INTERNATIONAL CONFERENCE OF YOUNG MATHEMATICIANS
THE INSTITUTE OF MATHEMATICS OF THE NATIONAL ACADEMY OF SCIENCES OF UKRAINE
JuNE 1B-3, 2023, Ky1v, UKRAINE

n-(SKEW) HERMITIAN REFLEXIVE SOLUTION TO A SYSTEM OF
REAL QUATERNION MATRIX EQUATIONS

R. Belkhiri', S. Guerarra?
Department of Mathematics and Informatics, University of Oum El Bouaghi, 04000, Algeria

radja.belkhiri@Quniv-oeb.dz, guerarra.siham@univ-oeb.dz

Let R and H™*™ stand respectively to the real number field and the set of all m xn matrices
over the quaternion algebra

H = {ao + a1i + asj + ask | i* = j> = k* = ijk = —1, ao, a1, as, a3 € R}.

A matrix A € H"™" is said to be a 7-(skew) Hermitian if A = A" (A = —A"™) for
n € {i, 7, k}. Motivated by [1, 2], in this paper we establish necessary and sufficient conditions
for the existence of 7-(skew) Hermitian reflexive solution of the system of quaternion matrix
equations :

AX =C
XB=D (1)
NXN™ = A,

and also provide the general expressions of solutions when this system has a solution. In
addition, we give some results about the existence of the 7- (skew) Hermitian reflexive solution
of some classical linear systems.

Definition 1. Given a generalized reflection matrix P € H"™" i.e. P* = P and P? = I,,.
1. A matrix A € H"™" is said to be an n- Hermitian reflexive matrix with respect to P if
A= A" and A= PAP.
2. A matrix A € H"*" is said to be an n- skew-Hermitian reflexive matrix if A = —A" and
A= PAP.
We denote the set of all n x n n-Hermitian (n-skew-Hermitian) reflexive matrices with respect

to P by RH"(P) (ShH™*"™(P)).
The main result of this work is the following.

Theorem 1. Given a generalized reflection matriz P € H"". Let A € H™*", B € H",
C e H™", DeH™ NeH>" and Az = AT € H™? for (n € {i,j,k}) be given. We put

A | G | A e
=g or=[ o] o= ] =] ok ]
K =C3Lp, J=D3Lg, M = RgJ, S =JLy,

Q= A; — C3ETFCY" — C3F™ (EY)" C¥" — DsGTHDY — DsH™ (GT)" DY’
+ C3ETEF™ (BN OF + D;GTGH™ (G1)" DY

Then, the following statements are equivalent:
1) The system (1) has a n- Hermitian reflezive solution X € hH™*"™(P).

2)
EF™ = FE™,
GH™ = HG™,
RpF = RgH = Ry R@Q = RxQ(R,)" = 0.
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In this case the n- Hermitian reflexive solution of the system (I) can be expressed as the following

X=U ( )él )(()2 ) U™ € hH™"(P)
where
X, = X" = EtF + F"™(ET)" — EYEF"™(ET)"™ + Lp KtQ(K*)™(Lg)™
L LuK T SWa(LpK*S)” — %LEK+JM+Q[I (ST (LK )™

1
B §LEK+([ + SINQL KT IM ™)™ + LpL V"™ (Lg)™ + LgVi(LgLk)™, (2)

1
Xo= X" = G*H + H™(G*)" = G*GH™(G*)" + 5 LeM* QI ™)™ (1 + (57 8)")(Le)™

1
+ §Lg([ + S+S)J+Q(LgM+)n* + LgLMWQ(LgLM)n* + Lg Ly LsWh (Lg)n*—i—

LaWi(LaLuLs)"™ + LaLy V3" (La)" + LaVa(LaLy)™. (3)
where Vi, Vo, Wi and Wy = W™ are arbitrary matrices over H with appropriate sizes.
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