorem 3. Let ug € Co(RY) and ug > 0, ug Z0. If p > 1+ B(a+~)/aN and [[woll Lo vy
is sufficienlly small, where q. = aN(p — 1)/B(ca + ), then solutions of (1)—(2) exist globally.
Note that we can take |ug(z)| < C|z|=PtM/ =1 instead of ug € L% (RY).
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