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On dominions and closed varieties of semigroups
Shabnam Abbas

Department of Mathematics Aligarh Muslim University, Aligarh-202002, India

shabnamabbas.25@gmail.com

It is known that all subvarieties of variety of all semigroups are not absolutely closed. So,
it is obvious to study which subvarieties of variety of all semigroups are closed in itself or
closed in containing subvarieties. In this direction, Scheiblich [5] has shown that the variety
of all normal bands is closed while Alam and Khan [2–4] have shown that the variety of left
[right] regular bands, left [right] quasinormal bands and left [right] seminormal bands are closed.
In [1], Ahanger and Shah have shown that the variety of left [right] regular bands is closed in the
variety of all bands. In this paper, first we have shown that all the homotypical varieties defined
by the identities axy = xyax and axy = xxya are closed. Further, we partially generalize a
result of Isbell on semigroup dominions from the class of commutative semigroups to some
classes of permutative semigroups by showing that dominions of such semigroups belongs to
the same class.

Definition 1. A band S is said to be a normal band if S satisfies the identity axya = ayxa.

Definition 2. A band S is said to be a left [right] regular band if S satisfies the identity
ax = axa [xa = axa] for all a, x ∈ S.

Definition 3. A band S is said to be a left [right] quasinormal band if S satisfies the
identity axy = axay [axy = ayxy] for all a, x, y ∈ S.

Definition 4. A band S is said to be a left [right] seminormal band if S satisfies the identity
axy = axyay [axy = ayaxy] for all a, x, y ∈ S.

Definition 5. Let U be a subsemigroup of a semigroup S. We say that U dominates an
element d of S if for every semigroup T and for all homomorphisms β, γ : S −→ T and uβ=uγ
for every u in U implies dβ=dγ. The set of all elements of S dominated by U is called dominion
of U in S and we denote it by Dom(U, S).

Definition 6. A variety V of semigroups is said to be homotypical if it admits a homotypical
identity.

Theorem 1. Let V be a variety admitting an identity of the form [axy = xyax] is closed.

Theorem 2. Let V be a variety admitting an identity of the form [axy = xxya] is closed.

Theorem 3. Let U be an externally commutative subsemigroup of a right para externally
commutative semigroup S. Then Dom(U, S) is also externally commutative semigroup.

1. Ahanger S. A., Shah A. H. Epimorphisms, dominions and varieties of bands. Semigroup Forum,
2020, 100, 641 – 650.

2. Alam N., Khan N. M. Special semigroup amalgams of quasi unitary subsemigroups and of quasi
normal bands. Asian Eur. J. Math., 2013, 6, No. 7.

3. Alam N., Khan N. M. On closed and supersaturated semigroups. Commun. Algebra, 2014, 42,
3137 – 3146.

4. Alam N., Khan N. M. Epimorphism, closed and supersaturated semigroups. Malays. J. Math.,
2015, 9 (3), 409 – 416.

5. Scheiblich H. E. On epis and dominions of bands. Semigroup Forum, 1976, 13, 103 – 114.
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Pure injective dimensions relative to classes of
finitely presented modules

Y. Alagöz

Siirt University, Department of Mathematics, Siirt, TURKEY

yusuf.alagoz@siirt.edu.tr

The notion of purity plays a significant role in module and ring theory. There are several
generalizations of the notion of purity since it was presented in the literature (see, [1, 2, 5]).
More generally, as [5], let C be a class of right R-modules. A short exact sequence 0 → A →
B → C → 0 of right R-modules is called C -pure, if the natural homomorphism Hom(S,B)→
Hom(S,C) is an epimorphism for each S ∈ C . A right R-module A is called C -pure injective
in case A has injective property with respect to C -pure exact sequences. In particular, if C is
the class of all finitely presented right modules over R then we have the right Cohn’s purity
and pure-injectivity [5]. If C is the class of all right R-modules of the form R/aR for any a ∈ R
then we have the notion of RD-purity and RD-injectivity [3].

I will consider in this talk, C -pure injective dimensions of modules and rings determined by
the classes of finitely presented modules C including the correspondence between purities for left
and right modules. Various examples and properties of this concept are studied. The relations
between the C -pure injective homological dimensions and other homological dimensions are
also investigated. Using the concept of C -pure injective dimensions of modules, we present
some characterizations of C -coherent rings, C -semihereditary rings, and C -regular rings.

1. Behboodi M., Ghorbani A., Moradzadeh-Dehkordi A., Shojaee S. H. On FC-Purity and I-Purity
of Modules and Köthe Rings. Comm. in Algebra, 2014, 42, No. 5, 2061 – 2081.

2. Mao L. On mininjective and min-flat modules. Publ. Math. Debrecen, 2008, 72, No. 3 – 4,
347 – 358.

3. Mao L. Properties of RD-projective and RD-injective modules. Turk J. Math., 2011, 35, 187 –
205.

4. Mehdi A. R. Purity relative to classes of finitely presented modules. J. Algebra Appl., 2013, 12,
No. 8, 1350050.

5. Warfield R. B. Purity and algebraic compactness for modules. Pacific J. Math., 1969, 28, 699 –
719.
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On closedness of rectangular bands and left [right]
normal bands

Rizwan Alam

Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India

rizwanamuba@gmail.com

It is known that all subvarieties of variety of all semigroups are not absolutely closed. So,
it is obvious to study which subvarieties of variety of all semigroups are closed in itself or
closed in containing subvarieties. In this direction, Scheiblich [5] has shown that the variety
of all normal bands is closed while Alam and Khan [2–4] have shown that the variety of left
[right] regular bands, left [right] quasinormal bands and left [right] seminormal bands are closed.
In [1], Ahanger and Shah have shown that the variety of left [right] regular bands is closed in
the variety of all bands. In this paper we have shown that all subvarieties of the variety of all
rectangular bands are closed in the variety of all left [right] semiregular bands. Further, we
have shown that variety of right [left] normal bands are closed in some varieties of semigroups.

Definition 1. A band S is said to be a rectangular band if S satisfies the identity a = axa
for all a, x ∈ S.

Definition 2. A band S is said to be a left [right] semiregular band if S satisfies the identity
axy = axyayxy [axy = axayaxy] for all a, x, y ∈ S.

Theorem 1. Rectangular bands are closed in left [right] semiregular bands.

1. Ahanger S. A., Shah A. H. Epimorphisms, dominions and varieties of bands. Semigroup Forum,
2020, 100, 641–650.

2. Alam N., Khan N. M. Special semigroup amalgams of quasi unitary subsemigroups and of quasi
normal bands. Asian Eur. J. Math., 2013, 6, No. 1, 1350010, 7 pp.

3. Alam N., Khan N. M. On closed and supersaturated semigroups. Commun. Algebra, 2014, 42,
3137–3146.

4. Alam N., Khan N. M. Epimorphism, closed and supersaturated semigroups. Malays. J. Math.,
2015, 9, No. 3, 409–416.

5. Scheiblich H. E. On epis and dominions of bands. Semigroup Forum, 1976, 13, 103–114.
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Power series representing by posets
J. Arciniega-Nevárez1, E. Dolores-Cuenca2

1 División de Ingenieŕıas, Campus Guanajuato, Universidad de Guanajuato, Guanajuato,
Gto., México

2 NewSci Labs, Tallahassee, FL, United States

eric.rubiel@u.northwestern.edu

Consider the category of finite posets with a unique maximum and a unique minimum.
In [1] we prove that two geometrically inspired operations on this category are transported to a
labeling series. As a consequence we prove new identities of binomial coefficients. We provide
an algorithm to determine if a power series is associated to a certain family of posets. We
compute the number of labelings for a family of posets. We used homological algebra ideas and
introduced a new kind of space between structured spaces and ringed spaces.

1. Arciniega-Nevarez J. A., Dolores-Cuenca E. Power series represented by posets.
(arXiv:2105.06633).
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On closed varieties of left [right] normal bands
Wajih Ashraf

Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India

syedwajihashraf@gmail.com

It is known that all subvarieties of variety of all semigroups are not absolutely closed. So,
it is obvious to study which subvarieties of variety of all semigroups are closed in itself or
closed in containing subvarieties. In this direction, Scheiblich [6] has shown that the variety
of all normal bands is closed while Alam and Khan [2–4] have shown that the variety of left
[right] regular bands, left [right] quasinormal bands and left [right] seminormal bands are closed.
In [1], Ahanger and Shah have shown that the variety of left [right] regular bands is closed in
the variety of all bands. Higgins [5, Chapter 4] has shown that variety of right normal bands is
not absolutely closed. So, it is worthy of attention to find out the subvarieties of varieties of all
semigroups in which the varieties of left [right] normal bands are closed. In this paper, we have
shown that the variety of left [right] normal bands are closed in some containing varieties of
semigroups defined by the identities axy = a2yax, axy = aya2x, axy = xa3y and axy = x3ay.

Some basic definitions are as follows.

• A band S is said to be a left [right] normal band if S satisfies the identity axy = ayx [axy =
xay] for all a, x, y ∈ S.

• A band S is said to be a normal band if S satisfies the identity axya = ayxa.

• A band S is said to be a left [right] regular band if S satisfies the identity ax = axa [xa =
axa] for all a, x ∈ S.

• A band S is said to be a left [right] quasinormal band if S satisfies the identity axy =
axay [axy = ayxy] for all a, x, y ∈ S.

• A band S is said to be a left [right] seminormal band if S satisfies the identity axy =
axyay [axy = ayaxy] for all a, x, y ∈ S.

Finally, we prove the following theorem.

Theorem 1. The following varieties of semigroups

• V = [axy = a2yax];

• V = [axy = aya2x];

• V = [axy = xa3y];

• V = [axy = x3ay]

are closed.

1. Ahanger S. A., Shah A. H. Epimorphisms, dominions and varieties of bands. Semigroup Forum,
2020, 100, 641 – 650.

2. Alam N., Khan N. M. Special semigroup amalgams of quasi unitary subsemigroups and of quasi
normal bands. Asian Eur. J. Math., 2013, 6, No. 7.

3. Alam N., Khan N. M. On closed and supersaturated semigroups. Commun. Algebra, 2014, 42,
3137 – 3146.

4. Alam N., Khan N. M. Epimorphism, closed and supersaturated semigroups. Malays. J. Math.,
2015, 9 (3), 409 – 416.

5. Higgins P. M. Techniques of Semigroup Theory. — Oxford: Oxford University Press, 1992, 272 p.

6. Scheiblich H. E. On epis and dominions of bands. Semigroup Forum, 1976, 13, 103 – 114.
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Locally-zero binary operations as elements of Bin(X)
I. Bilyi, S. Kozerenko

National University of Kyiv-Mohyla Academy, Kyiv, Ukraine

illiabilyigo@gmail.com, kozerenkosergiy@ukr.net

Let X be a nonempty set. Denote by Bin(X) the collection of all binary operations on X.
In [1] the binary operation � on Bin(X) was considered: for ◦, ∗ ∈ Bin(X) put a(◦�∗)b =
(a ◦ b) ∗ (b ◦ a) for all a, b ∈ X. It can be proved that � is associative (see [1]).

Denote by ◦lz and ◦rz the ‘left-zeroes’ operation (defined as a ◦lz b = a for all a, b ∈ X) and
the ‘right-zeroes’ operation (defined as a ◦lz b = b for all a, b ∈ X), respectively. It is easy to
see that ◦lz is the neutral element for �. An operation ◦ ∈ Bin(X) on X is called locally-zero
if the restriction of ◦ on any two-element subset of X equals ◦lz or ◦rz. Clearly, both ◦lz and
◦rz are locally-zero operations.

It was proved in [2] that ◦ ∈ Bin(X) lies in the center of the semigroup (Bin(X),�) if and
only if ◦ is a locally-zero operation. As a corollary, we obtain that the set of all locally-zero
operations is closed under the �.

With each locally-zero operation ◦ ∈ Bin(X) we naturally associate an (undirected) graph
G(◦) on X defined as follows: V (G(◦)) = X, E(G(◦)) = {ab : ◦ is left-zero on {a, b}}. It
is easy to see that this correspondence between locally-zero operations and graphs on X is
bijective. Denote by G the complement of G and by G4H the symmetric difference of two
graphs G, H.

Proposition 1. For a pair of locally-zero operations ◦, ∗ ∈ Bin(X) it holds G(◦�∗) =
G(◦)4G(∗).

It was also shown in [2] that a locally-zero operation ◦ is associative if and only if ◦ ∈
{◦lz, ◦rz}. In fact, it is possible to obtain a characterization of associative triples for such
operations ◦ in terms of their graphs G(◦). For a graph G and A ⊂ V (G) by EG(A) we denote
the set of edges in G whose vertices lie in A.

Proposition 2. Let ◦ ∈ Bin(X) be a locally-zero operation and a, b, c ∈ X. Then the triple
(a, b, c) is not associative for ◦ if and only if a, b, c are pairwise distinct, and EG(◦)({a, b, c}) =
{ac} or EG(◦)({a, b, c}) = {ab, bc}.

One can observe that ◦�◦ = ◦lz for each locally-zero operation ◦ ∈ Bin(X). Hence, any
such ◦ is invertible in (Bin(X),�)). Moreover, a locally-zero operation ◦ does not have other
inverses under �.

Proposition 3. Let ◦ ∈ Bin(X) be a locally-zero operation and ∗ be its left or right inverse
under �. Then ∗ = ◦.

An operation ◦ ∈ Bin(X) is called graph operation if a◦ b ∈ {a, b} for all a, b ∈ X. Trivially,
each locally-zero operation is also a graph operation.

Theorem 1. For a graph operation ◦ ∈ Bin(X) the next conditions are equivalent: (1) ◦
is left-invertible under �; (2) ◦ is right-invertible under �; (3) ◦ is locally-zero.

1. Kim H. S., Neggers J. The semigroups of binary systems and some perspectives. Bull. Korean
Math. Soc., 2008, 45, No. 4, 651 – 661.

2. Fayoumi H. Locally-zero groupoids and the center of Bin(X). Comm. Korean Math. Soc.,
2011, 26, 163 – 168.
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Two subgroups H1, H2 of a group G are called commensurable if their intersection H1 ∩H2

has finite index in H1 and H2. The commensurator of a subgroup H < G is the subgroup

CommG(H) = {g ∈ G | gHg−1 and H are commensurable}.

The commensurators play an important role in diverse areas of geometric group theory. In
particular, deep results of Borel, Margulis and Mostow characterize the commensurators of
lattices in semisimple Lie groups (see [1]).

We consider the commensurator of a group in the automorphism group of its Cayley graph.
Let G be a group with a finite symmetric generating set S, and consider the associated Cayley
graph Γ = Γ(G,S). The group G acts on the Cayley graph Γ by automorphisms, and we
consider G as a subgroup of Aut(Γ). Let CommΓ(G) be the commensurator of G in the group
Aut(Γ):

CommΓ(G) = {α ∈ Aut(Γ) |αGα−1 ∩G is of finite index in αGα−1 and G} .

Since G acts regularly on Γ, we get exact factorization CommΓ(G) = G · CommΓe(G), where
CommΓe(G) consists of the automorphisms of the rooted Cayley graph Γe that belong to the
commensurator of G.

We describe the commensurator CommΓe(G) in terms of finite automata (or self-similar
actions). Let us define an automaton structure AG,S on the group Aut(Γe) over the alphabet
S. The automaton AG,S has the set of states Aut(Γe) and for every α ∈ Aut(Γe) and s ∈ S we
put an arrow

α
s|t−→ β, where t = α(s) and β = (gt)

−1αgs.

The automaton AG,S is invertible and generates a group isomorphic to Aut(Γe); in other words,
AG,S defines a faithful action of Aut(Γe) on words over S. In general, not all elements of Aut(Γe)
act by finite automata, i.e., belong to the group FAut(S) of finite automata over alphabet S.
The next proposition relate finite automata and the commensurator.

Theorem 1. CommΓe(G) = Aut(Γe) ∩ FAut(S).

This result was inspired by the main result of [2], which connects the commensurator of a
free group in the automorphism group of its Cayley graph and bireversible automata.

1. Drutu C., Kapovich M. Geometric Group Theory. — Providence: American Mathematical
Society, 2018, 814 p.

2. Macedonska O., Nekrashevych V., Sushchanskij V. Commensurators of groups and reversible
automata. Dopov. Nats. Akad. Nauk Ukr. Mat. Prirodozn. Tekh. Nauki, 2000, 12, 36 – 39.
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In 1934, F. Marty [4] brought the concept of the algebraic hyperstructure theory to the world
at the 8th Congress of Scandinavian Mathematicians. This is a generalization of the classical
agebraic structure. Several applications of the hyperstructure theory were given by P. Corsini
and V. Leoreanu [1]. Papers were also published on providing examples of hyperstructures in
inheritance issues in genetics [2] and in the interaction of elementary particles in physics [3].
In this paper, we introduce the notion of hyper BN -algebras. A hyper BN -algebra is a set H
together with a hyperoperation “~” and a constant 0 such that for all x, y, z ∈ H, x � x,
x~0 = {x}, and (x~y)~z = (0~z)~(y~x), where� is called the hyperorder on H and x� y
whenever 0 ∈ x ~ y. We show that hyper BN -algebras are a generalization of BN -algebras.
We compare it to some of the other existing hyper algebras. We give some routine properties of
hyper BN -algebra. Finally, we give a certain condition for when a hyper BN -algebra becomes
a hyper B-algebra and a hypergroup.

1. Corsini P., Leoreanu V. Applications of Hyperstructure Theory (Advances in Mathematics,
5). — Dordrecht: Kluwer Academic Publishers, 2003, 334 p.

2. Davvaz B., Dehghan Heidari A., Heidari M. M. Inheritance Examples of Algebraic Hyperstruc-
tures. Information Sciences, 2013, 224, 180 – 187.

3. Dehghan Nezhad A., Nadjafikhah M., Moosavi Nejad S. M., Davvaz B. A Physical Example of
Algebraic Structures: Leptons. Indian Journal of Physics, 2012, 86, No. 11, 1027 – 1032.

4. Marty F. Sur une Generalization de la Notion de Group, in Proceedings of the 8th Congres des
Mathematiciens Scandinave, Stockholm, Sweden, 1934, 45 – 49.
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Let G be a group with a multiplicative binary operation. We recall that a fuzzy subset
γ : G 7→ [0, 1] is said to be a fuzzy group on G (see, for example, [1]), if it satisfies the following
conditions: γ(xy) ≥ γ(x) ∧ γ(y), for all x, y ∈ G and γ(x−1) ≥ γ(x), for every x ∈ G.

Given µ and ν two fuzzy groups on G, we define the operation ◦ on them by

(µ ◦ ν)(x) =
∨

u,v∈G,uv=x

(µ(u) ∧ ν(v)).

Let Y ⊆ G and a ∈ [0, 1]. Then we define the function χ(Y, a) : G 7−→ [0, 1] as follows
χ(Y, a)(x) = a if x ∈ Y and χ(Y, a)(x) = 0 otherwise. Every fuzzy subgroup µ ∈ F (G) can be
considered as a union of its fuzzy points χ(g, µ(g)), g ∈ G. Such “point approach” gave good
results [2–5].

A subgroup D is abnormal in a group G, if for every element x ∈ G we have x ∈ 〈D,Dx〉.
The following analogue of these concept can be obtained. Let µ, γ ∈ F (G) and µ ≤ γ. Then

µ be called abnormal in γ if for all g ∈ G〈
µ, χ(g−1, γ(g)) ◦ γ ◦ χ(g, γ(g))

〉
(g) = γ(g).

Let µ ∈ F (G). For a ∈ [0, 1] we define a-level of µ as follows La(µ) = {g ∈ G|µ(g) ≥ a}.
Let µ be a fuzzy subset on G. Then µ is a fuzzy subgroup if and only if all non-empty level

subsets of µ are subgroups in G [1, Lemma 1.2.6.]. It was obtained the following analogue of
this results for abnormal fuzzy subgroup.

Theorem 1. Let G be a group µ ∈ F (G). Then µ is abnormal in χ(G, 1) if and only if
µ(e) = 1 and all non-empty level subgroups of µ are abnormal in G.

1. Mordeson J. N., Bhutani K. R., Rosenfeld A. Fuzzy Group Theory. — Springer: Berlin, 2005,
314 p.

2. Kurdachenko L. A., Grin K. O., Turbay N. A. On hypercentral fuzzy groups. Algebra Discrete
Math., 2012, Vol. 13, No. 1, 92 – 106.

3. Kurdachenko L. A., Grin K. O., Turbay N. A. On normalizers in fuzzy groups. Algebra Discrete
Math., 2013, No. 15, 23 – 36.

4. Kurdachenko L. A., Otal J., Subbotin I. Ya. On permutable fuzzy subgroups. Serdica Mathe-
matical Journal., 2013, No. 39, 83 – 102.

5. Kurdachenko L. A., Chupordia V. A., Subbotin I. Ya., Grin K. O. On some problems of theory
of fuzzy groups. Reports of the National Academy of Sciences of Ukraine, 2013, 1, 14 – 18.
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A canal surface associated with a space curve m(t), which is called the spine curve, is defined
as a surface swept by a family of spheres of varying radius r(t). To simplify the results, if the
spine curve is a function of the s−arc parameter and the radius is a function of s, then a canal
surface M is parametrized as follows using the Frenet frame {~t(s), ~n(s),~b(s)} [1]:

C(s, v) = m(s) + r(s)(
√

(1− r′(s))2 cos v~n+
√

(1− r′(s)2) sin v~b− r′(s)~t).

According to this, the parametrization of the canal surface M associated with the planar curve
is given by

C(s, v) = p(s) + r(s)
[
cos v~n(s) + sin v~b(s)

]
[2], [3].

In this study, we analyze the parallel surfaces to the canal surface with the planar curve.
For this, we define the parallel surface to M with the parametrization

Ca(s, v) =p(s) + r(s) cos v~n(s) + r(s) sin v~b(s) +
a

W

[
r(s)r′(s)~t(s)

−r(s) cos v(1− r(s)κ(s) cos v)~n(s)− r(s) sin v(1− r(s)κ(s) cos v)~b(s)
]

where W 2 = r2(s)(r′(s))2 + r2(s)(1− r(s)κ(s) cos v)2 and κ(s) is the curvature of p(s) (see for
details of parallel surfaces [4]). Then, we investigate the geometric properties of the parallel
surface to canal surface. Firstly, we examine the necessary conditions in order that the parallel
surfaces to canal surface are developable, minimal. When the canal surface is minimal or
developable, we investigate the conditions that the parallel surfaces to this surface provide.
Finally, we demonstrate that v−parameter curves of the parallel surfaces are geodesics if and
only if the canal surface M is a pipe or a tube surface. Moreover, we obtain that the parallel
surface to M has no v− parameter curve to be asymptotic.

Acknowledgements. The first author is supported by the Scientific and Technological Research
Council of Turkey (TUBITAK).

1. Xu Z., Feng R., Sun J. G., Analytic and algebraic properties of canal surfaces. Journal of
Computational and Applied Mathematics, 2006, 195, No. 1, 220 – 228.

2. Olah-Gal R., Pal L., Some notes on drawing twofolds in 4-dimensional Euclidean space. Acta
Univ. Sapientiae Informatica, 2009, 1, No. 2, 125 – 134.

3. Öztürk G., Bulca B., Bayram B. K., Arslan K., On canal surfaces in E3. Selçuk J. Appl. Math.,
2010, 11, No. 2, 103 – 108.

4. Patriciu A. M., Some results on parallel surfaces in 3-dimensional Minkowski space R3
1. Libertas

Mathematica, 2011, 31, 163 – 168.
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Motivated by the importance of the Ricci Bakry-Emery curvature on the weighted Rie-
mannian manifold (Mn, g, e−fdvolg), we define the weighted scalar curvature Scα,β on it by
Scα,β := Scg + α 4g f − β‖ 5g f‖2

g and then the results about the vanishing the harmonic
spinor, f -minimal surface and weighted rigidity theorem are proved in [1].

1. Jialong Deng. Curvature-dimension condition meets Gromov’s n-volumic scalar curvature. Sym-
metry Integrability Geom. Methods Appl., 2021, 17, No. 013, 20 p.
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The holonomy group of a connection is an important invariant. This motivates the classi-
fication problem for holonomy groups. While classifications of connected holonomy groups for
Riemannian and Lorentzian manifolds are known, only partial results are obtained for holonomy
groups of pseudo-Riemannian manifolds of other signatures.

Of certain interests are Weyl manifolds (M, c,∇), where c is a conformal class of pseudo-
Riemannian metrics and ∇ is a torsion-free linear connection preserving c. There exists a
classification of the connected holonomy groups of such connection in the Riemannian signa-
ture [3].

We obtained a complete classification of connected holonomy groups (equivalently, of holon-
omy algebras) of Weyl connections for a non-closed Weyl structures in the Lorentzian signa-
ture [1]. The main tool for that are Berger algebras. Berger algebras have the same algebraic
properties as the holonomy algebras and they are candidates to the holonomy algebras.

Examples of Weyl connections with all possible holonomy algebras are constructed.
The results of this work were used for description of Lorentzian Weyl spaces admitting

weighted parallel spinors [2].

1. Dikarev A. On holonomy of Weyl connections in Lorentzian signature. Differential Geometry
and its Applications, 2021, 76, 101759.

2. Dikarev A., Galaev A. S. Parallel spinors on Lorentzian Weyl spaces. (arXiv:2007.07615v2)
Monatshefte für Mathematik (in print).

3. Belgun F., Moroianu A. Weyl-parallel forms, conformal products and Einstein-Weyl manifolds.
Asian J. Math., 2011, 15, No. 4, 499 – 520.
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We generalize the global diffeomorphism theorem due to Hadamard and Lévy in the case of
Banach spaces to Keller’s C1

c mappings between Fréchet spaces. Our approach relies on path
lifting property and local surjectivity.

The following lemma establishes the path lifting property of mappings.

Lemma 1. Let ϕ : E → F be a Keller C1
c local diffeomorphim. Let γ(s, t) : [0, 1]×[0, 1]→ F

be of class C1
c in t and s. If for e ∈ E and f ∈ F , f = ϕ(e) and γ(s, 0) = f for all s ∈ [0, 1].

Then there exists a mapping Φ(s, t) : [0, 1] × [0, 1] → E of class C1
c in t and s such that

Φ(s, t) = ϕ−1 ◦ γ(s, t) and Φ(s, 0) = e for all s ∈ [0, 1].

The following theorem provides a sufficient for local surjectivity of mappings.

Proposition 1. Let U be open in E, and ϕ : U ⊂ E → F a Keller C1
c mapping. If

the derivative Dϕ(u1) is surjective for some u1 ∈ U , then ϕ is locally surjective in an open
neighborhood of u1. Furthermore, if Dϕ(u) is surjective for all u ∈ U , then ϕ is open.

Let B be a compact bornology on a Fréchet space E. We endow the space of continuous
linear mappings between E and F , CL(E,F ), with the BE-topology; this is a Hausdorff locally
convex topology defined by the family of seminorms

‖L‖B,n = sup{‖L(e)‖F,n : e ∈ B}, B ∈ BE, n ∈ N.

Theorem 1. Let ϕ : E → F be a Keller C1
c local diffeomorphim. Then ϕ is global diffeo-

morphim if ‖[Dϕ(e)]−1‖B,n <∞ for all B ∈ BF , n ∈ N, and e ∈ E.
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Deformations of circle-valued Morse functions on
2-torus

B. Feshchenko

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

fb@imath.kiev.ua

Circle-valued Morse functions are natural generalizations of (ordinary) Morse functions.
They can be viewed as multi-valued Morse functions, their values is locally defined up to
an additive integer. Therefore locally circle-valued Morse function can be viewed as Morse
functions but global properties of such functions are different from real-valued case.

Let M be a smooth compact surface, and let P be either R or S1. The group D(M) of
diffeomorphisms of M acts from the right on the space of smooth maps C∞(M,P ) by the rule

γ : C∞(M,P )×D(M)→ C∞(M,P ), γ(f, h) = f ◦ h.

With respect to γ we denote by

O(f) = {f ◦ h |h ∈ D(M)}

the orbit of f ∈ C∞(M,P ). Endow strong Whitney C∞-topologies on C∞(M,P ) and D(M);
then for a map f ∈ C∞(M,P ) these topologies induce some topology on O(f). We denote by
Of (f) a connected component of O(f) containing f .

The homotopy type and an algebraic description of fundamental groups of orbits of (ordi-
nary) Morse functions on T 2 is known. Generalizations of these results on circle-valued case
will be presented in my talk.
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In recent days geometric flows have emerged as significant tools to study various geometrical
structures and also in general relativistic perfect fluid spacetime. Einstein flows are evolutionary
intrinsic geometric flows on smooth Riemannian manifold which deforms the underlying smooth
Riemannian metric. Einstein solitons are generalizations of the Einstein metric and generate
self-similar solutions to the Einstein flow. The present paper is to deliberate the class of 3-
dimensional trans-Sasakian manifold admitting η-Einstein soliton which is a slight perturbation
of the Einstein soliton by an 1-form. We have characterized η-Einstein solitons on 3-dimensional
trans-Sasakian manifolds where the Ricci tensors are Codazzi type and cyclic parallel and also
established relations for the soliton to be shrinking, steady or expanding. Symmetries are
an important part of geometry and thus reveals the physics and here we have proved that
a 3-dimensional ξ-Ricci semi-symmetric trans-Sasakian manifold admitting η-Einstein soliton
is an Einstein manifold. We have also studied η-Einstein solitons on 3-dimensional trans-
Sasakian manifolds satisfying some special curvature conditions and investigated the case when
the potential vector field is torse-forming. Finally, an illustrative example of η-Einstein soliton
on a 3-dimensional trans-Sasakian manifold has been constructed to verify our results.
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Let Zm = Z/mZ be a residue class ring modulo m ∈ N, a, b, fn (n = 0, 1, 2, . . .) be given
elements of this ring. Consider the following difference equation over the ring Zm:

bxn+1 = axn + fn, n = 0, 1, 2, . . . . (1)

If b is a non-invertible element of the ring Zm, the equation (1) is said to be implicit. The
element ã ∈ {0, . . . ,m − 1} is a representative of the corresponding residue class a ∈ Zm.

Denote the following greatest common divisors: d = gcd
(
ã, b̃, m

)
, d1 = gcd

(
b̃, m

)
.

Theorem 1. Let m = pq, where p, q are different primes. Then the following assertions
hold.

1. The equation (1) has finitely many solutions if and only if d = 1. Moreover, the amount

of these solutions is equal to
m

d1

.

2. The equation (1) has no solutions if and only if d - f̃n for some n = 0, 1, 2, . . ..

3. The equation (1) has infinitely many solutions if and only if d 6= 1 and d|f̃n for all
n = 0, 1, 2, . . ..

Corollary 1. Under the conditions of Theorem 1 the equation (1) has a unique solution if
and only if b = 0 and a is an invertible element of the ring Zm.

We consider the following initial condition for the equation (1) over Zm:

x0 = y0, (2)

where y0 is a given element of Zm.

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then the following assertions
hold.

1. The initial problem (1), (2) has a unique solution if and only if d = 1 and ˜ay0 + f0 is
divisible by d1.

2. The initial problem (1), (2) has no solutions if and only if either d - f̃n for some n =

0, 1, 2, . . ., or ˜ay0 + f0 is not divisible by d1.

3. The initial problem (1), (2) has infinitely many solutions if and only if d 6= 1, ˜ay0 + f0 is

divisible by d1 and d|f̃n for all n = 0, 1, 2, . . ..
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Let (xn) = x1, x2, x3, . . . be a sequence of real numbers. Then r ∈ R is achieved by (xn)
if there exists a subsequence (xnk) of some length L ≤ ∞ such that

∑L
k=1 xnk is absolutely

convergent and converges to r. We adopt the convention that the empty subsequence sums to
zero. We call the set of all real numbers achieved by (xn) the achievement set of (xn), and write
it AS(xn) (see [2]).

On the other hand, if M ∈ 2N , namely M ⊆ N , then

x = x (M) =
∑
n∈M

un =
∞∑
n=1

εnun,

where

εn =

{
1, for n ∈M,
0, for n /∈M,

is called incomplete sum or subsum of series
∑∞

n=1 un. So the set of incomplete sums of the
series

∑∞
n=1 xn and achievement set ES(xn) are equal.

It is well know from [1] that if E is the set of subsums of a positive term convergent series,
then it is one of the following: a finite union of closed intervals, homeomorphic to the Cantor
set or cantorval.

The problem of investigating topological, metrical and fractal properties of achievement sets
of sequence (subsums of series) is extremely difficult and deep in historical terms [3].

We study the properties of E(xn) for

(xn) = α1u1, α2u1, α1u2, α2u2, α1u3, α2u3, . . . , α1un, α2un, . . . ,

where α1, α2 – fixed integer numbers, (un) is a Fibonacci generalized sequence satisfying followi-
ng condition:

un+2 = pun+1 + sun.

1. Guthrie J. A., Nymann J. E. The topological structure of the set of subsums of an infinite series.
Colloq. Math., 1988, 55, No. 2, 323 – 327.

2. Jones R. Achievement sets of sequences. The American Mathematical Monthly, 2011, 118, No. 6,
508 – 521.

3. Працьовитий М. В. Фрактальний пiдхiд у дослiдженнi сингулярних розподiлiв. — К.: Ви-
давництво НПУ iменi М.П.Драгоманова, 1998, 296 с.
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In this paper it is considered quasiareal deformation of surfaces, which we will call also
briefly QA-deformation. Quasiareal deformation is understood as an infinitesimal deformation
of the first order with the given law of changing the element of area of a surface in Euclidean
three-space.

Let U (x1, x2) be a field of velocities of the points of the surface r = r (x1, x2) at the initial
moment of the deformation, such that U = Uαrα + U0n, where ri, n, i = 1, 2, are the basis
vectors. The fundamental equations of the quasiareal infinitesimal deformation, which are
expressed in terms of the components of the partial derivatives of the field U, are derived in [1].

It has been established: in order that the field U ∈ C1 be a deforming field of the quasiareal
infinitesimal deformation it is necessary and sufficient that the components Uα, U0 satisfy the
equation

Uα
,α − 2HU0 = −2µ, (1)

where the function µ expresses the law of changing the element of area.
It is evident, that the class of the QA-deformation is very wide since one differential equation

(1) contains four unknown functions. It is expedient to study such deformation under the
additional geometrical or mechanical conditions. For example, for the surface of non-zero
Gauss curvature (K 6= 0) on the condition that δn = −(Uαbαβ +U0

β)rβ, where Uαbαβ +U0
β = ψβ

and ψβ is the given field of the covariant vector under the quasiareal infinitesimal deformation
we have additional partial differential equation of the second order with respect to the normal
component of the deforming field

dαβU0
α,β −

Kα

K
dαβU0

β + 2HU0 = dαβψα,β −
Kα

K
dαβψβ + 2µ.

Let the functions U0 and ψ satisfy the characteristic Weingarten equation

dαβU0
α,β −

Kα

K
dαβU0

β + 2HU0 = 0, dαβψα,β −
Kα

K
dαβψβ + 2Hψ = 0.

Then we get
µ = Hψ.

The corresponding theorems have been formulated for the QA-deformation of the surfaces
of non-zero Gauss and mean curvatures. QA-deformation in class of surfaces of constant mean
curvature is discussed, for example, in paper [2] and deformations preserving Gauss curvature
in paper [3].

1. Bezkorovaina L., Khomych Y. Quasiareal infinitesimal deformation of the surface in Euclidean
three-space [in Ukrainian]. Proc. Intern. Geom. Center, 2014, 7, No. 2, 6 – 19.

2. Bezkorovaina L., Khomych Y. Quasiareal infinitesimal deformation in class of surfaces of con-
stant mean curvature. International conference “Modern Advances in Geometry and Topology”:
Book of abstracts, Kharkiv: V. N. Karasin Kharkiv National University, 2016, 13 – 14.

3. Berres A., Hagen H., Hahmann S. Deformations preserving Gauss curvature Topological and
Statistical Methods for Complex Data. Springer, Berlin, Heidelberg, 2015, 143 – 163.
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Let P be a vector space over a field F . Then P is called a Poisson algebra, if P has
two additional binary operations · and [−,−] such that the product · forms a commutative
associative algebra, the bracket [−,−] forms a Lie algebra, and [−,−] acts as a derivation of
the product ·, that is [ab, c] = a[b, c] + b[a, c] for all a, b, c ∈ P .

A subset I of P is called an ideal of P if I is a subspace of P and ab, [a, b] ∈ I for every
a ∈ I and b ∈ P . A Poisson algebra P is called abelian, if [a, b] = 0 for all a, b ∈ P . Define the
lower central series of P

P = γ1(P ) > γ2(P ) > . . . γα(P ) > γα+1(P ) > . . . γδ(P )

by the following rule: γ1(P ) = P , γ2(P ) = [P, P ], recursively γα+1(P ) = [γα(P ), P ] for all
ordinals α, and γλ(P ) =

⋂
µ<λ γµ(P ) for all limit ordinals λ. As usually, we say that a Poisson

algebra P is nilpotent, if there exists a positive integer k such that γk(P ) = 〈0〉. More precisely,
P is said to be nilpotent of nilpotency class n if γn+1(P ) = 〈0〉, but γn(P ) 6= 〈0〉.

Put
ζ(P ) = {z ∈ P | [z, a] = 0 for every a ∈ P}.

The subset ζ(P ) is called the center of P . Starting from ζ(P ) we can construct the upper
central series

〈0〉 = ζ0(P ) 6 ζ1(P ) 6 . . . ζα(P ) 6 ζα+1(P ) 6 . . . ζη(P )

of P by the following rule: ζ1(P ) = ζ(P ) is the center of P , recursively ζα+1(P )/ζα(P ) =
ζ(P/ζα(P )) for all ordinals α, and ζλ(P ) =

⋃
µ<λ ζµ(P ) for all limit ordinals λ.

The investigation of the relationships between the upper and lower central series is one of
the classical problems in many algebraic structures (groups, Lie algebras, Lie rings, Leibniz
algebras, modules and others). Therefore, it is natural to consider similar questions for Poisson
algebras. We have obtained the following results.

Theorem 1. Let P be a Poisson algebra over a field F . Suppose that ζ(P ) has a finite
codimension d. Then P includes an ideal K of finite dimension at most 1

2
d(d2 − 1) such that

P/K is abelian.

Theorem 2. Let P be a Poisson algebra over a field F . Suppose that ζn(P ) has a finite
codimension d. Then P includes an ideal K of finite dimension at most dn+1(1 + d) such that
P/K is nilpotent of nilpotency class at most n.

It is worth noting that Theorem 1 is an analogue of the so-called Schur’s theorem for
groups [1], and Theorem 2 is an analogue of classical Baer’s theorem for groups [2].

1. Neumann B. H. Groups with finite classes of conjugate elements. Proc. Lond. Math. Soc.,
1951, 3, No. 1, 178 – 187.

2. Baer R. Endlichkeitskriterien für Kommutatorgruppen. Math. Ann., 1952, 124, 161 – 177.
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Let M be a connected compact oriented surface and P be a real line R or a circle S1. Note,
that the group D(M) of diffeomorphisms of M naturally acts on the space of smooth functions
C∞(M,P ) by the rule (f, h) 7−→ f ◦ h, where h ∈ D(M), f ∈ C∞(M,P ). For f ∈ C∞(M,P )
denote by O(f) the orbit of f under this action. Let M(M,P ) be the set of isomorphisms
clasess of fundamental groups π1O(f) of orbits of Morse functions f : M → P .

In articles [1] and [2] S. Maksymenko and B. Feshchenko introduced the sets of isomorphism
classes B and T of groups generated by direct products and certain wreath products. They
have proved that M(M,P ) ⊂ B if M is different from a 2-sphere S2 and a 2-torus T 2, and
M(T 2,R) ⊂ T . We have proved that these inclusions are equalities.

Denote by F(M,P ) the space of smooth functions f ∈ C∞(M,P ) satisfying the following
two conditions: (1) all critical points of f belong to the interior of M , and f takes constant
values on each connected component of the boundary of M ; (2) for each critical point z of f
its germ at z is smoothly equivalent to some non-zero homogeneous polynomial R2 → R of
degree ≥ 2 without multiple factors. The set of all Morse maps from M to P is denoted by
Morse(M,P ). For each map f ∈ F(M,P ) we can define the (continuous) function εf from
the set of connected components of the boundary ∂M to {±1}, which takes the value −1 on
the boundary component if f has a local minimum on this component, and +1 if f has a local
maximum on this component. Let EM be the set of all continuous functions ε : ∂M → {±1}.
For ε ∈ EM we denote by F(M,P, ε) (Morse(M,P, ε)) subset of F(M,P ) (Morse(M,P )) of
functions f , for which εf = ε.

Denote

GX(M,P, ε) := {π1O(f,X) | f ∈ F(M,P, ε)},
MX(M,P, ε) := {π1O(f,X) | f ∈Morse(M,P, ε)},
GΨ := {π1O(f) | f ∈ F(T 2,R), the Kronrod-Reeb graph Γf is a tree},
MΨ := {π1O(f) | f ∈Morse(T 2,R), the Kronrod-Reeb graph Γf is a tree},
GO := {π1O(f) | f ∈ F(T 2,R), the Kronrod-Reeb graph Γf has a unique cycle},
MO := {π1O(f) | f ∈Morse(T 2,R), the Kronrod-Reeb graph Γf has a unique cycle}.

Theorem 1. (1) Let M be a connected compact oriented surface distinct from 2-torus and
2-sphere, and let ε : ∂M → {±1} be an arbitrary map from EM . Then if M = S1× [0, 1], and ε
is constant, i.e takes the same value on components of the boundary ∂M , thenM∂M(M,P, ε) =
G∂M(M,P, ε) = B \ {1}, if M = S1 × [0, 1] and ε takes different values on the components of
the boundary ∂M or M 6= S1 × [0, 1], then M∂M(M,P, ε) = G∂M(M,P, ε) = B.

(2) There are equalities MΨ = GΨ = T ,MO = GO = BO, where BO is a subclass of B
consisting of groups (A×B) on Z, where A,B ∈ B \ {1} and n ≥ 1.

1. Maksymenko S. Deformations of functions on surfaces by isotopic to the identity diffeomor-
phisms. Topology Appl., 2020, 282, 107312, 48 pp.

2. Feshchenko B. Actions of finite groups and smooth functions on surfaces. Methods Funct. Anal.
Topology, 2016, V. 29, No. 3, 210 – 219.
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A quasigroup is an algebra (Q; ·; `·; r·) with identities

(x · y)
`· y = x, (x

`· y) · y = x, x
r· (x · y) = y, x · (x r· y) = y. (1)

A quasigroup (Q; ·) is called [2] a middle (left, right) mirror quasigroup, if there exists a
transformation ϕ (resp. δ, ξ) called a middle(left, right) invertible function such that for all x
and y the following equality holds

ϕ(x) · y = y · x (respectively, y · yx = δ(x); xy · y = ξ(x)).

Let (Q; ◦) be a group isotope (i.e. it is isotopic to a group) and let 0 ∈ Q. Then

x ◦ y = αx+ a+ βy (2)

is called a 0-canonical decomposition, if (Q; +, 0) is a group and α0 = β0 = 0. An arbitrary
element of a group isotope uniquely defines its canonical decomposition [1].

Theorem 1. [3] Let (Q; ·) be a group isotope and (2) be its canonical decomposition. Then
the following statements hold:

1) (Q; ·) is a middle mirror quasigroup with invertible function ϕ if and only if ϕ = ι and
(Q; ·) is commutative, i.e. (Q; +) is abelian and β = α;

2) (Q; ·) is left mirror quasigroup with invertible function δ if and only if δ = ι and (Q; ·) is
left symmetric, i.e. (Q; +) is abelian and β = −ι;

3) (Q; ·) is right mirror quasigroup with invertible function ξ if and only if ξ = ι and (Q; ·)
is left symmetric, i.e. (Q; +) is abelian and α = −ι.

Example. Let Zm be a ring modulo m. 1) (Z7; ·) is a middle mirror quasigroup, where
x · y := 4x+ 2 + 4y;

2) (Z5; ∗) is a left mirror quasigroup, where x ∗ y := 5x+ 3 + 4y;
3) (Z9; ◦) is right mirror quasigroup, where x ◦ y := 8x+ 1 + 3y.

Proposition 1. The bunch of varieties of mirror group isotopes consists of

1) the parastrophy orbit of one-sided mirror quasigroup varieties: Po(M) = {M, `M, rM};

2) the parastrophy orbit of three-sided mirror quasigroup varieties: Po(M) = M∩ rM ∩ `M.

Acknowledgements The author is grateful to her scientific supervisor Prof. Fedir Sokhatsky
for the design idea and the discussion of this abstract.

1. Sokhatsky F. M. On group isotopes II. Ukrainian Math. J., 1995, 47, No. 12, 1935 – 1948.

2. Sokhatsky F. M., Lutsenko A. V. Classification of quasigroups according to directions of trans-
lations II. Comment. Math. Univ. Carolin. (to appear).

3. Lutsenko A. V. Classification of group isotopes according to their inverse properties. Applied
problems of mechanics and mathematics, 2020, Vol. 13, 48 – 62.
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Let R be a associative ring and M an multiplicative R-module. If N is a subset of an
R-module M we write N ≤M to indicate that N is a submodule of M .

Definition 1. Proper submodule P of the left module M is called prime submodule,
if quotient module M/P is prime left module, ie Ann(K/P ) = Ann(M/P ) for every nonzero
submodule K/P of module M/P .

This definition can be found in such papers: [1, 2], and there are a lot of interesting results
about such modules. Set of all prime submodules of module M is called prime spectrum of
module M and is denoted by Spec(M).

Definition 2. A non-zero submodule N of M is said to be second if for each a ∈ R, the
homomorphism N →a N is either surjective or zero [3]. More information about this class of
modules can be found in [4].

Let Specs(M) be the set of all second submodules of M . For any submodule N of M ,
V s∗(N) is defined to be the set of all second submodules of M contained in N . Of course,
V s∗(0) is just the empty set and V s∗(M) is Specs(M). It is easy to see that for any family of
submodules Ni(i ∈ I) of M , ∩i∈IV s∗(Ni) = V s∗(∩i∈INi). Thus if ζs∗(M) denotes the collection
of all subsets V s∗(N) of Specs(M), then ζs∗(M) contains the empty set and Specs(M), and
ζs∗(M) is closed under arbitrary intersections. In general ζs∗(M) is not closed under finite
unions.

Definition 3. A module M is called a cotop module if ζs∗(M) is closed under finite unions.
In this case, ζs∗(M) is called the quasi Zariski topology.

Theorem 1. Let M be an R-module. If either R is an Artinian ring or M is a Noetherian
module, then M has a minimal submodule if and only if M has a second submodule. In addition
if M has a second submodule, then every second submodule of M is a semisimple submodule of
M .

Theorem 2. Let R be a Noetherian ring and let M be a cotop R-module with finite length.
Assume that the second quasi Zariski topology of M and the Zariski topology of M . Then M is
a comultiplication R-module.

1. Page S. Properties of quotient rings. Can. J. Math., 1972, 24, No. 6, 1122 – 1128.

2. Dauns J. Prime modules. Reine Angew. Math., 1978, 298, 156 – 181.

3. Yassemi S. The dual notion of prime submodules. Arch. Math (Brno), 2001, 37, 273 – 278.

4. Ansari-Toroghy H., Farshadifar F. On the dual notion of prime submodules. Algebra Colloq.
(to appear).
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There are many applications of ring theory in other sciences. Some applications of (σ, τ)-
derivations which can help to develop an approach to deformation of Lie algebras, and which
have various applications in modelling quantum phenomena and in the analysis of complex
systems. In 1983, J. Bergen [1] introduced the notion of semiderivations of a ring R which
extends the notion of derivation of a ring R, as follows: d : R → R is a semiderivation of R if
there exists a function g : R→ R such that (i) d(xy) = d(x)g(y)+xd(y) = d(x)y+g(x)d(y) for
all x, y ∈ R and (ii) d(g(x)) = g(d(x)) for all x ∈ R. We [2] introduced the definition of (σ, τ)-
Homogeneralized derivations of semiprime rings with some results. Furthermore, in 2021, we [3]
study the behaviour of skew-Homogeneralized derivations of rings and presented some results
concerning that. The main purpose of this paper is to study the commutativity of a ring R
which satisfied certain conditions via the definition of a symmetric n-Homo-antisemigeneralized
semiderivation of rings. Throughout this paper, R always represents an associative ring. Recall
that R is semiprime if aRa = 0 implies a = 0 and R is prime if aRb = 0 implies a = 0 or b = 0.
An additive map D : R −→ R is called a derivation if the Leibniz’s rule D(xy) = D(x)y+xD(y)
holds for all x, y ∈ R. Suppose n is a fixed positive integer and the additive mapping γ define
as

γ(R) :

{
Rn → R if R =

∏n
i=1 xi,

R→ Rn if R = x,

where x is an arbitrary element of R. Similarly for the additive mapping D and the other
mappings.

Definition 1. An n-additive mapping γ is called a symmetric n-Homo-antisemigeneralized
semiderivation associated with a mapping g which acts as automorphism mapping ofR such that
γ(x1, x2, ..., x̀ixi, ..., xn) = γ(x1, x2, ..., x̀i, ..., xn)γ(x1, x2, ..., xi, ..., xn)+γ(x1, x2, ..., x̀i, ..., xn)xi+
g(x̀i)D(x1, x2, ..., xi, ..., xn) = γ(x1, x2, ..., x̀i, ..., xn)γ(x1, x2, ..., xi, ..., xn) +
(x1, x2, ..., x̀i, ..., xn)γ(xi) + D(x̀i)g(x1, x2, ..., xi, ..., xn) for all x̀i, xi ∈ R, i = 1, 2, ..., n
with γ(D(xi)) = D(γ(xi)), γ(g(xi)) = g(γ(xi)) and D(g(xi)) = g(D(xi)) such that D is
symmetric n-generalized semiderivation of R.

For more information about symmetric n-generalized semiderivation see [4].

1. Bergen J. Derivations in prime rings. Canad. Math. Bull., 1983, 26 (3), 267 – 270.

2. Mehsin J. A. (σ,τ)-Homogeneralized Derivations of Semiprime Rings, 13th Annual Binghamton
University Graduate Conference in Algebra and Topology (BUGCAT), The State University of
New York, USA, November 7–8, November 14–15, 2020.

3. Mehsin J. A. Skew-Homogeneralized Derivations of Rings, Math for All in New Orleans Con-
ference, Tulane University Math Department, March 5–7, 2021.

4. Mehsin J. A. New types of permuting n-derivations with their applications to associative rings,
Symmetry, 2020, 12, 46.
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Let S be a semiring. A map δ : S → S is called a derivation on S [1] if δ (a+ b) = δ (a)+δ (b)
and δ (ab) = δ (a) b+aδ (b) for any a, b ∈ S. A semiring S equipped with a derivation δ is called
differential with respect to the derivation δ, or a δ-semiring, and denoted by (S, δ). Differential
semirings were further studied in [2].

An ideal I of S is called differential if δ (I) ⊆ I. A differential ideal P of S is called
differentially prime if for differential ideals I and J of S, IJ ⊆ P follows I ⊆ P or J ⊆ P .

Theorem 1. For a proper differential ideal Q of S, the following conditions are equivalent:

1. Q is differentially prime;

2. For any a, b ∈ S, [a] · [b] ⊆ Q follows a ∈ Q or b ∈ Q;

3. For any a, b ∈ S, m,n ∈ N, a(m)Sb(n) ⊆ Q follows a ∈ Q or b ∈ Q;

4. For any a, b ∈ S, n ∈ N, aSb(n) ⊆ Q follows a ∈ Q or b ∈ Q;

1. Golan J. S. Semirings and their Applications. — Dordrecht: Kluwer Academic Publishers, 1999,
382 p.

2. Chandramouleeswaran M., Thiruveni V. On derivations of semirings. Advances in Algebra,
2010, 1, No. 1, 123 – 131.
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Consider A and B are algebras and M is left A−module and right B−module. The set

T = T
{[

a m
0 b

]
, a ∈ A,m ∈M, b ∈ B

}
by matrix multiplication and addition is an algebra that is called triangular algebras. A left
A−module M is called left faithful if aM = 0 implies a = 0, and a right B−module M is called
right faithful if Mb = 0 implies b = 0, and when M is left A−module and right B−module, is
called faithful when M is both left and right fathful. A linear map φ : T → T is Lie centralizer
if φ([x, y]) = [φ(x), y] for each x, y ∈ T .

In this talk, we characterize mapping that satisfy in the following relation

xy = 0 =⇒ [φ(x), y] = 0, (F)

for each x, y ∈ T . At last, we find sufficient condition under which each mapping φ : T → T
satisfying in (F), has the form φ(x) = λx + τ(x) for each x ∈ T where λ ∈ Z(T ) and τ is a
linear map such that τ(T ) ⊆ Z(T )

In the following, the center of a unital triangular algebra is specified.

Lemma 1. Let T =

[
A M
0 B

]
be a unital triangular algebra. Then

Z(T ) =

{[
a 0
0 b

]
: a ∈ Z(A), b ∈ Z(B), am = mb,∀m ∈M,

}
.

Define two natural projections πA : G → A and πB : G → B by

πA

([
a m
n b

])
= a and πB

([
a m
n b

])
= b.

According to [2, Lemma 1], we have πA(Z(G)) ⊆ Z(A) and πB(Z(G)) ⊆ Z(B). In fact, πA(Z(G))
is a subalgebra of Z(A) and πB(Z(G)) is a subalgebra of Z(B).

Now, we give our main theorem that obtains the desired conditions.

Theorem 1. Let M be faithful bimodules in T , and πA(Z(T )) = Z(T ) and πB(Z(T )) =
Z(T ). Then the linear mapping Φ : T → T satisfies (F) if and only if Φ(X) = λX +µ(X) for
any X ∈ T , where λ ∈ Z(G) and µ : T → Z(T ) is a linear mapping in which µ([X, Y ]) = 0
for any X, Y ∈ G with XY = 0.

1. Johnson B. E. An introduction to the theory of centralizers. Proc. London Math. Soc., 1964,
14, 299–320.

2. Krylov P. A. Isomorphism of generalized matrix rings. Algebra Logika, 2008, 47, 456–463.

3. Mokhtari A. H. Ebrahimi Vishki H. R. More on Lie derivations of generalized matrix algebras.
Miskolc Math. Notes, 2018, 1, 385–396.
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Striped surface is a surface obtained by gluing open stripes with boundary intervals along
some of those intervals. Every such surface is a non-compact two-dimensional manifold which
can be non-connected, non-orientable and each connected component of its boundary is an open
interval.

To each striped surface one can associate one-dimensional CW-complex (topological graph),
which encodes combinatorial information about gluing of stripes. This graph can have loops
and multiple edges. We prove that there is a homotopy equivalence between a striped surface
and its graph. The proof is based on one of the generalization of Seifert-Van Kampen theorem
for fundamental groupoids.

One of consequences is that homotopy type of corresponding graph is determined only by
the striped surface itself and does not depend on a decomposition this surface into stripes
(because surface can have many distinct decompositions into stripes).
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Considering η-quasisymmetric mappings between semimetric spaces with different triangle
functions we have found a new estimation for the ratio of diameters of two subsets which are
images of two bounded subsets. This result generalizes the inequality proved by P. Tukia and
J. Väisälä in [1] for general metric spaces, see also Proposition 10.8 in [2] for the extended
proof.

Let X be a nonempty set. Recall that a mapping d : X×X → R+, R+ = [0,∞) is a metric if
for all x, y, z ∈ X the following axioms hold: (i) (d(x, y) = 0)⇔ (x = y), (ii) d(x, y) = d(y, x),
(iii) d(x, y) 6 d(x, z) + d(z, y). The pair (X, d) is called a metric space. If only axioms (i) and
(ii) hold then the pair (X, d) is called a semimetric space.

Definition 1. Let (X, d), (Y, ρ) be semimetric spaces. We shall say that an embedding
f : X → Y is η-quasisymmetric if there is a homeomorphism η : [0,∞)→ [0,∞) so that

d(x, a) 6 td(x, b) implies ρ(f(x), f(a)) 6 η(t)ρ(f(x), f(b))

for all triples a, b, x of points in X and for all t > 0.

A definition of a triangle function was introduced by M. Bessenyei and Z. Páles in [3].

Definition 2. Consider a semimetric space (X, d). We say that Φ: R+ × R+ → R+ is a
triangle function for d if Φ is symmetric and monotone increasing in both of its arguments,
satisfies Φ(0, 0) = 0 and, for all x, y, z ∈ X, the following generalized triangle inequality holds:

d(x, y) 6 Φ(d(x, z), d(y, z)).

The most important triangle functions Φ(u, v) which generate well-known types of metrics
and their generalizations are u + v (metric), K(u + v) (b-metric with K > 1), max{u, v}
(ultrametric).

Theorem 1. Let (X, d) and (Y, ρ) be semimetric spaces with continuous and strictly increas-
ing in both of their arguments triangle functions Φ1 and Φ2, respectively. And let f : X → Y
be η-quasisymmetric embedding. Then f maps bounded subpaces to bounded subspaces.

Moreover, if A ⊆ B ⊆ X, 0 < diamA, diamB <∞, then diam f(B) is finite,

1

η
(

diamB
diamA

) 6 diam f(A)

ϕ−1
2 (diam f(B))

and
diam f(A)

diam f(B)
6 η

(
diamA

ϕ−1
1 (diamB)

)
,

where ϕ1(t) = Φ1(t, t), ϕ2(t) = Φ2(t, t).

In particular, taking in this theorem Φ1(u, v) = Φ2(u, v) = u + v, we immediately obtain
the Tukia-Väisälä inequality.

1. Tukia P., Väisälä J. Quasisymmetric embeddings of metric spaces. Ann. Acad. Sci. Fenn., Ser.
A I, Math., 1980, 5, 97 – 114.

2. Heinonen J. Lectures on analysis on metric spaces. — New York: Springer, 2001, 141 p.

3. Bessenyei M., Páles Z. A contraction principle in semimetric spaces. J. Nonlinear Convex Anal.,
2017, 18, No. 3, 515 – 524.
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Contractions are a kind of limiting processes that formally describe connections between al-
gebraic structures underlying physical theories [1]. For example, the contraction of the Poincaré
algebra to the Galilean algebra corresponds to the relation between relativistic and classical
mechanics. The contractions of the Heisenberg algebras to the Abelian ones relate to a limit
process from quantum mechanics to classical mechanics under ~ → 0. Despite the impor-
tance of this, it is unclear which properties and structures are preserved in some sense under
contractions.

Contractions are considered for algebras over the complex or real field. A more general
notion defined for an arbitrary algebraically closed field is the notion of degeneration of Lie
algebras [2, 3].

A simple example of contractions to the Abelian algebra demonstrates that characteristic
ideals and megaideals of an algebra do not follow the same pattern. Indeed, the center grows
to encompass the entire algebra but the derivative algebra shrinks to zero. The subalgebra and
ideal structure of Lie algebras is changed under contractions as well.

We show that at the same time certain properties of this structure are stable.

Theorem 1. Suppose that a Lie algebra g0 is a (continuous or sequential) contraction of
the Lie algebra g, g→ g0, and the algebra g contains a chain of nested subalgebras

{0} = s0 ⊂ s1 ⊂ s2 ⊂ · · · ⊂ sm ⊂ sm+1 = g.

Then the algebra g0 contains a chain of nested subalgebras

{0} = s0
0 ⊂ s1

0 ⊂ s2
0 ⊂ · · · ⊂ sm0 ⊂ sm+1

0 = g0

such that
dim sa0 = dim sa and sa → sa0 under g→ g0, a = 1, . . . ,m.

If sa is an ideal in sb, 1 6 a < b 6 m + 1, then sa0 can be chosen to be an ideal in sb0, and
sb/sa → sb0/s

a
0.

A number of necessary contraction criteria can be derived as simple consequences of The-
orem 1. The properties of commutativity, nilpotency, solvability and unimodularity are stable
under contractions. Hence sa0 inherits the respective properties of sa.

Corollary 1. The dimensions of the following objects do not decrease under contractions
of Lie algebras:

• maximal Abelian subalgebras, • maximal Abelian ideals,
• maximal nilpotent subalgebras, • maximal nilpotent ideals (nilradicals),
• maximal solvable subalgebras, • maximal solvable ideals (radicals).

1. Nesterenko M., Popovych R. O. Contractions of low-dimensional Lie algebras. J. Math. Phys.,
2006, 47, No. 12, 123515, 45 pp.

2. Gorbatsevich V. V., Onishchik A. L., Vinberg E. B. Lie groups and Lie algebras. III. Structure
of Lie groups and Lie algebras. — Springer-Verlag, Berlin, 1997, 248 p.

3. Burde D. Degenerations of nilpotent Lie algebras. J. Lie Theory, 1999, 9, No. 1, 193 – 202.
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The classification of all nearrings up to certain orders is an open problem. It requires
extensive computations, and the most suitable platform for their implementation is the com-
putational algebra system GAP [1]. The list of all local nearrings of order at most 31 can
be extracted from the package “Sonata” [2] of GAP. The current version of the package “Lo-
calNR” [3] (not yet redistributed with GAP) contains all local nearrings of order at most 361,
except those of orders 32, 64, 128, 243 and 256. We have already calculated some classes of
local nearrings of orders 32, 64 and 243.

Let [n, i] be the i-th group of order n in the SmallGroups library in GAP. We denote by Cn
the cyclic group of order n.

There exist 15 non-isomorphic groups of order 625 = 54, of which 5 groups are Abelian.

IdGroup Structure Description
[625, 1] C625

[625, 2] C25 × C25

[625, 5] C125 × C5

[625, 11] C25 × C5 × C5

[625, 15] C5 × C5 × C5 × C5

Proposition 1. Only the following groups can be the multiplicative groups of local nearrings
on additive group [625, 11]:

IdGroup Structure Description Number of LNR
[500, 8] ((C5 × C5) o C5) o C4 157
[500, 11] ((C5 × C5) o C5) o C4 ?
[500, 13] C4 × ((C5 × C5) o C5) > 351
[500, 17] ((C5 × C5) o C5) o C4 150
[500, 25] ((C5 × C5) o C5) o C4 10
[500, 37] C5 × C5 × (C5 o C4) > 15625
[500, 38] C5 × ((C5 × C5) o C4) ?
[500, 40] C20 × C5 × C5 > 33
[500, 41] C5 × C5 × (C5 o C4) 385
[500, 42] C5 × ((C5 × C5) o C4) 417
[500, 43] C5 × ((C5 × C5) o C4) 32
[500, 44] C5 × ((C5 × C5) o C4) 8
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Let K be an algebraically closed field of characteristic 0 and A = K[x1, . . . , xn] the poly-
nomial ring over K. A K-derivation D of A is a K-linear mapping D : A → A such that
D(fg) = D(f)g + fD(g) for all f, g ∈ A. The Lie algebra Wn(K) = DerKA consists of all
K-derivations of the ring A. This Lie algebra is also a free module over the polynomial ring A.
Therefore, for each subalgebra L of Wn(K) one can define the rank rkAL of L over A. Any
derivation D ∈ Wn(K) can be uniquely extended to a derivation of the field of rational func-
tions R = K(x1, . . . , xn).

We consider metabelian subalgebras L of Wn(K) such that rkAL = 2 and L is a semidirect
sum of the form K〈D〉iI, where I is an infinite dimensional ideal of L of codimension one in L.
We assume that the linear operator adD on the ideal I has a Jordan basis {T1, T2, . . . , Tk, . . . }
such that

[D,T1] = λT1, . . . , [D,Ti] = λTi + Ti−1, i > 2, λ ∈ A.

Such Lie algebras appear naturally in the study of solvable subalgebras of Wn(K) (see, for
example, [2]).

Recall that a nonzero polynomial a ∈ A is called a Darboux polynomial for a derivation D
if D(a) = λa for some λ ∈ A. Such a polynomial λ is called a cofactor for D with respect to a.
Some properties and applications of Darboux polynomials for derivations one can find in [1].

Theorem 1. Let L be a subalgebra of Wn(K) of the form L = K〈D〉 i K〈T1, . . . , Tk, . . . 〉
and {T1, T2, . . . , Tk, . . . } a Jordan basis of the linear operator adD with an eigenvalue λ ∈ A.
Then the following statements hold:

1) There exists a sequence of a rational functions ϕ1, ϕ2, . . . , ϕk, . . . from the field
R = K(x1, . . . , xn) such that D(ϕ1) = 1, D(ϕi) = ϕi−1, i > 1.

2) There exists a sequence of a Darboux polynomials g1, g2, . . . , gk, . . . for the derivation D
with corresponding cofactors λ, 2λ, . . . , kλ, . . . .

Obtained results may be useful for studying solvable Lie subalgebras of Wn(K) of rank 2
over R.

1. Nowicki A. Polynomial Derivations and their Rings of Constants. — Torun: Uniwersytet Miko-
laja Kopernika, 1994, 170 p.

2. Petravchuk A., Sysak K. Solvable Lie algebras of derivations of rank one. Mohyla Mathematical
Journal, 2019, 2, 6 – 10.

38



On the structure of some non-periodic groups whose
subgroups of infinite special rank are transitively

normal
T. V. Velychko

Oles Honchar Dnipro National University, Dnipro, Ukraine

etativ27@gmail.com

A group G has finite special rank r if every finitely generated subgroup of G is generated
by at most r elements and r is the least integer with this property. If there is not such r, then
we say that G has infinite special rank.

A subgroup H of a group G is said to be transitively normal in G if H is normal in every
subgroup K > H in which H is subnormal.

A group G is called generalized radical if G has an ascending series whose factors are locally
nilpotent or locally finite. If G is a generalized radical group, then either a locally nilpotent
radical of G is non-trivial or a locally finite radical of G is non-trivial. Therefore, a generalized
radical group has an ascending series of normal subgroups whose factors are locally nilpotent
or locally finite.

In [1], the study of some non-periodic groups in which every subgroup of infinite special
rank is transitively normal was initiated. More precisely, the authors proved that if G is a
non-periodic locally generalized radical group with this property and G includes an ascendant
locally nilpotent subgroup of infinite special rank, then G is abelian. In [2], the structure
of periodic soluble groups of infinite special rank with this property has been described. We
continue to study such groups with some additional restrictions on the locally nilpotent radical.

Theorem 1. Let G be a generalized radical non-abelian group of infinite special rank whose
subgroups of infinite special rank are transitively normal. Suppose that Tor(G) = 〈1〉 and a
locally nilpotent radical L of G is abelian. Then, the following assertions hold:

(i) L includes a G-invariant pure subgroup A, having a finite series

〈1〉 = A0 6 A1 6 . . . 6 Aj 6 Aj+1 6 . . . 6 An = A

of G-invariant pure subgroups whose factors Aj+1/Aj are G-chief and G-eccentric for all
j ∈ {0, . . . , n− 1};

(ii) G = AC for some subgroup C, so that A ∩ C = 〈1〉 and every complement to A in G is
conjugate to C;

(iii) C = S × T where S is a free abelian subgroup, having infinite 0-rank, and T is a finite
abelian subgroup.

1. Kurdachenko L. A., Subbotin I. Ya., Velychko T. V. On the non-periodic groups, whose sub-
groups of infinite special rank are transitively normal. Algebra Discrete Math., 2020, 29, No. 1,
74 – 84.

2. Semko N. N., Velychko T. V. On the groups whose subgroups of infinite special rank are transi-
tively normal. Algebra Discrete Math., 2017, 24, No. 1, 34 – 45.
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In this abstract we study the endomorphisms of infinite dimensional cyclic Leibniz algebra.
Let L be an algebra over a field F with the binary operations + and [, ]. Then L is called a

Leibniz algebra (more precisely a left Leibniz algebra), if it satisfies the (left) Leibniz identity

[[a, [b, c]] = [[a, b], c] + [b, [a, c]] for all a, b, c ∈ L.

Leibniz algebras appeared first in the paper of A. M. Bloh [1], but the term “Leibniz algebra”
appears in the book of J.- L. Loday [2].

When studying Leibniz algebras, the information about the endomorphisms of a Leibniz
algebra is quite useful.

Let L be a Leibniz algebra. As usual, a linear transformation of L is called an endomorphism,
if f([a, b]) = [f(a), f(b)] for all a, b ∈ L. Clearly a product of two endomorphisms of L is also an
endomorphism, so that the set of all endomorphisms of L is a semigroup by its multiplication.
We note that the sum of two endomorphisms is not necessarily an endomorphism, so we cannot
talk about an endomorphism ring.

Here we will use the term semigroup for a set, having an associative binary operation. For
a semigroup, having an identity element, we will use the term monoid. Clearly an identical
permutation is an endomorphism of L, therefore the set Lend(L) of all endomorphisms of L is
a monoid by a multiplication.

As usual, a bijective endomorphism of L is called an automorphism of L.

Theorem 1. Let L be a cyclic infinite dimensional Leibniz algebra over a field F . Then the
monoid Lend(L) of all endomorphisms of L is an union of an ideal S with zero multiplication
and a submonoid Mon(L) of all monomorphisms of L. Furthermore, Mon(L) is a product of
an abelian submonoid A and an abelian subgroup D, satisfying the following conditions:

(i) A ∩D = 〈1〉;

(ii) d−1Ad = A for each element d ∈ D;

(iii) D is isomorphic to a multiplicative group of a field F ;

(iv) A is isomorphic to a submonoid of a polynomial ring F [X], consisting of those polynomials
whose free term is 1, in particular, A is a free abelian monoid.

Corollary 1. Let L be a cyclic infinite dimensional Leibniz algebra over a field F . Then
the group of all automorphisms of L is isomorphic to a multiplicative group of a field F .

The author is grateful to Prof. L. A. Kurdachenko for useful discussions.

1. Bloh A. M. On a generalization of the concept of Lie algebra [in Russian]. Doklady AN USSR,
1965, 165, 471 – 473 .

2. Loday J. L. Une version non commutative des algebres de Lie; les algebres de Leibniz. Enseign.
Math., 1993, 39, 269 – 293.
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У роботi 4 вивчаються топологiчнi властивостi класiв узагальнено опуклих множин
багатовимiрного дiйсного евклiдового простору Rn, n ≥ 2, якi називаються m-опуклими
i слабко m-опуклими, 1 ≤ m < n. Цi поняття ввiв Юрiй Борисович Зелiнський (див. 1,
2). Множина простору Rn називається m-опуклою, якщо для кожної точки з доповнення
цiєї множини до всього простору iснує m-вимiрна площина, яка проходить через цю то-
чку й не перетинає заданої множини. Вiдкрита множина простору Rn називається слабко
m-опуклою, якщо для кожної точки межi множини iснує m-вимiрна площина, яка про-
ходить через цю точку й не перетинає заданої множини. Замкнена множина простору
Rn називається слабко m-опуклою, якщо вона апроксимується ззовнi сiм’єю вiдкритих
слабко m-опуклих множин. Нехай Cn

m i WCn
m — це класи m-опуклих i слабко m-опуклих

множин у просторi Rn, n ≥ 2, вiдповiдно. Iснують слабко m-опуклi множини у просторi
Rn, n ≥ 2, 1 ≤ m < n, якi не m-опуклi, тобто клас множин WCn

m \Cn
m не порожнiй.

Теорема 1. (3) Вiдкрита множина класу WCn
n−1 \Cn

n−1 складається не менше нiж
iз трьох компонент зв’язностi.

У роботi 4 будуються приклади вiдкритої й замкненої множин класу WCn
n−1\Cn

n−1, n ≥
2, iз трьома i бiльше компонентами зв’язностi, а також встановлюється, що для компактних
множин класу WCn

n−1\Cn
n−1, n ≥ 2, у просторi Rn, справедлива така ж оцiнка знизу числа

їх компонент зв’язностi, як i у випадку вiдкритих множин.

Теорема 2. (4) Довiльна компактна множина класу WCn
n−1 \Cn

n−1 складається не
менше нiж iз трьох компонент зв’язностi.

Лема 1. (4) Нехай Ep ⊂ Rp, p ≥ 2, — це множина класу WCp
1 \Cp

1. Тодi множина
E := Ep × Rn−p ⊂ Rn, n ≥ 3, належить класу WCn

n−p+1 \Cn
n−p+1.

Для вiдкритих можин класу WCn
m \ Cn

m у просторi Rn, n ≥ 3, де 1 ≤ m < n − 1,
оцiнка знизу числа їх компонент зв’язностi вiдмiнна вiд тої, яка отримана в теоремi 1, що
доводить така

Теорема 3. (4) Iснують областi у просторi Rn, n ≥ 3, класу WCn
m \ Cn

m,
1 ≤ m < n− 1.

1. Зелинский Ю.Б. Многозначные отображения в анализе. — К.:Наукова думка, 1993, 264 с.
2. Зелинский Ю.Б., Момот И.В. О (n,m)-выпуклых множествах. Укр. мат. журн, 2001, 53,

№ 3, 422–427.
3. Дакхiл Х.К. Задачi про тiнь та вiдображення постiйної кратностi. Рукопис дис. канд. фiз.-

мат. наук, Iнститут математики НАН України, Київ, 2017.
4. Осiпчук Т.М. Топологiчнi властивостi слабко m-опуклих множин. Працi Iн-ту прикладної

математики i механiки НАН України, 2020, 34, 73–82.

41



Про унiверсальну М-еквiвалентнiсть
Н. М. Пирч

Українська Академiя Друкарства, Нацiональний Унiверситет
“Львiвська Полiтехнiка”, Львiв, Україна
pnazar@ukr.net, Nazar.M.Pyrch@lpnu.ua

Для топологiчного простору X позначимо через F (X) вiльну топологiчну простору X.
Для пiдпростору Y ⊆ X позначимо через 〈Y 〉 пiдгрупу в F (X), породжену множиною
твiрних Y . Пiд парою (X, Y ) топологiчних просторiв ми будемо розумiти простiр X i його
пiдпростiр Y .

Означення 1. Пари тихоновських топологiчних просторiв (X1, Y1) i (X2, Y2) назива-
ються M -еквiвалентними (позн.(X1, Y1)

M∼ (X2, Y2)), якщо iснує топологiчний iзоморфiзм
i : F (X1)→ F (X2) такий, що i(〈Y1〉) = 〈Y2〉.

Означення 2. Пари M -еквiвалентних тихоновських топологiчних просторiв (X1, Y1)

i (X2, Y2) назвемо унiверсально M -еквiвалентними, (позн.(X1, Y1)
uM∼ (X2, Y2)) якщо до-

вiльний топологiчний iзоморфiзм j : 〈Y1〉 → 〈Y2〉 допускає продовження до топологiчного
iзоморфiзму i : F (X1)→ F (X2).

Означення 3. Скажемо, що пара (X, Y ) є M -унiверсальною, якщо довiльний тополо-
гiчний автоморфiзм j : 〈Y 〉 → 〈Y 〉 допускає продовження до топологiчного автоморфiзму
i : F (X)→ F (X).

Теорема 1. Наступнi умови є рiвносильних для M-еквiвалентними пари тихонов-
ських топологiчних просторiв (X1, Y1) i (X2, Y2):

1) пари (X1, Y1) i (X2, Y2) є унiверсально M-еквiвалентними;
2) пари (X1, Y1) i (X2, Y2) M-еквiвалентними i пара (X1, Y1) є M-унiверсальною.

Наслiдок 1. Властивiсть бути M-унiверсальною парою зберiгається вiдношенням
M-еквiвалентностi.

Означення 4. Пiдпростiр Y топологiчного простору X називається G-ретрактом про-
стору X, якщо довiльне неперервне вiдображення f : Y → H з простору Y у довiльну
топологiчну групу H допускає неперервне продовження на X.

Твердження 1. Якщо Y пiдпростiр є G-ретрактом тихоновського простору X, то
пара (X, Y ) є M-унiверсальною.

Означення 5. Пiдпростiр Y топологiчного простору X називається P -вкладеним у
X, якщо довiльна неперервна псевдометрика задана на Y , продовжується до неперервної
псевдометрики на X.

Твердження 2. Якщо пари (X, Y ) i (Y, Z) M-унiверсальними, а пiдпростiр Y є P -
вкладеним у X, то пара (X,Z) є M-унiверсальною.

Наслiдок 2. Якщо (X1, Y1)
uM∼ (X2, Y2), (Y1, Z1)

uM∼ (Y2, Z2), а пiдпростори Yi є P -
вкладеними у Xi (i = 1, 2), то (X1, Z1)

uM∼ (X2, Z2).

Наслiдок 3. Якщо (X1, Y1)
uM∼ (X2, Y2), (Y1, Z1)

M∼ (Y2, Z2), а пiдпростори Yi є P -
вкладеними у Xi (i = 1, 2), то (X1, Z1)

M∼ (X2, Z2).

42



Чернiкiвськi 2-групи з кляйнiвською верхiвкою i
цiлком розкладними базами

А. I. Плакош
Iнститут математики НАН України, Київ, Україна

andrianaplakoshmail@gmail.com

Це спiльна робота з Ю. А. Дроздом (див. [1]).
Нагадаємо, що чернiкiвською групою зветься група, в якiй є нормальна пiдгрупа скiн-

ченного iндексу, яка є прямим добутком скiнченного числа квазiциклiчних груп (або груп
типу (p∞)). Ця пiдгрупа зветься базою, а факторгрупа — верхiвкою чернiкiвської групи.

Ми розглядаємо випадок, коли верхiвка — четверна група Кляйна H = 〈 a, b | a2 =
b2 = 1, ab = ba 〉, а база M — цiлком звiдна, тобто є прямою сумою iнварiантних пiдгруп,
кожна з яких є квазiциклiчною 2-групою. Тодi M '

⊕
uvmuvLuv (u, v ∈ {+,−}), де Luv —

квазiциклiчна група, в якiй a дiє, як u1, а b — як v1 (тобто u, v задають знаки при ax = ±x
та bx = ±x, де x ∈ Luv). Когомологiї цих модулiв обчисленi в [2] у термiнах резольвенти,
побудованої в [3].

Ми визначаємо елементи huv ∈ H2(H,M) в такий спосiб, що кожен клас когомо-
логiй переводиться у якийсь huv автоморфiзмами бази M , i даємо повний опис чернi-
кiвських груп з кляйнiвською верхiвкою i цiлком розкладною базою. Саме, за набором
H = {muv,huv | u, v ∈ {+,−}} явно будуються елементи бази α(H), β(H), γ(H) i доводи-
ться наступний результат.

Теорема 1. Для кожного набору H = {muv,huv | u, v ∈ {+,−}} визначимо групу
G(H) як таку, що породжується групою M =

⊕
uvmuvLuv та елементами ā, b̄ такими,

що āxā−1 = ax i b̄xb̄−1 = bx для всiх x ∈M , ā2 = α(H), b̄2 = β(H) i [ā, b̄] = η(H).

1. Група G(H) є чернiкiвською групою з кляйнiвською верхiвкою i цiлком розкладною
базою.

2. Кожна чернiкiвська група G з кляйнiвською верхiвкою i цiлком розкладною базою
iзоморфна деякiй групi G(H), де H — канонiчний набiр, визначений однозначно гру-
пою G.

1. ДроздЮ.А., Плакош A. I. Чернiкiвськi 2-групи з кляйнiвською верхiвкою i цiлком звiдними
базами. Укр. мат. журн. (у друцi).

2. Плакош A. I., Шапочка I. B. Про когомологiї четверної групи Клейна. Наук. вiсник Ужго-
род. ун-ту, 2017, 30, №1, 95 – 102.

3. Drozd Yu., Plakosh A. Cohomologies of finite abelian groups. Algebra Discrete Math., 2017, 24,
No. 1, 144 – 157.
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On linear generic boundary-value problems for
differential systems in Sobolev spaces

Olena Atlasiuk

Institute of Mathematics of the NAS of Ukraine, Kyiv, Ukraine

For the systems of ordinary differential equations of an arbitrary order on a compact interval,
we study a character of solvability of the most general linear boundary-value problems in the
Sobolev spaces W n

p , with n ∈ N and 1 ≤ p ≤ ∞. We find the indices of these Fredholm problems
and obtain a criterion of their well-posedness. Each of these boundary-value problems relates
to a certain rectangular numerical characteristic matrix with kernel and cokernel of the same
dimension as the kernel and cokernel of the boundary-value problem. The condition for the
sequence of characteristic matrices to converge is found. We obtain a constructive criterion
under which the solutions to these problems depend continuously on the small parameter ε at
ε = 0, and find the degree of convergence of the solutions. Also applications of these results to
multipoint boundary-value problems are obtained.

These results are given in [1 – 3]. In the case of differential equations of the first order,
similar results are proved in the works [4 – 6].

1. Atlasiuk O. M., Mikhailets V. A. On solvability of inhomogeneous boundary-value problems in
Sobolev spaces. Reports Nac. Acad. Nauk Ukr., 2019, No. 11, 3 – 7.

2. Atlasiuk O. M., Mikhailets V. A. On Fredholm parameter-dependent boundary-value problems
in Sobolev spaces. Reports Nac. Acad. Nauk Ukr., 2020, No. 6, 3 – 6.

3. Atlasiuk O. M. Limit theorems for the solutions of multipoint boundary-value problems with
parameter in Sobolev spaces. Ukrainian Math. J., 2021, 72, No. 8, 1175 – 1184.

4. Atlasiuk O. M., Mikhailets V. A. Fredholm one-dimensional boundary-value problems in Sobolev
spaces. Ukrainian Math. J., 2019, 70, No. 10, 1526 – 1537.

5. Atlasiuk O. M., Mikhailets V. A. Fredholm one-dimensional boundary-value problems with pa-
rameter in Sobolev spaces. Ukrainian Math. J., 2019, 70, No. 11, 1677 – 1687.

6. Atlasiuk O. M. Limit theorems for solutions of multipoint boundary-value problems in Sobolev
spaces. Journal of Mathematical Sciences., 2020, 247, No. 2, 238 – 247.
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Dichotomy and bounded solutions of dynamical
systems in the Hilbert and Banach spaces

Bihun D., O.Pokutnyi

Institute of mathematics of NAS of Ukraine, Ukraine

dmytrobigun94@gmail.com, lenasas@gmail.com

For general discrete dynamics on Banach and Hilbert spaces, we specify necessary and
sufficient conditions of the existence of bounded solutions under the assumption that the ho-
mogeneous difference equation admits a discrete dichotomy on the semi-axes. We consider the
so-called resonance (critical) case when the uniqueness of a solution is disturbed. We show that
admissibility can be reformulated in terms of generalized or pseudoinvertibility. As application,
we consider the case when the corresponding dynamical system is e-trichotomy.

The main object of the report is the following operator equation in the Banach space

xn+1 = Anxn + hn, n ∈ Z, (1)

where An : B → B is a set of bounded operators, from the Banach space B into itself. Assume
that

A = (An)n∈Z ∈ l∞(Z,L(B)), h = (hn)n∈Z ∈ l∞(Z, B).

It means the following

|||A||| = sup
n∈Z
||An|| < +∞, |||h||| = sup

n∈Z
||hn|| < +∞.

We give the conditions for the existence of bounded solutions of the equation (1) under the
condition that the following homogeneous equations and exponential dichotomy on the semi-
axes are fulfilled

xn+1 = Anxn (2)

Acknowledgments. The authors have received funding from the European Union’s Horizon 2020

research and innovation program under the Marie Sklodowska-Curie grant agreement No 873071.

1. Boichuk A.A. Solutions of linear and nonlinear difference equations bounded on the whole line.
Nonlinear Oscillations, 2001, 4, No. 1, 16 – 27.

2. Boichuk A. A., Samoilenko A. M. Generalized Inverse Operators and Fredholm Boundary-Value
Problems, 2nd edition — Berlin: De Gruyter, 2016, 296 pp.
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The Lie symmetry approach on (1+2)-dimensional
financial models

K. Charalambous1,2, S. Kontogiorgis1, C. Sophocleous1
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We consider a class of nonlinear (1+2) partial differential equations which generalizes a
number of models which appear in financial mathematics. These models are subject to specific
terminal conditions. Lie symmetries are used to construct two successive mappings that reduce
the problems into problems with new governing equations being ordinary differential equations.
The same analysis is applied to general terminal conditions. In most cases, the first reduction
results to linearizable equations. We discuss linearization for a general class which includes
these reduced equations.
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Qualitative analysis of nonautonomous degenerate
differential equations and nonlinear electrical

circuits
M. S. Filipkovska

B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of
Sciences of Ukraine, Kharkiv, Ukraine

filipkovskaya@ilt.kharkov.ua

In the present work, an implicit differential equation of the form

d

dt
[A(t)x(t)] +B(t)x(t) = f(t, x(t)), t ≥ t+, (1)

where t+ ≥ 0, f : [t+,∞) × Rn → Rn and A,B : [t+,∞)→ L(Rn), is studied. The initial
condition is given by x(t0) = x0 (t0 ∈ [t+,∞)). We do not require the operator A(t) to be
nondegenerate. Thus, in the general case, the operator A(t) is degenerate and therefore the
equation (1) is called a degenerate differential equation (DE). It is also called a differential-
algebraic equation (DAE) or descriptor system. The operatorB(t) can also be degenerate. Since
A(t), B(t) are time-varying, the degenerate DE (1) is called nonautonomous (or time-varying).
It is assumed that the pencil λA(t)+B(t) (λ is a complex parameter) which corresponds to the
linear part of (1) is a regular pencil of index not higher than 1, and A, B ∈ C1([t+,∞), L(Rn)).
A function x ∈ C([t0, t1),Rn) is said to be a solution of (1) on [t0, t1) ([t0, t1) ⊆ [t+,∞)) if
the function A(t)x(t) is continuously differentiable on [t0, t1) and x(t) satisfies (1) on [t0, t1).

We also consider the implicit DE A(t)
d

dt
x(t) + B(t)x(t) = f(t, x(t)) for which a solution x(t)

has to be continuously differentiable on [t0, t1). For the nonautonomous degenerate DEs we
obtain conditions of the existence and uniqueness of global solutions, the Lagrange stability
(the boundedness of every solutions), the dissipativity (the ultimate boundedness of solutions)
and the Lagrange instability (solutions have finite escape time) [1, 2]. Also, we obtain conditions
of the Lyapunov stability, asymptotic stability, complete stability (the asymptotic stability in
the large) and the Lyapunov instability [1, 3]. The Lagrange stability (the dissipativity) of a
degenerate DE means the existence of global solutions for all consistent initial values, and the
boundedness (the ultimate boundedness) of all solutions. Thus, in contrast to the Lyapunov
stability, the Lagrange stability and the dissipativity of a degenerate DE can be viewed, in a
certain sense, as the stability of the entire equation (i.e., the stability of all its solutions), not
just of a separate solution analyzed for stability. It is known that the dynamics of electrical
circuits is modeled using systems of differential and algebraic equations, which in a vector form
have the form of degenerate DEs (DAEs). Also, degenerate DEs (DAEs) are used in modeling
the kinetics of chemical reactions and the dynamics of robotic systems, neural networks and
other objects and processes. We study the global dynamics of mathematical models (which are
considered in [1,3]) for electrical circuits with nonlinear and time-varying elements.

1. Filipkovska (Filipkovskaya) M. S. Global boundedness and stability of solutions of nonau-
tonomous degenerate differential equations. Proceedings of the Institute of Mathematics and
Mechanics, National Academy of Sciences of Azerbaijan, 2020, 46, No. 2, 243 – 271.

2. Filipkovskaya M. S. Global solvability of time-varying semilinear differential-algebraic equations,
boundedness and stability of their solutions. I. Differential Equations, 2021, 57, No. 1, 19 – 40.

3. Filipkovskaya M. S. Global solvability of time-varying semilinear differential-algebraic equations,
boundedness and stability of their solutions. II. Differential Equations, 2021, 57, No. 2, 196 –
209.
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Non-homogeneous implicit linear differential
equation over the ring of formal power series

A. Goncharuk, S. Gefter
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Consider the linear differential equation with constant real coefficients

amw
(m)(x) + am−1w

(m−1)(x) + . . .+ a1w
′(x) + a0w(x) = f(x). (1)

It is known (see [1, §5, 22.2]), that the sum of the series

w(x) =
∞∑
i=0

cif
(i)(x), (2)

where ci are the coefficients, which can be found from the equality

(ams
m + am−1s

m−1 + a1s+ a0)−1 = c0 + c1s+ c2s
2 + . . . ,

is one of the solutions of this non-homogeneous equation if some convergence conditions hold.
Let K be an integral domain, a0, . . . , am ∈ K and f(x) ∈ K[[x]]. Consider a problem of

finding the series w(x) ∈ K[[x]], which satisfied the differential equation (1).
If f(x) is a polynomial, then this sum (2) is well-defined and the following theorem holds.

Theorem 1. Suppose a0 is invertible, then the equation (1) has a solution from K[x] if and
only if f(x) is a polynomial. This solution is unique and has the form (2).

If f(x) is a formal power series, but not a polynomial, the sum (2) does not converges with
respect to the Krull topology. By previous theorem, the equation in this case has no polynomial
solution, but it still can has a solution from K[[x]]. The following theorem gives us a sufficient
conditions for existing and uniqueness of the solution from K[[x]].

Theorem 2. Suppose K is a valuation ring of a complete field with a non-Archimedean
valuation | · |. If |a0| = 1 and |ai| < 1 for any 1 ≤ i ≤ m, then the series (2) converges with
respect to the coefficient-wise topology and the sum of this series is a unique solution of the
equation (1) from K[[x]].

The important example is a formal power series with integer coefficients.

Theorem 3. Suppose a0, . . . , am are integer. Then for any prime p, that is not a divisor
of a0, the equation (1) has a unique solution from Zp[[x]], where Zp is a ring of p-adic integers.

The research was supported by the National Research Foundation of Ukraine funded by Ukrainian

State budget in frames of project 2020.02/0096 “Operators in infinite-dimensional spaces: the interplay

between geometry, algebra and topology”

1. Kamke E. Differentialgleichungen Lösungsmethoden und Lösungen, I. — Wiesbaden: Springer
Fachmedien Wiesbaden GmbH, 1979, 246 pp.
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Symmetries of (1+2)-dimensional Schrödinger-Pauli
equation for charged particles
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In this work we carried out group classification of scalar, vector and matrix potentials of
(2+1)-dimensional Schrödinger-Pauli equation. Fourteen inequivalent potentials together with
correspondent symmetry algebras were found.

Generic form of the equation:

(i∂t −H)ψ(x, y) = 0, (1)

where H is the corresponding hamiltonian, which we present in the following form:

H =
1

2
πaπa + V, (2)

where

πa = pa − eAa, pa = −i ∂
∂xa

, x = (x, y). (3)

Aa are components of the vector-potential of the electromagnetic field.
In contrast to the ordinary Schrödinger equation the potential V (x) could be expand via

Pauli matrice [1]:
V (x) = A0 + σaV

a. (4)

Considering gauge transformation we can set the hamiltonian in the next form:

H =
1

2
papa −

1

2

(
{A1, p1}+ {A2, p2}

)
+ V, (5)

where

V = A0 +
1

2

(
(A1)2 + (A2)2

)
+ σaV

a. (6)

Carrying out the simplified version of Lie approach, applicable to the linear equation, all
symmetries of the equation (1) with hamiltonian in the form (5) were classified up to the
equivalence group.

Acknowledgements. Author expresses deepest gratitude to the supervisor, Prof. Anatoly
Nikitin and to Prof. Roman O. Popovych for useful discussions.

1. Nikitin A. G. Symmetries of the Schrödinger-Pauli equation for neutral particles.
(arxiv.org:2004.08305).

2. Nikitin A. G. Symmetries of Schrödinger equation with scalar and vector potentials.
(arxiv.org:2005.10305).
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Nonlocal problem with integral conditions for
system of differential equations of first order

G. Kuduk
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Let H(R× ((T1, T2) ∪ (T3, T4))) be a class of entire functions f(t, x), on R× R, KC,M be a
class of quasi-polynomials of the form

f(t, x) =
m∑
j=1

p∑
i=1

Qj(t, x)eαjx+βit, (1)

where α1, α2, ..., αm ∈ M ⊂ C, αl 6= αk, for l 6= k, β1, ..., βp ∈ C, βl 6= βk, for l 6= k,
Q1(t, x), ..., Qm(t, x), are given polynomials.

Each quasi-polynomial f(t, x) of the form (1) defines a differential operation f
(
∂
∂ν
, ∂
∂λ

)
of

finite order on the class of entire functions Φ(ν, λ)

f

(
∂

∂ν
,
∂

∂λ

)
Φ(ν, λ) =

m∑
j=1

p∑
i=1

Qj

(
∂

∂ν
,
∂

∂λ

)
Φ(ν, λ)


λ=0,ν=0

.

In the strip Ω = {(t, x) ∈ R2 : t ∈ (0, T ), x ∈ R} we consider the system of equations

∂Ui
∂t

+
n∑
j=1

aij

(
∂

∂x

)
Uj(t, x) = f(t, x) i = 1, ..., n (2)

that satisfies integral conditions

T2∫
T1

Ui(t, x)dt+

T4∫
T3

Ui(t, x)dt = 0 (3)

where aij
(
∂
∂x

)
, are differential expression with entire symbols aij(λ) 6= 0.

Solution of the problem (2), (3) according to the differential-symbol method [1] exists and
unique in the class of quasi-polynomials.

1. Kalenyuk P I., Nytrebych Z M. Generalized scheme of separation of variables. Differential-
symbol method [in Ukrainian]. — Lviv: Publishing House of Lviv Politechnic University, 2002,
292 pp.

52



Integral problem with respect to time for PDE with
Bessel opereators
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Boundary value problems (including integral problems) for PDEs with Bessel operators arises in
various problems of mathematical physics (wave propagation, signal processing, static potentials
and others). Such problems were investigated under different points of view by many authors
(see [1,2] and references therein).

In domain D := {(t, x) : t ∈ (0, T ), x ∈ (0, L)} we consider the following problem:

Bν
(
∂

∂t

)
u = a2Bµ

(
∂

∂x

)
u, (t, x) ∈ D, (1)∫ T

0

tr1u(t, x)dt = ϕ(x),

∫ T

0

tr2u(t, x)dt = ψ(x), x ∈ (0, L), (2)

∂u

∂x

∣∣∣∣
x=0

= 0, u(t, L) = 0, t ∈ (0, T ), (3)

where a > 0, ν, µ ∈ R \ Z, ν, µ > −1
2
, ν 6= µ, r1, r2 ∈ R; operator Bα(d/dy) is the Bessel

operator of order α:

Bα :=
d2

dy2
+

2α + 1

x

d

dy
.

By Jα(y) we denote the Bessel function of the first kind of order α [3]. Let λµ,k, k ∈ N,
are the roots of the equation Jµ(λL) = 0 and wµ,k(x) =

√
2x−µJµ(λµ,kx)/(LJµ+1(λµ,kL)).

Functions wµ,k(x) forms the basis of the space L2((0, L), x2µ+1dx). Also by ∆(λµ,k, T ) we

denote determinant of matrix
∥∥∥∫ T0 trj−νJ(−1)q+1ν(aλµ,kt)dt

∥∥∥
j,q=1,2

.

Lemma 1. If rj > min{−1, 2ν − 1}, j = 1, 2, and ∆(λµ,k, T ) 6= 0 for all k ∈ N then the
solution of the problem (1)-(3) can be written in the form of series

u(t, x) =
∞∑
k=1

(
2∑

j,q=1

∆jq(λµ,k, T )

∆(λµ,k, T )
t−νJ(−1)qν(aλµ,kt)

)
wµ,k(x),

where ∆jq(λµ,k, T ) are the cofactor of entry in j-th row and q-th column in ∆(λµ,k, T ).

Note, that ∆(λµ,k, T ) in case r1 = 1, r2 = 2ν + 1 can be expressed in terms of Bessel
functions of the first kind. In this work we establish conditions of correctness of the problem
(1)-(3) in corresponding functional spaces under certain conditions on boundary data.

1. Katrakhov V. V., Sitnik S. M. The Transmutation Method and Boundary-Value Problems for
Singular Elliptic Equations [in Russian]. Contemporary Mathematics. Fundamental Directions,
2018, Vol. 64, No. 2, 211–426.

2. Zaitseva N. V. The nonlocal problem for a hyperbolic equation with Bessel operator in a rect-
angular domain [in Russian]. J. Samara State Tech. Univ., Ser. Phys. & Math. Sci., 2016, Vol.
20, No. 4, 589–602.

3. Watson G.N. A Treatise on the Theory of Bessel Functions. V. 1. — Cambridge: Cambridge
University Press, 1966, 815 pp.
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Abstract: This work is devoted to the study of nonlinear fractional Langevin integro-
differential equations involving two fractional orders with boundary conditions. Some effective
results about the existence and uniqueness are obtained by applying the Banach contraction map-
ping principle and the Schauder fixed point theorem. An example is presented which illustrates
the effectiveness of the theoretical results.

Problem 1. Inspired and motivated by the works mentioned in the references, we study the
existence and uniqueness of solutions for the following nonlinear fractional Langevin integro-
differential equation{

Dβ
(
CDα + λ

)
x (t) = f (t, x (t) , Iγx (t)) , t ∈ (0, T ) , λ ∈ R,

CDαx (0) =C Dαx (T ) = 0, x (0) = a
∫ T

0
x (s) ds+ b, a, b ∈ R,

(1)

where Dβ, CDα are the Riemann-Liouville fractional derivative and Caputo fractional derivative
of orders β, α, respectively, 1 < β < 2, 0 < α < 1, Iγ is the Riemann-Liouville fractional integral
of order γ ∈ (0, 1), and f : [0, T ]× R× R→ R is nonlinear continuous function.

1. Ahmad B., Alsaedi A., Salem S. On a nonlocal integral boundary value problem of nonlinear
Langevin equation with different fractional orders. Adv. Differ. Equ., 2019, 1, 57.

2. Baghani H., Nieto J. J. On fractional Langevin equation involving two fractional orders in
different intervals. Nonlinear Analysis: Modelling and Control., 2019, 24, No. 6, 884-897.

3. Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and Applications of Fractional Differential
Equations. — Amsterdam: Elsevier Science B, 2006, 523 p.

4. Smart D. R. Fixed point theorems. — London-New York: Cambridge University Press, 1974,
99 p.
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Let {mn}∞n=1 ⊂ C\{0} be a sequence such that lim
n→∞

|mn|
nγ

= b for some b, γ > 0. Function

F (z) = 1 +
∞∑
n=1

zn

m1...mn
is the entire function and generates the operation Gel’fond-Leont’ev

generalized differentiation [1, 2]. For power series f(z) =
∞∑
n=0

anz
n the action DF [f(z)] defined

by equality DF [f(z)] =
∞∑
n=0

mn+1an+1z
n. Let H be a separable Hilbert space over C with

Hermitian scalar product 〈·, ·〉H and base {ek}∞k=1 be an orthonormal system respect to this
product. For the sequence {λk}∞k=1 ⊂ C\{0}, such that lim

k→∞
|λk| = ∞, we denote the linear

operator A : Dom(A)→ H, Dom(A) ⊂ H, by the rule Aek = λkek, k ∈ N. By Eγ
α,β, α, β ≥ 0,

γ > 0, we denote{
ϕ ∈ H

∣∣∣ ‖ϕ;Eα,β‖2 ≡
∞∑
k=1

(1 + |λk|)2α exp(2β|λk|γ)|〈ϕ, ek〉H |2 <∞

}
.

Obviously, domain Dom(A) coincides with E0
1,0. The space of all H-valued functions u(z) :

B → H, which are analytical on B = {z ∈ C : |z| < 1}, n times DF -differentiable on
B = {z ∈ C : |z| ≤ 1}, with the finite norm ‖u(z);Un‖ = max

0≤j≤n
max
|z|≤1
‖DjFu(z);E0

n−j,0‖ we

denote by Un, where the symbol DjFu(z) denote the series

DjFu(z) =
∞∑
k=1

Dj
F [〈u(z), ek〉H ] ek, j = 1, . . . , n.

We consider such two-point problem

n∑
j=0

ajD2j
F A

2n−ju(z) = 0, z ∈ B, (1)

D2j−2
F u(0) = ϕj, D2j−2

F u(z1) = ϕj+n, j = 1, . . . , n, (2)

where aj ∈ C, j = 1, . . . , n, an = 1, z1 ∈ B. The function u ∈ U2n is said to be solution
of the problem (1), (2) if it satisfies equation (1) and conditions (2). We obtain the results
about correctness of the problem (1), (2). These results are connected with estimates of small
denominators, which appear under construction of solution to the problem.

1. Gel’fond A. O., Leont’ev A. F. On a generalization of the Fourier series. Mat. Sbornik, 1951,
29, No. 71, 477–500.

2. Gromov V. P. Cauchy problem for convolution equations in spaces of analytic vector-valued
functions. Math. Notes, 2007, 82, No. 2, 165–173.
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In [1], questions of classification and reduction to the canonical form of linear fourth-order
partial differential equations were studied. Also, correct boundary value problems for hyperbolic
and mixed types were solved and investigated. Direct and inverse boundary value problems for
equations of the fourth order were studied in [1 - 3].

In rectangular domain Ω = {(x, t) : 0 < x < 1, 0 < t < 1}, we consider the equation

∂2u (x, t)

∂t2
− ∂4u (x, t)

∂x4
= f (x, t) , (1)

where f(x, t) - the given function.

Problem 1. To find a solution u (x, t)in the domain Ω of equation (1) to satisfies boundary
value conditions

{
u (x, 0) = ϕ (x) ,
u (x, 1) = ψ (x) ,

0 ≤ x ≤ 1, (2)
u (0, t) = 0,
ux (0, t) = ux (1, t) ,
uxx (1, t) = 0,
uxxx (0, t) = uxxx (1, t) ,

0 ≤ t ≤ 1. (3)

Definition 1. A regular solution of problem (1) - (3) is a function u (x, t) that: 1) is
continuous in the Ω domain; 2) it possesses in the domain Ω continuous derivatives of the
second and fourth order, respectively, in t and x; 3) satisfies equation (1) with conditions (2)
and (3) in the usual classical sense.

Theorem 1. Let the functions ϕ (x) , ψ (x) and f (x, t) satisfy the following conditions:
ϕ (x) , ψ (x) ∈ C(5) [0, 1], ϕ (0) = ψ (0) = 0, ϕ′ (0) = ϕ′ (1), ψ′ (0) = ψ′ (1), ϕ′′ (1) = 0,
ψ′′ (1) = 0, ϕ′′′ (0) = ϕ′′′ (1) , ψ′′′ (0) = ψ′′′ (1), ϕ(4) (0) = ψ(4) (0) = 0, f (0, t) = 0, fx (0, t) =
fx (1, t). Then there exists a unique regular solution to problem 1.

1. Djuraev T. D, Sopuev A. To the theory of the differential equations in private derivatives of the
fourth order [in Russian]. — Tashkent. ”FAN”, 2000, 144 p.

2. Otarova J. A. Solvability and spectral properties of boundary value problems for a fourth-order
mixed-type equation. Author. dis. Cand. physical - mat sciences. —Tashkent: AS RUz, 2009,
16 p.

3. Berdyshev A.S., Kadirkulov B. Zh. On a problem of Samara type for a fourth-order parabolic
equation [in Russian]. Proceedings of scientific conf. “Problems of modern mathematics”.
Karshi., April 22 - 23, 2011, pp. 84 - 86.
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We consider the Cauchy problem for integrable nonlocal nonlinear Schrödinger (NNLS) equation

iqt(x, t) + qxx(x, t) + 2σq2(x, t)q̄(−x, t) = 0, x ∈ (−∞,∞), t ≥ 0, σ = ±1, (1)

for a family of “shifted to the right” step-like initial data:

q(x, 0) =

{
0, x < R,

A, x > R,
(2)

where A,R > 0 are arbitrary constants. The NNLS equation was introduced by Ablowitz and
Musslimani in [1] as a nonlocal reduction of the classical Ablowitz-Kaup-Newell-Segur (AKNS)
system: {

iqt(x, t) + qxx(x, t) + 2q2(x, t)r(x, t) = 0,

−irt(x, t) + rxx(x, t) + 2r2(x, t)q(x, t) = 0,
(3)

with r(x, t) = σq̄(−x, t), where σ = +1 and σ = −1 correspond to the focusing and defocusing
equation respectively.

In the case of local, translation invariant, integrable equations (e.g., the classical NLS equa-
tion, which is a local reduction of (3) with r(x, t) = σq̄(x, t)), it is clear that the long-time
asymptotics of the solution of the initial value problem with initial conditions (2) does not
depend on R. But in the case of a nonlocal equation (such as NNLS), the situation is clearly
different: the nonlocal nonlinear term immediately “mixes up” the state of the system at x and
−x and thus one expects the different behavior for different R.

In our work [3] we rigorously demonstrate that the absence of translation invariance affects
significantly the qualitative behavior (particularly as t→∞) of the solution. We show that in

the focusing case (σ = +1), if R ∈
(

(2n−1)π
2A

, (2n+1)π
2A

)
, n ∈ N, then the (x, t) plane splits into

4n + 2 sectors exhibiting different asymptotic behavior of the solution of (1)+(2) as t → ∞
along the rays x

t
= const (2n+ 1 decaying sectors and 2n+ 1 “modulated constants” sectors).

This result is in a sharp contrast with the local case [2], where for any shift R the asymptotics
always has three qualitatively different regions: decaying, plane wave and elliptic wave region.

On the other hand, in the defocusing case (σ = −1), if R ∈
(

(n−1)π
A

, nπ
A

)
, n ∈ N, then there

exist 4n different asymptotic regions: 2n decaying sectors and 2n “modulated constants” sectors
altering each other. These results also show that step-like problems for focusing and defocusing
nonlocal NLS equations are close to each other, in contrast to the local case.

1. Ablowitz M.J., Musslimani Z.H. Integrable nonlocal nonlinear Schrödinger equation. Phys. Rev.
Lett., 2013, 110, 064105.

2. Boutet de Monvel A., Kotlyarov V. P., Shepelsky D. Focusing NLS Equation: Long-time dy-
namics of step-like initial data. Int. Math. Res. Not., 2011, 7, 1613–1653.

3. Rybalko Ya., Shepelsky D. Long-Time Asymptotics for the Integrable Nonlocal Focusing Non-
linear Schrödinger Equation for a Family of Step-Like Initial Data. Comm. Math. Phys., 2021,
382, 87–121.
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Group classification is concerned with finding an exhaustive list of inequivalent equations
from a class of differential equations containing one or more arbitrary elements [1]. It was
originally motivated from theoretical physics, where traditionally the equations admitting the
maximal number of symmetries among equations from a given class yield the most promising
model describing real-world phenomena.

All previous versions of the algebraic method of group classification were based on certain
normalization properties of classified classes. Roughly speaking normalized classes are those
where all nondegenerate (point) transformations connecting particular equations from the class
are induced by transformations from its equivalence group. In [2] we have extended the algebraic
method of group classification to non-normalized classes of differential equations. For this
purpose several new notions were introduced, in particular, notions of regular and singular cases
of Lie symmetry extensions. Regular Lie-symmetry extensions are associated with subalgebras
of the equivalence algebra of the class, while singular Lie-symmetry extensions are not related
to them.

We exhaustively solve the group classification problem for the non-normalized class W of
nonlinear wave and elliptic equations of the form

utt = f(x, u)uxx + g(x, u), (fu, guu) 6= (0, 0). (1)

The equivalence algebra g∼ of the class (1) is spanned by the vector fields

∂t, t∂t − 2f∂f − 2g∂g, u∂u + g∂g,

ζ∂x + 1
2
ζxu∂u + 2ζxf∂f + 1

2
(ζxg − ζxxxuf)∂g, χ∂u − χxxf∂g,

where ζ = ζ(x) and χ = χ(x) run through the set of smooth functions of x.
The complete solution of the group classification problem includes the complete preliminary

group classification of the class and the construction of singular Lie-symmetry extensions, which
are not related to subalgebras of the equivalence algebra. The complete preliminary group
classification is based on classifying appropriate subalgebras of the entire infinite-dimensional
equivalence algebra g∼ whose projections are qualified as maximal extensions of the kernel
invariance algebra.

The results obtained can be used to construct exact solutions of nonlinear wave and elliptic
equations.

1. Ovsiannikov L. V. Group analysis of differential equations. — New York: Acad. Press, 1982,
416 p.

2. Vaneeva O., Bihlo A., Popovych R. O. Generalization of the algebraic method of group clas-
sification with application to nonlinear wave and elliptic equations. Commun. Nonlinear Sci.
Numer. Simulat., 2020, 91, 105419.
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Let Ω be bounded C2 domain in RN , N > 2. Consider the following problem for semilinear
elliptic equation:

−∆u+H(x)uq = 0 in Ω, q > 1, H(x) > 0 ∀u > 0, x ∈ Ω (1)

u = kδa on ∂Ω, δa — Dirac measure, k > 0, a ∈ ∂Ω. (2)

We study solution u∞(t, x) of (1), satisfying condition (2) with k = ∞ in the following sense:
u∞(0, x) = 0 ∀x : |x| > 0, limt→0

∫
Rn
u∞(t, x)dx =∞. Solution u∞ is called very singular (v.s.)

solution.
The existence of such solutions was investigated by many authors [1], [2], i.e. H. Brezis,

A. Friedman, L.A. Peletier, D. Terman (for parabolic equstions), M. Marcus, L. Veron,
A. Gmira, A. Ratto, M. Rigoli (for elliptic equations) etc.

The following result has been obtained in [3].

Theorem 1. Let 1 < q < 1 + 2
N−1

and potential H(·) satisfies estimate:

0 6 H(x) 6 ch(ρ(x)) in Ω,

where h(s) = exp
(
−ω(s)

s

)
, and nondecreasing function ω(·) > 0: ω(s) → 0 as s → 0, satisfies

technical condition:

lim sup
j→∞

µ(2−j+1)µ(2−j)−1 < 1, µ(s) :=
ω(s)

s
.

Then under condition:
∫ 1

0
ω(s)
s

=∞, solution u∞(x) := limk→∞ uk(x) is large solution, i.e.

lim
x→y

u∞(x) =∞ ∀ y ∈ ∂Ω.

Thus for q ∈ (1, 1 + 2
N−1

) Dini condition is criterion (necessary and sufficient condition) for
existence of very singular solution of problem (1), (2).

Remark 1. Dini condition is also sufficient condition for uniqueness of large solution. We
conjecture that Dini condition is also necessary condition for uniqueness of large solution.

The research is supported by the National Academy of Sciences of Ukraine in the frame of projects

0120U100177 and 0120U100178.

1. Marcus M., Veron L. The boundary trace of positive solutions of semilinear elliptic equations:
The subcritical case. Arch. Rat. Mech. Anal., 1998, 144, 201–231.

2. Gmira A., Veron L. Boundary singularity of solutions of nonlinear elliptic equations. Duke
Math. J., 1991, 64, 271–324.

3. Shishkov A., Yevgenieva Ye. Very singular and large solutions of semilinear elliptic equations
with degenerate absorption. 2021. (submitted).
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In the present work, the Lie symmetry analysis of the coupled system of sine-Gordon equa-
tions {

utt − uxx = sin(u− v),
vtt − vxx = sin(u− v)

are studied. This problem is important in DNA (deoxyribonucleic acid) dynamics. The sym-
metry generators and the corresponding infinitesimals of the system are constructed and the
respective symmetry transformation groups are derived. The invariant criterions under the
symmetry transformation groups are presented.

1. Olver P. J. Applications of Lie Groups to Differential equations. — Berlin: Springer, 1993, 513 p.

2. Bluman G. W., Kumei S. Symmetries and Differential equations. — Berlin: Springer, 1989,
412 p.

3. Ibragimov N. H. CRC Handbook of Lie Group Analysis of Differential equations, vol. 1. —
Boca Raton, FL: CRC Press, 1994, 448 p.

4. Ovsiannikov L. V. Group Analysis of Differential equations. — New York: Academic, 1982,
416 p.

5. Yildirim O., Caglak S. Lie point symmetries of difference equation for nonlinear sine-Gordon
equation. Physica Scripta, 2019, 94, 085219(8).
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The Marsden-Weinstein reduction theorem allows for the simplification of a Hamiltonian
system on a symplectic manifold with a Hamiltonian Lie group of symmetries of a certain type
to new Hamiltonian systems, so-called reduced Hamiltonian systems, arising as projections to
quotients of submanifolds of the original Hamiltonian system that are invariant relative to its
evolution. This technique has proven to be very fruitful and many applications and generalisa-
tions have been accomplished over the years. It may happen that an equilibrium point of a re-
duced Hamiltonian system is not the projection of an equilibrium point of the initial one. In my
talk, I will present a time-dependent generalisation of the so-called energy-momentum method,
originally designed for studying the stability of equilibrium points of a reduced, autonomous,
Hamiltonian system. First, I shall introduce some fundamental notions from symplectic geom-
etry and Lyapunov stability such as momentum maps, the Marsden-Weinstein theorem, and
stability theorems, extending classical results to a time-dependent setting on manifolds. Next,
I will define a notion of relative equilibrium points that are points that project onto equilib-
rium points after the Marsden-Weinstein reduction to a quotient space. Then, I shall comment
on the properties of these equilibrium points and their relation to the behaviour of the initial
Hamiltonian system at relative equilibrium points. Finally, I will introduce some conditions de-
termining the stability of equilibrium points of reduced Hamiltonian systems and several other
related results. As an application, I study different non-autonomous Hamiltonian systems of
physical interest.
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Доповiдь присвячена застосуванню гiльбертових узагальнених просторiв Соболєва Hα,
де α ∈ OR, до елiптичних задач з крайовими даними, якi є довiльними розподiлами. Тут,
OR — множина усiх вимiрних за Борелем функцiй α : [1,∞) → (0,∞), для кожної з
яких iснують такi дiйснi числа r0 < r1 i c0, c1 > 0, що c0λ

r0 ≤ α(λt)/α(t) ≤ c1λ
r1 для

всiх λ, t ∈ [1,∞). Цi функцiї називають OR-змiнними на ∞ за В. Г. Авакумовичем. Не-
хай σ0(α) — супремум усiх r0 таких, що виконується лiва частина двобiчної нерiвностi, а
σ1(α) — iнфiмум усiх r1 таких, що виконується права частина цiєї нерiвностi. Гiльбертiв
простiр Hα(Rn) складається з усiх повiльно зростаючих розподiлiв w ∈ S ′(Rn), перетворе-
ння Фур’є яких Fw задовольняє умову α(1 + |ξ|) · (Fw)(ξ) ∈ L2(Rn, dξ). Його аналоги для
евклiдових областей та гладких компактних многовидiв уводяться стандартним чином.

Нехай Ω — обмежена область в Rn з межею Γ ∈ C∞. В Ω розглядаємо регулярну елiпти-
чну крайову задачу, яка складається з елiптичного диференцiального рiвняння Au = f в Ω
парного порядку 2q ≥ 2 i крайових умов Bju = gj на Γ порядкiв mj ≤ 2q−1, де j = 1, ..., q.
Усi коефiцiєнти рiвняння та умов належать до C∞(Ω,C) та C∞(Γ,C) вiдповiдно.

Нехай функцiя ϕ ∈ OR така, що σ0(ϕ) ≤ −1/2. Якщо σ1(ϕ) ≥ −1/2, виберемо числа
s0 < σ0(ϕ), s1 > σ1(ϕ), λ ∈ (−1/2, s1] i покладемо η(t) := t(1−θ)s1ϕ(tθ) при t ≥ 1, де
θ := (s1−λ)/(s1−s0). Якщо σ1(ϕ) < −1/2, виберемо число λ > −1/2 i покладемо η(t) := tλ

при t ≥ 1. Нехай Hϕρ2q

A,η (Ω) — гiльбертiв простiр усiх розподiлiв u ∈ Hϕρ2q
(Ω) таких, що

Au ∈ Hη(Ω), надiлений скалярним добутком графiка. Тут ϕρ2q позначає функцiю ϕ(t)t2q

аргументу t ≥ 1, а ϕj(t) := ϕ(t)t2q−mj−1/2.

Теорема 1. Множина C∞(Ω) щiльна в просторi Hϕρ2q

A,η (Ω), а вiдображення u 7→
(Au,B1u, . . . , Bqu), де u ∈ C∞(Ω), продовжується єдиним чином (за неперервнiстю) до
обмеженого нетерового оператора на парi гiльбертових просторiв Hϕρ2q

A,η (Ω) i Hη(Ω) ⊕⊕q
j=1H

ϕj(Γ). Його ядро лежить у C∞(Ω) та разом з iндексом не залежить вiд ϕ i η.

Нехай U — вiдкрита пiдмножина Rn така, що Ω0 := Ω ∩ U 6= ∅ i Γ0 := Γ ∩ U 6= ∅.
Позначимо через Hα

loc(Ω0,Γ0), де α ∈ OR, простiр усiх розподiлiв u ∈ S ′(Ω) таких, що
χu ∈ Hα(Ω) за умови, що χ ∈ C∞(Ω) i suppχ ⊂ Ω0 ∪ Γ0. Аналогiчно вводимо Hα

loc(Γ0).

Теорема 2. Припустимо, що розподiл u ∈ S ′(Ω) є розв’язком розглянутої елiптичної
задачi, де f ∈ Hη

loc(Ω0,Γ0) ∩ H−1/2+(Ω) i gj ∈ H
ϕj
loc(Γ0) для кожного j ∈ {1, . . . , q}. Тодi

u ∈ Hϕρ2q

loc (Ω0,Γ0).

Тут H−1/2+(Ω) — об’єднання усiх соболєвських просторiв Hs(Ω), де s > −1/2.
Наведено застосування цих теорем до однорiдних елiптичних рiвнянь, iнтерполяцiї де-

яких функцiональних просторiв, пов’язаними з цими рiвняннями, та до елiптичних задач
з бiлим гауссовим шумом у крайових умовах. Цi результати отримано спiльно з Р. Денком
i О. О. Мурачем в [1].

1. Anop A., Denk R., Murach A. Elliptic problems with rough boundary data in generalized
Sobolev spaces. Comm. Pure Appl. Anal., 2021, 20, No. 2, 697–735.

62



Динамiчна задача пружностi для чвертi простору
К. С. Бондаренко, Г. О. Фесенко

ОНУ iменi I.I. Мечникова Факультет математики, фiзики та iнформацiйних технологiй.
Кафедра методiв математичноi фiзики, Одеса, Україна
kirill-bondarenko@stud.onu.edu.ua, fesenko@onu.edu.ua

Пiд час побудови та експлуатацiї споруд та конструкцiй з’являються динамiчнi або
статичнi навантаження, через якi у пружних тiлах виникають та концентруються напру-
ження. Цi напруження можуть деформувати та навiть зламати конструкцiю. Тому треба
їх враховувати пiд час будiвництва. Задачi теорiї пружностi розглядалися у статичнiй або
динамiчнiй постановцi багатьма авторами для рiзних об’єктiв з рiзними початковими та
крайовими умовами. Такий об’єкт, як чверть простору може розглядатися, як модельний
перед роз’вязанням аналогiчної задачi для нескiнченного, або пiвнескiнченного шару, а
потiм для плити.

Побудовано хвильове поле пружного чвертьпростору, коли одну границю жорстко за-
крiплено, а на iншiй по прямокутнiй дiлянцi дiє нестацiонарне нормальне стискаюче на-
вантаження в початковий момент часу. Iнтегральнi перетворення Лапласа та Фур’є засто-
совано послiдовно до рiвнянь руху та до граничних умов, на вiдмiну традицiйним пiдхо-
дам, коли iнтегральнi перетворення застосовуються до подання розв’язкiв через гармонi-
чнi функцiї. Це приводить до одновимiрної векторної однорiдної крайової задачi вiдносно
невiдомих трансформант перемiщень. Задачу розв’язано за допомогою матричного дифе-
ренцiального числення. Поле вихiдних перемiщень знайдено пiсля застосування обернених
iнтегральних перетворень. Для випадку стацiонарних коливань вказано спосiб обчислення
у розв’язку квадратур у ближнiй зонi навантаження. Для аналiзу коливань у вiддаленiй
зонi побудовано асимптотичнi формули. Дослiджено амплiтуду вертикальних коливань
в залежностi вiд форми дiлянки навантаження, власних частот коливань та матерiалу
середовища.

Метод [1], полягає у поданнi системи рiвнянь Ламе через два спiльно та одне окремо
розв’язуванi рiвняння. Також завдяки цьому методу розв’язано змiшану задачу теорiї
пружностi в [2] цей метод використовувався пiд час розв’язання запропонованої задачi.

1. Попов Г. Я. О приведении уравнений движения упругой среды к одному независи-
мому и к двум совместно решаемым уравнениям, ДАН, 2002, 384, № 2, 193–196.

2. Попов Г. Я. Точное решение смешанной задачи теории упругости для четверти про-
странства, Известия РАН. Мех. твердого тела, 2003, № 6, 31–39.
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Про властивостi обмежених розв’зкiв рiзницевих
рiвнянь зi стрибками операторних коефiцiєнтiв

М. Ф. Городнiй, В. П. Кравець
Київський нацiональний унiверситет iменi Тараса Шевченка, Київ, Україна

horodnii@gmail.com, toriiawik@ukr.net

Нехай (X, ‖·‖) — комплексний банахiв простiр; L(X) — банахiв простiр усiх лiнiйних
обмежених операторiв, що дiють в X; I, O — вiдповiдно одиничний та нульовий оператори
в X. Нехай A, B, U , V — фiксованi оператори з L(X).

Вiдомо (див., наприклад, [1]), що рiзницеве рiвняння

un+1 = Uun + vn, n ∈ Z, (1)

має для кожної обмеженої (за нормою вX) послiдовностi {vn} єдиний обмежений розв’язок
{un} тодi i тiльки тодi, коли спектр σ(U) оператора U не перетинається з одиничним колом
S =

{
z ∈ C | |z| = 1

}
, а також рiзницеве рiвняння

xn+1 − 2xn + xn−1 = Axn + yn, n ∈ Z, (2)

має для кожної обмеженої послiдовностi {yn} єдиний обмежений розв’язок {xn} у тому i
тiльки в тому випадку, коли σ(A) ∩ [−4; 0] = ∅.

Нехай σ(U) ∩ S = ∅. Позначимо через σ−(U) i σ+(U) частини спектра, що лежать
вiдповiдно всерединi i зовнi кола S, а через P±(U) — проектори, що вiдповiдають σ±(U).
Згiдно з теоремою про розщеплення оператора простiр X зображується у виглядi прямої
суми X = X−(U)+̇X+(U) iнварiантних вiдносно U пiдпросторiв X±(U) = P±(U)(X).

В [2] встановлено, що коли виконуються умови
(i1) σ(U) ∩ S = ∅, σ(V ) ∩ S = ∅;
(i2) X = X−(U)+̇X+(V ),

то рiзницеве рiвняння зi стрибком операторного коефiцiєнта{
wn+1 = Uwn + vn, n ≥ 1,

wn+1 = V wn + vn, n ≤ 0,
(3)

має для кожної обмеженої послiдовностi {vn} єдиний обмежений розв’язок {wn}.
Справджуються такi теореми.

Теорема 1. Якщо виконуються умови (i1), (i2), то знайдуться такi залежнi тiль-
ки вiд операторiв U , V сталi ρ ∈ (0, 1), C > 0, n0 ∈ N, що для кожної обмеженої в
X послiдовностi {vn} для вiдповiдних до цiєї послiдовностi обмежених розв’язкiв {un}
рiвняння (1) та {wn} рiвняння (3) для кожного n ≥ n0 виконується оцiнка

‖un − wn‖ ≤ Cρn sup
n∈Z
‖vn‖.

Покладемо X2 =
{
x = (x(1), x(2))t

∣∣ x(1), x(2) ∈ X
}
.

Тодi X2 — банахiв простiр з покоординатними додаванням i множенням на скаляр та нор-

мою ||x||∗ = ||x(1)||+||x(2)||. Як i для числових матриць, TA =

(
A+ 2I −I
I O

)
задає лiнiйний

обмежений оператор в X2. Вiдзначимо, що коли σ(A) ∩ [−4; 0] = ∅, то σ(TA) ∩ S = ∅.
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Теорема 2. Нехай для операторiв A,B виконуються такi умови:
(j1) σ(A) ∩ [−4; 0] = ∅, σ(B) ∩ [−4; 0] = ∅;
(j2) X2 = X2

−(TA)+̇X2
+(TB).

Тодi: 1) рiзницеве рiвняння{
an+1 − 2an + an−1 = Aan + yn, n ≥ 1,

an+1 − 2an + an−1 = Ban + yn, n ≤ 0,
(4)

має для кожної обмеженої послiдовностi {yn} єдиний обмежений розв’язок {an};
2) iснують такi залежнi тiльки вiд A, B сталi ρ ∈ (0, 1), C > 0, n0 ∈ N, що для

кожної обмеженої в X послiдовностi {yn} для вiдповiдних до цiєї послiдовностi обмеже-
них розв’язкiв {xn} рiвняння (2) та {an} рiвняння (4) для кожного n ≥ n0 виконується
оцiнка

‖xn − an‖ ≤ Cρn sup
n∈Z
‖yn‖.

1. Дороговцев А. Я. Периодические и стационарные режимы бесконечномерных детермини-
рованных и стохастических динамических систем. — К.: Вища шк., 1992, 319 с.

2. Гончар I.В. Про обмеженi та сумовнi розв’язки рiзницевого рiвняння зi стрибком оператор-
ного коефiцiєнта. Вiсник КНУ. Серiя: фiз.-мат. науки, 2016, № 2, 25-28.
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Коефiцiєнтна обернена задача для параболiчного
рiвняння з довiльним слабким виродженням

Н. М. Гузик1, О. Я. Бродяк2,1

1 Нацiональна академiя сухопутних вiйськ iменi гетьмана Петра Сагайдачного, Львiв,
Україна

2 Нацiональний унiверситет ”Львiвська полiтехнiка”, Львiв, Україна
hryntsiv@ukr.net, brodyakoksana1976@gmail.com

В областi QT = {(x, t) : 0 < x < h, 0 < t < T} розглядається обернена задача визна-
чення залежних вiд часу функцiй b1 = b1(t), b2 = b2(t) у коефiцiєнтi при похiднiй за
просторовою змiнною у параболiчному рiвняннi з виродженням

ψ(t)ut = a(t)uxx + (b1(t)x+ b2(t))ux + c(x, t)u+ f(x, t) (1)

з початковою умовою
u(x, 0) = ϕ(x), x ∈ [0, h], (2)

крайовими умовами
ux(0, t) = µ1(t), ux(h, t) = µ2(t), t ∈ [0, T ] (3)

та умовами перевизначення

h∫
0

u(x, t)dx = µ3(t), t ∈ [0, T ], (4)

h∫
0

xu(x, t)dx = µ4(t), t ∈ [0, T ]. (5)

Вiдомо, що a(t) > 0, t ∈ [0, T ], а виродження рiвняння спричиняє монотонно зростаюча
функцiя ψ(t) > 0, t ∈ (0, T ], ψ(0) = 0. Дослiджується випадок слабкого виродження, ко-

ли lim
t→0

t∫
0

dτ

ψ(τ)
= 0. На основi теореми Шаудера про нерухому точку цiлком неперервного

оператора встановлено умови iснування класичного розв’язку задачi (1)-(5). Доведення
єдиностi базується на властивостях розв’язкiв однорiдних iнтегральних рiвнянь Вольте-
ра другого роду з ядрами, що мають iнтегровнi особливостi. При цьому у дослiдженнях
використовується апарат функцiй Грiна крайових задач для параболiчних рiвнянь.

Теорема 1. Нехай виконуються умови:
B1) ϕ ∈ C2[0, h], µi ∈ C[0, T ], i = 1, 2, µi ∈ C1[0, T ], i = 3, 4, c, f ∈ C(QT ) та

задовольняють умову Гельдера за змiнною x рiвномiрно по t;
B2) ϕ′(x) > 0, x ∈ [0, h];

B3) ψ(t) > 0, t ∈ (0, T ], ψ(0) = 0, lim
t→0

t∫
0

dτ

ψ(τ)
= 0;

B4) ϕ′(0) = µ1(0), ϕ′(h) = µ2(0),
h∫
0

ϕ(x)dx = µ3(0),
h∫
0

xϕ(x)dx = µ4(0).

Тодi iснує єдиний локальний розв’язок (b1, b2, u) ∈ (C[0, T0])2×C2,1(QT0
) задачi (1)-(5).
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Визначення характеристик асинхронного двигуна у
випадку неповноти iнформацiї про роботу його

компонент
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Iнститут прикладної математики та механiки НАН України, Слов’янськ, Україна
dmitrishin.ira@gmail.com

Сучасна промисловiсть найчастiше використовує електроприводи на базi приводiв
змiнного тока, якi генеруються асинхронними двигунами (АД). Задача оцiнки стану всих
параметрiв АД, для бiдь-якої з моделей АД, повнiстю не була розв’зана, оскiльки потребує
забеспечення стiйкостi даного процесу. Пряме вимiрювання вектору потокозчеплення не
є простою задачею, тому виникає необхiднiсть у використаннi методiв визначення пото-
козчеплення ротору за динамiчними рiвняннями, використовуючи вимiрювання фазного
току, напруги статора та швидкостi обертання ротора [1]. Але й забеспечення точностi
таких вимiрювань також важко досягти, оскiльки точнiть параметрiв АД залежить вiд
партiї АД, яка була виготовлена (для кожної партiї АД вона є рiзною, тому виробник
найчастiше зазначає середнi значення параметрiв), умов експлуатацiї АД.

В роботi розглядається математична модель двохфазного АД, яку записано в системi
координат, що прив’язана до статора [2].

ẏ1 = −a1y1 + a2U1 + a1µx1 + a1y3x2,
ẏ2 = −a0y2 + a2U2 − a1y3x1 + a1µx2,
ẏ3 = a3y2x1 − a3y1x2 − x3,
ẋ1 = a4y1 − µx1 − y3x2,
ẋ2 = a4y2 + y3x1 − µx2,
ẋ3 = 0,

(1)

В данiй моделi введенi наступнi позначення: x = (λa, λb, np · τL/Jm)T , y = (ia, ib, np · ω)T , де
ia, ib описують токи статора, а λa, λb- флюси ротора, U1, U2- напруги статора, а np- число
пар полюсiв, Im-момент iнерцiї та τL- момент обертання ротора, ω-швидкiсть обертання
ротора, константи a0, a1, a2, a3, a4, µ > 0.

В роботi приводиться побудова нелiнiйного спостерiгача, який дозволяє отримати оцiн-
ки момента обертання статора в залежностi вiд iндуктивностi та швидкостi обертання ро-
тора та обернена до неї задача. До того ж розглянута задача отримання асимптотичних
оцiнок одночасно обертаючого моменту статора та швидкостi момента ротора в залежно-
стi вiд iндуктивностi та токiв статора. Крiм того, розглядається й iнша постановка задачi,
яка дозволяє побудувати нелiнiйний спостерiгач для побудови оцiнки швидкостi обертан-
ня ротора в залежностi вiд токiв статора, iндуктивностi та обертаючого моменту статору.
Для побудови спостерiгача використано метод синтезу iнварiантних спiввiдношень [3], що
виражає невiдомi як функцiї вiд вiдомих величин.

1. Терехин А.А.,Даденков Д.А. Обзор способов идентификации параметров асинхронного
электропривода. Вестник ПНИПУ, 2017, №22, 56-66.

2. Sassano M. Towards constructive nonlinear control systems analysis and design. PhD
thesis,Control and Power Research Group Department of Electrical and Electronic Engineering
Imperial College London, 2012.

3. Жоголева Н.В., Щербак В.Ф. Синтез дополнительных соотношений в обратных задачах
управления. Труды ИПММ НАН Украины, 2015, 29, 69-76.
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Групова класифiкацiя (1+1)-вимiрних нелiнiйних
узагальнених рiвнянь Клейна–Гордона

О. В. Локазюк
Iнститут математики НАН України, Київ, Україна

sasha.lokazuik@gmail.com

У доповiдi буде представлено результати роботи [1], де розв’язано задачу групової
класифiкацiї нелiнiйних узагальнених рiвнянь Клейна–Ґордона

utx = f(t, x, u), fuu 6= 0. (1)

Тут i нижче u = u(t, x) — невiдома функцiя незалежних змiнних (t, x), а iндекси функцiй
позначають похiднi вiдносно вiдповiдних змiнних.

Лема 1. Клас (1+1)-вимiрних нелiнiйних узагальнених рiвнянь Клейна–Ґордона (1)
є нормалiзованим. Його групу еквiвалентностi G∼ породжують перетворення вигляду

t̃ = T (t), x̃ = X(x), ũ = Cu+ U0(t, x), f̃ =
Cf + U0

tx

TtXx

, TtXx 6= 0, (2)

та дискретне перетворення t̃ = x, x̃ = t, ũ = u, f̃ = f . Тут T , X, U0 — довiльнi гладкi
функцiї своїх аргументiв, C — довiльна ненульова стала.

Оскiльки клас нормалiзований, то природно застосувати алгебраїчний метод групової
класифiкацiї (див. [2] щодо термiнологiї та вiдповiдних означень). Специфiчна структу-
ра групи еквiвалентностi класу дозволяє суттєво використати класичну теорему Лi про
реалiзацiї алгебр Лi векторними полями на прямiй. Цей пiдхiд дозволяє покращити по-
переднi результати [3] щодо лiївських симетрiй рiвнянь з класу (1) й iстотно спростити
доведення. Пiсля знаходження низки цiлочисельних характеристик випадкiв розширень
лiївських симетрiй, якi є iнварiантними вiдносно групи G∼, вичерпно описано послiдовнi
розширення лiївських симетрiї в класi.

Теорема 1. Повний список G∼-нееквiвалентних випадкiв розширень лiївської симет-
рiї в класi (1) вичерпують такi випадки:

0) f = f̂(t, x, u), 1) f = f̂(x, u), 2) f = f̂(x− t, u), 3) f = etf̂(x, e−tu),

4) f = ex+tf̂(x− t, e−x−tu), 5) f = etf̂(e−tu), 6) f = ex+tf̂(e−x−tu),

7) f = |x− t|−q−2f̂(|x− t|qu), q 6= 0, 8) f = |x|−q−2f̂(|x|qu), q 6= 0,

9) f = f̂(u), 10) f = (x− t)−2f̂(u),

11) f = eu/x, 12) f = |u|pu, p 6= −1, 0, 13) f = eu.

Розмiрностi максимальних алгебр лiївської iнварiантностi у випадках 0, 1–4, 5–8, 9–11,
12, 13 вiдповiдно дорiвнюють 0, 1, 2, 3, 4, ∞.

1. Boyko V.M., Lokaziuk O.V., Popovych R.O. Realizations of Lie algebras on the line and the
new group classification of (1+1)-dimensional generalized nonlinear Klein–Gordon equations.
(arXiv:2008.05460).

2. Vaneeva O.O., Bihlo A., Popovych R.O. Generalization of the algebraic method of group classifi-
cation with application to nonlinear wave and elliptic equations. Commun. Nonlinear Sci. Numer.
Simul., 2020, 91, 105419.

3. Lahno V., Zhdanov R., Magda O. Group classification and exact solutions of nonlinear wave
equations. Acta Appl. Math., 2006, 91, 253–313.
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Про фредгольмовi крайовi задачi з параметром в
просторах Соболєва-Слободецького

В. А. Михайлець1, Т. Б. Скоробогач2

1Iнститут математики Нацiональної академiї наук України, Київ, Україна
2Нацiональний технiчний унiверситет України "Київський полiтехнiчний iнститут iменi

Iгоря Сiкорського" , Київ, Україна
mikhailets@imath.kiev.ua, tetianaskorobohach@gmail.com

Нехай задано скiнченний iнтервал (a, b) ⊂ R та числа

m ∈ N, s ∈ (1,∞) \ N, ε0 > 0, 1 ≤ p <∞.

Розглянемо параметризовану числом ε ∈ [0, ε0) сiм’ю неоднорiдних крайових задач вигля-
ду

L(ε)y(t; ε) := y′(t; ε) + A(t; ε)y(t; ε) = f(t; ε), t ∈ (a, b), (1)

B(ε)y(·; ε) = c(ε), (2)

де при кожному фiксованому значеннi параметра ε матриця-функцiя A(·; ε) ∈
W s−1
p

(
[a, b];Cm×m) =:

(
W s−1
p

)m×m, вектор-функцiя f(·; ε) ∈ W s−1
p

(
[a, b];Cm

)
=:
(
W s−1
p

)m,
вектор c(ε) ∈ Cm, а B(ε) — лiнiйний неперервний оператор

B(ε) :
(
W s
p

)m → Cm.

Пiд розв’язком крайової задачi (1), (2) розумiємо вектор-функцiю y(·; ε) ∈
(
W s
p

)m, яка
задовольняє рiвняння (1) майже скрiзь (при s > 1 + 1/p скрiзь) на (a, b) та рiвнiсть (2).
Крайова умова (2) є найбiльш загальною для системи (1). Iз крайовою задачею (1), (2)
можна пов’язати лiнiйний оператор

(L(ε), B(ε)) :
(
W s
p

)m →(W s−1
p

)m × Cm. (3)

Оператор (3) є обмеженим фредгольмовим оператором з iндексом 0.
Отримано такi результати:
— встановлено конструктивний критерiй неперервної залежностi вiд параметра ε при

ε = 0 розв’язку крайової задачi (1),(2);
— доведено, що похибка i нев’язка розв’язку крайової задачi (1),(2) мають однаковий

порядок малостi при ε→ 0+;
— отримано застосування цих результатiв до багатоточкових крайових задач.
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Умови неперервностi за параметром розв’язкiв
одновимiрних крайових задач

О. Б. Пелехата, Н. В. Рева
НТУУ ”КПI iменi Iгоря Сiкорського”, Київ, Україна

pelehataob2015@gmail.com

Розглянемо на скiнченному iнтервалi (a, b) ⊂ R для кожного цiлого невiд’ємного n
систему m лiнiйних диференцiальних рiвнянь порядку r ≥ 1

y(r)(t, n) + Ar−1(t, n)y(r−1)(t, n) + · · ·+ A0(t, n)y(t, n) = f(t, n) (1)

iз неоднорiдними крайовими умовами

Bj(n)y(·, n) = cj(n), j ∈ {1, 2, . . . , r} =: [r], (2)

де лiнiйнi неперервнi оператори

Bj(n) : C(r−1)([a, b];Cm)→ Cm, j ∈ [r].

Припускається, що матрицi-функцiї Aj−1(·, n), вектор-функцiя f(·, n) сумовнi на [a, b], а
вектори cj(n) - заданi з простору Cm.

Надалi вважатимемо, що гранична крайова задача (1) – (2) для n = 0 має єдиний
розв’язок. Тодi цiкавими є наступнi питання:

• За яких умов на лiвi частини задач (1) – (2) їх розв’язки y(·, n) iснують i єдинi при
довiльних правих частинах i достатньо великих n;

• Якi додатковi умови на лiвi i правi частини задач (1) – (2) гарантують, що∥∥y(j−1)(·, 0)− y(j−1)(·, n)
∥∥
∞ → 0, n→∞, j ∈ [r],

де ‖·‖∞ — sup-норма на вiдрiзку [a, b].

Отриманi в роботах результати дають вiдповiдi на цi питання (див. [1], [2]) .

1. Mikhailets V.A.,Pelekhata O.B., Reva N.V. Limit theorems for the solutions of boundary-value
problems. Ukr. Mat. Zh, 2018, 7, No. 2, 243–251.

2. Pelekhata O.B., Reva N.V. Limit Theorems for the Solutions of Linear Boundary-Value
Problems for Systems of Differential Equations. Ukr. Mat. Zh, 2019, 71, No. 7, 1061–1070.
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Виникнення граничних циклiв у моделях
динамiчних систем конфлiкту

О. Р. Сатур
Iнститут математики НАН України, Київ, Україна

oksana@satur.in.ua

Нехай Ω = {ω1, ω2, . . . , ωn}, n > 1 – деяка скiнченна множина з дискретною топологiєю.
Позначимо черезM+

1 (Ω) множину дискретних ймовiрнiсних мiр на Ω. Розглянемо довiль-
ну фiксовану пiдмножину мiр µi ∈M+

1 (Ω), i = 1, . . . ,m, m ≥ 2. Кожну з цих мiр µi можна
ототожнити з стохастичним вектором pi = (pij)

n
j=1, якщо покласти

pij = µi(ωj), i = 1, . . . ,m, j = 1, . . . , n.

Для побудови динамiчної системи визначимо вiдображення ∗ у просторi стохастичних
векторiв (перетворення конфлiкту) таким чином. Кожному вектору pti = (ptij)

n
j=1 постави-

мо у вiдповiднiсть вектор pt+1
i = (pt+1

ij )nj=1 за правилом, визначеним у термiнах координат

pt+1
ij =

1

zt
(
ptij
(
θt + 1

)
+ τ tj

)
, t = 0, 1, . . . , (1)

де θt = θ
(
pt1,p

t
2, . . . ,p

t
m

)
, zt = 1 + θt + W t, W t =

∑n
j=1 τ

t
j > 0. τ tj = τj(t) – довiльнi додатнi

перiодичнi функцiї з cумiрними перiодами. Позначимо wtj = wj(t) =
τj(t)

W (t)
.

Iтерацiя вiдображення ∗ генерує багатокомпонентну динамiчну систему з траєкторiями{
pt1,p

t
2, . . . ,p

t
m

} >,t−→
{
pt+1

1 ,pt+1
2 , . . . ,pt+1

m

}
, t = 0, 1, . . . . (2)

Теорема 1. Припустимо, що головний перiод функцiй wj(t) є додатнiм цiлим числом
T > 1. Тодi кожна траєкторiя динамiчної системи (1), заданої системою рiзнецевих
рiвняннь (2), збiгається до ω-граничної множини Γ∞, яка є циклiчною орбiтою. Тобто,
множина Γ∞ є iнварiантною вiдносно перетворення > та складається з T впорядкова-
них векторiв Γl, l = 1, . . . , T

Γ1
>−→ Γ2

>−→ Γ3
>−→ · · · >−→ ΓT

>−→ Γ1.

Гранична ω-множина Γ∞ є нестiйкою.

Автор дякує за фiнансову пiдтримку Нацiональному фонду дослiджень України, Про-
єкт 2020.02/0089.

1. Koshmanenko V., Samoilenko I. The conflict triad dynamical system. Commun Nonlinear
Sci Numer Simulat, 2011, 16, No. 7, 2917–2935.

2. Кошманенко В.Д. Спектральна теорiя динамiчних систем конфлiкту. – Київ: Нау-
кова думка, 2016, 287 c.

3. Cатур О.Р. Граничнi стани багатокомпонентних динамiчних систем, Нелiнiйнi коли-
вання, 2020, 72, № 1, 77–89.
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Про апроксимативнi властивостi розв’язкiв
багатоточкових крайових задач

В. О. Солдатов
Iнститут математики НАН України, Київ, Україна

soldatov@imath.kiev.ua, soldatovvo@ukr.net

В доповiдi обговорюється питання про можливiсть i явнi оцiнки похибки апроксимацiї
розв’язками багатоточкових крайових задач розв’язку загальної крайової задачi вигляду

Ly(t) := y(r)(t) +
∑r

l=1
Ar−l(t) y

(r−l)(t) = f(t) для м.в. t ∈ [a, b], By = q. (1)

Тут довiльно задано r,m ∈ N, a, b ∈ R, a < b, Ar−l ∈ (L1)m×m, f ∈ (L1)m, q ∈ Crm i
неперервний лiнiйний оператор B : (C(r−1))m → Crm. Припускаємо, що задача (1), (2) має
єдиний розв’язок y ∈ (W r

1 )m для довiльних f ∈ (L1)m i q ∈ Crm. Тут W r
1 — L1-простiр

Соболєва порядку r. Нормованi простори L1, C(r−1) i W r
1 комплекснi та заданi на [a, b].

Нехай X — довiльна щiльна пiдмножина простору (L1)m×m. Розглянемо послiдовнiсть
багатоточкових крайових задач вигляду

Lk yk(t) := y
(r)
k (t) +

∑r

l=1
Ar−l,k(t) y

(r−l)
k (t) = f(t) для м.в. t ∈ [a, b], (2)

Bk yk :=
∑pk

j=1

∑r−1

l=0
βj,lk y(l)(tk,j) = q, (3)

де k ∈ N. Припускаємо, що Ar−l,k ∈ X , pk ∈ N, βj,lk ∈ Crm×m i tk,j ∈ [a, b] для всiх
допустимих значень iндексiв k, l i j. Розв’язки yk розглядаються у просторi (W r

1 )m.
Теорема 1. Для крайової задачi (1) iснує послiдовнiсть багатоточкових крайових

задач вигляду (2), (3) таких, що вони однозначно розв’язнi при k � 1 i yk → y в (W r
1 )m

при k →∞. Цю послiдовнiсть можна вибрати незалежною вiд f i q й побудувати явно.
Нехай послiдовнiсть (2), (3) задовольняє висновок теореми 1 для довiльних f ∈ (L1)m

i q ∈ Crm, якщо k ≥ %̃, де %̃ — деякий номер. Розглянемо при k ≥ %̃ крайовi задачi вигляду

Lk xk(t) = fk(t) для м.в. t ∈ [a, b], Bk xk = qk, (4)

де fk ∈ (L1)m i qk ∈ Crm. Кожна з них має єдиний розв’язок xk ∈ (W r
1 )m.

Теорема 2. Нехай задано числа %̂ ≥ %̃ i ε > 0. Припустимо, що ‖fk − f‖1 < ε i
‖qk − q‖ < ε при k ≥ %̂. Тодi iснують числа κ > 0 i % ≥ %̂ такi, що ‖xk − y‖r,1 < κ ε
при k ≥ %. Число κ можна вибрати незалежним вiд ε, %̂, f , q, fk i qk, а % — вiд fk i qk.
Зокрема, якщо fk → f в (L1)m i qk → q в Crm при k →∞, то xk → y в (W r

1 )m при k →∞.
Тут ‖ · ‖1 — норма в (L1)m, ‖ · ‖ — норма в Crm, а ‖ · ‖r,1 — норма в (W r

1 )m.
Теорема 3. Нехай задано числа %̂ ≥ %̃ i ε > 0. Припустимо, що ‖Fk − F‖(0) < ε i

‖qk − q‖ < ε при k ≥ %̂, де F i Fk первiснi функцiй f i fk на [a, b], причому F (a) = 0
i Fk(a) = 0. Крiм того, припустимо, що σ := sup

{
‖Bk‖ : k ≥ %̂

}
< ∞. Тодi iснують

числа κ > 0 i % ≥ %̂ такi, що ‖xk − y‖(r−1) < κσε при k ≥ %. Число κ можна вибрати
незалежним вiд ε, σ, %̂, f , q i задач (4), а % — вiд fk i qk. Зокрема, якщо Fk → F в (C(0))m

i qk → q в Crm при k →∞, то xk → y в (C(r−1))m при k →∞.
Тут ‖Bk‖ — норма оператора Bk : (C(r−1))m → Crm, а ‖ · ‖(r−1) — норма в (C(r−1))m.
Цi результати отримано спiльно з О. О. Мурачем та О. Б. Пелехатою в роботi [1].
1. Мурач О.О., Пелехата О.Б., Солдатов В.О. Апроксимативнi властивостi розв’язкiв бага-

тоточкових крайових задач. Укр. мат. журн., 2021, 73, №3, 341–353.
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Знаходження розв’язкiв динамiчних систем на
фрактальних множинах

О. П. Страх
Сумський державний педагогiчний унiверситет iменi А. С. Макаренка, Суми, Україна

strah_o@ukr.net

Як вiдомо, теорiя динамiчних рiвнянь на часовiй шкалi дозволяє розглядати вiдпо-
вiднi рiвняння та їх системи на фрактальних множинах, якi є замкненими пiдмножинами
множини дiйсних чисел. Зокрема, iснує можливiсть отримання фундаментальних матриць
для однорiдних динамiчних систем виду

x∆(t) = A(t)x(t), (1)

заданих на множинi Кантора. Так, для системи динамiчних рiвнянь

x∆(t) = x(t). (2)

фундаментальна матриця має вигляд

X(t) =



∏
i

[(
3αi+1

3αi
e−

1
3αi

)
·
∞∏

l=αi+1

((
3l+1

3l
e−

1

3l

)2l−αi−1
)]

etI, ∀t =
∑
i

2
3αi
,

I, t = 0,

(3)

де I — одинична матриця вiдповiдної розмiрностi.
Легко показати, що для кожної точки t =

∑
i

2
3αi

канторової множини вiдповiдний

коефiцiєнт у виразi (3) для фундаментальної матрицi є збiжним.
Виявляється, що не для кожної часової шкали, подiбної до множини Кантора, можна

отримати вираз фундаментальної матрицi системи (2). Але також можна показати, що
iснують такi динамiчнi системи виду (1), вигляд розв’язкiв яких на рiзних фрактальних
множинах є однаковим. Такими системами, наприклад є системи виду

x∆(t) =
1

t+ α
Ix(t), (4)

де α — довiльне дiйсне число. Дiйсно, враховуючи означення ∆-похiдної для справа роз-
сiяних точок, з рiвностi

X∆(t) =
1

µ(t)
(X(σ(t))−X(t)) =

1

t+ α
X(t)

отримуємо, що для всiх часових шкал, для яких t = 0 є справа щiльною точкою, фунда-
ментальна матриця системи (4) має один i той же вигляд

X(t) = (t+ α)I.

1. Agarwal R. P., Bohner M., Boichuk A., Strakh O. Fredholm boundary value problems for
perturbed systems of dynamic equations on time scales, Mathematical Methods in the Applied
Sciences, 2015, 38, No. 17, 4178-4186.
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Pω(Y0, Y1,±∞)-розв’язки диференцiальних рiвнянь
другого порядку з рiзного типу нелiнiйностями

O. O. Чепок
Державний заклад “Пiвденноукраїнський нацiональний педагогiчний унiверситет

iменi К.Д. Ушинського”, Одеса, Україна
olachepok@ukr.net

Розглядається диференцiальне рiвняння

y′′ = α0p(t)ϕ0(y)ϕ1(y′), (1)

у якому α0 ∈ {−1; 1}, функцiя p : [a, ω[→]0,+∞[ (−∞ < a < ω ≤ +∞) є неперервною
функцiєю, функцiя ϕ1 : ∆Y1 →]0,+∞[ є правильно змiнною (див. [1, c. 17]) порядку σ1 при
прямуваннi аргументу до Y1 , а функцiя ϕ0 : ∆Y0 →]0,+∞[ двiчi неперервно диференцi-
йовна на ∆Y0 та така, що вона та її похiдна першого порядку є швидко змiнними [1, c. 139]
при прямуваннi аргументiв до Y0, Yi ∈ {0,±∞}, ∆Yi — однобiчний окiл Yi, (i ∈ {0, 1}).

Рiвняння (1) дослiджується щодо умов iснування так званих Pω(Y0, Y1, λ0)-розв’язкiв
(див. [2]) у особливому випадку λ0 = ±∞. Зважаючи на апрiорнi властивостi функцiй цьо-
го класу розв’язкiв, їх похiдна другого порядку у явному виглядi не може бути виражена
через похiдну першого порядку, що змушує змiнити методику їх дослiдження порiвняно з
iншими випадками.

Результати доповнюють отриманi ранiше достатнi умови iснування Pω(Y0, Y1,±∞)-
розв’язкiв дослiджуваного рiвняння [3,4]. Pω(Y0, Y1,±∞)-розв’язки рiвняння (1) знайденi
у термiнах деякої неперервно диференцiйовної функцiї L : [t0, ω[−→ R(t0 ∈ [a, ω[). Було
знайдено достатнi умови iснування у рiвняння (1) розв’язкiв цього класу, за умови

lim
t↑ω

πω(t)L′(t)

L(t)
|H(t)|

1
2 = γ0, де γ0 = 0, H(t) =

L2(t)ϕ′0(πω(t)L(t))

L′(t)ϕ0(πω(t)L(t))
. (2)

Випадки γ0 = ±∞ та 0 < |γ| < +∞ були розглянутi, вiдповiдно, у роботах [3] та [4].
За умови iснування Pω(Y0, Y1,±∞)-розв’язкiв у рiвняння (1) для випадку виконання

умови (2), знайденi наступнi асимптотичнi зображення при t ↑ ω таких розв’язкiв та їх
похiдних першого порядку.

y(t) = πω(t) · L(t) +
ϕ′0(πω(t)L(t))

ϕ0(πω(t)L(t))
· o(1),

y′(t) = [L(t) + πω(t) · L′(t)] · [1 + |H(t)|−
1
2 · o(1)].

1. Bingham N.H., Goldie C.M., Teugels J. L. Regular variation. Encyclopedia of mathematics
and its applications. — Cambridge university press, Cambridge,1987, 494 p.

2. Евтухов В.М. Асимптотические представления решений неавтономных обыкновенных диф-
ференциальных уравнений: дис. докт. физ.-мат. наук: 01.01.02. — Киев, 1998, 295 с.

3. Чепок О.О. Асимптотичнi зображення розв’язкiв з повiльно змiнними похiдними дифе-
ренцiальних рiвнянь другого порядку з правильно та швидко змiнними функцiями. Дослi-
дження в математицi i механiцi, 2018, 23, №2(32) 108 – 117.

4. Chepok, О.О. Asymptotic representations of solutions with slowly varying derivatives of the
second order differential equations with the product of different types of nonlinearities. Bukovi-
nian Math. Journal, 2020, 8, No. 1, 10 – 19.
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Chepurukhina@gmail.com

Нехай Ω — обмежена область в Rn з межею Γ ∈ C∞. Розглянемо в Ω лiнiйну елiптичну
крайову задачу (ЕКЗ) вигляду

A(x,D)u(x) = f(x), x ∈ Ω, Bj(x,D)u(x) = gj(x), x ∈ Γ, j = 1, . . . , l. (1)

Тут ordA = 2l, де l ∈ N, а mj := ordBj ≤ 2l − 1. Коефiцiєнти операторiв A i Bj належать
до просторiв C∞(Ω,C) i C∞(Γ,C) вiдповiдно.

У доповiдi обговорюється характер розв’язностi i властивостi розв’язкiв цiєї ЕКЗ у
просторах Нiкольського Bs

p,∞(Ω) низької регулярностi s за припущення, що f ∈ Lp(Ω), де
1 < p <∞. Для довiльного розподiлу u ∈ S ′(Ω) такого, що Au ∈ Lp(Ω), коректно означенi
розподiли Bju ∈ D′(Γ) за допомогою граничного переходу.

Теорема 1. Нехай s ≤ 2l i 1 < p < ∞. Тодi ЕКЗ (1) породжує нетерiв обмежений
оператор на парi банахових просторiв{

u ∈ Bs
p,∞(Ω) : Au ∈ Lp(Ω)

}
i Lp(Ω)×

∏l

j=1
Bs−mj−1/p
p,∞ (Γ),

де перший простiр надiлений нормою графiка. Ядро цього оператора лежить у просторi
C∞(Ω,C) i разом з iндексом не залежить вiд s i p.

Нехай вiдкрита множина U ⊂ Rn така, що Ω0 := Ω∩U 6= ∅ i Γ0 := Γ∩U 6= ∅. Позначимо
через Bσ,loc

p,∞ (Ω0,Γ0), де σ ∈ R, простiр усiх розподiлiв u ∈ S ′(Ω) таких, що χu ∈ Bσ
p,∞(Ω)

для кожної функцiї χ ∈ C∞(Ω), яка задовольняє умову suppχ ⊂ Ω0 ∪ Γ0. Аналогiчно
позначимо через Bσ,loc

p,∞ (Γ0) простiр усiх розподiлiв h ∈ D′(Γ) таких, що χh ∈ Bσ
p,∞(Γ) для

кожної функцiї χ ∈ C∞(Γ), яка задовольняє suppχ ⊂ Γ0.

Теорема 2. Нехай s ∈ R i 1 < p < ∞. Припустимо, що розподiл u ∈ S ′(Ω) є
розв’язком ЕКЗ (1), правi частини якої задовольняють умови f ∈ Lp(Ω)∩Bs−2l,loc

p,∞ (Ω0,Γ0)

i gj ∈ B
s−mj−1/p,loc
p,∞ (Γ0) для кожного j ∈ {1, . . . , l}. Тодi u ∈ Bs,loc

p,∞ (Ω0,Γ0).

Теорема 3. Нехай s ∈ R i 1 < p <∞. Припустимо, що розподiл u ∈ S ′(Ω) задоволь-
няє умови теореми 2. Довiльно виберемо число r > 0 i функцiї χ, η ∈ C∞(Ω) такi, що
suppχ ⊂ supp η ⊂ Ω0 ∪ Γ0 i η = 1 в околi suppχ. Тодi

‖χu,Bs
p,∞(Ω)‖ ≤ c

(
‖ηf, Lp(Ω)‖+‖ηf,Bs−2l

p,∞ (Ω)‖+
l∑

j=1

‖ηgj, Bs−mj−1/p
p,∞ (Γ)‖+‖ηu,Bs−r

p,∞(Ω)‖
)
,

де c — деяке додатне число, яке не залежить вiд u, f i g1, . . . , gl.

Запропоновано застосування цих теорем до деяких елiптичних задач з гауссовим бiлим
шумом у крайових умовах. Цi результати отримано спiльно з О.О. Мурачем в [1].

1. Мурач О.О., Чепурухiна I. С. Елiптичнi задачi з грубими крайовими даними у просторах
Нiкольського. Доповiдi НАН України, 2021, №3. (arXiv:2103.10372).
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Дослiджено задачу про побудову розв’язкiв [1]

z(t) ∈ C1{[a, b] \ {τi}I}, i = 1, 2, . . . , q

лiнiйної диференцiально-алгебраїчної крайової задачi з iмпульсним впливом

A(t)z′(t) = B(t)z(t) + f(t), t 6= τi, `z(·) = α, α ∈ Rk. (1)

Тут
A(t), B(t) ∈ Cm×n[a, b], f(t) ∈ C[a, b].

Матрицю A(t) припускаємо прямокутною, або ж квадратною, але виродженою матрицею
сталого рангу

`z(·) :=

q∑
i=0

`iz(·) : C1{[a, b] \ {τi}I} → Rk,

крiм того
`iz(·) : C1[τi, τi+1[→ Rk, i = 0, . . . , p− 1, τ0 := a,

а також
`qz(·) : C1[τp, b]→ Rk

— лiнiйнi обмеженi векторнi функцiонали. Поставлена задача продовжує дослiдження лi-
нiйної диференцiально-алгебраїчної крайової задачi з iмпульсним впливом [1] на випадок
крайової задачi (1) з прямокутною матрицею при похiднiй [3], в тому числi — матричних
диференцiально-алгебраїчних крайових задач [4], зокрема, з iмпульсним впливом [5]. На
вiдмiну вiд матричних диференцiально-алгебраїчних крайових задач з iмпульсним впли-
вом, дослiджених у статтi [5], розглянуто випадок виродження [6,7].

1. BoichukA.A., SamoilenkoA.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.

2. СамойленкоА.М., Перестюк Н.А. Дифференциальные уравнения с импульсным воздей-
ствием. — Киев: Вища шк, 1987, 287 с.

3. Chuiko S.M. On a reduction of the order in a differential-algebraic system. Journal of Mathemati-
cal Sciences, 2018, 235, No. 1, 2 – 18.

4. BoichukA.A., Krivosheya S.A. A Critical Periodic Boundary Value Problem for a Matrix Riccati
Equation. Differential Equations, 2001, 37, No. 4, 464 – 471.

5. Chuiko S.M., DzyubaM.V. Matrix boundary-value problem with pulsed action. Journal of
Mathematical Sciences, 2019, 238, No. 3, 333 – 343.

6. Chuiko S.M. Solvability of Cauchy problem for a differential-algebraic system with concentrated
delay. Russian Mathematics, 2019, 63, No. 12, 80 – 95.

7. Chuiko S.M. A generalized Green operator for a linear Noetherian differential-algebraic boundary
value problem. Siberian Advances in Mathematics, 2020, No. 30, 177 – 191.
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Слабконелiнiйна рiзницево-алгебраїчна крайова
задача у випадку параметричного резонансу
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Дослiджено задачу про знаходження обмежених розв’язкiв [1,2]

z(k, ε) ∈ Rn, k ∈ Ω := {0, 1, 2, ... , ω}, z(k, ·) ∈ C[0, ε0]

та власної функцiї h(ε) ∈ C[0, ε0] нелiнiйної крайової задачi для системи рiзницево-
алгебраїчних рiвнянь

A(k)z(k + 1, ε) = B(k)z(k, ε) + f(k) + εZ(z(k, ε), h(ε), k, ε), (1)

`z(·, ε) = α + ε J(z(·, ε), h(ε), ε), (2)

у малому околi розв’язку породжуючої нетерової (p 6= n) крайової задачi

A(k)z0(k + 1) = B(k)z0(k) + f(k), `z0(·) = α, α ∈ Rp. (3)

Тут A(k), B(k) ∈ Rm×n — взагалi кажучи, прямокутнi (m 6= n), обмеженi матрицi; якщо
ж матриця A(k) квадратна (m = n), то припускаємо її виродженою; f(k) — дiйсний обме-
жений вектор-стовпець, нелiнiйна функцiя Z(z(k, ε), h(ε), k, ε) неперервно-диференцiйовна
за невiдомими z(k, ε) та h(ε) у малому околi розв’язку породжуючої задачi та у малому
околi точки h0 := h(0) ∈ Rq i обмежена за незалежною змiнною, а також неперервна за ма-
лим параметром ε на вiдрiзку [0, ε0]; `z(·, ε) : Rn → Rp — лiнiйний обмежений векторний
функцiонал, визначений на просторi обмежених функцiй, J(z(·, ε), h(ε), ε) — нелiнiйний
обмежений векторний функцiонал, неперервно-диференцiйовний (по Фреше) за невiдоми-
ми z(k, ε) та h(ε) у малому околi розв’язку породжуючої задачi та у малому околi точки
h0 := h(0) ∈ Rq, а також неперервний за малим параметром ε на вiдрiзку [0, ε0].

Поставлена задача (1), (2) є узагальненням задачi, розв’язаної О.А.Бойчуком [2], а та-
кож аналогом нетерових крайових задач для систем звичайних диференцiальних рiвнянь
у випадку параметричного резонансу [4,5]. Таким чином, основною вiдмiннiстю поставле-
ної задачi є вивчення умов розв’язностi рiзницево-алгебраїчних крайових задач у випадку
параметричного резонансу в залежностi вiд власної функцiї рiзницево-алгебраїчного рiв-
няння. Використовувана класифiкацiя рiзницево-алгебраїчних крайових задач у випадку
параметричного резонансу в залежностi вiд простоти або кратностi рiвняння для поро-
джуючих констант iстотно вiдрiзняється вiд аналогiчної класифiкацiї перiодичних задач
у випадку параметричного резонансу [4] i вiдповiдає загальнiй класифiкацiї нетерових
крайових задач [1,2,3,5].

1. BoichukA.A., SamoilenkoA.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.

2. Бойчук А.А. Краевые задачи для систем разностных уравнений. Укр. мат. журн., 1997, 49,
No. 6, 832 – 835.

3. ЧуйкоС.М., ЧуйкоО.В., КалiнiченкоЯ.В. Нелiнiйна рiзницево-алгебраїчна крайова задача
у випадку параметричного резонансу. Нелiнiйнi коливання, 2021, 24, №1, 128 – 140.

4. Якубович В.А., Старжинский В.М. Линейные дифференциальные уравнения с периодиче-
скими коэффициентами и их приложения. — М.: Наука, 1972, 720 с.

5. Chuiko S.M. Nonlinear Noetherian boundary-Value problem in the case of parametric resonance.
Journal of Mathematical Sciences, 2015, 205, No. 6, 859—870.
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Дослiджено задачу про побудову розв’язкiв [1]

y(t) ∈ D2[a; b], y′(t) ∈ L2[a; b]

нелiнiйної iнтегрально-диференцiальної системи, не розв’язаної вiдносно похiдної

A(t)y′(t) = B(t)y(t) + Φ(t)

∫ b

a

F (y(s), y′(s), s) ds+ f(t), (1)

пiдпорядкованих крайовiй умовi

`y(·) = α, α ∈ Rυ. (2)

Розв’язок крайової задачi (1), (2) шукаємо в околi розв’язку

y0(t) ∈ D2[a; b], y′0(t) ∈ L2[a; b]

породжуючої нетерової n 6= p крайової задачi

A(t)y′0(t) = B(t)y0(t) + f(t), `y0(·) = α.

Тут

A(t), B(t) ∈ L2
m×n[a; b] := L2[a; b]⊗ Rm×n, Φ(t) ∈ L2

m×q[a; b], f(t) ∈ L2[a; b].

Матрицю A(t) припускаємо прямокутною, або ж квадратною, але виродженою матрицею
сталого рангу. Нелiнiйна вектор-функцiя F (y(t), y′(t), t) двiчi неперервно-диференцiйовна
за розв’язком y(t) крайової задачi (1), (2) та його похiдною y′(t) в околi розв’язку поро-
джуючої крайової задачi та його похiдної, а також неперервна за третiм аргументом на
вiдрiзку [a; b];

`y(·) : D2[a; b]→ Rυ

— лiнiйний обмежений векторний функцiонал, визначений на просторi D2[a; b] n-вимiр-
них абсолютно неперервних на вiдрiзку [a, b] функцiй [1]. Поставлена задача продовжує
дослiдження лiнiйної iнтегро-диференцiальної крайової задачi [2,3] на випадок нелiнiйної
крайової задачi (1), (2) з прямокутною матрицею при похiднiй.

1. BoichukA.A., SamoilenkoA.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.

2. СамойленкоА.М., БойчукО.A., КривошеяС.А. Крайовi задачi для систем лiнiйних iнтегро-
диференцiальних рiвнянь типу Фредгольма з виродженим ядром. Укр. мат. журн, 1996, 48,
№ 11, 1576 – 1579.

3. ЧуйкоС.М., ЧуйкоО.В., КузьмiнаВ.О. Невиродженi лiнiйнi iнтегрально-диференцiальнi
крайовi задачi, не розв’язанi вiдносно похiдної. Буковинський математичний журнал, 2020,
8, № 2, 127 – 138.
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Дослiджено задачу про побудову розв’язкiв

z(t, ε) : z(·, ε) ∈ C1[a, b], z(t, ·) ∈ C[0, ε0]

нелiнiйної диференцiально-алгебраїчної крайової задачi [1,2,3]

A(t)z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, t, ε), `z(·, ε) = α + ε J(z(·, ε), ε). (1)

Розв’язки крайової задачi (1) шукаємо в малому околi розв’язку z0(t) ∈ C1[a, b] породжу-
ючої нетерової (n 6= k) крайової задачi

A(t)z′0(t) = B(t)z0(t) + f(t), `z0(·) = α.

Тут A(t), B(t) ∈ Cm×n[a, b] — неперервнi матрицi, f(t) ∈ C[a, b] — неперервний ве-
ктор; Z(z, t, ε) — нелiнiйна функцiя, неперервно-диференцiйовна за невiдомою z(t, ε) в
малому околi розв’язку породжуючої задачi, неперервна по t ∈ [a, b] i неперервна по
малому параметру; `z(·, ε) — лiнiйний i J(z(·, ε), ε) – нелiнiйний векторний функцiо-
нали, `z(·, ε), J(z(·, ε), ε) : C[a, b(ε)] → Rk, причому другий функцiонал неперервно-
диференцiйовний за невiдомою z(t, ε) i неперервний по малому параметру ε в малому
околi розв’язку породжуючої задачi та на вiдрiзку [0, ε0].

Нелiнiйна диференцiально-алгебраїчна крайова задача (1) узагальнює численнi поста-
новки нелiнiйних крайових задач [1,2]. Нами дослiджено випадок виродженостi [3] поро-
джуючої крайової задачi, а саме: PA∗(t) 6= 0; у припущеннi, що матриця A(t) має сталий
ранг, а саме:

1 ≤ rank A(t) = σ0;

тут PA∗(t) — ортопроектор [1]:

PA∗(t) : Rm → N(A∗(t)).

Вироджена система (1), взагалi кажучи, не розв’язна вiдносно похiдної. Нами зна-
йдено конструктивнi умови розв’язностi та схему побудови розв’язкiв нелiнiйних ди-
ференцiально-алгебраїчних крайових задач. Побудовано вдосконалену класифiкацiю та
збiжну iтерацiйну схему для знаходження наближень до розв’язкiв нелiнiйних ди-
ференцiально-алгебраїчних крайових задач.

1. BoichukA.A., SamoilenkoA.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.

2. БойчукA.A., ШегдаЛ.М. Виродженi нелiнiйнi крайовi задачi. Укр. мат. журн., 2009, 61,
№ 9, 1174 – 1188.

3. Chuiko S.M., NesmelovaO.V. Nonlinear boundary-value problems for degenerate differential-
algebraic systems. Journal of Mathematical Sciences, 2021, 252, No. 4, 463 – 471.

79



Probability and Statistics

Теорiя ймовiрностей i математична статистика

Abdushukurov F.A. Limit theorems in allocation scheme with even number of particles in
each cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

Afanasiev I. On the correlation functions of the characteristic polynomials of real
random matrices with independent entries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

Avetisian D.A., Ralchenko K.V. Asymptotic properties of the Hurst and diffusion
parameters estimators in fractional stochastic heat equation . . . . . . . . . . . . . . . . . . . . . . . . . 83

Belozerowa M.A. Asymptotic behavior of solutions to stochastic differential equations
with interaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
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F. A. Abdushukurov
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We consider allocation scheme of 2n distinguishable particles by N different cells under the
condition: each cell contains even number of particles. We show that this scheme is a general
allocation scheme defined by random variable ξi with the distribution P (ξi = 2k) = α2k

(2k)!ch(α)
,

k = 0, 1, 2 . . . . Let µ2r(N,K, n) be a number of cells from the first K cells which contain
2r particles. We prove that under some type convergence of n,K,N to infinity µ2r(N,K, n)
converges in distribution to Poisson random variable. The limit Poisson random variable is
described.

Let n,N be integer numbers. A homogeneous allocation scheme of n distinguishable parti-
cles by N different cells is named the random variables η′1, . . . , η

′
N , with the joint distribution

defined by formula

P{η′1 = k1, . . . η
′
N = kN} =

n!

k1!k2! · · · kN !

(
1

N

)n
,

where k1, k2, . . . kN are nonnegative integer number such that k1 + k2 + · · · + kN = n. Many
papers deal with limit theorems for allocation scheme of distinguishable paticles by different
cells (see, [1,2], and references).

We will consider the random variables η1, . . . , ηN , with the joint distribution defined by
formula

P{η1 = 2k1, . . . ηN = 2kN} =

= P{η′1 = 2k1, . . . η
′
N = 2kN | η′i takes even values, 1 ≤ i ≤ N}, (1)

where k1, k2, . . . kN are nonnegative integer number such that k1 + k2 + · · ·+ kN = n.
Observe that the scheme (1) is an allocation scheme of 2n distinguishable particles by N

different cells under the condition: each cell contains even number of particles.

Denote:
d→ is a convergence in distribution, Pi(β), 0 < β <∞, is a Poisson random variable

with the parameter β. The aim of this paper is to prove that in the scheme (1) under some
condition

µ2r(N,K, n)
d→ Pi(β).

1. Kolchin V. F., Sevast’yanov B. A., Chistiakov V. P. Random allocations. — Washington, DC:
V. H. Winston& Sons, 1978, 262 p.

2. Abdushukurov F. A. Poisson limit theorems in allocation schemes of distinguishable particles.
Ufimsk. Mat. Zh., 2020, 12, No. 3, 3–10.
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The talk is concerned with real random matrices Mn = (xjk) which entries are independent
identically distributed real random variables with zero mean and unit variance. We consider
the correlation functions of the characteristic polynomials (correlation functions for short) of
these matrices

fm(z1, . . . , zm) = E

{
m∏
j=1

det (Mn − zj) (Mn − zj)∗
}
,

where E is an expectation. Despite these functions are not local, they can shed light on the
asymptotic behavior of eigenvalues in the local regime. Moreover, the correlation functions are
of independent interest.

The asymptotic behavior of the correlation functions is established in the form of a certain
integral over unitary self-dual matrices with respect to the invariant measure. The integral is
computed in the case of the second order correlation function, i.e. for m = 2. The main result
is

Theorem 1. Let the first four moments of the common distribution of entries of Mn be

finite and zj = z0 +
ζj√
n

, ζj ∈ C, j = 1, 2, z0 ∈ (−1, 1). Then the correlation function of the

characteristic polynomials f2 satisfies the asymptotic relation

lim
n→∞

n−2 f2(z1, z2)

f1(z1)f1(z2)
= Ce(1−|z0|2)

2
κ4

Pf(K(ζj, ζk))
2
j,k=1

4(ζ1, ζ2, ζ1, ζ2)
,

where C is some constant, which does not depend on the common distribution of entries and
on ζ1, ζ2; κ4 = E{x4

11} − 3, Pf is a Pfaffian, 4(ζ1, ζ2, ζ1, ζ2) is a Vandermonde determinant of
ζ1, ζ2, ζ1, ζ2 and

K(ζj, ζk) = e−
|ζj |

2

2
− |ζk|

2

2

(
(ζj − ζk)eζjζk (ζj − ζk)eζjζk
(ζj − ζk)eζjζk (ζj − ζk)eζjζk

)
.

From the obtained asymptotics it is clear that the correlation functions behave like that for
the Real Ginibre Ensemble up to a factor depending only on the fourth absolute moment of
the common probability law of the matrix entries.

Acknowledgements The author is supported by the Akhiezer Foundation scholarship and by
the NASU scholarship for young scientists.
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We investigate the following stochastic partial differential equation driven by fractional
Brownian motion BH = {BH

x , x ∈ R} with the Hurst index H ∈ (0, 1):(
∂u

∂t
− 1

2
· ∂

2u

∂x2

)
(t, x) = σḂH

x , t > 0, x ∈ R, u(0, x) = 0.

The solution is given by

u(t, x) = σ

∫
R

∫ t

0

G(t− s, x− y) ds dBH
y , t ≥ 0, x ∈ R,

where G(t, x) = (2πt)−1/2 exp
(
− |x|

2

2t

)
is the Green function. We prove the stationarity and

ergodicity of the solution u(t, x) as a function of the spatial variable x by analyzing the behavior
of the covariance function. Based on the these properties, we consider estimation problem of
the parameter (H, σ) assuming that the process u(t, x) is observed at equidistant spatial points
xk = kδ, δ > 0, for two fixed times t1 and t2.

Let us denote

V̂N(t) =
N∑
k=1

u(t, xk)
2, v(t,H) =

tH+12H+1(2H − 1)Γ(H + 1
2
)

√
π(H + 1)

.

We prove that for any H ∈ (0, 1), the statistics

ĤN =
log
(
V̂N(t1)

/
V̂N(t2)

)
log(t1/t2)

− 1, σ̂2
N =

V̂N(t1)

Nv(t1, ĤN)
=

V̂N(t2)

Nv(t2, ĤN)

are strongly consistent estimators of the parameters H and σ2 as N → ∞. Moreover, we
establish the asymptotic normality of the estimator (ĤN , σ̂

2
N) in the case H ∈ (0, 3

4
). Our

construction generalizes to the fractional case the results of [1], where a similar problem for the
stochastic heat equation with white noise was considered.

Acknowledgement. The second author is supported by the National Research Fund of Ukraine
under grant 2020.02/0026.

1. D. Avetisian, G. Shevchenko, Estimation of diffusion parameter for stochastic heat equation
with white noise. Bulletin of Taras Shevchenko National University of Kyiv, 2018, 3, 9–16.

2. D. Avetisian, K. Ralchenko, Ergodic properties of the solution to a fractional stochastic heat
equation, with an application to diffusion parameter estimation. Modern Stochastics: Theory
and Applications, 2020, 7, No. 3, 339–356.
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The main object under investigation is two-dimentional stochastic differential equation
(SDE) with interaction

dx(u, t) =
∫
R2

ϕ(x(u, t)− v)µt(dv)dt+ b(x(u, t), µt)dw(t)

x(u, 0) = u,
µt = µ0 ◦ x(·, t)−1,

(1)

where µ0 ∈ M2, M2 is the space of all probability measures on R2 having the first moment,
with the Wasserstein distance [1],

w =

(
w1

w2

)
, ϕ =

(
ϕ1

ϕ2

)
, ϕk : R2 → R, b =

(
b1

b2

)
,

wk are one-dimensional independent Wiener processes, bk : R2 ×M2 → R (k = 1, 2) being
global Lipschitz and for some α1, α2, B1, B2 > 0 and for all u, v ∈ R2, t > 0, µt ∈M2

−α1‖u− v‖2 ≤ (u− v, ϕ(u)− ϕ(v)) ≤ −α2‖u− v‖2;

B1‖u−v‖2 ≤ (u−v, b(u, µt)−b(v, µt)); ‖b(u, µt)−b(v, µt)‖ ≤ B2‖u−v‖, αk−B2
j ≥ 0 (k, j = 1, 2).

In monograph [2] the conditions of existence and uniqueness of solutions to equation (1) in
d-dimentional case have been obtained, the properties of solutions have been established.

The limit behavior of solutions to SDE with interaction in one-dimensional case have been
studied in [3]. The aim of the work is to investigate the two-dimensional case. The following
result characterizes the distance between trajectories x(u, ·) and x(v, ·) on infinity.

Theorem 1. For all u, v ∈ R2 there exists

lim
t→∞

||x(u, t)− x(v, t)|| −
t∫

0

Φ (x(v, s), x(u, s), µs) ds

 a.e.

Here

Φ (r, q, µs) =
1

||q − r||

∫
R2

(q − r, ϕ(q − v)− ϕ(r − v))µs(dv)+

+
||b(q, µs)− b(r, µs)||2

2||q − r||
− (q − r, b(q, µs)− b(r, µs))2

2||q − r||3
.

1. Dorogovtsev A. A. Measure-valued Markov processes and stochastic flows on abstract spaces.
Stoch. Rep., 76, No. 5, 395–407.

2. Dorogovtsev A. A. Measure-valued processes and stochastic flows [in Russian]. Proceedings of
Institute of Mathematics of NAS of Ukraine. Mathematics and its Applications, 66. — K.:
Institut Matematiki, 2007, 289 p.

3. Lagunova M. P. Stochastic differential equations with interaction and the law of iterated loga-
rithm. Theory of stochastic Processes, 2012, 18(34), No. 2, 54–58.
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A class of stochastic differential equations with time-dependent delay on a finite time in-
terval is considered. In this paper, the polynomial conditions are considered, instead of the
usual assumptions that both the drift and diffusion coefficient satisfy the Lipschitz and linear
growth conditions, as well as the assumption of the moment boundedness of the solution to
the initial equation. An approximate equation is considered for any partition of the time inter-
val. That equation has coefficients that are Taylor expansions of the coefficients of the initial
equation. The solutions of thusly constructed equations converge in the Lp sense and almost
surely towards the solution of the initial equation and the rate of the convergence is presented
if those solutions satisfy some moment bounds. The rate of convergence increases if the orders
of Taylor approximations for the drift and diffusion coefficient increase simultaneously.
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Markov modulated Kou process is a bivariate Markov process Zt = {Xt, Jt}, where
{Jt, t ≥ 0} is an irreducible Markov chain with the finite state space {1, . . . , N}, the tran-
sition rate matrix Q = ||qij||Ni,j=1, and the initial stationary distribution π. X evolves
as a double-exponential jump diffusion process ξi while J is in the state i. {ξi(t)}Ni=1

are independent processes with drifts ai, volatilities σ2
i , jump rates λi, and densities of

jumps fi(x) = piβ
+
i e
−β+

i xI{x≥0} + (1 − pi)β
−
i e

β−i xI{x<0}. The process X is characterized by

‖E[erXtI{Jt=j}|J0 = i]‖ = eK[r]t, where K[r] = diag
(
rai + r2 σ

2
i

2
+ λipir

β+
i −r
− λi(1−pi)r

β−i +r

)
i=1,N

+Q.

Let Z̃t = {X̃t, J̃t} be the fluid-embedding of Z with cumulant in block notation

K̃[r] =


diag

(
r − β+

i

)
i=1,N

diag
(
β+
i

)
i=1,N

0

diag (λipi)i=1,N diag
(
air +

σ2
i

2
r2 − λi

)
i=1,N

+Q diag (λi (1− pi))i=1,N

0 diag
(
β−i
)
i=1,N

−diag
(
r + β−i

)
i=1,N

 .

The fluid-embedding we get from Z by changing exponential jumps of X to segments with slope
1 and extending the state space of J to {1, . . . , 3N}, see [1]. This process is a Markov-modulated
Brownian motion (MMBM).

Define the first passages over state-dependent levels b ∈ RN and b̃ ∈ R3N as T =

inf {t ≥ 0 : Xt > bJt} and T̃ = inf
{
t ≥ 0 : X̃t > b̃J̃t

}
. Assume that b̃i = b̃i+m = b̃i+2m = bi,

i = 1, N , and write ηt = inf
{
u ≥ 0 :

∫ u
0
I{J̃u∈{m+1,...,2m}}du > t

}
, then P {T < t|J0 = i} =

P
{
T̃ < ηt|J̃0 = m+ i

}
, see [2]. Following [3] (see also [4]), the asymptotic behavior of a

MMBM depends on the stationary drift m̃0
1 = π̃K̃ ′[0]e, where e is the column vector with

all entries equal to 1. If m̃0
1 ≥ 0, then P {T <∞|J0 = i} = 1, and if m̃0

1 < 0, then
P {T =∞|J0 = i} > 0, i ∈ {1, . . . , N}. For 0 < t <∞,

P {T < t|J0 = i} = F (0)− L−1
(
δ−1(F (0)− F (δ))

)
,

where F (δ) = E[e−δT , T <∞|J0 = i] and L−1 means the Laplace inversion with respect to δ.

1. Breuer L. First passage times for Markov-additive processes with positive jumps of phase type.
J. Appl. Prob., 2008, 45, 779 – 799.

2. Jiang, Z., Pistorius, M. R. On perpetual American put valuation and first-passage in a regime-
switching model with jumps. Finance and Stochastics, 2008, 12, 331 – 355.

3. Gusak D. V. The distribution of absolute maximum for Poisson and Wiener processes on a
Markov chain [in Russian]. Transactions of the Seventh Prague Conference on Information
Theory, Statistical Decision Functions, Random Processes and of the 1974 European Meeting
of Statisticians, 1977, Vol. A, 211 – 219.

4. Ivanovs J. One-sided Markov Additive Processes and Related Exit Problems. PhD dissertation,
University of Amsterdam. — Oisterwijk: Uitgeverij BOXPress, 2011, 127 p.
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In this talk, we will discuss a novel phase transition regime for the classical stochastic block
model (SBM). Let us briefly recall the basic SBM model with m classes, frequently denoted by
G(n, p, q). The issued random graph has the set of vertices divided (in a deterministic way)
into m subsets (classes or blocks) of equal size (here we set this size to n and therefore there
are mn vertices in total), and a random set of edges, where the edges are drawn independently,
and the intra (resp. inter) class edges are drawn with probability p (resp. q). We consider
large graphs (n will diverge to ∞), and the connectivity parameters p and q will depend on
n. There is one considerable difference in the connectivity parameter scaling (as n diverges) in
our work with respect to that in [1], applied to finite-type graphs. Like in [1], here pn scales
inversely proportionally to n, but unlike in [1] our qn is of much smaller asymptotic order
(notably it scales like n−4/3). Regimes where qn << pn seem quite natural from the perspective
of applications (in view of the formation of clusters in networks).

For t ∈ R, u ≥ 0 and n ≥ n0 sufficiently large, let ζ̃(n)(t, u) denote the vector of decreasingly
ordered component sizes of G(n, n−1 + tn−4/3, un−4/3). Let also

ζ(n)(t, u) = n−2/3ζ̃(n)(t, u), t ∈ R, u ≥ 0, n ≥ n0.

We consider ζ(n)(t, u) to be a random element of l2 (for this we append infinitely many zero
entries). The main results reads as following.

Theorem 1. For every t ∈ R and u ≥ 0,

ζ(n)(t, u)→ ζ(t, u) as n→∞

in distribution with respect to the topology on l2, where ζ(t, u) can be defined via m independent
multiplicative coalescents with interaction.

This is the joint work with Vlada Limic [2].

1. Bollobás B., Janson Sv., Riordan O. The phase transition in inhomogeneous random graphs.
Random Structures Algorithms, 2007, 31, No. 1, 3–122.

2. Konarovskyi V., Limic V. Stochastic block model in a new critical regime and the interacting
multiplicative coalescent. Electron. J. Probab., 2021, 26, No. 1, 23.

87
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The talk is based on a joint work with Vitalii Konarovskyi and Max von Renesse (Univ.
Leipzig).

The aim of the talk is to propose a simple but robust method to get estimates of the spectral
gap for Brownian motion on a smooth domain Ω with a sticky-reflecting diffusion along the
boundary ∂Ω. In simple cases such processes correspond to Feller semigroups on C0(Ω) with
generator (D(A), A)

D(A) = {f ∈ C0(Ω) |A(f) ∈ C0(Ω)}

A(f) = ∆fIΩ + (∆τf − γ ∂f
∂ν

)I∂Ω

where ∂
∂ν

is the outer normal derivative, ∆τ denotes the Laplace-Beltrami operator on the
boundary ∂Ω and γ > 0. An efficient process construction was given by Grothaus and Voßhall
via Dirichlet forms in [1].

In the two extreme cases, when γ tends either to 0 or to∞, our problem reduces to estimate
the spectral gap σ0 of Brownian motion on the surface ∂Ω and the spectral gap σ∞ of reflecting
Brownian motion on Ω, respectively. The method that we propose yields an estimate from
below of the spectral gap σγ of the above process, using only σ0 and σ∞ and estimates for
certain bulk-boundary interaction terms which are independent of γ. We will show that the
method leads to good results in the case of the Euclidean ball in Rd and we apply the method
to two less classical cases: a ball with partial sticky-reflecting diffusion on the sphere and a ball
with a needle.

1. Grothaus M., Voßhall R. Stochastic differential equations with sticky reflection and boundary
diffusion. Electron. J. Probab., 2017, 22, No. 7, 37.

2. Ventcel A. D. On boundary conditions for multi-dimensional diffusion processes. Theor. Prob-
ability Appl., 1959, 4, 164–177.
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In the existing literature, the Khasminskii-type conditions are successfully employed in the
analysis of different numerical methods for stochastic differential equations and these condi-
tions allows the coefficients of the equations to be highly nonlinear (see [1], [2], [3], [4], for
example). Because of that, the main aim of this talk is to present the Lq-convergence result of
the truncated Euler–Maruyama method for neutral stochastic differential equations with time-
dependent delay under that condition. The proofs of all assertions are affected by the presence
of the neutral term and delay function and they require for the neutral term to be contractive
mapping and for the delay function to be Lipschitz continuous, among other conditions. More-
over, the relation between the truncated Euler–Maruyama method under these conditions and
the classical Euler–Maruyama method under the global Lipschitz condition is established. The
main theoretical result, that is, the Lq-convergence is illustrated by an example.

1. Hu L., Li X., Mao X., Convergence rate and stability of the truncated Euler–Maruyama method
for stochastic differential equations, J. Comput. Appl. Math., 2018, 337, 274 – 289.

2. Mao X. Stochastic Differential Equations and Applications. — Chichester: Horvood Publ., 1997,
366 p.

3. Mao X. The truncated Euler–Maruyama method for stochastic differential equations, J. Com-
put. Appl. Math., 2015, 290, 370 – 384.

4. Milošević M. Highly nonlinear neutral stochastic differential equations with time-dependent
delay and the Euler–Maruyama method, Math. Comput. Modelling, 2011, 54, 2235 – 2251.
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Development of renewal theory for the early
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on a general branching process tree
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Investigation of iterated perturbed random walks on a general branching process tree was
initiated in [1]. Continuing this line of research, we are concerned in [2] with a new specific
case, not treated in [1], and prove counterparts of the classical renewal-theoretic results for the
corresponding counting processes. In this talk, we shall present some of the results obtained.

Let (ξi, ηi)i∈N be independent copies of a R2-valued random vector (ξ, η) with arbitrarily
dependent components. Denote by (Si)i≥0 the zero-delayed standard random walk with incre-
ments ξi for i ∈ N, that is, S0 := 0 and Si := ξ1 + · · ·+ ξi for i ∈ N. Define

Ti := Si−1 + ηi, i ∈ N.
The sequence T := (Ti)i∈N is called perturbed random walk.

Now we define a general branching process generated by T :
• at time 0 there is one individual, the ancestor;
• the ancestor produces the first generation with birth times given by the points of T ;
• the first generation produces the second generation, the shifts of birth times of the sec-

ond generation individuals with respect to their mothers’ birth times are distributed according
to copies of T , and for different mothers these copies are independent;

• the second generation produces the third one, and so on;
• all individuals act independently of each other.

For t ≥ 0 and j ∈ N, denote by T (j) and Nj(t) some enumeration of the birth times
and the number of individuals with birth times ≤ t in the jth generation, respectively. Put
Vj(t) := ENj(t). For each integer j ≥ 2, the sequence T (j) and the process Nj are a natural
generalization of the perturbed random walk T and the counting process (N1(t))t≥0. We call
the sequence (T (j))j∈N iterated perturbed random walk on a general branching process tree.

Further, we give the classification of generations. Following [1], we call the jth generation
early, intermediate or late depending on whether j is fixed, j = j(t) → ∞ and j(t) = o(t) as
t→∞, or j = j(t) is of order t. In view of Proposition 2.1 [1] there are no other generations.

In [1] the authors prove counterparts of the elementary renewal theorem, the Blackwell
theorem and the key renewal theorem for some intermediate generations. In [2] we inves-
tigate early generations. Although the analysis of early generations is simpler than that of
intermediate generations, we solve in [2] a larger collection of problems. In addition to the
aforementioned counterparts of the classical results, we investigate the asymptotics of the vari-
ance VarNj(t), prove a strong law of large numbers for Nj(t) and a functional limit theorem for
the vector-valued process (N1(ut), N2(ut), . . . , Nk(ut))u≥0 for each k ∈ N, properly normalized
and centered.

1. Bohun V., Iksanov A., Marynych A., Rashytov B. Renewal theory for iterated perturbed random
walks on a general branching process tree: intermediate generations. (arXiv: 2012.03341).

2. Iksanov A., Rashytov B., Samoilenko I. Renewal theory for iterated perturbed random walks
on a general branching process tree: early generations. (arXiv: 2105.02846).
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Let ψ = {ψs,t : −∞ < s ≤ t <∞} be a stochastic flow on a locally compact separable metric
space M , that is a family of measurable random mappings of M such that ψs,t(ψr,s(x)) = ψr,t(x)
a.s., ψs,s(x) = x a.s., for any sequence t1 < t2 < . . . < tn mappings ψt1,t2 , . . . , ψtn−1,tn are
independent, for any s < t mappings ψs,t and ψ0,t−s are equally distributed. The fundamental
theorem of Y. Le Jan and O. Raimond [1] establishes a one-to-one correspondence between
sconsistence sequences {P (n) : n ≥ 1} of coalescing Feller transition probabilities and stochastic
flows on M satisfying mild regularity conditions. The one-to-one correspondence is given by
the formula

P (n)(x,B) = P((ψ0,t(x1), . . . , ψ0,t(xn)) ∈ B), n ≥ 1, x ∈Mn, B ∈ B(Mn),

where {P (n) : n ≥ 1} is a consistence sequences of coalescing Feller transition probabilities.
We are interested in the existence of a strong stochastic flow that corresponds to a consistent

sequence {P (n) : n ≥ 1} of coalescing Feller transition probabilities. By a strong flow we
understand a stochastic flow ψ such that

for all ω ∈ Ω, x ∈M, r ≤ s ≤ t,

ψs,t(ω, ψr,s(ω, x)) = ψr,t(ω, x), ψs,s(ω, x) = x.

Existence of a strong stochastic flow is well-known when its finite-point motions are families
of solutions of an SDE with smooth enough coefficients (see [2]). In general the existence of a
strong flow is an open problem. We will deal with flows in which coalescence occurs.

By P(n)
x we will denote the distribution of the Feller process X(n) in Mn that has transition

probabilities P (n) and starts from x ∈Mn.

Theorem 1. Let M be a metric graph. Assume that transition probabilities P (n) satisfy
following properties:

• for any x ∈M and ε > 0 P
(1)
t (x,B(x, ε)c) = o(t), t→ 0+;

• for any compact K ⊂M and any t > 0

lim
c→∞

sup
n≥1,x∈Kn

P(n)
x (#X(n)(t) ≥ c) = 0.

Then there exists a strong stochastic flow that corresponds to the sequence {P (n) : n ≥ 1}.

1. Le Jan Y., Raimond O. Flows, coalescence and noise. The Annals of Probability, 2004, 32,
No. 2, 1247–1315.

2. Kunita H. Stochastic flows and stochastic differential equations. —Cambridge, Cambridge Uni-
versity Press, 1990, 346 p.

91



Додаткова сингулярнiсть ядра при знаходженнi
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Розглянемо лiнiйну модель з неперервним часом [3]

Xt = θt+ σ1B
H1(t) + σ2B

H2(t), t ∈ [0, T ],

де BH1 та BH2 – два незалежнi дробовi броунiвськi рухи з рiзними iндексами Хюрста, що
задовольняють умовi 1/2 ≤ H1 < H2 < 1, σ1, σ2 > 0.

Основна задача полягає у знаходженнi наближеної оцiнки параметра θ ∈ R

θ̂(T ) =
N(T )

δH1〈N〉(T )
,

де FXt = σ{X(t), t ∈ [0, T ]} – задана σ-алгебра, N(T ) =
∫ T

0
hT (t)dX(t) з hT (t)t

1
2
−H1 ∈

L2[0, T ], 〈N〉(T ) = C0

∫ T
0
hT (t)t1−2H1dt та hT (t) – єдиний розв’язок iнтегрального рiвняння

Фредгольма другого роду на промiжку [0, T ] з ядром виду K(s, u) = L(s,u)
|s−u|α , α ∈ (0, 1),

де чисельник L(s, u) обмежений i неперервний м.н. вiдносно мiри Лебега, але може мати
точки розриву на [0, T ]2, тобто ядром iз додатковою сингулярнiстю:

hT (u) + C1

∫ T

0

hT (s)K(s, u)ds = 1, u ∈ [0, T ],

де C0 та C1 – деякi константи. Цю проблему було зведено до вивченої ранiше [2] задачi
пошуку наближеного розв’язку.

Застосовуючи добре вiдомi методи для таких ядер [1], [4], було доведено теорему про
наближення розв’язку iнтегрального рiвняння з ядром, що мiстить додаткову сингуляр-
нiсть та знайдено чисельними методами оцiнку параметра θ ∈ R.

1. Babolian E., Arzhang Hajikandi A. The approximate solution of a class of Fredholm integral
equations with a weakly singular kernel. Comput. Appl. Math. 235, 2011, No. 5, 1148 – 1159.

2. Makogin V., Mishura Y., Zhelezniak H. Approximate solution of the integral equations involvi-
ng kernel with additional singularity. Stochastic and Infinite Dimensional Analysis, 2020.
(arXiv:2007.01274).

3. Mishura Y., Voronov I. Construction of maximum likelihood estimator in the mixed fractional
– fractional Brownian motion model with double long-range dependence. Modern Stochastics:
Theory and Applications, 2015, 2, 147 – 164.

4. Atkinson K.E. A survey of numerical methods for the solution of Fredholm integral equations
of the second kind. — Philadelphia, Pa.: Society for Industrial and Applied Mathematics, 1976,
230 p.
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Розмiрнiсть Гаусдорфа кластерiв, якi
породжуються стацiонарними еволюцiями
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При вивченнi моделей DLA, моделi Едена, в теорiї перколяцiї тощо застосовують моделi
дискретної агрегацiї. В роботi [1] було запропоновано зв’язок мiж такими моделями та
розв’язками рiвнянь Льовнера.
В доповiдi будуть розглянутi властивостi сiмей кластерiв, якi визначаються стацiонарними
еволюцiями Льовнера в зовнiшности одиничного диска. Позначимо одиничний диск в Ĉ
через D, межу одиничного диска через T, доповнення одиничного диска через ∆. Для
заданої ймовiрнiсної мiри µ на T розглянемо рiвняння Льовнера

∂f(z, t)

∂t
= z

∂f(z, t)

∂z

∫
T

z + ζ

z − ζ
dµt(ζ), z ∈ ∆, t ≥ 0, f(z, 0) = z.

Вiдомо [2], що iснує конформне вiдображення g : ∆→ Ĉ, таке що f(z, t) = g−1(etg(z)) при
z ∈ ∆, t ≥ 0. Позначимо ∆ε = {z ∈ Ĉ : |z| > 1 + ε}.

Твердження 1. ∀ε > 0 : ∃C, α > 0 : ∀z ∈ ∆ε : |g(z)| ≤ α|z|1/C .

Теорема 1. Нехай мiра µ має ненульову абсолютно неперервну компоненту вiдносно
мiри Лебега λ на T, причому на деякiй дузi L ⊂ T виконується infL

dµ
dλ
> 0. Тодi

inf
z∈∆, z|z|∈L

∣∣∣∣ ∫
T

z + ζ

z − ζ
dµ(ζ)

∣∣∣∣ > 0.

Теорема 1 дозволяє знайти розмiрнiсть Гаусдорфа кластерiв, якi визначаються вiдобра-
женнями f(·, t). Позначимо K ′(t) = (Ĉ \ f(∆, t)) \ D.

Наслiдок 1. За умов теореми 1 iснує T > 0, таке що для всiх t ≥ T

dimH K
′(t) = 2.

1. Hastings M.B., Levitov L. S. Laplacian growth as one-dimensional turbulence. Physica D: Nonli-
near Phenomena, 1998, 116, No. 1, 244–252.

2. Sola A. Elementary examples of Loewner chains generated by densities. Annales Universitatis
Mariae Curie-Sk lodowska Sectio A LXVII, 2013, 83-101.
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Потенцiали простого шару для
псевдодиференцiальних рiвнянь, пов’язаних з
деякими α-стiйкими випадковими процесами

Х. В. Мамалига
Прикарпатський нацiональний унiверситет iменi Василя Стефаника,

м. Iвано-Франкiвськ, Україна
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Нехай A псевдодиференцiальний оператор визначений символом (−(Qξ, ξ)
α
2 )ξ∈Rd , де

Q = PP T деяка невироджена d × d-матриця з дiйсними елементами, α ∈ (1; 2) — деяка

стала. Функцiя g(t, x, y) =
1

(2π)d

∫
Rd
ei(ξ,x−y)−t(Qξ,ξ)

α
2 dξ є щiльнiстю ймовiрностi переходу

процесу Маркова x(t) = Px0(t), де (x0(t))t≥0 — ротацiйно iнварiантний α-стiйкий випадко-
вий процес. Нехай в Rd задана деяка поверхня S та при (t, x) ∈ (0; +∞)× S задана деяка
функцiя ψ(t, x). Функцiю v(t, x) =

∫ t
0
dτ
∫
S
g(t − τ, x, y)ψ(τ, y)dσy називаємо потенцiалом

простого шару для псевдодиференцiального рiвняння

∂u(t, x)

∂t
= Au(t, ·)(x) (1).

Теорема 1. Нехай поверхня S в Rd належить класу H1+γ з деяким γ ∈ (0; 1) та
задовольняє одну з умов: вона обмежена i замкнута чи необмежена i така, що в кожних
двох точках x ∈ S, y ∈ S вектори зовнiшнiх нормалей nx та ny до S утворюють кут
ϕxy, для якого cosϕxy ≥ ρ0 > 0. Неперервна функцiя (ψ(t, x))t≥0,x∈S задовольняє нерiвнiсть
|ψ(t, x)| ≤ KT t

−β на кожнiй множинi виду (0;T ] × S змiни аргументiв (t;x) з деякими
сталими β < 1 та KT > 0, яка залежить вiд T > 0. Тодi потенцiал простого шару
(v(t, x))t≥0,x∈Rd визначений коректно, є неперервною функцiєю та при всiх (t;x) з областi
(0;∞)× (Rd \ S) задовольняє рiвняння (1).

Для кожного орта ν ∈ Rd визначимо оператор Bν його символом (i|ξ|α−2(ξ, ν))ξ∈Rd .

Теорема 2. Нехай виконуються умови Теореми 1. Тодi для кожного t ≥ 0, x ∈ S
справджується наступна рiвнiсть (ν(x) = Qnx, ν̂(x) = Q−1nx)

lim
z→x±

Bν(x)v(t, ·)(z) = ∓1

2
ψ(t, x) +

∫ t

0

dτ

∫
S

Bν(x)g(t− τ, ·, y)(x)ψ(τ, y)dσy,

де z → x± означає, що z = x+ δν̂(x) i δ → 0±.

Доведення цих теорем можна знайти у статтi [1].
Властивостi потенцiалу простого шару наведенi у Теоремах 1 i 2 дозволяють

розв’язувати деякi початково-крайовi задачi для рiвняння (1). В доповiдi буде розгля-
датися початково-крайова задача для (1) з граничною умовою

Bν(x)u(t, ·)(x+)−Bν(x)u(t, ·)(x−) = r(x)u(t, x), t > 0, x ∈ S

iз заданою неперервною обмеженою невiд’ємною функцiєю (r(x))x∈S та буде дана ймовiр-
нiсна iнтерпретацiя її розв’язку.

1. Mamalyha Kh.V., Osypchuk M.M. Properties of single layer potentials for a pseudo-diferential
equation related to a linear transformation of a rotationally invariant stable stochastic process.
Mat. Stud., 2021, 55, No.1, 94–106.
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Прогнозування демографiчних показникiв за
допомогою сплайнiв
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Побудовано сплайнову модель для прогнозування демографiчних показникiв з ура-
хуванням похибок у спостереженнях [1]. Модель має вигляд yi = S0(ti) для тих ti, що
вiдповiдають точним даним, та yi = S0(ti) + σεi для всiх iнших ti. Тут yi - спостережу-
ванi величини; ti - моменти спостережень (роки), S0 - сплайн iз заданою сiткою вузлiв
∆′; {εi} - незалежнi однаково розподiленi випадковi величини з Eεi = 0, Dεi = 1; σ -
невiдоме стандартне вiдхилення похибки. Апроксимуючий сплайн Ŝ мiнiмiзує функцiонал
Q(f) =

∑n
i=0(y0

i − f(ti))
2 на просторi сплайнiв S(∆′).

Для розглянутої моделi розроблено критерiй перевiрки гiпотези про вiдсутнiсть перед-
останнього вузла сплайна, знайдено оцiнку стандартного вiдхилення похибки, побудовано
довiрчий iнтервал для значення сплайну у фiксованiй точцi t∗. Також, за допомогою ме-
тоду Шеффе знайдено довiрчу смугу для сплайну S0.

Отриманi результати застосовано до прогнозування змiни чисельностi, народжувано-
стi та смертностi населення м. Коростеня на 2017–2020 рр. на пiдставi даних за 1976-2016
рр. Для аналiзу чисельностi населення було використано кубiчнi C2-гладкi сплайни, а для
аналiзу народжуваностi та смертностi – лiнiйнi неперервнi сплайни. Здiйснено пiдбiр опти-
мальної кiлькостi вузлiв та оптимальної сiтки вузлiв, побудовано 95% довiрчi iнтервали та
довiрчi смуги для прогнозiв, на рiвнi значущостi 0.05 вiдхилено гiпотезу про вiдсутнiсть
передостаннього вузла. Справжнi значення усiх трьох показникiв перебувають у межах
95% довiрчої смуги у 2017-2019 рр. В 2020 р. народжуванiсть i смертнiсть виходять за
межi 95% довiрчої смуги в бiк зменшення, можливо, через пандемiю.

1. Кукуш А.Г. Кубические одномерные сплайны в статистике: Метод. рекомендации для сту-
дентов механико-математического факультета. — Киев : КГУ, 1991, 60 с.
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Побудова рiвноваги Неша в несиметричнiй моделi
гри видобутку ресурсiв
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Гра видобутку ресурсiв є стохастичною грою, що моделює спiльне використання ресур-
су агентами протягом необмеженого перiоду. Станом гри у кожному з дискретних момен-
тiв t є кiлькiсть ресурсу доступного для використання. m учасникiв гри, спостерiгаючи в
момент часу t стан st ∈ [0; +∞), одночасно i незалежно один вiд одного приймають не-
вiд’ємнi рiшення про видобуток: (xt1, xt2, . . . , xtm). Гра продовжується, якщо

∑m
i=1 xti ≤ st.

При цьому, гравцi отримують миттєвi прибутки (u1(xt1), u2(xt2), . . . , um(xtm)). Загальним
виграшем гравця i є нескiнченна сума

∑∞
t=1 β

t−1
i ui(xti), у якiй βi ∈ (0; 1) — визначений для

цього гравця множник дисконтування.
Iснування рiвноваги Неша в несиметричному формулюваннi гри з певними обмеже-

ннями було отримано в [1]. У доповiдi представлено новий результат, який стосується
несиметричної моделi гри з недослiдженого досi класу.

Припущення моделi:

A1: Функцiї корисностi гравцiв є степеневими: ui(x) = cix
αi , де ci ∈ (0; +∞), αi ∈ (0; 1).

A2: Перехiд мiж станами є геометричним випадковим блуканням вiд спiльної iнвестицiї:

st+1 =

(
st −

m∑
i=1

xti

)
· ξt,

де st ∈ [0; +∞) — стан гри в момент часу t ∈ N, (xt1, . . . , xtm) — вiдповiднi ста-
ну st прийнятнi рiшення гравцiв, а (ξt)t∈N — послiдовнiсть незалежних реалiзацiй
невiд’ємної випадкової величини ξ, розподiл якої є вiдкритою iнформацiєю;

A3: Для всiх i ∈ [m] справджується: βi · E (ξαi) ∈ (0; 1).

Теорема 1. У грi видобутку ресурсiв з припущеннями A1-A3 iснує нерандомiзована
стацiонарна рiвновага Неша.

Крiм факту iснування, специфiка моделi дозволяє отримати алгоритм знаходження
рiвноваги Неша:

Алгоритм 1. 1. За допомогою чисельних методiв визначити точку z∗ ∈ (1; +∞),
у якiй наведена неперервна функцiя g(z) перетворюється в 1:

g(z) =
1

z

(
m∑
i=1

zαi

βi · E (ξαi)
−m+ 1

)
.

2. Обчислити функцiї вибору для кожного гравця i ∈ [m] за формулою:

fi(s) =
1

z∗

(
(z∗)αi

βi · E (ξαi)
− 1

)
s.

Сукупнiсть стацiонарних стратегiй гравцiв, що вiдповiдають функцiям вибору fi(s), є
рiвновагою Неша в розглянутiй грi.

1. Jaśkiewicz A., Nowak A. S. Stochastic games of resource extraction. Automatica, 2015, 54, 310 –
316.
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The boundary behavior is one of the classical problems of Complex Analysis. We investi-
gate the problem of continuous and homeomorphic extensions of mappings between Riemannian
manifolds. In particular, we study the connection between so-called η-quasisymmetric homeo-
morphisms and K-quasiconformal mappings.

A Riemannian manifold (M, g) is defined as a smooth n-dimensional connected manifold
(n ≥ 2) endowed with a Riemannian metric, i.e., a scalar product on each tangent space
TpM, which depends smoothly on the base point p. Let x = (x1, . . . , xn) be local coordinates.
A Riemannian metric is a positive definite symmetric tensor field g = gij(x) defined on the

local coordinates and obeying the transition rule gij(x) = hkl(f(x))∂f
k

∂xi
∂f l

∂xj
, where, as usual,

k, l = 1, . . . , n are the so-called dummy indices over which the summation is performed.
The geodesic distance d(p1, p2) between points p1 and p2 is the infimum of the lengths of

piecewise smooth curves joining p1 and p2 in M. This distance function satisfies the usual
axioms of metric space.

Let now D and D′ are domains in smooth connected Riemannian manifolds (M, g) and
(M′, g′) with geodesic distances d and d′, respectively.

Definition 1. Let η : [0,∞)→ [0,∞) be a homeomorphism. A homeomorphism f : D →
D′ is called η-quasisymmetric (abbr., η-QS homeomorphism) if the inequality

d′(f(x), f(y))

d′(f(x), f(z))
≤ η

(
d(x, y)

d(x, z)

)
holds for any triple x, y, z ∈ D, x 6= z, (see, e.g., [1]).

Given a homeomorphism f from a metric space X to a metric space Y, then for x ∈ X and
r > 0 set

Hf (x, r) =
sup{d(f(x), f(y)) : d(x, y) ≤ r}
inf{d(f(x), f(y)) : d(x, y) ≥ r}

.

Definition 2. A homeomorphism f : X → Y is called K-quasiconformal (abbr., K-qc) if
there is a constant K <∞ so that lim sup

r→0
Hf (x, r) ≤ K for all x ∈ X, (see, e.g., [2]).

Theorem 1. Let D and D′ are domains in smooth connected Riemannian manifolds (M, g)
and (M′, g′) with geodesic distances d and d′, respectively. Then the following statements hold.

1. If a homeomorphism f : D → D
′

is an η-QS, then f is a K-qc mapping.

2. If a homeomorphism f : D → D
′

is a K-qc mapping, then f is a locally η-QS homeo-
morphism in D.

1. Väisälä J., Vuorinen M., Wallin H. Thick sets and quasisymmetric maps. Nagoya Math. J.,
1994, 135, 121–148.

2. Heinonen J., Koskela P. Quasiconformal maps in metric spaces with controlled geometry. Acta
Math., 1998, 181, No. 1, 1–61.

99



Vector lattices of almost L-weakly and almost
M-weakly compact operators
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The class of almost L-weakly (resp. almost M-weakly) compact operators was introduced in [1]
as a generalization of L-weakly (resp. M-weakly) compact operators. In this talk, we study the
vector lattices generated by positive almost L-weakly and almost M-weakly compact operators.
We obtain analogous results to that of [2].

1. Bouras K., Lhaimer D., Moussa M., On the class of almost L-weakly and almost M-weakly
compact operators. Positivity, 2018, 22, No. 5, 1433 – 1443.

2. Bayram E., Wickstead A. W., Banach lattices of L-weakly and M-weakly compact operators.
Arch. Math., 2017, 108, No. 3, 293 – 299.
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On multivariate Ostrowski type inequalities and
their applications
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Let Q ⊂ Rd, d ∈ N, be a nonempty bounded open set. By W 1,p(Q), p ∈ [1,∞], we denote
the Sobolev space of functions f : Q → R such, that f and all their (distributional) partial
derivatives of the first order belong to Lp(Q). For x = (x1, . . . , xd) ∈ Rd and q ∈ [1,∞)

set |x|q :=

(
d∑

k=1

|xk|q
) 1

q

, |x|∞ := max
k=1,...,d

|xk|. It is clear, that for all f ∈ W 1,p(Q) we have

‖ |∇f |1 ‖Lp(Q) <∞. For p ∈ [1,∞] set W∇
p (Q) := {f ∈ W 1,p(Q) : ‖ |∇f |1 ‖p ≤ 1}.

We consider the case d ≥ 2 and p ∈ (d,∞]. We call a nonempty bounded open set Q ⊂ Rd

admissible, if the imbedding of the class W 1,p(Q) into the space of bounded continuous on Q
functions holds.

For h > 0 we set � d
h := {x ∈ Rd : |x|∞ < h}. It is easy to see that the set � d

h is admissible.
The following theorem gives an Ostrowski type inequality for functions from Sobolev class
W 1,p(� d

h).

Theorem 1. Let p ∈ (d,∞], 1
p

+ 1
p′

= 1 and f ∈ W 1,p(� d
h). Then∣∣∣∣∣∣∣

∫
� dh

f(y)dy − (2h)df(0)

∣∣∣∣∣∣∣ ≤ c(d, p) · h1+ d
p′ ‖ |∇f |1 ‖Lp(� dh),

where c(d, p) := 1
d

∥∥∥ 1

|·|d−1
∞
− | · |∞

∥∥∥
Lp′ (�

d
1)
. The inequality is sharp. The equality holds for the

function

fe(y) = fe,h(y) =

|y|∞∫
0

∣∣∣∣hd−1

ud−1
− u

h

∣∣∣∣p′−1

du.

We also give an application of Theorem 1 to the solution of the integral optimal recovery
problem.
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In this talk, we define p-Komlós properties in lattice-normed vector lattices (LNVL). The
property which is described in the statement of Theorem 1 has been widely studied by many
mathematicians. This notion was applied to different areas of mathematics which includes
function theory, mathematical economics and probability theory. We extend the concept for
the LNVL with up-convergence. Firstly, we investigate the notion of boundedly up-complete
and give the relation between p-KB-spaces. Secondly, we obtain a characterization of a lattice-
normed vector lattice which has the p-Komlós property and present the concept of p-Komlós
set.

Theorem 1. Let (xn) be a norm bounded sequence in L1(P ) where P is a probability mea-
sure. Then there exists a subsequence (yn) of (xn) and a function g ∈ L1(P ) such that the
Cesàro means of any subsequence of (yn) converge to g almost everywhere.

1. J.Komlós, A generalization of a problem of Steinhaus, Acta Math. Acad. Sci. Hungar., 1967,
18, 217 – 229.
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Let Ω ⊂ Rd, d > 2, be a bounded domain. We call a partition 4 of Ω convex if every cell
ω ∈ 4 is convex. For N ∈ N, denote by PN the set of all convex partitions of Ω comprising at
most N cells.

For a function f ∈ Lp(Ω) we define its N -term approximation error by σN(f,D)p =

inf
gi∈D,i=1,...,N

∥∥∥f − N∑
i=1

cigi

∥∥∥
Lp(Ω)

, where ci ∈ R for i = 1, . . . , N and D is an arbitrary set of

functions in Lp(Ω) (dictionary). In our case of piecewise constant approximation, we consider
dictionaries: DC – set of characteristic functions of arbitrary convex sets, and DS – set of
characteristic functions of arbitrary simplexes.

It is easy to see that σN(f,DC)∞ > const
N

for any measurable function.
It has been shown in [1] that piecewise constants on a partition which consist of N convex

polyhedra provide the Lp-approximation order O(N−2/(d+1)) for functions from Sobolev space
W 2
q , where d is the number of variables, 1 6 p 6 ∞ and 1 6 q < ∞ satisfy inequality

2
d+1

+ 1
p
− 1

q
> 0. This order cannot be further improved for any function whose Hessian is

positive definite at some point [2]. This implies σN(f,DS) = O(N2/(d+1)) for such functions.
Although still suffering from the curse of dimensionality, this bound is significantly better than
the standard order O(N−1/d) expected from piecewise constants on isotropic partitions.

On the other hand, it is easy to see that piecewise constant sparse grids approxima-
tion implies σN(DS)p = O(N−1 ln2(d−1)N) for functions in Sobolev spaces with dominat-
ing mixed derivatives. We improve this bound and show that piecewise constant sparse
grids approximation as linear combinations of Haar tensor product functions leads to to
σN(DS)p = O(N−1 ln3(d−1)/2N) for 1 < p < ∞. Case d = 2, p = 2 was previously proved
in [3]. Also, using a modification of the sparse grid approximation by employing some tech-
niques of [1-2], in the 2D case we improve this error from σN(f,DS)∞ = O(N−1 ln2N) to
σN(f,DS)∞ = O(N−1 lnN).

1. Davydov O., Kozynenko O., Skorokhodov D. Optimal approximation order of piecewise con-
stants on convex partitions. J. of Complexity, 2020, 58, 101444.

2. Davydov O. Approximation by piecewise constants on convex partitions. J. Approx. Theory,
2012, 164, 346 – 352.

3. Oswald P. On N -term approximation by Haar functions in Hs-norms, in Approximation and
Fourier Series (S. M. Nikolskij, B. S. Kashin, A. Izaak, eds.). AFC, Russian Academy of Science,
1998.
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Let N be the set of natural numbers, let C be the complex plane, and let C = C
⋃
{∞} be

its one-point compactification. Let r(B, a) be the inner radius of the domain B ⊂ C relative
to a point a ∈ B (see, for example, [1–3]).

The goal of the present work is to get the upper bounds for functionals of the following form
for all values of the parameter γ ∈ (0, n]

In(γ) = rγ (B0, 0)
n∏
k=1

r (Bk, ak) ,

Yn(γ) = rγ (B∞,∞)
n∏
k=1

r (Bk, ak) ,

where n ∈ N, n > 2, {ak}, k = 1, n, is an arbitrary fixed system of points, B0, B∞, Bk is
any system of mutually non-overlapping domains such that a0 = 0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C,
ak ∈ Bk ⊂ C for k = 1, n.

The following propositions hold.

Theorem 1. Let n ∈ N, n > 2, γ ∈ (0, n]. Then, for any fixed system of points {ak}nk=1 ⊂
C\{0} and for any collection of mutually non-overlapping domains B0, Bk, a0 = 0 ∈ B0 ⊂ C,
ak ∈ Bk ⊂ C, k = 1, n, the inequality

In(γ) 6 n−
γ
2 (In(0))1− γ

n

(
n∏
k=1

|ak|

) 2γ
n

is satisfied.

Theorem 2. Let n ∈ N, n > 2, γ ∈ (0, n]. Then, for any fixed system of points {ak}nk=1 ⊂
C and any collection of mutually non-overlapping domains B∞, Bk, ∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂
C, k = 1, n, the inequality

Yn(γ) 6 n−
γ
2 (Yn(0))1− γ

n

is valid.
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1. Denega I. Estimates of the inner radii of non-overlapping domains. J. Math. Sci., 2019, 242,
No. 6, 787 – 795.
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Let A be a closed linear operator, densely defined on a separable Hilbert space H. In this
talk we will derive solvability conditions for the Lyapunov operator equation A∗X +X∗A = I,
under the premise that it is singular (without a unique bounded solution). Specially, if A is
self-adjoint we obtain sufficient conditions for the solution X to be symmetric on its domain.
We show that such results also hold in the bounded-operator setting and in C∗−algebras. We
apply the obtained results to study abstract Cauchy problems.

1. Djordjević B. D. Singular Lyapunov operator equations: applications to C∗−algebras, Frechet
derivatives and abstract Cauchy problems. Analysis and Mathematical Physics. (submitted).

2. Djordjević B. D. On a singular Sylvester equation with unbounded self-adjoint A and B. Com-
plex Analysis and Operator Theory, 2020, 14, No. 4, 43.
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Let Bn be the Euclidean unit ball in Cn and let U be the unit disc in C. The aim of this work
is to study convex combinations of biholomorphic mappings on Bn (for details about holomorphy
and univalence in Cn, one may consult [2] or [3]) using an extension of the result proved by
Chichra and Singh in [1]. They obtained the conditions in which a convex combination of
the form (1 − λ)f + λg is starlike on U , when f and g are starlike on the unit disc U and
λ ∈ [0, 1] (for details about this result and other results regarding to convex combinations
of univalent functions, one may consult [4]). In this paper, we construct a similar result for
the case of several complex variables and then we use the result to characterize convex sums
of biholomorphic starlike mappings on the Euclidean unit ball Bn (we also give examples of
starlike mappings on Bn starting from some well-known results given in [5]).

1. Chichra P., Singh R., Convex sum of univalent functions. J. Austral. Math. Soc., 1972, 14,
503 – 507.

2. Graham I., Kohr G., Geometric Function Theory in One and Higher Dimensions. — New York,
Marcel Dekker Inc., 2003, 530 p.

3. Kohr G., Basic Topics in Holomorphic Functions of Several Complex Variables. — Cluj-Napoca,
Cluj University Press, 2003, 195 p.

4. Merkes E. P., On the convex sum of certain univalent functions and the identity function. Rev.
Colombiana Math., 1987, 21, 5 – 12.

5. Roper K., Suffridge T. J., Convexity properties of holomorphic mappings in Cn. Trans. Amer.
Math. Soc., 1999, 351, 1803 – 1833.
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In 1990 Kita and Yoneda [1] introduced new class of functions of bounded variation. T.
Akhobadze [2, 3] generalized the last class for the sequences pn and φ(n), where p1 ≥ 1, pn ↑ ∞,
n → ∞ and φ(1) ≥ 1, φ(n) ↑ ∞, n → ∞. Denote this class by BV (pn ↑ ∞, φ). In [4] authors
defined the notation of absolute continuity with respect to ((pn), φ) and studed properties of
it. We denote this class AC(pn ↑ ∞, φ) and we use the notation

τ(r) = min{m : m ∈ N, φ(m) ≥ r}.

Now we are going to prove the following two statements.

Theorem 1. Let function f be 2π-periodic and absolute continious with respect to ((pn), φ)
then

|an(f)| = o(1)n−1/p(τ(n)); |bn(f)| = o(1)n−1/p(τ(n)),

where an(f) and bn(f) are Fourier coefficients of f .

Theorem 2. If φ(n)
1
pn is not bounded then there exists a continuous function f from

BV (pn ↑ ∞, φ) which is not ((pn), φ)-absolute continuous.

For φ(n) = 2n Goginava [5] proved

Theorem 3. Let p(2n) ≤ Cp(n) for all n ≥ 1, where C > 0 is a constant and
p(n) log p(n) = o(n). For all Fourier series of class Hω ∩ BV (p(n) ↑ ∞, 2n) to be uniformly
convergent it is necessary and sufficient that

lim
n→∞

ω

(
1

n

)
p([log n]) log p([log n]) = 0.

We prove that the last theorem remains true if we consider AC(p(n) ↑ ∞, 2n) class instead
of BV (p(n) ↑ ∞, 2n).

1. Kita H., Yoneda K. A generalization of bounded variation. Acta Math. Hungar., 1990, 56,
229–238.

2. Akhobadze T. Function of generalized Wiener classes BV (p(n) ↑ ∞, φ) and their Fourier coef-
ficients. Georgian Math. J., 2000, 7, 401–416.

3. Akhobadze T. A generalization of bounded variation. Acta math. Hungar., 2002, 97, 223–256.

4. Akhobadze T., Ivanadze K. On the classes of functions of generalized bounded variation. Banach
Journal of Mathematical Analysis, 2020, 14, 762–783.

5. Goginava U. On the divergnce of trigonometic Fourier series of the class Hω ∩BV (p(n)→∞).
Proceedings of A. Razmadze Mahematical Institute, 1999, 121, 63–70.
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An invertibility and Fredholm criteria in a
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In this talk, we first deal with a class of operators which are written as a linear combination of
Toeplitz operators and Fourier multipliers acting on the Hardy space of the unit disc. We prove
that such operators are invertible if and only if they are Fredholm with Fredholm index zero.
We apply this result to obtain Fredholm criteria of similar operators acting on Hardy space of
the polydisc. Our results are then applied to calculate spectra of certain composition operators
on the Hardy space of the unit disc and essential spectra of a class of composition operators
acting on Hardy space of the unit polydisc. This talk is based on the following papers which
are joint work with U. Gul of Hacettepe University.

1. Gul U., Koca B. B. An invertibility criterion in a C*-algebra of acting on the Hardy space with
applications to composition operators. Mediterranean Journal of Mathematics, 2018, 15, No. 6,
220.

2. Gul U., Koca B. B. Fredholm criteria in a C*-algebra acting on the Hardy space of the bi-disc
with applications to composition operators, Journal of Mathematical Analysis and Applications,
2019, 477, No. 1, 163–173.

108
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After that Kolmogorov [4] gave the examples of the functions in L1[0; 1] with almost every-
where divergent trigonometric Fourier series, many authors try to generalize these results.

The similar problems with respect to other orthonormal systems were considered by different
authors. One of them was the problem posed by Alexits (see [1, pp. 287]) and Olevskii [5] about
an analogue of Kolmogorov’s example of a divergent trigonometric Fourier series for general
orthonormal systems that are uniformly bounded.

The answer to this question was given by Bochkarev [2]. He proved that for every given
uniformly bounded orthonormal system, there exists a function in L1[0; 1] that Fourier series
with respect to this system diverge at every point of some set of positive measure.

The variable exponent Lebesgue spaces attract spacial attention in recent three decades. It
turns out that L1[0; 1] = ∪Lp(·)[0; 1] where the union is taken over all measurable p(·) such that
a.e. p(x) > 1. Using this fact authors of the paper [3] provide a different point of view on the
problem of a.e. divergence of trigonometric Fourier series in the subspaces of L1[0; 1]. Indeed
any function with Fourier series that is divergent a.e. must belong to some variable exponent
space Lp(·)[0; 1], 1 < p(x) <∞ a.e.

In this talk we characterize the class of variable exponent Lebesgue spaces for which an
analogue of Bochkarev’s theorem is valid.

Definition 1. Let Pln be a set of all functions p : [0; 1] → [1;∞) such that p(·) is an
increasing function, p(0) = 1, p(t) > 1, t ∈ (0; 1] and

lim inf
t→0+

(p(t)− 1) ln(e/t) <∞.

Let now state the main result:

Theorem 1. For any uniformly bounded orthonormal system Φ and for any p(·) ∈ Pln, there
exists a measure preserving transformation ω : [0; 1] → [0; 1], such that in the corresponding
Lp(ω(·))[0; 1] space, there exists a function whose Fourier series with respect to Φ diverge at every
point of some set of positive measure.

1. Alexits G. Konvergenz probleme der Orthogonalreihen. — Budapest: Verlag der Ungarischen
Akad. der Wissenschaften, 1960, 307 p.

2. Bochkarev S.V. A Fourier series that diverges on a set of positive measure for an arbitrary
bounded orthonormal system. Mat. Sb., 1975, 98, 436–449.

3. Edmunds D., Gogatishvili A., Kopaliani T. Construction of function spaces close to L∞ with
associate space close to L1. J Fourier Anal Appl, 2018, 24, 1539–1553.

4. Kolmogorov A.N. Unesérie de Fourier Lebesque divergente Presque partout. Fund. Math., 1923,
4, 324–328.

5. Olevskii A.M. Complete systems of convergence. Dokl. Akad. Nauk SSSR, 1964, 159, 21–24.
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inequalities

Atanu Manna

Faculty of Mathematics,
Indian Institute of Carpet Technology, Bhadohi, India

atanu.manna@iict.ac.in

Hardy’s inequality and its several extensions play a significant role in several branches of
Mathematics. In this talk, the author has taken into account of some important extensions
of the Hardy’s classical integral inequality due to Hardy himself, Copson, Bennett, Leindler,
and Levinson. It is intended to establish a new proof of these extended inequalities via a
probabilistic approach, which was initially considered by Walker [2] to prove classical Hardy’s
integral inequality with the best possible constant factors. The best possible constants were
also calculated by using ‘Kullback-Leibler’ inequality. The presentation is a part of the author’s
latest work [1].

1. Manna A. New Hardy-type integral inequalities. Acta Sci. Math. (Szeged), 2020, 86, 3-4,
467-491.

2. Walker S. G. A probabilistic proof of Hardy’s inequality. Statist. Prob. Lett., 2015, 103, 6-7.
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Let H(K) be a reproducing kernel Hilbert space of multivariate complex-valued functions
f(x) = f(x1, . . . , xd), x ∈ D ⊂ Rd, with the kernel K : D×D → C. Consider the identity opera-
tor Id : H(K)→ L2(D, %D) and the non-increasing sequence of corresponding singular numbers
(σn)∞n=1. Further, with (e∗n(x))∞n=1 ⊂ H(K) and (ηn(x))∞n=1 = (σ−1

n e∗n(x))∞n=1 ⊂ L2(D, %D)
denote the systems of left and right singular functions. Let also for m ∈ N NK,%D(m) :=
supx∈D

∑m−1
k=1 |ηk(x)|2 be the supremum over the Christoffel function.

We discuss the optimal orders of convergence qlin
F and qstd

F of algorithms that realize upper
bounds for approximation numbers an(Id : H(K)→ F) and, respectively, sampling numbers
gn(Id : H(K)→ F ). Let us introduce the following two assumptions:

(i) NK,%D(k) = O(ku);

(ii) there exist p > 1/2, C1 > 0 such that σj ≤ C1j
−p, j = 1, 2, . . . .

Note that the values of u and p are optimal in the sense that u := inf {u : NK,%D(k) = O(ku)},
p := sup{p : σj ≤ C1j

−p, j = 1, 2, . . . }.
The stronger conditions on the integral operator were earlier introduced in [1,2]. Namely,

instead of the condition (i) the authors assume that

(i’) there exists C2 > 0 such that ‖ηj‖`∞(D) ≤ C2, j = 1, 2, . . . ,

i.e., consider the special case NK,%D(k) = O(k).
If the second assumption is true, then qlin

L2(D,%D) = p. If (i’) and (ii) are satisfied, then,

when switching from L2(D, %D) to `∞(D) norm, we loose 1/2 in the optimal order [1]: qlin
`∞(D) =

qlin
L2(D,%D) − 1/2 = p− 1/2, where p > 1/2. Clearly, we only need the weaker assumption (i) for

such a statement.
It was proved in [2], that under the assumptions (i’) and (ii) the optimal order of convergence

qstd
`∞(D) ∈

[
2p

2p+1

(
p− 1

2

)
, p− 1

2

]
. We get [3] the following improvement:

Theorem 1. Suppose that (i) and (ii) hold true with 2p > u. Then qstd
`∞(D) ≥ p − u/2. In

case u = 1 (or if (i’) holds) we have qstd
`∞(D) = qlin

`∞(D) = p− 1/2.

Acknowledgements The work was partially financially supported by the budget program “Sup-
port of the development of priority branches of scientific research in 2020” (KPKVK 6541230).

1. Kuo F. Y., Wasilkowski G. W., Woźniakowski H. Multivariate L∞ approximation in the worst
case setting over reproducing kernel Hilbert spaces. J. Approx. Theory, 2008, 152, No. 2, 135 –
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The Weierstrass approximation theorem is the basis of approximation theory introduced by
Weierstrass [1], which states that each continuous function defined on [a, b] can be approximated
uniformly by some polynomial. In 1912, Bernstein [2] established a constructive proof of the
Weierstrass theorem by using Korovkin’s theorem [3].
On the other hand, Cárdenas et al. [4] defined the Bernstein type operators by Bm(goρ−1)oρ
and also presents a better degree of approximation depending on ρ. This type of approximation
operators generalizes the Korovkin set from {e0, e1, e2} to {e0, ρ, ρ

2}. In 2014, Aral et al. [5] also
proposed a new modification of Szász-Mirakyan type operators to investigate approximation
properties of the announced operators acting on functions defined on unbounded intervals
[0,∞). Very recently, for m ≥ 1, z ≥ 0, and suitable functions g defined on [0,∞). Hatice
et al. [6] introduced a new modification of Lupaş operators [7] using a suitable function ρ as
follows :

Lρm(g; z) = 2−mρ(z)

∞∑
j=0

(mρ(z))j
2jj!

(
goρ−1

)( j

m

)
, (1)

where ρ satisfies following properties:
(ρ1) ρ be a continuously differentiable function on [0,∞),
(ρ2) ρ(0) = 0 and inf

z∈[0,∞)
ρ
′
(z) ≥ 1,

and (mρ(z))j is the rising factorial defined as:

(mρ(z))0 = 1,

(mρ(z))j = (mρ(z))(mρ(z) + 1)(mρ(z) + 2) · · · (mρ(z) + j − 1), j ≥ 0.

If we put ρ(z) = z in (1), then reduces to the classical Lupaş operators defined in [7].
Very recently, a new construction of Szász-Mirakjan operators was given by Aral et al. [8] by
using ρ and two sequences of functions αm, βm defined on an subinterval of [0,∞):

S̃ρm(g; z) = e−αm(z)

∞∑
j=0

(βm(z))j

j!

(
goρ−1

)( j

m

)
. (2)

Inspired by idea which is used by Aral et al. in [8], in this paper we define a new construction
of Lupaş operator (1) which depend on αm(z) and βm(z), where αm(z) and βm(z) are sequences
of functions defined on Ẽ ⊂ [0,∞). We prove that the new operators provide better weighted
uniform approximation over [0,∞). In terms of weighted moduli of smoothness, we obtain
degrees of approximation associated with the function ρ. Also, we prove Voronovskaya type
theorem, quantitative estimates for the local approximation.

1. Weierstrass K. Über die analytische Darstellbarkeit sogenannter willkürlicher Functionen
einer reellen Veränderlichen. Sitzungsberichte der Königlich Preußischen Akademie der Wis-
senschaften zu Berlin, 1885, 2, 633–639.
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3. Korovkin P.P. Linear operators and approximation theory. — Delhi: Hindustan Publishing
Corporation, 1960, 222 p.

4. Cárdenas-Morales D., Garrancho P., Rasa I. Bernstein-type operators which preserve polyno-
mials. Comput. Math. Appl., 2011, 62, No. 1, 158–163.

5. Aral A., Inoan D., Rasa I. On the generalized Szász-Mirakyan operators. Results Math., 2014,
65, No. 3-4, 441–452.

6. İlarslan H. G. .İ., Aral A., Başcanbaz-Tunca G. Generalized Lupaş operators. AIP Conference
Proceedings, 2018, 1926, No. 1, 020019.

7. Lupaş A. The approximation by some positive linear operators. Proceedings of the International
Dortmund meeting on Approximation Theory (M.W. Muller et al., eds.), akademie Verlag,
Berlin, 1995, 201–229.

8. Aral A., Ulusoy G., Deniz E. A new construction of Szász-Mirakyan operators. Numer. Algor.,
2018, 77, 313-326.
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The Fourier diffraction theorem in optical
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In optical diffraction tomography (ODT), the three-dimensional (3D) refractive index of
an object is recovered from optical measurements taken from different angles. While in X-ray
tomography the imaging waves travel on straight lines, in ODT the visible light is scattered
at the object. Under Born’s approximation, the Fourier diffraction theorem of ODT connects
the 3D Fourier transform of the searched-for refractive index with the 2D Fourier transform of
the measurements. From a mathematical perspective it is important to consider the describing
diffraction equations and backpropagation formulae in a rigorous distributional setting.

In the present mathematical studies, we assume that the motion has been determined al-
ready beforehand, but can be rather irregular. This makes the derivation of reconstruction
formulae as well as the numerical solution a challenging task.

1. Kirisits C., Quellmalz M., Ritsch-Marte M., Scherzer O., Setterqvist E., Steidl G. Fourier
reconstruction for diffraction tomography of an object rotated into arbitrary orientations.
(arXiv:2104.07990).
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Let Γ be a family of curves γ in Rn, n > 2. A Borel measurable function ρ : Rn → [0,∞] is
called admissible for Γ, (abbr. ρ ∈ adm Γ), if∫

γ

ρ(x) ds > 1

for any curve γ ∈ Γ. Let p ∈ (1,∞). The quantity

Mp(Γ) = inf
ρ∈adm Γ

∫
Rn

ρp(x) dm(x)

is called p–modulus of the family Γ.
For arbitrary sets E, F and G of Rn we denote by ∆(E,F,G) a set of all continuous curves

γ : [a, b]→ Rn that connect E and F in G, i.e., such that γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ G for
a < t < b.

Let D be a domain in Rn, n > 2, x0 ∈ D and d0 = dist(x0, ∂D). Set

A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2} ,

Si = S(x0, ri) = {x ∈ Rn : |x− x0| = ri} , i = 1, 2 .

Let a function Q : D → [0,∞] be Lebesgue measurable. We say that a homeomorphism
f : D → Rn is ring Q-homeomorphism with respect to p-modulus at x0 ∈ D if the relation

Mp(∆(fS1, fS2, fD)) 6
∫
A

Q(x) ηp(|x− x0|) dm(x)

holds for any ring A = A(x0, r1, r2) , 0 < r1 < r2 < d0, d0 = dist(x0, ∂D) and for any measurable
function η : (r1, r2)→ [0,∞] such that

r2∫
r1

η(r) dr = 1 .
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Denote by ωn−1 the area of the unit sphere Sn−1 = {x ∈ Rn : |x| = 1} in Rn and by qx0(r) =
1

ωn−1 rn−1

∫
S(x0,r)

Q(x) dA the integral mean over the sphere S(x0, r) = {x ∈ Rn : |x − x0| = r} ,

here dA is the element of the surface area. Let L(x0, f, R) = sup
|x−x0|6R

|f(x)− f(x0)| .

Theorem 1. Suppose that f : Rn → Rn is a ring Q-homeomorphism with respect to p-
modulus at a point x0 with p > n where x0 is some point in Rn and for some numbers r0 > 0,
K > 0 the condition

qx0(t) 6 K tα

holds for a.e. t ∈ [r0,+∞). If α ∈ [0, p− n) then

lim
R→∞

L(x0, f, R)

R
p−n−α
p−n

> K
1

n−p

(
p− n

p− n− α

) p−1
p−n

> 0 .

If α = p− n then

lim
R→∞

L(x0, f, R)

(lnR)
p−1
p−n

> K
1

n−p

(
p− n
p− 1

) p−1
p−n

> 0 .
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Let s ∈ N and Ys := {Ys} = {{yi}2s
i=1}, yi ∈ R, y2s < · · · < y1 < y2s + 2π =: y0.

Consider

∆(0)(Ys) = {f(t) : f(t)
2s∏
i=1

(t− yi) ≥ 0, t ∈ [y2s, y0].}, (1)

where f ∈ C(R) is a 2π-periodic function.
Denote by C(r), r ∈ N, the space of 2π - periodic functions f ∈ C(r)(R). W r, r ∈ N stands

for the Sobolev space of 2π-periodic functions f ∈ AC(r−1)(R), such that

‖f (r)‖ < +∞, ‖g‖ := esssupx∈R|g(x)|.

Let Tn be the space of trigonometric polynomials of degree ≤ n (of order 2n+ 1).

ωk(f, t) = sup
h∈[0,t]

‖
k∑
j=0

(−1)k−j
(
k

j

)
f(·+ ih)‖, t ≥ 0,

is the modulus of continuity of a function f of order k ∈ N.
The case of the approximation of function by a trigonometrical polynomial with the same

intervals of monotonicity was researched in [3], for a continuous function f ; in [1], for r ≥ 2; in
[2], a counterexample given for k ≥ 3.

Our result for the following conditions is presented in the theorem 1.

Theorem 1. For any natural k and n, n ≥ N(Y, k) = const, and any funcion f ∈
C(1)

⋂
∆(0)(Ys), there exists a polynomial Rn ∈ Tn

⋂
∆(0)(Ys) such that

||f −Rn|| ≤
c(k, s)

n
ωk(f

′, 1/n), f ∈ C(1). (2)

1. Dzyubenko H. A. Comonotone approximation of twice differentiable periodic functions. Ukr.
Math. J., 2009, 61, No. 4, 519–540.

2. Dzyubenko G. A. Contrexample in comonotone approximation of periodic functions [in
Ukrainian]. Transactions of Institute of Mathematics, the NAS of Ukraine, 2008, 5, No. 1,
113–123.

3. Dzyubenko H. A., Pleshakov M. G. Comonotone approximation of periodic functions. Matema-
ticheskie Zametki, 2008, 83, No. 2, 199–209.
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Let N and R be the sets of natural and real numbers, respectively, C be the complex plane,
C = C

⋃
{∞} be the Riemann sphere, and r(B, a) be the inner radius of the domain B ∈ C

with respect to the point a ∈ B.
Consider the following problem which was formulated in 1994 [1].

Problem 1. Consider the product

In(γ) = rγ (B0, 0)
n∏
k=1

r (Bk, ak) ,

where B0, B1,...,Bn (n ≥ 2) are pairwise non-overlapping domains in C and a0 = 0 and |ak| = 1
for k = 1, n, and 0 < γ 6 n. Show that it attains its maximum at a configuration of domains
Bk and points ak possessing rotational n-symmetry.

This problem has a solution only if γ 6 n as soon as γ = n + ε, ε > 0, the problem has no
solution. Currently it still unsolved in general, only partial results are known [2].

The following theorem holds [3].

Theorem 1. Let n ∈ N and n > 2. Then for any β ∈ (0; 1
2
] there exists n0(β) such that

for all n > n0(β) and for all γ ∈ (1, nβ] and for any different points of a unit circle and for
any different system of non-overlapping domains Bk, such that ak ∈ Bk ⊂ C for k = 1, n, and
a0 = 0 ∈ B0 ⊂ C, the following inequality holds

rγ (B0, 0)
n∏
k=1

r (Bk, ak) 6

(
4

n

)n (
4γ
n2

) γ
n(

1− γ
n2

)n+ γ
n

(
1−

√
γ

n

1 +
√
γ

n

)2
√
γ

. (1)

Equality is attained if ak and Bk for k = 0, n, are, respectively, poles and circular domains of
the quadratic differential

Q(w)dw2 = −(n2 − γ)wn + γ

w2(wn − 1)2
dw2.

1. Dubinin V. N. Symmetrization in the geometric theory of functions of a complex variable. Russ.
Math. Surv., 1994, 49, No. 1, 1 – 79.

2. Bakthin A. K., Bakhtina G. P., Zelinskii Yu. B. Topological-algebraic structures and geomet-
ric methods in complex analysis. In Proceedings of the Institute of Mathematics of NAS of
Ukraine. — Kyiv: Institute of Mathematics of NAS of Ukraine, 2008, 308 p.

3. Bakthin A. K., Vyhivska L. V. Problem on extremal decomposition of the complex plane with
free poles. Journal of Mathematical Sciences, 2020, 248, No. 2, 145 – 165.
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Обєктом дослiдження є двовимiрнi гiллястi ланцюговi дроби спецiального вигляду

∞

D
k=1

ik−1∑
ik=1

ai(k)

bi(k)

, (1)

де bi(k), ai(k) ∈ C , i(k) ∈ I, I = {i(k) = (i1, i2, . . . , ik) : 1 ≤ ik ≤ ik−1 ≤ ... ≤ i0; k ≥ 1; i0 = 2}.

Теорема 1. Нехай елементи двовимiрного ГЛД спецiального вигляду (1) задовольня-
ють умови ∣∣a1[n]

∣∣−< (a1[n]

)
≤ 2pn−1

(
<
(
b1[n]

)
− pn

)
, для довiльних n ≥ 1,∣∣a2[k],1[n]

∣∣−< (a2[k],1[n]

)
≤ 2pn−1

(
<
(
b2[k],1[n]

)
− pn

)
, для довiльних n ≥ 1 i k ≥ 1,∣∣a2[n]

∣∣−< (a2[n]

)
≤ 2pn−1

(
<
(
b2[n]

)
− pn

)
, для довiльних n ≥ 1,

<
(
b1[n]

)
> pn, <

(
b2[k],1[n]

)
> pn, <

(
b2[n]

)
> pn, для довiльних n ≥ 1 i k ≥ 1,

де s[r] = s, s, . . . , s︸ ︷︷ ︸
r

, s = 1, 2; r = k, або r = n; pn – деякi додатнi сталi такi, що члени

послiдовностей {
a1[n]

pnpn−1

}∞
n=1

,

{
a2[k],1[n]

pnpn−1

}∞
n=1

,

{
a2[n]

pnpn−1

}∞
n=1

належать одиничному кругу з центром в початку координат. Тодi ГЛД (1) збiгається.

Теорема 1 є двовимiрним аналогом теореми, встановленої Джонсом i Троном у робо-
тi [2]. Доведення Теореми 1 ґрунтується на використаннi цiєї теореми, а також елементiв
теорiї стiйкостi неперервних дробiв до збурень та властивостей неперервних дробiв, еле-
менти яких беруться iз параболiчних областей.

1. БоднарД.И. Ветвящиеся цепные дроби.– К. : Наук. Думка, 1986, 176 с.
2. JonesW., ThronW. Convergence of Continued Fractions. Canadian Journal of Mathematics,

1968, 20, 1037–1055.
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Наближення функцiй в просторах Бергмана
М. В. Гаєвський, I. Г. Ключник

Центральноукраїнський державний педагогiчний унiверситет iменi Володимира
Винниченка, Кропивницький, Україна

mgaevskij@gmail.com

Нехай D = {z ∈ C : |z| < 1, }, Hol(D) — множина аналiтичних в D функцiй, A ⊂
Hol(D) — простiр Бергмана аналiтичних в D функцiй з нормою

‖f‖ =
1

π

∫∫
D

|f(x+ iy)|dxdy <∞.

Нехай далi f ∈ Hol(D) та f(z) =
∞∑
k=0

akz
k, z ∈ D — її розклад в ряд Тейлора-Маклорена,

якщо для послiдовностi комплексних чисел ψ = ψ(k), k ∈ N ряд
∞∑
k=1

1
ψ(k)

akz
k, z ∈ D є рядом

Тейлора деякої функцiї з класу A, то цю функцiю будемо позначати fψ i назвемо її ψ-
похiдною функцiї f. Позначимо через Aψ клас функцiй з A, у яких похiдна fψ ∈ A та
‖fψ‖ ≤ 1 [1].

Будемо говорити, що послiдовнiсть ψ задовольняє умови типу Сiдона-Теляковського
(S − T ∗), якщо

1) lim
k→∞

ψ(k) = 0;

2) iснує послiдовнiсть Ak така, що lim
k→∞

Ak = 0,
∞∑
k=0

(k + 1)|4Ak| <∞, де |4ψ(k)| ≤ Ak.

Теорема 1. Якщо послiдовностi комплексних чисел {(k + 1)ψ(k)}, та {ψ(k)}, k ∈ N
задовольняють умови S − T ∗ та

∑∞
k=1 |ψ(k)| <∞, то

sup
f∈Aψ

‖f(z)− Sn(f, z)‖∞ =

=
1

π

n∑
k=1

|ψ(k + n)|
k

+
1

π

∞∑
k=2n+1

|ψ(k)|
k

+O(1)
∞∑

k=n+1

(k − n+ 1)|4Ak|,

де Sn(f, z) — частиннi суми ряду Тейлора, |4ψ(k)| ≤ Ak та O(1) — величина рiвномiрно
обмежена по n та f.

1. Савчук В.В. Лiнiйнi методи наближення деяких класiв голоморфних функцiй iз простору
Бергмана. Український математичний журнал, 2008, 6, №. 60, 783–795,

120



Апроксимацiйнi характеристики класiв типу
Нiкольського-Бєсова перiодичних функцiй багатьох

змiнних
М. В. Гембарський, О. В. Федуник-Яремчук, С. Б. Гембарська

Волинський нацiональний унiверситет iменi Лесi Українки, Луцьк, Україна
hembarskyi@gmail.com, fedunyk.o.v@gmail.com, gembarskaya72@gmail.com

Дослiджуються класи BΩ
p,θ перiодичних функцiй багатьох змiнних [1], де Ω(t) =

ω
( d∏
j=1

tj

)
, ω – задана функцiя (однiєї змiнної) типу модуля неперервностi порядку l, що

задовольняє умови (Sα) та (Sl), якi називаються умовами Барi-Стєчкiна [2]. При певному
виборi функцiї Ω класи BΩ

p,θ спiвпадають iз аналогами вiдомих класiв Нiкольського-Бєсова
Br
p,θ [3].

Нехай L∞(πd), πd =
d∏
j=1

[0; 2π), – простiр 2π-перiодичних по кожнiй змiннiй суттєво обме-

жених функцiй f(x) = f(x1, ..., xd) зi стандартною нормою, {ui}Mi=1 – ортонормована си-

стема функцiй ui ∈ L∞(πd),
M∑
i=1

(f, ui)ui – ортогональна проекцiя функцiї f на пiдпростiр,

породжений системою функцiй {ui}Mi=1.
Одержано точнi за порядком оцiнки ортопроекцiйних поперечникiв класiв BΩ

p,θ у про-
сторi B∞,1, норма в якому є бiльш сильною, нiж L∞-норма. Для функцiональних класiв
BΩ
p,θ ⊂ B∞,1 цi величини визначаються наступним чином

d⊥M(BΩ
p,θ, B∞,1) = inf

{ui}Mi=1

sup
f∈BΩ

p,θ

∥∥∥f(·)−
M∑
i=1

(f, ui)ui(·)
∥∥∥
B∞,1

.

Наведемо один iз одержаних результатiв.

Теорема 1. Нехай d ≥ 1, 1 < p < ∞, 1 ≤ θ ≤ ∞, Ω(t) = ω
( d∏
j=1

tj

)
, де ω задовольняє

умову (Sα) iз α > 1
p
i умову (Sl). Тодi для будь-яких M,n ∈ N таких, що M � 2nnd−1,

виконується спiввiдношення

d⊥M(BΩ
p,θ, B∞,1) � ω(2−n)2

n
pn(d−1)(1− 1

θ
).

1. Sun Yongsheng, Wang Heping. Representation and approximation of multivariate periodic functi-
ons with bounded mixed moduli of smoothness. Тр. мат. ин-та им. В.А. Стеклова, 1997, 219,
356 – 377.

2. Бари Н.К., Стечкин С.Б. Наилучшие приближения и дифференциальные свойства двух
сопряженных функций. Тр. Моск. мат. о-ва, 1956, 5, 483 – 522.

3. Лизоркин П.И., Никольский С.М. Пространства функций смешанной гладкости с деком-
позиционной точки зрения. Тр. Мат. ин-та им. В. А. Стеклова, 1989, 143 – 161.
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Сингулярно несиметрично скiнченого рангу
збурення класу H−1 самоспряженого оператора

М. Є. Дудкiн, О.Ю. Дюженкова
Нацiональний Технiчний Унiверситет України “Київський Полiтехнiчний Iнститут iменi

Iгоря Сiкорського”, Київ, Україна
dudkin@imath.kiev.ua, oduzen@ukr.net

Пропонується узагальнення результатiв робiт [1,2] та на випадок несиметричних класу
H−1 збурень скiнченого рангу. Тобто, розглядається формальний вираз вигляду

Ã = A+
n∑
j=1

αj〈·, ωj〉δj,

де A – незбурений самоспряжений оператор у сепарабельному гiльбертовому просторi H,
αj ∈ C, 0 < |αi| < ∞ i ωj, δj, j = 1, 2, ..., n < ∞ – вектори iз негативного простору
H−1, побудованому за A. Дiя оператора A надалi розумiється як продовженого на H−1 за
неперервнiстю.

Означення 1. Для наборiв лiнiйно незалежних векторiв {ωj}nj=1 ⊂ H−1 i {δj}nj=1 ⊂
H−1, n < ∞, таких що Ω ∩ H = {0}, ∆ ∩ H = {0}, де Ω := span{ωj}nj=1, ∆ := span{δj}nj=1,
оператор Ã називається сингулярно рангу n збуреним H−1-класу вiдносно A (i позначає-
ться Ã ∈ Pn−1(A)), якщо при деякому фiксованому z ∈ ρ(A) його область визначення

D(Ã) =

{
ϑ = φ−

n∑
i,j=1

αibi,j(z)〈φ, ωi〉(A− z)−1δj | φ ∈ D(A)

}
,

де bi,j(z) – елементи матрицi оберненої до матрицi G(z) = I + (αi〈δj, (A− z̄)−1ωi〉)ni,j=1 , I –
одинична матриця, за умови det G(z) 6= 0; та

D(Ã) =DH1+̇span{(A− z)−1δj}nj=1,

DH1 =
{
φ ∈ D(A) | ((A− z)φ, (A− z̄)−1ωj) = 0, j = 1, 2, ..., n

}
,

за умови detG(z) = 0; i дiя на векторах з D(Ã) задається правилом (Ã− z)ϑ = (A− z)φ.
Теорема 1. Резольвенти Rz, z ∈ ρ(A) незбуреного самоспряженого оператора A i –

R̃z, z ∈ ρ(Ã) збуреного Ã ∈ Pn−1(A) в H пов’язанi формулою типу М.Крейна:

R̃z = Rz +
n∑

i,j=1

αibi,j(z)(·, ni(z̄))mj(z), z, ξ ∈ ρ(A) ∩ ρ(Ã)

iз векторно-значними функцiями

nj(z) = (A− ξ)(A− z)−1nj(ξ), mj(z) = (A− ξ)(A− z)−1mj(ξ), j = 1, 2, ..., n,

де ni(z) = Rzδi, mj(z) = Rzωj, i матрично-значною функцiєю G(z)−1 = {bi,j(z)}ni,j=1,
такою що

G(z)−G(ξ) = (z − ξ)Γ(ni(ξ), ᾱjmj(z̄)),

де Γ( · · ) – матриця Грама вiдповiдних векторiв.

1. Albeverio S., Kurasov P. Singular perturbations of differential operators; solvable Schrödinger
type operators. — Cambridge: Univ. Press, 2000, 265 p.

2. Dudkin M.E., Vdovenko T. I. Dual pair of eigenvalues in rank one singular perturbations. Mat.
Stud., 2017, 48, No. 2, 156 – 164.
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Оцiнка похибки вiдновлення неперервних
на квадратi функцiй за неточно заданою лiнiйною

iнформацiєю
О. А. Пожарський

Iнститут математики НАН України, Київ, Україна
pozharskyio@gmail.com

Розв’язується задача вiдновлення неперервних функцiй f : [0, 1]2 → R двох змiнних
iз класiв Wψ

2,p, 1 ≤ p < ∞, що задаються у термiнах узагальненої гладкостi ψ за їхнiми
коефiцiєнтами Фур’є yi,j, i, j = 1, 2, . . . , вiдносно деякої ортонормованої системи, якi заданi
з похибкою δξi,j, де δ ∈ (0, 1), а ‖ξ‖lp =

∥∥(ξi,j)
∞
i,j=1

∥∥
lp
≤ 1. При цьому використано λ-

метод пiдсумовування рядiв, що задається трикутними числовими матрицями iз певними
обмеженнями щодо їхнiх елементiв. Похибку вiдновлення функцiй оцiнюємо в метрицi
простору C([0, 1]2) неперервних на [0, 1]2 функцiй.

Дослiдження доповнюють результати, отриманi у роботi [1], де розв’язано аналогiчну
задачу вiдновлення на класах функцiй однiєї змiнної.

1. Pozharska K.V., Pozharskyi A.A. Recovery of continuous functions from their Fourier coeffcients
known with error. Researches in Mathematics, 2020, 28, No. 2, 24 – 34.
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Iнверсор цифр Q∗2-зображення чисел
С. П. Ратушняк

Iнститут математики НАН України, Київ, Україна
ratush404@gmail.com

Нехай A = {0, 1} — алфавiт двiйкової системи числення, L = A×A× ... — простiр по-
слiдовностей нулiв та одиниць, ‖qik‖ — нескiнченна стохастична матриця з двома рядками
i нескiнченною кiлькiстю стовпцiв, яка має властивостi:

qik > 0, q0k + q1k = 1,
∞∏
k=1

max{q0k, q1k} = 0.

Покладемо β0k ≡ 0, β1k ≡ q0k, β2k ≡ 1 для будь-якого k ∈ N .

Теорема 1. [4] Для будь-якого x ∈ [0; 1] iснує послiдовнiсть (αn) ∈ L нулiв та одиниць
така, що

x = βα11 +
∞∑
k=2

(βαkk

k−1∏
j=1

qαjj) ≡ ∆Q∗2
α1α2...αk...

. (1)

Розклад числа x ∈ [0; 1] в ряд (1) називається його Q∗2-представленням, а скорочений
запис ∆

Q∗2
α1α2...αk... — Q∗2-зображенням. При цьому αk = αk(x) називається k-ою цифрою

цього зображення.

Означення 1. Iнверсором цифр Q∗2-зображення чисел вiдрiзка [0; 1] називається фун-
кцiя y = I∗(x), означена рiвнiстю

y = I∗(x = ∆Q∗2
α1α2...αn...

) = ∆
Q∗2
[1−α1][1−α2]...[1−αn].... (2)

Означення iнверсора I∗ рiвнiстю (2) є коректним, оскiльки виконується рiвнiсть
I∗(∆

Q∗2
c1...cn−10(1)) = I∗(∆

Q∗2
c1...cn−11(0)) для будь-якого n ∈ N .

Якщо q0k = q0 для будь-якого k ∈ N тобто Q∗2 зображення є Q2-зображенням чисел
[1], то I∗ є сингулярною строго спадною функцiєю — iнверсором Q2-цифр зображення
чисел [3], а у випадку, коли q0k = 1

2
для k ∈ N (Q∗2-зображення є класичним двiйковим

зображенням), то I∗(x) = 1− x.
Теорема 2. Функцiя I∗ є непереревною, строго спадною, причому I∗(0) = 1, I∗(1) = 0,

якщо q0k = q0; для будь-якого k ∈ N , то графiк Γ функцiї є самоафiнною множиною
простору R2, самоафiнна розмiрнiсть якої рiвна −2

log2 (q0q1)
; якщо для майже всiх чисел x =

∆
Q∗2
α1(x)α2(x)...αn(x)... вiдрiзка [0; 1] послiдовнiсть q1−αn(x)n

qαn(x)
є або розбiжною, або має границю,

вiдмiнну вiд 1, то функцiя I∗(x) є сингулярною, тобто неперервною функцiєю, похiдна
якої рiвна 0 майже скрiзь (у розумiннi мiри Лебега).

1. Працевитый Н. В. Случайные величины с независимыми Q2-символами. Асимптотические
методы в исследовании стохаст. моделей, К.: ИМ АН УССР, 1987, 92–102.

2. Pratsiovytyi M.V., Goncharenko Ya.V., Dyvliah N.V., Ratushniak S.P. Inversor of digits of Q∗2-
representative. Mat. Stud., 2021, 55, 37–43.

3. Працьовитий М. В., Скрипник С. В. Q2-зображення дробової частини дiйсного числа та
iнверсор його цифр. Науковий часопис НПУ iменi М.П. Драгоманова. Серiя 1, 2013, 15,
134–143.

4. Торбин Г.М., Працевитый Н.В. Случайные величины с независимыми Q∗-знаками. Случай-
ные эволюции: теоретические и приклад. задачи, К.: ИМ АНУ, 1992, 95-104.
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Про локальну поведiнку нелiнiйної системи
Кошi-Рiмана-Бельтрамi
Р. Р. Салiмов, М. В. Стефанчук

Iнститут математики НАН України, Київ, Україна
ruslan.salimov1@gmail.com, stefanmv43@gmail.com

Нехай G — область у комплекснiй площинi C i µ : G→ C — вимiрна функцiя з |µ(z)| < 1
м.с. (майже скрiзь) в G. Рiвнянням Бельтрамi називається рiвняння вигляду fz = µ(z)fz.

Нехай σ : D → C — вимiрна функцiя i m > 0. Розглянемо у полярнiй системi координат
(r, θ) наступне рiвняння: fr = σ(reiθ) |fθ|m fθ. Дане рiвняння можна записати у комплекснiй
формi:

fz =
z

z

σ(z) |z| i|zfz − zfz|m − 1

σ(z) |z| i|zfz − zfz|m + 1
fz. (1)

Вiдображення f : G → C називається регулярним у точцi z0 ∈ G, якщо в цiй точцi
f має повний диференцiал i його якобiан Jf = |fz|2 − |fz̄|2 6= 0. Гомеоморфiзм f класу
Соболєва W 1,1

loc називається регулярним, якщо Jf > 0 м.с.

Означення 1. Регулярним гомеоморфним розв’язком рiвняння (1) будемо називати
регулярний гомеоморфiзм f : G→ C, який м.с. в областi G задовольняє рiвняння (1).

Будемо вважати, що Br = {z ∈ C : |z| 6 r}, B = {z ∈ C : |z| < 1}, A(0, ε1, ε2) = {z ∈
C : ε1 < |z| < ε2}.

Теорема 1. Нехай f : B → C — регулярний гомеоморфний розв’язок рiвняння
(1) класу Соболєва W 1,2

loc з нормуванням f(0) = 0. Якщо для деяких чисел c0 > 0,
κ ∈

[
0, m+2

m+1

)
виконується умова∫

A(0, ε1, ε2)

dxdy

|z|
2m+3
m+1

(
Imσ(z)

) 1
m+1

6 c0

(
ln
ε2

ε1

)κ
для будь-яких 0 < ε1 < ε2 < ε0, ε0 ∈ (0, 1), то

lim inf
z→0

|f(z)|
(

ln
1

|z|

)m+2−κ(m+1)
m

6 ν0c
m+1
m

0 <∞ ,

де ν0 — додатна стала, яка залежить тiльки вiд m i κ.

Теорема 2. Нехай f : B → C — регулярний гомеоморфний розв’язок рiвняння (1)
класу Соболєва W 1,2

loc з нормуванням f(0) = 0. Якщо для деякого r0 ∈ (0, 1) виконується
умова

I0 =

∫
Br0

dxdy

|z|
2(m+1)
m

(
Imσ(z)

) 2
m

<∞,

то

lim inf
z→0

|f(z)|
(

ln
1

|z|

)m+2
2m

6 ν0

√
I0,

де ν0 — додатня стала, яка залежить тiльки вiд m.

1. Салiмов Р.Р., Стефанчук М.В. Логарифмiчна асимптотика нелiнiйного рiвняння Кошi-
Рiмана-Бельтрамi. Укр. мат. журн., 2021, 73, №3, 395 – 407.
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Найкращi ортогональнi тригонометричнi
наближення класiв перiодичних функцiй багатьох

змiнних у рiвномiрнiй метрицi
В. В. Шкапа, I. В. Замрiй, Г. М. Власик

Державний унiверситет телекомунiкацiй, Київ, Україна
vshkapa@ukr.net, irinafraktal@gmail.com, annawlasik@gmail.com

Розглядається наближення перiодичних функцiй багатьох змiнних iз класiв Lψβ,p у про-
сторi L∞. Данi класи для одновимiрного випадку були запропонованi О. I. Степанцем
(див., наприклад, [1, с. 25]). Зазначимо, що вони є узагальненням добре вiдомих класiв
Вейля–Надя W r

β,p (див., наприклад, [1, с. 25]).
Через D будемо позначати множину послiдовностей ψ, якi задовольняють наступнi

умови:
1) ψ — додатнi та незростаючi;
2) ∃C > 0 таке, що ∀l ∈ N ψ(l)

ψ(2l)
≤ C.

Нехай Rd, d ≥ 1, – d-вимiрний простiр, πd =
d∏
j=1

[−π, π]. Через L∞(πd) позначимо простiр

2π–перiодичних за кожною змiнною функцiй f , зi стандартною нормою.
Визначимо апроксимативну характеристику, про яку йтиме мова у доповiдi.
Для f ∈ L∞ покладемо

SθM (f,x) =
M∑
j=1

f̂
(
kj
)
ei(k

j ,x),

де f̂
(
kj
)
– коефiцiєнти Фур’є функцiї f, θM =

{
kj : kj = (kj1, . . . , k

j
d

)
, kj ∈ Zd, j = 1,M

}
,

i позначимо
e⊥M(Lψβ,p)∞ = sup

f∈Lψβ,p

inf
θM
‖f − SθM (f)‖∞. (1)

Величину (1) називають найкращим ортогональним тригонометричним наближенням
класiв функцiй Lψβ,p у просторi L∞.

Має мiсце наступне твердження:

Теорема 1. Нехай 1 < p <∞, ψj ∈ D, βj ∈ R, j = 1, d, i, крiм того, iснує ε > 0 таке,
що ψj (|kj|) |kj|

1
p

+ε не зростають. Тодi для будь–яких натуральних M i n, що задоволь-
няють умову M � 2nnd−1, справедливi оцiнки

Φ(n)M
1
p (logM)2(d−1)( 1

2
− 1
p) � e⊥M

(
Lψβ,p

)
∞
� Ψ(n)M

1
p (logM)2(d−1)( 1

2
− 1
p),

де

Φ(n) = min
(s,1)=n

d∏
j=1

ψj(2
sj), Ψ(n) = max

(s,1)=n

d∏
j=1

ψj(2
sj).

1. Степанец А.И. Классификация и приближение периодических функций. — К.: Наук. думка,
1987, 286 c.
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The shallow-water equations are used in the mathematical modeling of many real-world
phenomena such as flows in open channels, transport of chemical species, floods (including
those due to tsunami waves, tidal flows, and storm surges), dam-breaks, turbulence in the
atmosphere and oceans. Since such problems generally have complex flow domains, finite
element methods are well suited for their numerical simulations [1–3].

In this study, the 2D shallow-water equations used in [4] are adopted, and a semi-discrete
streamline-upwind/Petrov–Galerkin formulation is given. The stabilized formulation is further
supplemented with the YZβ shock-capturing reported in [5–7]. The implicit Euler method is
employed for temporal discretization. Two test problems from [4] are used to evaluate the
performance of the proposed formulation.

1. Takase S., Kashiyama K., Tanaka S., Tezduyar T. E. Space–time SUPG finite element com-
putation of shallow-water flows with moving shorelines. Comput. Mech., 2011, 48, No. 3,
293–306.

2. Kounadis G., Dougalis V. A. Galerkin finite element methods for the shallow water equations
over variable bottom. J. Comput. Appl. Math., 2020, 373, 112315.

3. Kashiyama K., Ohba Y., Takagi T., Behr M., Tezduyar T. Parallel finite element method
utilizing the mode splitting and sigma coordinate for shallow water flows. Comput. Mech.,
1999, 23, 144–150.

4. Takase S., Kashiyama K., Tanaka S., Tezduyar T. E. Space—time SUPG formulation of the
shallow-water equations. Int. J. Numer. Methods Fluids, 2020, 64, 1379–1394.

5. Tezduyar T. E., Senga M. SUPG finite element computation of inviscid supersonic flows with
YZβ shock-capturing. Comput. Fluids, 2020, 36, No. 1, 147–159.

6. Tezduyar T. E., Senga M., Vicker D. Computation of inviscid supersonic flows around cylinders
and spheres with the SUPG formulation and YZβ shock-capturing. Comput. Mech., 2006, 38,
469–481.

7. Tezduyar T. E., Senga M. Stabilization and shock-capturing parameters in SUPG formulation
of compressible flows. Comput. Methods Appl. Mech. Eng., 2020, 195, 1621–1632.
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The problem of the rotation of a rigid body about a fixed point has long attracted the
attention of researchers. In the theoretical aspect, this problem has interested specialists in the
field of theoretical mechanics since the 18th century. Research in this area continues, related
to the analysis of the rotating motion of a rigid body in celestial mechanics, the motion of a
rotating projectile, and gyroscopy. In works [1—3], perturbed fast motions of a rigid body close
to regular precession in the Lagrange case are considered.

This article investigates the motions of a rigid body close to the Lagrange case under the
action of a constant restoring moment and a disturbing moment slowly varying in time.

It is proposed to investigate the behavior of solutions of the system of equations of motion
of a body under the assumptions that the direction of the angular velocity of the body is close
to the axis of dynamic symmetry, the angular velocity is sufficiently high; the two projections of
the vector of the perturbing moment onto the principal axes of inertia of the body are small as
compared to the restoring moment, and the third projection is of the same order as the restoring
moment. To convert the system of equations to a form convenient for research, the procedure
described in [1, 3] is used. According to this procedure, the original system is transformed into
a system of nonlinear differential equations with two phases. It is very difficult to obtain a
solution to this system in an analytical form. In works [1, 3], using the method of averaging for
the system of equations, solutions were obtained in the first and second approximations. The
authors of the article solved the system of nonlinear differential equations numerically using
the Maple software package.

A mechanical model is considered that corresponds to the case of suppression of the equa-
torial component of the vector of angular velocity by means of a limited moment of forces, with
certain parameters and initial conditions. Graphs of changes in precession and nutation angles,
as well as projections of the vector of angular velocity, obtained as a result of numerical inte-
gration, are plotted. The nutation angle value ranges from 0.51 to 0.52 radians, the precession
angle slowly increases. Two projections of the vector of angular velocity onto the principal
axes of inertia of the body oscillate and slowly damping. The correctness of the calculation
was controlled by the fact that the values obtained as a result of the numerical integration of
the system for the axial component of the vector of angular velocity coincide with the exact
solution.

1. Chernousko F. L., Akulenko L. D., Leshchenko D. D. Evolution of Motions of a Rigid Body
About its Center of Mass. — Cham: Springer, 2017, 241 p.

2. Akulenko L. D., Kozachenko T. A., Leshchenko L. D. Evolution of rotations of rigid body under
the action of restoring and control moments. Journal of Computer and Systems International,
2002, 41, No. 5, 868 – 874.

3. Akulenko L. D., Kozachenko T. A., Leshchenko L. D. Rotations of a rigid body under the action
of unsteady restoring and perturbation torques. Mechanics of Solids, 2003, 38, No. 2, 1 – 7.
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Introduction. Latin squares, cubes and hypercubes are effectively used in such fields of
science as coding, cryptography, statistics, experimental design theory etc. The number of
scientific works devoted to their study is growing. Prolongation and contraction are the methods
to obtain one Latin cube from the other. The authors do not know works devoted to prolongation
and contraction of Latin cubes, except [1].

A set of cells indexed by elements from {(x, y, z) | x, y, z ∈ m}, where m := {0, 1, ...,m−1},
is called a cube. The sets

L1,a,b := {(x, a, b) | x ∈ m}, L2,a,b := {(a, x, b) | x ∈ m}, L3,a,b := {(a, b, x) | x ∈ m}

are called a string, a row and a column respectively. The sets of the cells

S1,a := {(a, y, z) | y, z ∈ m}, S2,a := {(x, a, z) | x, z ∈ m}, S3,a := {(x, y, a) | x, y ∈ m}

are respectively called a string layer, a row layer and a column layer of the cube. A cell (a, b, c)
containing an element d is called a filled one and is denoted by (a, b, c, d). A set of filled cells is
said to be complete if each element in these cells occurs exactly once. A cube is called Latin if
each row, column, and string are complete.

Description of the algorithm for contracting Latin cubes. The contraction of a Latin
cube of order m is carried out in the following way: a string layer, a row layer and a column
layer are removed and all occurrences of some element are replaced by other elements to obtain
a Latin cube of order m− 1.

Choose an arbitrary cell (a, b, c, d). Let d appear in a cell (x, y, z) which is not in the layers
S1,a, S2,b, S3,c. Replace the element d in the cell (x, y, z, d) with an element being in the three
cells. These cells are the intersection of the string, row and column containing the cell (x, y, z, d)
and the layers S1,a, S2,b, S3,c respectively. The replacement does not take place, if at least two
elements in these three cells are different. If all replacements have taken place, then the layers
S1,a, S2,b, S3,c are removed. As a result, the Latin cube of order m− 1 has been obtained.

If the element d has not been replaced in at least one cell, then the selected cell is not
removable and another cell should be selected. If all the cells are not removable, then the Latin
cube is not contractible by this algorithm, though it can be contracted in another way.

1. Sokhatsky F.M., Kirka D.V. Prolongation of ternary quasigroups [in Ukrainian]. Science online:
International electronic journal, 2020, No. 10.
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In this paper deterministic Hepatitis C model with an isolation stage is enriched with
random perturbation, that briefly describes how the environmental factors lead an individual
to become infected with HCV virus. Obtained stochastic model better describes variability and
uncertainty which may manifest through the contact between persons in the population. Firstly,
existence, positivity and boundedness of the solution of the aforementioned stochastic system
are studied. Secondly, stability features of the stochastic Hepatitis C model are investigated,
especially the extinction and the persistence of the disease are considered. The conclusion is
that quarantine of infected individuals positively affects until the vaccine be discovered. Finally,
adequate numerical simulation is given, in order do demonstrate achieved theoretical results.
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During this talk we show a surprising relation holds between two well-established areas of
research, namely proximity and sparsity of solutions to integer programs. The proximity-type
results provide estimates for the distance between optimal vertex solutions to linear programs
and feasible integer points. The sparsity-type results, in their turn, provide bounds on the size
of support (i.e. the number of nonzero components) for feasible integer points and solutions to
integer programs.

Throughout the talk we focus mainly on the knapsack scenario. In this context, our results
can be viewed as a transference result which allows strengthening the best known distance
bound if integer points in the knapsack polytope are not sparse and, vice versa, strengthening
the best known sparsity bound if feasible integer points are sufficiently far from a vertex of
the knapsack polytope. It should be noted that we have generalised the transference result
to general integer programs and this more general result will be additionally discussed if time
allows. This is joint work with Iskander Aliev, Marcel Celaya and Martin Henk.

1. Aliev I., Averkov G., De Loera J. A., Oertel T. Sparse representation of vectors in lattices and
semigroups. Mathematical Programming, 2021.

2. Aliev I., Celaya M., Henk M., Williams A. Distance-sparsity transference for vertices of corner
polyhedra. SIAM Journal on Optimization, 2021, 31, No. 1, 200–216.

3. Aliev I., Henk M., Oertel T. Distances to lattice points in knapsack polyhedra. Mathematical
Programming, 2019.

4. Eisenbrand F., Weismantel R. Proximity results and faster algorithms for Integer Programming
using the Steinitz Lemma. ACM Transactions on Algorithms (TALG), 2019, 16, No. 1, 1–14.
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У доповiдi розглянуто абстрактне диференцiальне рiвняння ξ̇(t) = Ãξ(t) у гiльбертово-

му просторi X =
◦
H2(0, l)× L2(0, l)× C2. Права частина рiвняння мiстить диференцiаль-

ний оператор четвертого порядку

Ã : ξ =


u
v
p
q

 7→ Ãξ =


v

− 1
ρ(x) (E(x)I(x)u′′(x))′′ + 1

ρ(x)

k∑
j=1

ψ′′j (x)Mj

q
1
m(L− κp+ F )

 ,

з областю визначення

D(Ã) =

ξ ∈ X :
u ∈ H4(0, l0) ∩H4(l0, l), v ∈

◦
H2(0, l),

u′′(0) = u′′(l) = 0, p = u(l0),
u′′|x=l0−0 = u′′|x=l0+0 , q = v(l0)

 ⊂ X.
Представлене рiвняння описує коливання механiчної системи, яка складається з шарнiр-
но опертої пружної балки довжини l з розподiленими керуваннями i приєднаної в точцi
l0 ∈ (0, l) маси. Тут L = E(x)I(x)

(
u′′′|x=l0−0 − u′′′|x=l0+0

)
, функцiї ψj(x) характеризують

розташування розподiлених керуючих механiзмiв. Позначимо через A оператор Ã при
нульовому керуваннi M1 = · · · = Mk = F = 0. У статтi [1] наведено опис розглянутої ма-
тематичної моделi та дослiджено асимптотичний розподiл власних значень оператора A.

Встановлено, що замкнений щiльно визначений оператор Ã є m-дисипативним, тож
згiдно з теоремою Люмера–Фiлiпса вiн є iнфiнiтезимальним генератором C0-напiвгрупи
операторiв в X. Резольвента оператора Ã є компактним вiдображенням X → X при
λ > 0. Оператор A має кососиметричний обернений, який є компактним вiдображенням
A−1 : X → X. Згiдно з теоремою Гiльберта–Шмiдта власнi вектори оператора A форму-
ють базис простору X. Система функцiй {eλjt}∞j=1, де λj — власнi значення оператора A,
є мiнiмальною в L2(0, τ). Основним результатом доповiдi є наступна теорема.

Теорема 1. Нехай ξi = (ui, vi, pi, qi)
T , i ∈ N – власнi вектори оператора A, та для

кожного i ∈ N або vi(l0) 6= 0, або iснує таке j ∈ 1, . . . , k, що
l∫

0

ψ′′j (x)vi(x)dx 6= 0. Тодi

розв’язок ξ = 0 рiвняння ξ̇(t) = Ãξ(t), ξ(t) ∈ X є асимптотично стiйким.

1. Kalosha J., Zuyev A., Benner P. On the eigenvalue distribution for a beam with attached masses.
In: Stabilization of Distributed Parameter Systems: Design Methods and Applications (G. Sklyar
and A. Zuyev, eds.), Springer, 2021, 43–56.
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На цiй конференцiї буде представлено результати дослiдження деяких випадкiв резо-
нансних хвиль на поверхнi iдеальної рiдини у квадратному бацi, який є частково заповне-
ний. А саме випадок, коли рiдина не повнiстю заповнює бак, а рух є перiодичним з малою
амплiтудою та частотою, яка в свою чергу є близькою до власної частоти коливання рi-
дини.

При дослiдженнi таких рухiв, задля їх аналiтичного опису було використано модальну
систему Нарiманова-Моїсеєва [1]. Данi системи модальних рiвнянь дозволять нам побу-
дувати та проаналiзувати пеорiодичнi типи розв’язкiв системи. На цiй конференцiї буде
представлено саме асимптотичнi розв’язки системи. Дослiдження саме таких розв’язкiв
системи дозволяє нам дослiдити та класифiкувати резонанснi усталенi хвилi для гармо-
нiчних зворотньо-поступальних рухiв. В роботi [2] представлено класифiкацiя усталених
тривимiрних резонансних хвиль, коли рух баку є довiльним тривимiрним непараметри-
чним та циклiчним. Пiсля доведення асимптотичної еквiвалетностi вiдповiдних перiоди-
чних розв’язкiв модальної системи до розв’язкiв, якi виникають при горизонтальному по-
ступальному елiптичному збуренню можна отримати цiкавий факт. А саме, що ми можемо
розглядати резонанснi стацiонарнi хвилi та їх збурення як функцiї кутового положення.

Подяка за фiнансову пiдтримку Нацональному фонду дослiджень України, Проєкт
2020.02/0089

1. Faltinsen O.M., Rognebakke O., Timokha A.N. Resonant three-dimensional nonlinear sloshing
in a square base basin. Journal of Fluid Mechanics, 2003, 487, 1–42.

2. Faltinsen O.M., Lagodzinskyi O., Timokha A.N. Resonant three-dimensional nonlinear sloshi-
ng in a square base basin. Part 5. Three-dimensional non-parametric forcing. Journal of Fluid
Mechanics, 2020, 894, A10, 1–42.
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Ми розглядаємо iдеальну нестисливу рiдину, яка частково заповнює твердий верти-
кальний цилiндричний бак, що рухається перiодично вздовж орбiтальної траєкторiї iз
частотою, близькою до власної частоти коливання рiдини.

За допомогою асимптотичної модальної теорiї Нарiманова-Моiсєєва побудовано асим-
птотичнi перiодичнi розв’язки модальних рiвнянь типу Нарiманова-Моiсєєва [1,3,4], якi
описують демпфованi резонанснi усталенi хвилi у вертикальному круговому бацi, що ру-
хається в тривимiрному просторi перiодично з частотою, близькою до найнижчої власної
частоти. Дослiджується стiйкiсть цих хвиль. Необхiдною умовою розв’язностi побудованих
асимптотичних перiодичних розв’язкiв є система алгебраїчних (секулярних) рiвнянь, що
зв’язують чотири амплiтуди домiнуючих хвиль. Виведено альтернативну форму секуляр-
них рiвнянь (бiльш релевантну iз фiзичної точки зору). В рiвняння Нарiманова-Моiсєєва
включено лiнiйнi члени, що вiдповiдають за демпфування.

Альтернативна секулярна система розв’язується аналiтично (численно). Цi розв’язки
описують стацiонарнi резонанснi хвилi у поздовжньо-збуреному резервуарi, де враховує-
ться ефект в’язкого демпфування. Усталенi хвилi класифiкуються як стоячi, круговi та
нерегулярнi [хаотичнi]. Хаотичнi хвилi очiкуються, коли всi теоретичнi хвильовi режими є
нестiйкими. В залежностi вiд вхiдних (фiзичних та геометричних) параметрiв, включаю-
чи коефiцiєнт демпфування, оцiнюються дiапазони частот вимушених хвильових режимiв.
Результати порiвнюються з iснуючими експериментальними даними, проведеними рiзними
авторами. Порiвняння пiдтверджують валiднiсть побудованої аналiтичної теорiї.

Розроблено схему розв’язування цих секулярних рiвнянь. Також проводиться параме-
тричний аналiз амплiтудно-частотних характеристик для визначення змiн хвильових ре-
жимiв та їх стiйкостi в залежностi вiд частоти збурення та елiптичної орбiти [спiввiдноше-
ння її осей]. Головний результат полягає у пiдтвердженнi експериментального зникнення
кругової хвилi, спрямованої проти збурення (до елiптичної траєкторiї), коли спiввiдношен-
ня осей прямує до одиницi (перехiд до кругової орбiти). Останнiй випадок має вiдношення
до бiореакторiв. Проведено порiвняння з експериментальними вимiрами [2].

Подяка за фiнансову пiдтримку Нацональному фонду дослiджень України, Проєкт
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Двовимiрнi узагальненi моментнi зображення та
апроксимацiї типу Паде для псевдодвовимiрних

функцiй
Л. О. Чернецька

Iнститут математики НАН України, Київ, Україна
liliia.cher.liliia@gmail.com

За допомогою методу узагальнених моментних зображень В. К. Дзядика побудовано
апроксиманти типу Паде для так званих псевдодвовимiрниих функцiй

f(z, w) =
∞∑
k=0

∞∑
m=0

s̃k+mz
kwm =

zf̃(z)− wf̃(w)

z − w
,

де

f̃(z) =
∞∑
k=0

s̃kz
k.

Побудовано в явному виглядi апроксиманти типу Паде для виродженого гiпергеоме-
тричного ряду Гумберта [1]

f(z, w) = Φ2(1, 1, ν + σ + 2, z, w) =

=
z 1F1(1; ν + σ + 2; z)− w 1F1(1; ν + σ + 2;w)

z − w
, ν, σ > −1.

Розглянуто частинний випадок для ν + σ = −1:

f(z, w) =
wew − zez

w − z
. (1)

Зауважимо, що у [2] наведено чисельнi приклади, повязанi з обчисленням рацiональ-
них апроксимацiй , що є певними двовимiрними узагальненнями апроксимацiй Паде, для
функцiй (1).

1. Голуб А. П., Чернецька Л.О. Двовимiрнi узагальненi моментнi зображення та апроксимацiї
Паде деяких рядiв Гумберта. Укр. мат. журн., 2013, 65, № 10, 1315–1331.

2. Cuyt A. Pad’e Approximants for Operators: Theory and Applications. — Berlin: Springer, 1984,
144 p.
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