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ON DOMINIONS AND CLOSED VARIETIES OF SEMIGROUPS

Shabnam Abbas
Department of Mathematics Aligarh Muslim University, Aligarh-202002, India

shabnamabbas. 25 @gmail.com

It is known that all subvarieties of variety of all semigroups are not absolutely closed. So,
it is obvious to study which subvarieties of variety of all semigroups are closed in itself or
closed in containing subvarieties. In this direction, Scheiblich [5] has shown that the variety
of all normal bands is closed while Alam and Khan [2-4] have shown that the variety of left
[right] regular bands, left [right] quasinormal bands and left [right] seminormal bands are closed.
In [1], Ahanger and Shah have shown that the variety of left [right] regular bands is closed in the
variety of all bands. In this paper, first we have shown that all the homotypical varieties defined
by the identities axy = xyaxr and axry = xxya are closed. Further, we partially generalize a
result of Isbell on semigroup dominions from the class of commutative semigroups to some
classes of permutative semigroups by showing that dominions of such semigroups belongs to
the same class.

Definition 1. A band S is said to be a normal band if S satisfies the identity azxya = ayxa.

Definition 2. A band S is said to be a left [right] regular band if S satisfies the identity
ax = axa [ra = axa| for all a,z € S.

Definition 3. A band S is said to be a left [right] quasinormal band if S satisfies the
identity azy = azray [axy = ayzy| for all a,z,y € S.

Definition 4. A band S is said to be a left [right] seminormal band if S satisfies the identity
axry = axyay [axy = ayazy| for all a,x,y € S.

Definition 5. Let U be a subsemigroup of a semigroup S. We say that U dominates an
element d of S if for every semigroup T and for all homomorphisms 3,y : S — T" and uf=ury
for every w in U implies d3=d~y. The set of all elements of S dominated by U is called dominion
of U in S and we denote it by Dom(U, S).

Definition 6. A variety V of semigroups is said to be homotypical if it admits a homotypical
identity.

Theorem 1. Let V be a variety admitting an identity of the form [axy = xyaz| is closed.
Theorem 2. Let V be a variety admitting an identity of the form [axy = xxyal is closed.

Theorem 3. Let U be an externally commutative subsemigroup of a right para externally
commutative semigroup S. Then Dom(U,S) is also externally commutative semigroup.

1. Ahanger S. A., Shah A. H. Epimorphisms, dominions and varieties of bands. Semigroup Forum,
2020, 100, 641 —650.

2. Alam N., Khan N. M. Special semigroup amalgams of quasi unitary subsemigroups and of quasi
normal bands. Asian Eur. J. Math., 2013, 6, No. 7.

3. Alam N., Khan N.M. On closed and supersaturated semigroups. Commun. Algebra, 2014, 42,
3137-3146.

4. Alam N., Khan N. M. Epimorphism, closed and supersaturated semigroups. Malays. J. Math.,
2015, 9 (3), 409—-416.

5. Scheiblich H. E. On epis and dominions of bands. Semigroup Forum, 1976, 13, 103—114.



PURE INJECTIVE DIMENSIONS RELATIVE TO CLASSES OF
FINITELY PRESENTED MODULES

Y. Alagoz
Siirt University, Department of Mathematics, Siirt, TURKEY
yusuf.alagoz@siirt. edu. tr

The notion of purity plays a significant role in module and ring theory. There are several
generalizations of the notion of purity since it was presented in the literature (see, [1, 2, 5]).
More generally, as [5], let € be a class of right R-modules. A short exact sequence 0 — A —
B — C — 0 of right R-modules is called ¢-pure, if the natural homomorphism Hom(S, B) —
Hom(S, C) is an epimorphism for each S € . A right R-module A is called € -pure injective
in case A has injective property with respect to €-pure exact sequences. In particular, if & is
the class of all finitely presented right modules over R then we have the right Cohn’s purity
and pure-injectivity [5]. If € is the class of all right R-modules of the form R/aR for any a € R
then we have the notion of RD-purity and RD-injectivity [3].

I will consider in this talk, @-pure injective dimensions of modules and rings determined by
the classes of finitely presented modules % including the correspondence between purities for left
and right modules. Various examples and properties of this concept are studied. The relations
between the %-pure injective homological dimensions and other homological dimensions are
also investigated. Using the concept of %-pure injective dimensions of modules, we present
some characterizations of ¢-coherent rings, @ -semihereditary rings, and %-regular rings.

1. Behboodi M., Ghorbani A., Moradzadeh-Dehkordi A., Shojaee S. H. On FC-Purity and I-Purity
of Modules and Kéthe Rings. Comm. in Algebra, 2014, 42, No. 5, 2061 —2081.

2. Mao L. On mininjective and min-flat modules. Publ. Math. Debrecen, 2008, 72, No.3—4,
347—-358.

3. Mao L. Properties of RD-projective and RD-injective modules. Turk J. Math., 2011, 35, 187 —
205.

4. Mehdi A.R. Purity relative to classes of finitely presented modules. J. Algebra Appl., 2013, 12,
No. 8, 1350050.

5. Warfield R. B. Purity and algebraic compactness for modules. Pacific J. Math., 1969, 28, 699 —
719.
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ON CLOSEDNESS OF RECTANGULAR BANDS AND LEFT [RIGHT]
NORMAL BANDS

Rizwan Alam
Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India
rizwanamuba@gmail. com

It is known that all subvarieties of variety of all semigroups are not absolutely closed. So,
it is obvious to study which subvarieties of variety of all semigroups are closed in itself or
closed in containing subvarieties. In this direction, Scheiblich [5] has shown that the variety
of all normal bands is closed while Alam and Khan [2-4] have shown that the variety of left
[right] regular bands, left [right] quasinormal bands and left [right] seminormal bands are closed.
In [1], Ahanger and Shah have shown that the variety of left [right] regular bands is closed in
the variety of all bands. In this paper we have shown that all subvarieties of the variety of all
rectangular bands are closed in the variety of all left [right] semiregular bands. Further, we
have shown that variety of right [left] normal bands are closed in some varieties of semigroups.

Definition 1. A band S is said to be a rectangular band if S satisfies the identity a = axa
for all a, x € S.

Definition 2. A band S is said to be a left [right] semiregular band if S satisfies the identity
axy = axyayzry [axy = axayazy] for all a, =, y € S.

Theorem 1. Rectangular bands are closed in left [right] semiregular bands.

1. Ahanger S. A., Shah A. H. Epimorphisms, dominions and varieties of bands. Semigroup Forum,
2020, 100, 641-650.

2. Alam N.,; Khan N. M. Special semigroup amalgams of quasi unitary subsemigroups and of quasi
normal bands. Asian Eur. J. Math., 2013, 6, No. 1, 1350010, 7 pp.

3. Alam N., Khan N. M. On closed and supersaturated semigroups. Commun. Algebra, 2014, 42,
3137-3146.

4. Alam N., Khan N. M. Epimorphism, closed and supersaturated semigroups. Malays. J. Math.,
2015, 9, No. 3, 409-416.

5. Scheiblich H. E. On epis and dominions of bands. Semigroup Forum, 1976, 13, 103-114.
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POWER SERIES REPRESENTING BY POSETS

J. Arciniega-Nevarez!, E. Dolores-Cuenca?
! Divisién de Ingenierfas, Campus Guanajuato, Universidad de Guanajuato, Guanajuato,
Gto., México
2 NewSci Labs, Tallahassee, FL, United States
eric.rubiel@u.northwestern. edu

Consider the category of finite posets with a unique maximum and a unique minimum.
In [1] we prove that two geometrically inspired operations on this category are transported to a
labeling series. As a consequence we prove new identities of binomial coefficients. We provide
an algorithm to determine if a power series is associated to a certain family of posets. We
compute the number of labelings for a family of posets. We used homological algebra ideas and
introduced a new kind of space between structured spaces and ringed spaces.

1. Arciniega-Nevarez J.A., Dolores-Cuenca E. Power series represented by posets.
(arXiv:2105.06633).

12



ON CLOSED VARIETIES OF LEFT [RIGHT| NORMAL BANDS

Wajih Ashraf
Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India

syedwagihashraf@gmail.com

It is known that all subvarieties of variety of all semigroups are not absolutely closed. So,
it is obvious to study which subvarieties of variety of all semigroups are closed in itself or
closed in containing subvarieties. In this direction, Scheiblich [6] has shown that the variety
of all normal bands is closed while Alam and Khan [2-4] have shown that the variety of left
[right] regular bands, left [right] quasinormal bands and left [right] seminormal bands are closed.
In [1], Ahanger and Shah have shown that the variety of left [right] regular bands is closed in
the variety of all bands. Higgins [5, Chapter 4] has shown that variety of right normal bands is
not absolutely closed. So, it is worthy of attention to find out the subvarieties of varieties of all
semigroups in which the varieties of left [right] normal bands are closed. In this paper, we have
shown that the variety of left [right] normal bands are closed in some containing varieties of
semigroups defined by the identities axy = a’yax, axy = aya’z, ary = xa*y and axy = 3ay.

Some basic definitions are as follows.

e A band S is said to be a left [right] normal band if S satisfies the identity axy = ayx [axy =
zay| for all a, x, y € S.

A band S is said to be a normal band if S satisfies the identity axya = ayzxa.

A band S is said to be a left [right] regular band if S satisfies the identity ax = aza [xa =
aza) for all a, x € S.

A band S is said to be a left [right] quasinormal band if S satisfies the identity azy =
axay [axy = ayxy| for all a, z, y € S.

A band S is said to be a left [right] seminormal band if S satisfies the identity axy =

axyay [axy = ayazy] for all a, =, y € S.

Finally, we prove the following theorem.

Theorem 1. The following varieties of semigroups

o V= |axy = a*yax);

o V= [axy = aya’z);

o V= [axy = za’yl;
V=]

ary = z3ay]
are closed.

1. Ahanger S. A., Shah A.H. Epimorphisms, dominions and varieties of bands. Semigroup Forum,
2020, 100, 641 —-650.

2. Alam N.,; Khan N. M. Special semigroup amalgams of quasi unitary subsemigroups and of quasi
normal bands. Asian Eur. J. Math., 2013, 6, No. 7.

3. Alam N., Khan N.M. On closed and supersaturated semigroups. Commun. Algebra, 2014, 42,
3137 -3146.

4. Alam N., Khan N. M. Epimorphism, closed and supersaturated semigroups. Malays. J. Math.,
2015, 9 (3), 409—-416.

5. Higgins P. M. Techniques of Semigroup Theory. — Oxford: Oxford University Press, 1992, 272 p.
6. Scheiblich H. E. On epis and dominions of bands. Semigroup Forum, 1976, 13, 103—114.
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LOCALLY-ZERO BINARY OPERATIONS AS ELEMENTS OF BIN(X)

I. Bilyi, S. Kozerenko
National University of Kyiv-Mohyla Academy, Kyiv, Ukraine
Wlliabilyigo @gmail.com, kozerenkosergiy@ukr.net

Let X be a nonempty set. Denote by Bin(X) the collection of all binary operations on X.
In [1] the binary operation O on Bin(X) was considered: for o, € Bin(X) put a(o%)b =
(aob)* (boa) for all a,b € X. It can be proved that [J is associative (see [1]).

Denote by o, and o,, the ‘left-zeroes’ operation (defined as a o, b = a for all a,b € X) and
the ‘right-zeroes’ operation (defined as a o), b = b for all a,b € X), respectively. It is easy to
see that o, is the neutral element for [J. An operation o € Bin(X) on X is called locally-zero
if the restriction of o on any two-element subset of X equals o;, or o,,. Clearly, both o;, and
o,, are locally-zero operations.

It was proved in [2] that o € Bin(X) lies in the center of the semigroup (Bin(X),0) if and
only if o is a locally-zero operation. As a corollary, we obtain that the set of all locally-zero
operations is closed under the [1.

With each locally-zero operation o € Bin(X) we naturally associate an (undirected) graph
G(o) on X defined as follows: V(G(o)) = X, FE(G(o)) = {ab : o is left-zero on {a,b}}. It
is easy to see that this correspondence between locally-zero operations and graphs on X is
bijective. Denote by G the complement of G' and by GAH the symmetric difference of two
graphs G, H.

Proposition 1. For a pair of locally-zero operations o,* € Bin(X) it holds G(oOx) =
G(0)AG(*).

It was also shown in [2] that a locally-zero operation o is associative if and only if o €
{o1z,0,.}. In fact, it is possible to obtain a characterization of associative triples for such
operations o in terms of their graphs G(o). For a graph G and A C V(G) by Eg(A) we denote
the set of edges in G whose vertices lie in A.

Proposition 2. Let o € Bin(X) be a locally-zero operation and a,b,c € X. Then the triple
(a,b,c) is not associative for o if and only if a,b, ¢ are pairwise distinct, and Eq ) ({a,b,c}) =
{ac} or Eq)({a,b,c}) = {ab,bc}.

One can observe that oJo = o, for each locally-zero operation o € Bin(X). Hence, any
such o is invertible in (Bin(X),d)). Moreover, a locally-zero operation o does not have other
inverses under [].

Proposition 3. Let o € Bin(X) be a locally-zero operation and x be its left or right inverse
under LJ. Then x = o.

An operation o € Bin(X) is called graph operation if aob € {a,b} for all a,b € X. Trivially,
each locally-zero operation is also a graph operation.

Theorem 1. For a graph operation o € Bin(X) the next conditions are equivalent: (1) o
is left-invertible under O; (2) o is right-invertible under O; (3) o is locally-zero.

1. Kim H.S., Neggers J. The semigroups of binary systems and some perspectives. Bull. Korean
Math. Soc., 2008, 45, No. 4, 651 —-661.

2. Fayoumi H. Locally-zero groupoids and the center of Bin(X). Comm. Korean Math. Soc.,
2011, 26, 163 168.
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ON COMMENSURATORS OF GROUPS IN THEIR CAYLEY GRAPHS

I. V. Bondarenko, S. O. Doroshenko
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

tevgbond@gmail.com, svetlana_dor@ukr.net

Two subgroups Hy, Hy of a group G are called commensurable if their intersection H; N Ho
has finite index in H; and H,. The commensurator of a subgroup H < G is the subgroup

Commeg(H) ={g € G| gHg™' and H are commensurable}.

The commensurators play an important role in diverse areas of geometric group theory. In
particular, deep results of Borel, Margulis and Mostow characterize the commensurators of
lattices in semisimple Lie groups (see [1]).

We consider the commensurator of a group in the automorphism group of its Cayley graph.
Let G be a group with a finite symmetric generating set .S, and consider the associated Cayley
graph I' = T'(G,S). The group G acts on the Cayley graph I' by automorphisms, and we
consider G as a subgroup of Aut(I"). Let Commrp(G) be the commensurator of G in the group
Aut(T):

Commp(G) = {a € Aut(T) |aGa™' NG is of finite index in aGa~! and G} .

Since G acts regularly on I', we get exact factorization Commr(G) = G - Commpr, (G), where
Commr,(G) consists of the automorphisms of the rooted Cayley graph I'. that belong to the
commensurator of G.

We describe the commensurator Commr, (G) in terms of finite automata (or self-similar
actions). Let us define an automaton structure Ag s on the group Aut(I'.) over the alphabet
S. The automaton Ag s has the set of states Aut(I'.) and for every a € Aut(I'.) and s € S we
put an arrow

a2l B, where t = a(s) and 3 = (g;)ags,.
The automaton Ag s is invertible and generates a group isomorphic to Aut(T'.); in other words,
Ag s defines a faithful action of Aut(I'.) on words over S. In general, not all elements of Aut(I’,)

act by finite automata, i.e., belong to the group F Aut(S) of finite automata over alphabet S.
The next proposition relate finite automata and the commensurator.

Theorem 1. Commr, (G) = Aut(I'.) N F Aut(S).

This result was inspired by the main result of [2], which connects the commensurator of a
free group in the automorphism group of its Cayley graph and bireversible automata.

1. Drutu C., Kapovich M. Geometric Group Theory. — Providence: American Mathematical
Society, 2018, 814 p.

2. Macedonska O., Nekrashevych V., Sushchanskij V. Commensurators of groups and reversible
automata. Dopov. Nats. Akad. Nauk Ukr. Mat. Prirodozn. Tekh. Nauki, 2000, 12, 36 —39.
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HYPER BN-ALGEBRAS: HYPERSTRUCTURE THEORY APPLIED
TO BN-ALGEBRAS

L. R. Cabardo, G. Petalcorin Jr.
MSU-ILigan Institute of Technology, Iligan City, Philippines
lysterrey.cabardo@qg.msuiit.edu.ph, gaudencio.petalcorin@qg.msuiit.edu.ph

In 1934, F. Marty [4] brought the concept of the algebraic hyperstructure theory to the world
at the 8th Congress of Scandinavian Mathematicians. This is a generalization of the classical
agebraic structure. Several applications of the hyperstructure theory were given by P. Corsini
and V. Leoreanu [1]. Papers were also published on providing examples of hyperstructures in
inheritance issues in genetics [2] and in the interaction of elementary particles in physics [3].
In this paper, we introduce the notion of hyper BN-algebras. A hyper BN-algebra is a set H
together with a hyperoperation “®” and a constant 0 such that for all z, y, 2z € H, » < x,
z®0 = {z}, and (z®@y)®z = (0®2)®(y®x), where < is called the hyperorder on H and = < y
whenever 0 € x ® y. We show that hyper BN-algebras are a generalization of BN-algebras.
We compare it to some of the other existing hyper algebras. We give some routine properties of
hyper BN-algebra. Finally, we give a certain condition for when a hyper BN-algebra becomes
a hyper B-algebra and a hypergroup.

1. Corsini P., Leoreanu V. Applications of Hyperstructure Theory (Advances in Mathematics,
5). — Dordrecht: Kluwer Academic Publishers, 2003, 334 p.

2. Davvaz B., Dehghan Heidari A., Heidari M. M. Inheritance Examples of Algebraic Hyperstruc-
tures. Information Sciences, 2013, 224, 180—187.

3. Dehghan Nezhad A., Nadjafikhah M., Moosavi Nejad S. M., Davvaz B. A Physical Example of
Algebraic Structures: Leptons. Indian Journal of Physics, 2012, 86, No. 11, 1027 —1032.

4. Marty F. Sur une Generalization de la Notion de Group, in Proceedings of the 8th Congres des
Mathematiciens Scandinave, Stockholm, Sweden, 1934, 45—49.
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ON ABNORMAL FUZZY SUBGROUPS

V. A. Chupordia
Oles Honchar Dnipro National University, Dnipro, Ukraine

vchupordia@gmail.com

Let G be a group with a multiplicative binary operation. We recall that a fuzzy subset
v : G — [0, 1] is said to be a fuzzy group on G (see, for example, [1]), if it satisfies the following
conditions: y(zy) > y(z) Av(y), for all z,y € G and v(z~') > v(z), for every z € G.

Given p and v two fuzzy groups on G, we define the operation o on them by

(ov)(@) =\ (ulw) Av(v)),

u,vEG,uv=1

Let Y € G and a € [0,1]. Then we define the function x(Y,a) : G — [0,1] as follows
x(Y,a)(x) =aif z € Y and x(Y,a)(z) = 0 otherwise. Every fuzzy subgroup u € F(G) can be
considered as a union of its fuzzy points x(g, u(g9)), g € G. Such “point approach” gave good
results [2-5].

A subgroup D is abnormal in a group G, if for every element z € G we have x € (D, D*).

The following analogue of these concept can be obtained. Let pu,v € F(G) and p < . Then
i be called abnormal in v if for all g € G

(o x(g7 " 7(9)) o v o x(9.7(9))) (9) = ~(9).

Let p € F(G). For a € [0,1] we define a-level of p as follows L, (1) = {g € G|u(g) > a}.

Let i be a fuzzy subset on GG. Then p is a fuzzy subgroup if and only if all non-empty level
subsets of u are subgroups in G [1, Lemma 1.2.6.]. It was obtained the following analogue of
this results for abnormal fuzzy subgroup.

Theorem 1. Let G be a group p € F(G). Then p is abnormal in x(G, 1) if and only if
w(e) =1 and all non-empty level subgroups of p are abnormal in G.

1. Mordeson J.N., Bhutani K. R., Rosenfeld A. Fuzzy Group Theory. — Springer: Berlin, 2005,
314 p.

2. Kurdachenko L. A., Grin K. O., Turbay N. A. On hypercentral fuzzy groups. Algebra Discrete
Math., 2012, Vol. 13, No. 1, 92-106.

3. Kurdachenko L. A., Grin K. O., Turbay N. A. On normalizers in fuzzy groups. Algebra Discrete
Math., 2013, No. 15, 23— 36.

4. Kurdachenko L. A., Otal J., Subbotin I. Ya. On permutable fuzzy subgroups. Serdica Mathe-
matical Journal., 2013, No. 39, 83—-102.

5. Kurdachenko L. A., Chupordia V. A.; Subbotin I. Ya., Grin K. O. On some problems of theory
of fuzzy groups. Reports of the National Academy of Sciences of Ukraine, 2013, 1, 14—18.
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ON THE PARALLEL SURFACES TO CANAL SURFACES

T. Cogskun, G. Aydin Sekerci
Department of Mathematics, Siilleyman Demirel University, Isparta, Turkey

tuncaycoskunsdu@gmail.com, gulsahaydin@sdu.edu.tr

A canal surface associated with a space curve m(t), which is called the spine curve, is defined
as a surface swept by a family of spheres of varying radius r(¢). To simplify the results, if the
spine curve is a function of the s—arc parameter and the radius is a function of s, then a canal
surface M is parametrized as follows using the Frenet frame {#(s), 7i(s), b(s)} [1]:

C(s,v) = m(s) +r(s)(v/(1 = 1'(s))2 cos vii + /(1 — '(5)2) sin vb — ' (s)1).

According to this, the parametrization of the canal surface M associated with the planar curve
is given by
C(s,v) =p(s) +r(s) [cos vri(s) + sin vg(s)}

2], [3].
In this study, we analyze the parallel surfaces to the canal surface with the planar curve.
For this, we define the parallel surface to M with the parametrization

- a

C%(s,v) =p(s) + r(s) cosvii(s) + r(s) sinvb(s) + W [r(s)r' (s)E(s)

—r(s)cosv(l —r(s)k(s)cosv)ii(s) — r(s)sinv(l — r(s)k(s) cos v)l;(s)]

where W2 = r2(s)(r'(s))? + r?(s)(1 — r(s)r(s) cosv)? and k(s) is the curvature of p(s) (see for
details of parallel surfaces [4]). Then, we investigate the geometric properties of the parallel
surface to canal surface. Firstly, we examine the necessary conditions in order that the parallel
surfaces to canal surface are developable, minimal. When the canal surface is minimal or
developable, we investigate the conditions that the parallel surfaces to this surface provide.
Finally, we demonstrate that v—parameter curves of the parallel surfaces are geodesics if and
only if the canal surface M is a pipe or a tube surface. Moreover, we obtain that the parallel
surface to M has no v— parameter curve to be asymptotic.

Acknowledgements. The first author is supported by the Scientific and Technological Research
Council of Turkey (TUBITAK).

1. Xu Z., Feng R., Sun J.G., Analytic and algebraic properties of canal surfaces. Journal of
Computational and Applied Mathematics, 2006, 195, No. 1, 220—228.

2. Olah-Gal R., Pal L., Some notes on drawing twofolds in 4-dimensional Euclidean space. Acta
Univ. Sapientiae Informatica, 2009, 1, No. 2, 125—134.

3. Oztiirk G., Bulca B., Bayram B. K., Arslan K., On canal surfaces in E3. Selcuk J. Appl. Math.,
2010, 11, No.2, 103 —-108.

4. Patriciu A. M., Some results on parallel surfaces in 3-dimensional Minkowski space R}. Libertas
Mathematica, 2011, 31, 163 —168.
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WEIGHTED SCALAR CURVATURE

Jialong Deng
Mathematisches Institut, Georg-August-Universitat, Gottingen, Germany

jialong.deng@mathematik.uni-goettingen.de

Motivated by the importance of the Ricci Bakry-Emery curvature on the weighted Rie-
mannian manifold (M", g,e~/dvol,), we define the weighted scalar curvature Sc, s on it by
Scap = Scg+a Ny f — Bl vy fII2 and then the results about the vanishing the harmonic
spinor, f-minimal surface and weighted rigidity theorem are proved in [1].

1. Jialong Deng. Curvature-dimension condition meets Gromov’s n-volumic scalar curvature. Sym-
metry Integrability Geom. Methods Appl., 2021, 17, No. 013, 20 p.
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ON HOLONOMY OF WEYL CONNECTIONS
IN LORENTZIAN SIGNATURE

A. Dikarev
Masaryk University, Faculty of Science, Brno, Czech Republic
zdikareva@math.muni.cz

The holonomy group of a connection is an important invariant. This motivates the classi-
fication problem for holonomy groups. While classifications of connected holonomy groups for
Riemannian and Lorentzian manifolds are known, only partial results are obtained for holonomy
groups of pseudo-Riemannian manifolds of other signatures.

Of certain interests are Weyl manifolds (M, ¢, V), where ¢ is a conformal class of pseudo-
Riemannian metrics and V is a torsion-free linear connection preserving c. There exists a
classification of the connected holonomy groups of such connection in the Riemannian signa-
ture [3].

We obtained a complete classification of connected holonomy groups (equivalently, of holon-
omy algebras) of Weyl connections for a non-closed Weyl structures in the Lorentzian signa-
ture [1]. The main tool for that are Berger algebras. Berger algebras have the same algebraic
properties as the holonomy algebras and they are candidates to the holonomy algebras.

Examples of Weyl connections with all possible holonomy algebras are constructed.

The results of this work were used for description of Lorentzian Weyl spaces admitting
weighted parallel spinors [2].

1. Dikarev A. On holonomy of Weyl connections in Lorentzian signature. Differential Geometry
and its Applications, 2021, 76, 101759.

2. Dikarev A., Galaev A. S. Parallel spinors on Lorentzian Weyl spaces. (arXiv:2007.07615v2)
Monatshefte fiir Mathematik (in print).

3. Belgun F., Moroianu A. Weyl-parallel forms, conformal products and Einstein-Weyl manifolds.
Asian J. Math., 2011, 15, No. 4, 499—-520.
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ON GENERALIZATION OF THE HADAMARD-LEVY THEOREM

K. Eftekharinasab
Institute of mathematics of NAS of Ukraine, Kyiv, Ukraine
kaveh@imath.kiev.ua

We generalize the global diffeomorphism theorem due to Hadamard and Lévy in the case of
Banach spaces to Keller’s C'! mappings between Fréchet spaces. Our approach relies on path
lifting property and local surjectivity.

The following lemma establishes the path lifting property of mappings.

Lemma 1. Let o : E — F be a Keller C! local diffeomorphim. Let y(s,t) : [0,1]x[0,1] — F
be of class C} int and s. If fore € E and f € F, f = ¢(e) and v(s,0) = f for all s € [0,1].
Then there exists a mapping ®(s,t) : [0,1] x [0,1] — E of class C! in t and s such that
D(s,t) = p tory(s,t) and ®(s,0) = e for all s € [0,1].

The following theorem provides a sufficient for local surjectivity of mappings.

Proposition 1. Let U be open in E, and ¢ : U C E — F a Keller C} mapping. If
the derivative Do(uy) is surjective for some u; € U, then ¢ is locally surjective in an open
neighborhood of uy. Furthermore, if Dp(u) is surjective for all u € U, then ¢ is open.

Let B be a compact bornology on a Fréchet space E. We endow the space of continuous
linear mappings between E and F, CL(E, F'), with the Bg-topology; this is a Hausdorff locally
convex topology defined by the family of seminorms

|L||Bn = sup{||L(e)||pn : e € B}, Be€BgneN.

Theorem 1. Let o : E — F be a Keller C! local diffeomorphim. Then o is global diffeo-
morphim if ||[Dp(e)] | pn < 00 for all B € Br, n €N, and e € E.
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DEFORMATIONS OF CIRCLQE—VALUED MORSE FUNCTIONS ON
-TORUS

B. Feshchenko
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
fb@imath.kiev.ua

Circle-valued Morse functions are natural generalizations of (ordinary) Morse functions.
They can be viewed as multi-valued Morse functions, their values is locally defined up to
an additive integer. Therefore locally circle-valued Morse function can be viewed as Morse
functions but global properties of such functions are different from real-valued case.

Let M be a smooth compact surface, and let P be either R or S'. The group D(M) of
diffeomorphisms of M acts from the right on the space of smooth maps C*>°(M, P) by the rule

v: C¥(M, P) x D(M) = C*(M,P),  ~(f,h)=foh
With respect to v we denote by
O(f) ={foh|heDM)}

the orbit of f € C*(M, P). Endow strong Whitney C'*°-topologies on C*°(M, P) and D(M);
then for a map f € C°°(M, P) these topologies induce some topology on O(f). We denote by
O¢(f) a connected component of O(f) containing f.

The homotopy type and an algebraic description of fundamental groups of orbits of (ordi-
nary) Morse functions on 7% is known. Generalizations of these results on circle-valued case
will be presented in my talk.
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ON TRANS-SASAKIAN 3-MANIFOLDS AS 7-EINSTEIN SOLITONS

D. Ganguly!, S. Dey?, A. Bhattacharyya'
! Jadavpur University, Kolkata, India.
2 Bidhan Chandra College, Asansol, India.
dipenganguly1@gmail.com, santu.mathju@gmail.com, bhattachari968@yahoo.co.in

In recent days geometric flows have emerged as significant tools to study various geometrical
structures and also in general relativistic perfect fluid spacetime. Einstein flows are evolutionary
intrinsic geometric flows on smooth Riemannian manifold which deforms the underlying smooth
Riemannian metric. Einstein solitons are generalizations of the Einstein metric and generate
self-similar solutions to the Einstein flow. The present paper is to deliberate the class of 3-
dimensional trans-Sasakian manifold admitting 7-Einstein soliton which is a slight perturbation
of the Einstein soliton by an 1-form. We have characterized n-Einstein solitons on 3-dimensional
trans-Sasakian manifolds where the Ricci tensors are Codazzi type and cyclic parallel and also
established relations for the soliton to be shrinking, steady or expanding. Symmetries are
an important part of geometry and thus reveals the physics and here we have proved that
a 3-dimensional £-Ricci semi-symmetric trans-Sasakian manifold admitting n-Einstein soliton
is an Einstein manifold. We have also studied n-Einstein solitons on 3-dimensional trans-
Sasakian manifolds satisfying some special curvature conditions and investigated the case when
the potential vector field is torse-forming. Finally, an illustrative example of n-Einstein soliton
on a 3-dimensional trans-Sasakian manifold has been constructed to verify our results.
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IMPLICIT DIFFERENCE EQUATIONS OVER SOME RESIDUE CLASS
RINGS

M. V. Heneralov, A. L. Piven’
V. N. Karazin Kharkiv National University, Kharkiv, Ukraine
me2001.com@qgmail.com, aleksei.piven@karazin.ua

Let Z,, = Z/mZ be a residue class ring modulo m € N, a,b, f, (n = 0,1,2,...) be given
elements of this ring. Consider the following difference equation over the ring Z,,:

brpi1 =ax, + fn, n=0,1,2,.... (1)

If b is a non-invertible element of the ring Z,,, the equation (1) is said to be implicit. The
element a € {0,...,m — 1} is a representative of the corresponding residue class a € Z,,.

Denote the following greatest common divisors: d = ged <EL, b, m), d; = ged (l;, m).

Theorem 1. Let m = pq, where p,q are different primes. Then the following assertions
hold.

1. The equation (1) has finitely many solutions if and only if d = 1. Moreover, the amount

m
of these solutions is equal to T
1

2. The equation (1) has no solutions if and only if d 1 fn for somen =0,1,2,....

3. The equation (1) has infinitely many solutions if and only if d # 1 and d|ﬁ for all
n=01,2 ..

Corollary 1. Under the conditions of Theorem 1 the equation (1) has a unique solution if
and only if b =0 and a is an invertible element of the ring Z,,.

We consider the following initial condition for the equation (1) over Z,,:

To = Yo, (2)
where 1, is a given element of Z,,.

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then the following assertions
hold.

1. The initial problem (1), (2) has a unique solution if and only if d = 1 and amo is
divisible by d;.

2. The initial problem (1), (2) has no solutions if and only if either d 1 f; for some n =
0,1,2,..., or ayg + fo is not divisible by d.

8. The initial problem (1), (2) has infinitely many solutions if and only if d # 1, amo is
divisible by dy and d|f, for alln =0,1,2,....
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ACHIEVEMENT SETS OF MULTIGENERALIZED FIBONACCI
SEQUENCE

D. M. Karvatsky
Institute of Mathematics NAS of Ukraine, Kyiv, Ukraine
d.karvatsky@gmail.com

Let (x,) = x1,22,x3,... be a sequence of real numbers. Then r € R is achieved by (z,)
if there exists a subsequence (z,,) of some length L < oo such that 2521 T, is absolutely
convergent and converges to r. We adopt the convention that the empty subsequence sums to
zero. We call the set of all real numbers achieved by (z,,) the achievement set of (z,,), and write
it AS(x,) (see [2]).

On the other hand, if M € 2V, namely M C N , then

x:x(M) = Zun:ignum
n=1

neM

where

| 1, for ne M,
Fn = 0, for n ¢ M,

is called incomplete sum or subsum of series Y > | u,. So the set of incomplete sums of the
series >~ | x, and achievement set ES(z,) are equal.

It is well know from [1] that if E is the set of subsums of a positive term convergent series,
then it is one of the following: a finite union of closed intervals, homeomorphic to the Cantor
set or cantorval.

The problem of investigating topological, metrical and fractal properties of achievement sets
of sequence (subsums of series) is extremely difficult and deep in historical terms |[3].

We study the properties of E(x,,) for

(n) = @1uy, Uy, AUy, Qols, U3, AU, . . ., Q1 Uy, Ooly, . . .

where ay, ap — fixed integer numbers, (u,) is a Fibonacci generalized sequence satisfying followi-
ng condition:
Upt2 = PUpy1 + SUy.

1. Guthrie J. A., Nymann J. E. The topological structure of the set of subsums of an infinite series.
Colloq. Math., 1988, 55, No. 2, 323 —-327.

2. Jones R. Achievement sets of sequences. The American Mathematical Monthly, 2011, 118, No. 6,
508 - 521.

3. IlpampoBuruit M. B. @pakraapuuii miaxin y mociimkenni cuuryigpaux posmnomiiais. — K.: Bu-
mapaurrBo HITY imeni M.II. Iparomanosa, 1998, 296 c.
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QA—DEFORMATION OF SURFACE WITH THE GIVEN LAW OF
CHANGING VARIATION OF THE UNIT NORMAL VECTOR

Yuliia Khomych
Odessa 1. I. Mechnikov National University, Odessa, Ukraine
khomych.yulita@onu. edu.ua

In this paper it is considered quasiareal deformation of surfaces, which we will call also
briefly QA-deformation. Quasiareal deformation is understood as an infinitesimal deformation
of the first order with the given law of changing the element of area of a surface in Euclidean
three-space.

Let U (2!, 2%) be a field of velocities of the points of the surface 7 = 7 (2!, 2%) at the initial
moment of the deformation, such that U = U°F, + U'%, where 77,7, i = 1,2, are the basis
vectors. The fundamental equations of the quasiareal infinitesimal deformation, which are
expressed in terms of the components of the partial derivatives of the field U, are derived in [1].

It has been established: in order that the field U € C! be a deforming field of the quasiareal
infinitesimal deformation it is necessary and sufficient that the components U®, U satisfy the
equation

Us —2HU® = =2y, (1)
where the function p expresses the law of changing the element of area.

It is evident, that the class of the QA-deformation is very wide since one differential equation
(1) contains four unknown functions. It is expedient to study such deformation under the
additional geometrical or mechanical conditions. For example, for the surface of non-zero
Gauss curvature (K # 0) on the condition that 07 = —(U®bas+UJ)7, where Ubqs+Uj = 1)
and 13 is the given field of the covariant vector under the quasiareal infinitesimal deformation
we have additional partial differential equation of the second order with respect to the normal
component of the deforming field

K, K,
dPUY 5 — =2d*PUY + 2HU® = d*"1po 5 — —=d*P 5 + 24
Uap — 370U +2HU VYo = 5= d s + 20
Let the functions U° and ¢ satisfy the characteristic Weingarten equation
o000 — Ko gesn L opu — o, ges Ko jos 2Hy =0
a,ﬁ_K 5—'_ — Y ?/Ja,B—K ¢B+ w_ .

Then we get
= Hi.

The corresponding theorems have been formulated for the QA-deformation of the surfaces
of non-zero Gauss and mean curvatures. QA-deformation in class of surfaces of constant mean
curvature is discussed, for example, in paper [2] and deformations preserving Gauss curvature
in paper [3].

1. Bezkorovaina L., Khomych Y. Quasiareal infinitesimal deformation of the surface in Euclidean

three-space [in Ukrainian|. Proc. Intern. Geom. Center, 2014, 7, No. 2, 6—19.

2. Bezkorovaina L., Khomych Y. Quasiareal infinitesimal deformation in class of surfaces of con-
stant mean curvature. International conference “Modern Advances in Geometry and Topology”:
Book of abstracts, Kharkiv: V. N. Karasin Kharkiv National University, 2016, 13—14.

3. Berres A., Hagen H., Hahmann S. Deformations preserving Gauss curvature Topological and
Statistical Methods for Complex Data. Springer, Berlin, Heidelberg, 2015, 143 —-163.
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SOME ANALOGS OF GROUP-THEORETICAL RESULTS FOR
POISSON ALGEBRAS
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Let P be a vector space over a field F. Then P is called a Poisson algebra, if P has
two additional binary operations - and [—,—| such that the product - forms a commutative
associative algebra, the bracket [—, —| forms a Lie algebra, and [—, —] acts as a derivation of
the product -, that is [ab, c|] = a[b, ¢| 4 bla, ] for all a,b,c € P.

A subset I of P is called an ideal of P if I is a subspace of P and ab, [a,b] € I for every
a € I and b € P. A Poisson algebra P is called abelian, if [a,b] = 0 for all a,b € P. Define the
lower central series of P

P =7(P) 2%(P) 2 ...7(P) 2 Ya41(P) = ... %(P)

by the following rule: ~1(P) = P, 7 (P) = [P, P|, recursively v,41(P) = [7a(P), P] for all
ordinals v, and 7\ (P) = [, ., 7,(P) for all limit ordinals A. As usually, we say that a Poisson
algebra P is nilpotent, if there exists a positive integer k such that v, (P) = (0). More precisely,
P is said to be nilpotent of nilpotency class n if v,.1(P) = (0), but 7, (P) # (0).
Put
((P)={z € P| [z,a] =0 for every a € P}.

The subset ((P) is called the center of P. Starting from ((P) we can construct the upper
central series

(0) = G(P) < G(P) < ... GalP) < Car1(P) < ... Gy(P)
of P by the following rule: (;(P) = ((P) is the center of P, recursively (,41(P)/Cu(P) =
((P/Ca(P)) for all ordinals o, and (A (P) = U,y Gu(P) for all limit ordinals A.

The investigation of the relationships between the upper and lower central series is one of
the classical problems in many algebraic structures (groups, Lie algebras, Lie rings, Leibniz
algebras, modules and others). Therefore, it is natural to consider similar questions for Poisson
algebras. We have obtained the following results.

Theorem 1. Let P be a Poisson algebra over a field F. Suppose that ((P) has a finite
codimension d. Then P includes an ideal K of finite dimension at most %d(d2 — 1) such that
P/K is abelian.

Theorem 2. Let P be a Poisson algebra over a field F'. Suppose that (,(P) has a finite
codimension d. Then P includes an ideal K of finite dimension at most d"™'(1 + d) such that
P/K is nilpotent of nilpotency class at most n.

It is worth noting that Theorem 1 is an analogue of the so-called Schur’s theorem for
groups [1], and Theorem 2 is an analogue of classical Baer’s theorem for groups [2].

1. Neumann B.H. Groups with finite classes of conjugate elements. Proc. Lond. Math. Soc.,
1951, 3, No. 1, 178 —-187.

2. Baer R. Endlichkeitskriterien fiir Kommutatorgruppen. Math. Ann., 1952, 124, 161-177.
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REALIZATION OF GROUPS AS FUNDAMENTAL GROUPS OF
ORBITS OF SMOOTH FUNCTIONS

I. V. Kuznietsova, Yu. Yu. Soroka
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kuznietsova@imath.kiev.ua, sorokayulyalb@gmail.com

Let M be a connected compact oriented surface and P be a real line R or a circle S*. Note,
that the group D(M) of diffeomorphisms of M naturally acts on the space of smooth functions
C>°(M, P) by the rule (f,h) — f o h, where h € D(M), f € C>®(M, P). For f € C>*(M, P)
denote by O(f) the orbit of f under this action. Let M(M, P) be the set of isomorphisms
clasess of fundamental groups mO(f) of orbits of Morse functions f: M — P.

In articles [1] and [2] S. Maksymenko and B. Feshchenko introduced the sets of isomorphism
classes B and T of groups generated by direct products and certain wreath products. They
have proved that M (M, P) C B if M is different from a 2-sphere S? and a 2-torus 72, and
M(T? R) C T. We have proved that these inclusions are equalities.

Denote by F(M, P) the space of smooth functions f € C*°(M, P) satisfying the following
two conditions: (1) all critical points of f belong to the interior of M, and f takes constant
values on each connected component of the boundary of M; (2) for each critical point z of f
its germ at z is smoothly equivalent to some non-zero homogeneous polynomial R? — R of
degree > 2 without multiple factors. The set of all Morse maps from M to P is denoted by
Morse(M, P). For each map f € F(M,P) we can define the (continuous) function e; from
the set of connected components of the boundary 0M to {£1}, which takes the value —1 on
the boundary component if f has a local minimum on this component, and +1 if f has a local
maximum on this component. Let &y be the set of all continuous functions : OM — {+£1}.
For ¢ € &y we denote by F(M, P,e) (Morse(M, P,e)) subset of F(M,P) (Morse(M, P)) of
functions f, for which e; = ¢.

Denote

Gx(M,Pe):={mO(f,X) | f € F(M,P,e)},
Mx (M, P,e) :={mO(f,X) | f € Morse(M, P,e)},
Y= {mO(f) | f € F(T*,R)
V= {mO(f) | f € Morse(T? R),the Kronrod-Reeb graph I'f is a tree},
9= {mO(f)| f € F(T*,R),
= {mO(f) | f € Morse(T? R), the Kronrod-Reeb graph I'; has a unique cycle}.

,the Kronrod-Reeb graph I'y is a tree},

the Kronrod-Reeb graph I'; has a unique cycle},

Theorem 1. (1) Let M be a connected compact oriented surface distinct from 2-torus and
2-sphere, and let e: OM — {£1} be an arbitrary map from Eyr. Then if M = S* x [0,1], and
is constant, i.e takes the same value on components of the boundary OM , then Mgy (M, P,e) =
Gom (M, Pe) = B\ {1}, if M = S* x [0,1] and ¢ takes different values on the components of
the boundary OM or M # S* x [0,1], then Mgy (M, P,e) = Gorr(M, P,e) = B.

(2) There are equalities MY = GY = T, M° = G° = B°, where B° is a subclass of B
consisting of groups (A X B) y, Z, where A, B € B\ {1} and n > 1.

1. Maksymenko S. Deformations of functions on surfaces by isotopic to the identity diffeomor-
phisms. Topology Appl., 2020, 282, 107312, 48 pp.

2. Feshchenko B. Actions of finite groups and smooth functions on surfaces. Methods Funct. Anal.
Topology, 2016, V. 29, No. 3, 210-219.
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THE BUNCH OF VARIETIES OF MIRROR GROUP ISOTOPES

A. V. Lutsenko
Vasyl” Stus Donetsk National University, Vinnytsia, Ukraine

lucenko.alla32@gmail.com
A quasigroup is an algebra (Q; - ?; *) with identities

(w-y)'y=2, (@ y)-y=x, z (x-y)=y, z-(x'y =y (1)

A quasigroup (Q;-) is called [2] a middle (left, right) mirror quasigroup, if there exists a
transformation ¢ (resp. 0, &) called a middle(left, right) invertible function such that for all «
and y the following equality holds

o(x)-y=y-x (respectively,y -yr = 6(z); zy-y==~&x)).
Let (@;0) be a group isotope (i.e. it is isotopic to a group) and let 0 € Q). Then
roy=ar+a+ Py (2)

is called a 0-canonical decomposition, if (Q;+,0) is a group and a0 = 0 = 0. An arbitrary
element of a group isotope uniquely defines its canonical decomposition [1].

Theorem 1. [3] Let (Q;+) be a group isotope and (2) be its canonical decomposition. Then
the following statements hold:

1) (Q;-) is a middle mirror quasigroup with invertible function ¢ if and only if ¢ = v and
(Q;-) is commutative, i.e. (Q;+) is abelian and f = «;

2) (Q;) is left mirror quasigroup with invertible function § if and only if § = v and (Q;-) is
left symmetric, i.e. (Q;+) is abelian and = —i;

3) (Q;-) is right mirror quasigroup with invertible function & if and only if £ = 1 and (Q;-)
is left symmetric, i.e. (Q;+) is abelian and o = —u.

Example. Let Z,, be a ring modulo m. 1) (Z7;-) is a middle mirror quasigroup, where
x -y = 4x + 2+ 4y;
2) (Zs;*) is a left mirror quasigroup, where x x y := 5x + 3 + 4y;
3) (Zg; o) is right mirror quasigroup, where z oy := 8z + 1 + 3y.
Proposition 1. The bunch of varieties of mirror group isotopes consists of
1) the parastrophy orbit of one-sided mirror quasigroup varieties: Po(90) = {9, LN, "IN} ;
2) the parastrophy orbit of three-sided mirror quasigroup varieties: Po(9) = M N "M N ON.

Acknowledgements The author is grateful to her scientific supervisor Prof. Fedir Sokhatsky
for the design idea and the discussion of this abstract.
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Let R be a associative ring and M an multiplicative R-module. If N is a subset of an
R-module M we write N < M to indicate that N is a submodule of M.

Definition 1. Proper submodule P of the left module M is called prime submodule,
if quotient module M/P is prime left module, ie Ann(K/P) = Ann(M/P) for every nonzero
submodule K /P of module M/P.

This definition can be found in such papers: [1, 2], and there are a lot of interesting results
about such modules. Set of all prime submodules of module M is called prime spectrum of
module M and is denoted by Spec(M).

Definition 2. A non-zero submodule N of M is said to be second if for each a € R, the
homomorphism N —“ N is either surjective or zero [3]. More information about this class of
modules can be found in [4].

Let Spec®(M) be the set of all second submodules of M. For any submodule N of M,
V**(N) is defined to be the set of all second submodules of M contained in N. Of course,
V**(0) is just the empty set and V(M) is Spec®(M). It is easy to see that for any family of
submodules N;(i € I) of M, MV (N;) = V¥ (MierN;). Thus if (sx(M) denotes the collection
of all subsets V**(N) of Spec®*(M), then (sx(M) contains the empty set and Spec®(M), and
(sx(M) is closed under arbitrary intersections. In general (sx(M) is not closed under finite
unions.

Definition 3. A module M is called a cotop module if (sx(M) is closed under finite unions.
In this case, (s*(M) is called the quasi Zariski topology.

Theorem 1. Let M be an R-module. If either R is an Artinian ring or M is a Noetherian
module, then M has a minimal submodule if and only if M has a second submodule. In addition

if M has a second submodule, then every second submodule of M is a semisimple submodule of
M.

Theorem 2. Let R be a Noetherian ring and let M be a cotop R-module with finite length.
Assume that the second quasi Zariski topology of M and the Zariski topology of M. Then M is
a comultiplication R-module.

Page S. Properties of quotient rings. Can. J. Math., 1972, 24, No.6, 1122—-1128.
Dauns J. Prime modules. Reine Angew. Math., 1978, 298, 156 —181.
Yassemi S. The dual notion of prime submodules. Arch. Math (Brno), 2001, 37, 273 -278.

Ansari-Toroghy H., Farshadifar F. On the dual notion of prime submodules. Algebra Colloq.
(to appear).
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There are many applications of ring theory in other sciences. Some applications of (o, 7)-
derivations which can help to develop an approach to deformation of Lie algebras, and which
have various applications in modelling quantum phenomena and in the analysis of complex
systems. In 1983, J. Bergen [1] introduced the notion of semiderivations of a ring R which
extends the notion of derivation of a ring R, as follows: d : R — R is a semiderivation of R if
there exists a function g : R — R such that (i) d(zy) = d(z)g(y) +xd(y) = d(x)y + g(x)d(y) for
all z,y € R and (ii) d(g(z)) = g(d(z)) for all x € R. We [2] introduced the definition of (o, 7)-
Homogeneralized derivations of semiprime rings with some results. Furthermore, in 2021, we [3]
study the behaviour of skew-Homogeneralized derivations of rings and presented some results
concerning that. The main purpose of this paper is to study the commutativity of a ring R
which satisfied certain conditions via the definition of a symmetric n-Homo-antisemigeneralized
semiderivation of rings. Throughout this paper, R always represents an associative ring. Recall
that R is semiprime if aRa = 0 implies a = 0 and R is prime if a Rb = 0 implies a = 0 or b = 0.
An additive map D: R — R is called a derivation if the Leibniz’s rule D(zy) = D(z)y+xD(y)
holds for all =, y € R. Suppose n is a fixed positive integer and the additive mapping ~ define
as

[ R"—= R it R=]["_,
v(R): { R—R" if R=u,
where x is an arbitrary element of R. Similarly for the additive mapping D and the other
mappings.

Definition 1. An n-additive mapping ~ is called a symmetric n-Homo-antisemigeneralized
semiderivation associated with a mapping g which acts as automorphism mapping of R such that
V(X1 Ty ooy iy ooy T) = V(X1 Ty oy Ty ooy )Y (L1, T2y oy Ty oy T ) FY (X1, Ty ooy Ty vy T ) T+
9(2)D(x1, Tay ooy Tjy ooy Ty, = V(@1 Ty evey Ty ooy T )Y (X1, Ty ooy Ty oy Tp) +
(X1, T2y ey Ty ey T )Y () + D(2)g(x1, 22, ooy T4y ooy ) for all 2,2, € R, @ = 1,2,..,n
with y(D(z;)) = D(y(x:)),v(9(x:)) = g(y(2:)) and D(g(z;)) = g(D(x;)) such that D is

symmetric n-generalized semiderivation of R.
For more information about symmetric n-generalized semiderivation see [4].

1. Bergen J. Derivations in prime rings. Canad. Math. Bull., 1983, 26 (3), 267—270.

2. Mehsin J. A. (0,7)-Homogeneralized Derivations of Semiprime Rings, 13th Annual Binghamton
University Graduate Conference in Algebra and Topology (BUGCAT), The State University of
New York, USA, November 7-8, November 14-15, 2020.

3. Mehsin J. A. Skew-Homogeneralized Derivations of Rings, Math for All in New Orleans Con-
ference, Tulane University Math Department, March 5-7, 2021.

4. Mehsin J. A. New types of permuting n-derivations with their applications to associative rings,
Symmetry, 2020, 12, 46.
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Let S be a semiring. A map d: S — S is called a derivation on S [1]if § (a +b) = § (a)+3 (b)
and ¢ (ab) = ¢ (a) b+ad (b) for any a,b € S. A semiring S equipped with a derivation ¢ is called
differential with respect to the derivation ¢, or a §-semiring, and denoted by (.5, §). Differential
semirings were further studied in [2].

An ideal I of S is called differential if § (1) C I. A differential ideal P of S is called
differentially prime if for differential ideals I and J of S, IJ C P follows I C P or J C P.

Theorem 1. For a proper differential ideal Q) of S, the following conditions are equivalent:
1. Q is differentially prime;

2. For any a,b € S, [a] - [b] C Q followsa € Q orbe Q;

3. For any a,b € S, m,n €N, a™Sb™ C Q followsa € Q orbe Q;

4. Foranya,be S, neN, aSb™ C Q followsa € Q orbec Q;

1. Golan J.S. Semirings and their Applications. — Dordrecht: Kluwer Academic Publishers, 1999,
382 p.

2. Chandramouleeswaran M., Thiruveni V. On derivations of semirings. Advances in Algebra,
2010, 1, No. 1, 123—-131.
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Consider A and B are algebras and M is left A—module and right B—module. The set

TZT{[S Tﬂ ,aGA,mGM,bEB}
by matrix multiplication and addition is an algebra that is called triangular algebras. A left
A—module M is called left faithful if aM = 0 implies a = 0, and a right B—module M is called
right faithful if Mb = 0 implies b = 0, and when M is left A—module and right B—module, is
called faithful when M is both left and right fathful. A linear map ¢ : 7 — 7T is Lie centralizer
if ¢([x,y]) = [¢(x),y] for each x,y € T.

In this talk, we characterize mapping that satisfy in the following relation

vy = 0= [¢(z),y] =0, (%)

for each x,y € T. At last, we find sufficient condition under which each mapping ¢ : T — T
satisfying in (), has the form ¢(z) = A\x + 7(x) for each x € T where A € Z(T) and 7 is a
linear map such that 7(7) C Z(T)

In the following, the center of a unital triangular algebra is specified.

A M

Lemma 1. Let T = {O B

1 be a unital triangular algebra. Then

Z(T) = Hg 2} ca€Z(A)be Z(B),am:mb,VmEM,}.

Define two natural projections 74 : G — A and g : G — B by

S R

According to [2, Lemma 1], we have m4(Z(G)) C Z(A) and m5(Z(G)) C Z(B). In fact, m4(Z(G))
is a subalgebra of Z(A) and m3(Z(G)) is a subalgebra of Z(B).
Now, we give our main theorem that obtains the desired conditions.

Theorem 1. Let M be faithful bimodules in T, and mo(Z(T)) = Z(T) and wg(Z(T)) =
Z(T). Then the linear mapping ® : T — T satisfies (%) if and only if ®(X) = AX + u(X) for
any X € T, where X\ € Z(G) and p: T — Z(T) is a linear mapping in which p([X,Y]) =0
for any X,Y € G with XY = 0.

1. Johnson B.E. An introduction to the theory of centralizers. Proc. London Math. Soc., 1964,
14, 299-320.

2. Krylov P. A. Isomorphism of generalized matrix rings. Algebra Logika, 2008, 47, 456-463.

3. Mokhtari A.H. Ebrahimi Vishki H. R. More on Lie derivations of generalized matrix algebras.
Miskolc Math. Notes, 2018, 1, 385-396.
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Striped surface is a surface obtained by gluing open stripes with boundary intervals along
some of those intervals. Every such surface is a non-compact two-dimensional manifold which
can be non-connected, non-orientable and each connected component of its boundary is an open
interval.

To each striped surface one can associate one-dimensional CW-complex (topological graph),
which encodes combinatorial information about gluing of stripes. This graph can have loops
and multiple edges. We prove that there is a homotopy equivalence between a striped surface
and its graph. The proof is based on one of the generalization of Seifert-Van Kampen theorem
for fundamental groupoids.

One of consequences is that homotopy type of corresponding graph is determined only by
the striped surface itself and does not depend on a decomposition this surface into stripes
(because surface can have many distinct decompositions into stripes).
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Considering n-quasisymmetric mappings between semimetric spaces with different triangle
functions we have found a new estimation for the ratio of diameters of two subsets which are
images of two bounded subsets. This result generalizes the inequality proved by P. Tukia and
J. Véisdla in [1] for general metric spaces, see also Proposition 10.8 in [2] for the extended
proof.

Let X be a nonempty set. Recall that a mapping d: X x X — R, RT = [0, 00) is a metric if
for all z,y,z € X the following axioms hold: (i) (d(z,y) =0) < (z =vy), (ii) d(z,y) = d(y, x),
(iii) d(x,y) < d(z,z) + d(z,y). The pair (X, d) is called a metric space. If only axioms (i) and
(ii) hold then the pair (X, d) is called a semimetric space.

Definition 1. Let (X, d), (Y, p) be semimetric spaces. We shall say that an embedding
f: X =Y is n-quasisymmetric if there is a homeomorphism 7: [0, 00) — [0, 00) so that
d(z,a) < td(x,b) implies p(f(x), f(a)) < n(t)p(f(z), f (D))
for all triples a, b, x of points in X and for all ¢ > 0.
A definition of a triangle function was introduced by M. Bessenyei and Z. Péles in [3].

Definition 2. Consider a semimetric space (X,d). We say that ®: R x Rt — R is a
triangle function for d if ® is symmetric and monotone increasing in both of its arguments,
satisfies ®(0,0) = 0 and, for all z,y, z € X, the following generalized triangle inequality holds:

d(z,y) < (d(z, 2), d(y, 2))-

The most important triangle functions ®(u, v) which generate well-known types of metrics
and their generalizations are u + v (metric), K(u + v) (b-metric with K > 1), max{u,v}
(ultrametric).

Theorem 1. Let (X, d) and (Y, p) be semimetric spaces with continuous and strictly increas-
ing in both of their arguments triangle functions ®1 and ®o, respectively. And let f: X — Y
be n-quasisymmetric embedding. Then f maps bounded subpaces to bounded subspaces.

Moreover, if AC B C X, 0 < diam A,diam B < oo, then diam f(B) is finite,

dimB < _;jha‘m f(A) nd d.1am f(A) < ?7( _?1&@%1 ) |
7 (EREY S ST (diam /() diam £(B) ="\ o7 (diam B)
where 1 (t) = @1(t,1), pa(t) = Polt, ).

In particular, taking in this theorem ®(u,v) = ®o(u,v) = u + v, we immediately obtain
the Tukia-Vaisala inequality.
1. Tukia P., Vaisila J. Quasisymmetric embeddings of metric spaces. Ann. Acad. Sci. Fenn., Ser.
A 1, Math., 1980, 5, 97—114.
2. Heinonen J. Lectures on analysis on metric spaces. — New York: Springer, 2001, 141 p.

3. Bessenyei M., Péles Z. A contraction principle in semimetric spaces. J. Nonlinear Convex Anal.,
2017, 18, No. 3, 515—-524.
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Contractions are a kind of limiting processes that formally describe connections between al-
gebraic structures underlying physical theories [1]. For example, the contraction of the Poincaré
algebra to the Galilean algebra corresponds to the relation between relativistic and classical
mechanics. The contractions of the Heisenberg algebras to the Abelian ones relate to a limit
process from quantum mechanics to classical mechanics under A — 0. Despite the impor-
tance of this, it is unclear which properties and structures are preserved in some sense under
contractions.

Contractions are considered for algebras over the complex or real field. A more general
notion defined for an arbitrary algebraically closed field is the notion of degeneration of Lie
algebras [2, 3].

A simple example of contractions to the Abelian algebra demonstrates that characteristic
ideals and megaideals of an algebra do not follow the same pattern. Indeed, the center grows
to encompass the entire algebra but the derivative algebra shrinks to zero. The subalgebra and
ideal structure of Lie algebras is changed under contractions as well.

We show that at the same time certain properties of this structure are stable.

Theorem 1. Suppose that a Lie algebra gy is a (continuous or sequential) contraction of
the Lie algebra g, g — go, and the algebra g contains a chain of nested subalgebras

{0y =s'cs'cs*c.---cs"cCcs"t =g
Then the algebra go contains a chain of nested subalgebras
{0} =50 Csp CsgC - Csy Csgt = go

such that
dims; = dims® and s —s; under g—go, a=1,...,m.
If 5% is an ideal in s°, 1 < a < b < m+ 1, then s¢ can be chosen to be an ideal in 53, and
sb /5% — sb /5.
A number of necessary contraction criteria can be derived as simple consequences of The-

orem 1. The properties of commutativity, nilpotency, solvability and unimodularity are stable
under contractions. Hence s§ inherits the respective properties of s°.

Corollary 1. The dimensions of the following objects do not decrease under contractions
of Lie algebras:

e maximal Abelian subalgebras, e mazimal Abelian ideals,
e maximal nilpotent subalgebras, e mazximal nilpotent ideals (nilradicals),
o mazimal solvable subalgebras, e mazximal solvable ideals (radicals).

1. Nesterenko M., Popovych R.O. Contractions of low-dimensional Lie algebras. J. Math. Phys.,
2006, 47, No. 12, 123515, 45 pp.

2. Gorbatsevich V. V., Onishchik A.L., Vinberg E. B. Lie groups and Lie algebras. III. Structure
of Lie groups and Lie algebras. — Springer-Verlag, Berlin, 1997, 248 p.

3. Burde D. Degenerations of nilpotent Lie algebras. J. Lie Theory, 1999, 9, No. 1, 193 —202.
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The classification of all nearrings up to certain orders is an open problem. It requires
extensive computations, and the most suitable platform for their implementation is the com-
putational algebra system GAP [1]. The list of all local nearrings of order at most 31 can
be extracted from the package “Sonata” [2] of GAP. The current version of the package “Lo-
calNR” [3] (not yet redistributed with GAP) contains all local nearrings of order at most 361,
except those of orders 32, 64, 128, 243 and 256. We have already calculated some classes of
local nearrings of orders 32, 64 and 243.

Let [n,i] be the i-th group of order n in the SmallGroups library in GAP. We denote by C,,

the cyclic group of order n.
There exist 15 non-isomorphic groups of order 625 = 5%, of which 5 groups are Abelian.

IdGroup | Structure Description
625, 1 Ce2s
625, 2 025 X 025
625, 5 0125 X 05
625, 11 025 X 05 X 05
625, 15 C5 X C5 X C5 X C5

Proposition 1. Only the following groups can be the multiplicative groups of local nearrings
on additive group [625,11]:

IdGroup | Structure Description | Number of LNR
[500, 8] ((05 X 05) X C5) X 04 157
500, 11] | ((C5 x C5) % C3) % Cy 7
500, 13 Cy % ((05 X 05) X 05) > 3561
500, 17] | ((C5 x C5) % C5) % Cy 150
500, 25 ((C5 X C5) X 05) D! C4 10
500, 37] | Cs x C5 % (C5 % Cy) > 15625
500, 38 C5 X ((05 X 05) X 04) ?
500, 40 C20 X C5 X C5 > 33
500, 41 05 X 05 X (05 X 04) 385
500, 42 C5 X ((05 X 05) X 04) 417
500, 43 05 X ((05 X 05) X 04) 32
500, 44 C5 X ((05 X 05) X 04) 8
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Let K be an algebraically closed field of characteristic 0 and A = K[zy,...,z,] the poly-
nomial ring over K. A K-derivation D of A is a K-linear mapping D: A — A such that
D(fg) = D(f)g + fD(g) for all f, g € A. The Lie algebra W,,(K) = DerxA consists of all
K-derivations of the ring A. This Lie algebra is also a free module over the polynomial ring A.
Therefore, for each subalgebra L of W,,(K) one can define the rank rksL of L over A. Any
derivation D € W, (K) can be uniquely extended to a derivation of the field of rational func-
tions R = K(xy,...,z,).

We consider metabelian subalgebras L of W,,(K) such that rkaL = 2 and L is a semidirect
sum of the form K(D) <1, where [ is an infinite dimensional ideal of L of codimension one in L.
We assume that the linear operator ad D on the ideal I has a Jordan basis {T1,Ts, ..., Tk, ... }
such that

[D,Tl] = )\Tl, ceey [D,T;] = )\E‘Fﬂ—l, 1> 2, A€ A

Such Lie algebras appear naturally in the study of solvable subalgebras of W, (K) (see, for
example, [2]).

Recall that a nonzero polynomial a € A is called a Darboux polynomial for a derivation D
if D(a) = Aa for some A € A. Such a polynomial X is called a cofactor for D with respect to a.
Some properties and applications of Darboux polynomials for derivations one can find in [1].

Theorem 1. Let L be a subalgebra of W,,(K) of the form L = K(D) A K(T\,...,T,...)
and {T1,Ts,..., Ty, ...} a Jordan basis of the linear operator adD with an eigenvalue \ € A.
Then the following statements hold:

1) There exists a sequence of a rational functions ¢1,9a,..., ¢k, ... from the field
R =K(x1,...,2,) such that D(¢1) =1, D(p;) = pi_1, i > 1.
2) There exists a sequence of a Darboux polynomials ¢1,go, ..., gk, ... for the derivation D

with corresponding cofactors A\, 2X,... kA, . ...

Obtained results may be useful for studying solvable Lie subalgebras of W,,(K) of rank 2
over R.

1. Nowicki A. Polynomial Derivations and their Rings of Constants. — Torun: Uniwersytet Miko-
laja Kopernika, 1994, 170 p.

2. Petravchuk A., Sysak K. Solvable Lie algebras of derivations of rank one. Mohyla Mathematical
Journal, 2019, 2, 6-10.
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A group G has finite special rank r if every finitely generated subgroup of G is generated
by at most r elements and r is the least integer with this property. If there is not such r, then
we say that G has infinite special rank.

A subgroup H of a group G is said to be transitively normal in G if H is normal in every
subgroup K > H in which H is subnormal.

A group G is called generalized radical if G has an ascending series whose factors are locally
nilpotent or locally finite. If G is a generalized radical group, then either a locally nilpotent
radical of GG is non-trivial or a locally finite radical of G is non-trivial. Therefore, a generalized
radical group has an ascending series of normal subgroups whose factors are locally nilpotent
or locally finite.

In [1], the study of some non-periodic groups in which every subgroup of infinite special
rank is transitively normal was initiated. More precisely, the authors proved that if G is a
non-periodic locally generalized radical group with this property and G includes an ascendant
locally nilpotent subgroup of infinite special rank, then G is abelian. In [2], the structure
of periodic soluble groups of infinite special rank with this property has been described. We
continue to study such groups with some additional restrictions on the locally nilpotent radical.

Theorem 1. Let G be a generalized radical non-abelian group of infinite special rank whose
subgroups of infinite special rank are transitively normal. Suppose that Tor(G) = (1) and a
locally nilpotent radical L of G is abelian. Then, the following assertions hold:

(i) L includes a G-invariant pure subgroup A, having a finite series
of G-invariant pure subgroups whose factors A;1/A; are G-chief and G-eccentric for all
je{0,...,n—1};

(ii) G = AC for some subgroup C, so that AN C = (1) and every complement to A in G is
conjugate to C;

(iii) C' =S x T where S is a free abelian subgroup, having infinite 0-rank, and T is a finite
abelian subgroup.

1. Kurdachenko L. A., Subbotin I.Ya., Velychko T.V. On the non-periodic groups, whose sub-
groups of infinite special rank are transitively normal. Algebra Discrete Math., 2020, 29, No. 1,
74—84.

2. Semko N.N., Velychko T.V. On the groups whose subgroups of infinite special rank are transi-
tively normal. Algebra Discrete Math., 2017, 24, No. 1, 34 —45.
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In this abstract we study the endomorphisms of infinite dimensional cyclic Leibniz algebra.
Let L be an algebra over a field F' with the binary operations + and [,]. Then L is called a
Leibniz algebra (more precisely a left Leibniz algebra), if it satisfies the (left) Leibniz identity

[[a, [b, c]] = [[a, b], c] + [b, [a,c]] for all a,b,c € L.

Leibniz algebras appeared first in the paper of A. M. Bloh [1], but the term “Leibniz algebra”
appears in the book of J.- L. Loday [2].

When studying Leibniz algebras, the information about the endomorphisms of a Leibniz
algebra is quite useful.

Let L be a Leibniz algebra. As usual, a linear transformation of L is called an endomorphism,
if f([a,b]) = [f(a), f(b)] for all a,b € L. Clearly a product of two endomorphisms of L is also an
endomorphism, so that the set of all endomorphisms of L is a semigroup by its multiplication.
We note that the sum of two endomorphisms is not necessarily an endomorphism, so we cannot
talk about an endomorphism ring.

Here we will use the term semigroup for a set, having an associative binary operation. For
a semigroup, having an identity element, we will use the term monoid. Clearly an identical
permutation is an endomorphism of L, therefore the set Lend (L) of all endomorphisms of L is
a monoid by a multiplication.

As usual, a bijective endomorphism of L is called an automorphism of L.

Theorem 1. Let L be a cyclic infinite dimensional Leibniz algebra over a field F'. Then the
monoid Lend(L) of all endomorphisms of L is an union of an ideal S with zero multiplication
and a submonoid Mon(L) of all monomorphisms of L. Furthermore, Mon(L) is a product of
an abelian submonoid A and an abelian subgroup D, satisfying the following conditions:

(i) AnD = (1),
(i) d~YAd = A for each element d € D;
(iii) D is isomorphic to a multiplicative group of a field F;
)

(iv) A is isomorphic to a submonoid of a polynomial ring F[X], consisting of those polynomials
whose free term is 1, in particular, A is a free abelian monoid.

Corollary 1. Let L be a cyclic infinite dimensional Leibniz algebra over a field F'. Then
the group of all automorphisms of L is isomorphic to a multiplicative group of a field F.

The author is grateful to Prof. L. A. Kurdachenko for useful discussions.

1. Bloh A.M. On a generalization of the concept of Lie algebra [in Russian]. Doklady AN USSR,
1965, 165, 471473 .

2. Loday J.L. Une version non commutative des algebres de Lie; les algebres de Leibniz. Enseign.
Math., 1993, 39, 269 —293.
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BJIACTUBOCTI CJIABKO m-OITVKJINX MHOYKWNH
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osipchuk@imath.kiev.ua

Y poboti 4 BUBYAIOTHCS TOIMOJIOTIYHI BJIACTUBOCTI KJIACIB y3araJibHEHO OIYyKJIUX MHOYKUH
6araToBUMIpHOTO JIIHCHOTO €BKJIiJIOBOro mrpocTopy R™, n > 2, dKi HA3UBAIOTHCA M-OIYKJIUMU
i cmabko m-omykanmu, 1 < m < n. i nonarrsa seie FOpiit Bopucosna 3emincekuii (qus. 1,
2). MuoxuHa pocropy R™ Ha3MBa€ThCsI M-0NYKAOM0, SIKIIO JIJI KOKHOI TOYKHU 3 JJOTIOBHEHHS
i€1 MHOXKMHU JI0 BCBOI'O IPOCTOPY ICHYE M-BUMIpHA IJIONIMHA, AKa MPOXOJUTH Yepe3 If0 TO-
4Ky i He mepeTnHae 3aaHo0l MHOKUHU. Binkpura muokuna mpocropy R™ HazubaeTbes caabdko
M=-0NYKAO0MI0, IKIIO JJIT KOKHOI TOUYKNA MeKI MHOYKMHM ICHY€ M-BUMIpHA IJIOMIMHA, IKa& ITPO-
XOJUTH Yepe3 10 TOUKY i He MepeThHAE 33 aH0l MHOKUHU. 3aMKHEHA MHOYKUHA IIPOCTOPY
R™ HazuBaeThcd CAGOKO M-0NYKAOM0, SKIO BOHA AITPOKCUMYETHCA 330BHI CIM’€I0 BIIKPUTHUX
cabko m-onykianx muoxkuha. Hexait C i WC,, — 11e Kiracu m-oIyKJnx i ¢abKo m-0omyKJInx
MHOKMH y 1pocTopi R™, n > 2, Bianosinno. IcHyioTh ¢/1a0KO m-OIMyKJ/i MHOYXKUHU y HPOCTOPI
R™ n>2 1<m < n, gki He m-onykJi, 10610 Ki1ac Muokua WCE \ CR He nmopoxHiii.

Teopema 1. (3) Bidkpuma mnoorcuna kaacy WCE_; \ Ch_; ckaadaemves ne menwe it
13 MPOLOT KOMNOHEHM, 36 A3ZHOCTN.

Y po6ori 4 6y 1yIoThest IPUKJ/IaIu BiIKpuTol it 3aMKHeHo! MHOKIH Kiacy WCh_\C2_, 'n >
2,13 TppOMa 1 OiJIbIIIe KOMIIOHEHTAME 3B’ I3HOCTI, & TAKOXK BCTAHOBJIIOETHCS, 1110 JIJIs KOMITAKTHUX
mHOKIH Kaacy WCP_\CP_;, n > 2,y npoctopi R", cpaBeyinBa Taka » OIIHKA 3HU3Y THCJIA
X KOMIIOHEHT 3B’SI3HOCTI, 9K 1 Y BUIQJIKY BIIKPUTUX MHOXKUH.

Teopema 2. (4) Josirvha xomnaxmmua mroocuna kaacy WCE_; \ CR_; ckaadaemocs ne
MEHULE HIDIC 13 MPLOT KOMNOHEHM, 38 A3HOCIL.

Jlema 1. (4) Hexat EP C RP, p > 2, — ye wmnoorcuna kaacy WCY \ CY. Todi mmoocuna
E:=FEP x R"P CR", n >3, narescumo xaacy WCH_ 1\ Ch_ 1y

Hns Bigkpurnx mMoxkua kiaacy WCR \ CR y mpocropi R”, n > 3, 1e 1 < m < n — 1,
OIliHKa 3HU3Y YMCJIa X KOMIIOHEHT 3B SI3HOCTI BiAMiHHA BiJ TOI, sika oTpuMaHa B Teopemi 1, 110
JIOBOJIUTH TaKa

Teopema 3. (4) Icuyromv obaacmi y npocmopi R™, n > 3, xaacy WCE \ CR,
1<m<n-—1.

Besmuckuit FO. B. Muorosuaunbie orobpaxkenus B anaysmse. — K.:HaykoBa mymka, 1993, 264 c.

2. Bemunckuit 0. B., Momor 1. B. O (n, m)-BbImyKJIBIX MHOXKeCTBaX. YKp. MaT. KypH, 2001, 53,
Ne 3, 422-427.

3. Hakxin X. K. Baga«i npo Tiak Ta BijjobparkeHHsT OCTIHHOT KpaTHOCTi. Pykomnuc nuc. Kaum. ¢is.-
MaT. Hayk, [ncturyr maremarnkn HAH Ykpaiau, Kuis, 2017.

4. Ocimuyk T. M. Tomnosioriuni BiacruBocti cirabko m-onykimx MuoxkuH. [Iparni [#-Ty npukiiagaol
maremaTukn i Mmexaniku HAH Ykpaiau, 2020, 34, 73-82.
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st Tonostorianoro npocropy X mnosnadmnmo udepes F'(X) BiibHy Tonosoriuny mpocropy X.
Mg migmpocropy Y C X mnosnaunmo depes3 (Y) miarpyny B F(X), mopojzKeHy MHOKHHOIO
teipaux Y. Ilix naporo (X, Y') Tomosoriaaux mpoctopis Mu Oyemo posymitu rpoctip X i fforo
mipoctip Y.

Osnadenns 1. [lapu tuxoHoBcbKuX TOmOMOriaHEX mpocropi (X7, Y)) i (Xo,Ys) Hasusa-

1oTbest M-expiBasientauMu (mo3H. (X7, Y7) X (X5,Y3)), gkio icHye Tonosioriunuii i3oMopdizm
i F(Xq) = F(Xs) rakwuit, mo i((Y7)) = (Y3).

Osznavenns: 2. [lapu M-ekBiBaJeHTHUX TUXOHOBCHKUX TOHOHOFi‘{HI/IX npocropiB (X1, Y))

i (Xs,Y3) nazBemo yHiBepcambHo M -ekBiBameHTHUMHE, (IIO3H. (Xl,Yl) (XQ,YQ)) AKINO JI0-
BlibHEi Tonostoriunmit izomopdism j: (Y;) — (Y2) momyckae mpoJoOBKEHHS 10 TOIOJIOTITHOIO
isomopdismy i: F(X;) = F(Xs).

Osnadvenns 3. Ckaxemo, mo napa (X,Y') € M-yHiBepcaabHOW0, SKINO JOBLIBHUNA TOMOJIO-

rivauit apromopdism j: (V) — (V) nomyckae mpoJoBKeHHS JI0 TOMOJIOIYHOTO aBTOMOPdI3MY
i: F(X)— F(X).

Teopema 1. Hacmynwui ymosu € pishocusvHuz s M -exsisarenmuumu napu, MuroHos-
cvrux monosozivnuz npocmopis (X1,Y1) i (X, Ys):

1) napu (X1,Y1) i (Xo,Ys) € ynisepcarvno M -exsisanrenmmumu;

2) napu (X1,Y1) i (Xo,Ys) M-exsisarernmuumu i napa (X1,Y1) € M-ynisepcanvroro.

Hacaimok 1. Baacmusicms oymu M -ynisepcannvrioro naporo 36epieaemvea 610HOWEHHAM
M -exsisarermmnocmi.

Oszuauvenns 4. Ilignpocrip Y tomnosorignoro npocropy X #HazubaeTbcst (G-PETPAKTOM IIPO-
cropy X, SKIO JOBiJbHE HemepepBHe BigobOpakenus f: Y — H 3 mpocropy Y y JIOBLIbHY
TonoJIoriuny rpymny H jonyckae HemepepBHE NPOJIOBXKEHHA Ha X .

TBepmxkenus 1. dxwo Y nidnpocmip e G-pemparxmom muzonoscvkozo npocmopy X, mo
napa (X,Y) e M-ynisepcasvroro.

Ozuavenns 5. llixnpocrip Y romosorianoro mpocropy X Ha3uBaeTbCs P-BKIaJIEHUM Yy
X, 9KIIO JIOBLJIbHA HellepepBHA IICEBIOMETPUKA 3a/aHa Ha Y | IPOJIOBXKYETHCA JI0 HEIlepepBHOT
IICeBAOMETPUKN Ha X .

TBepmxkenns 2. Hxwo napu (X,Y) 1 (Y, Z) M-ynisepcarvrumu, a nionpocmip Y e P-
eraaderum y X, mo napa (X, Z) € M—ymsepccmbnom.

Hacainok 2. H%mo (X1,Y1 (XQ,YQ) (Y1, Z,) ‘~ (YQ,ZQ) a nidnpocmopu Y; € P-

exnadenumu y X; (i = 1,2), mo (X1, 2,) A (X2, Z5).

) "~
o (

Hacainok 3. fxwo (Xi,Y:) ~ W (XQ,YQ) (Y1, Z1) X (Y2, Z3), a nidnpocmopu Y; € P-
o (

exaadenumu y X; (i =1,2), mo (X1, Z1) X (Xo, Zs).
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YEPHIKIBCBLKI 2-TPVIIN 3 KJIANHIBCHLKOIK BEPXIBKOIO I
HIJIKOM PO3KJIAJHVUMUM BASAMU
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andrianaplakoshmail@gmail. com

Ile cuninbna pobora 3 F0. A. posmom (mus. [1]).

Haramaemo, o wepHikiecvkoro epynoro 3BeThCs rpyna, B fKiil € HOpMaJbHa MiArpyIa CKiH-
YEHHOT'O 1HJIEKCY, KA € MPAMUM JI00YTKOM CKIHUEHHOTO YHC/Ia KBasiMUK/IIHIX rpyn (abo rpym
tury (p>)). Ll miarpymna 3Berbes 6a3010, a hakTOPrpyna — 6epriéroto 9epHIKIiBCHKOI I'PYIIH.

Mu poO3IIsIaEMo BUNAJOK, KOJM BepxXiBKa — wemeepha epyna Kasiina H = (a,b | a*> =
b* =1, ab=ba), a 6azsa M — yinkom 36i01a, TOOTO € IPSIMOIO CyMOIO iHBAPIAHTHUX TIJIIPYTI,
KOXKHa 3 SKHX € KBasirukiiianoo 2-rpymnoo. Tomi M ~ @, muyLuw (u,v € {+,—}), 1e Ly, —
KBas3iUKJIYHA IPYyTa, B 9Kil a jie, sk ul, a b — gk vl (10610 u, v 3a1a10Th 3HAKU NIPH ar = +x
ta br = +x, e x € Ly,). Koromosoril mux Mosysais obuucsieni B 2| y TepMiHax pe3o/bBeHTH,
o0y roBaHol B [3].

Mu Busnauaemo enementu h,, € H?*(H,M) B Taxmii crocif, Mmo KOXKEH KJIaC KOIOMO-
JIOTi#l mepeBojiuThCd y skwuiick h,, aBromopdizmamu O6aszu M, i jla€Mo TOBHUIT ONKC YepHi-
KIBCBKHUX T'PYH 3 KJSHHIBCHKOIO BEPXIBKOIO 1 MIJIKOM PO3KJjaaHoio Oazor. Came, 3a HabopoM
H = {mu, hy | u,v € {+,—}} asuo Gynyorsca enementn 6azu «(H), S(H),~v(H) i moBoxu-
ThCA HACTYITHUI Pe3ysIbTar.

Teopema 1. /s wooicnozo nabopy H = {myy, hy, | w,v € {+,—}} eusnavumo epyny
G(H) ax maxy, wo nopodocyemuca epynoro M = D, Muyy Ly ma enemenmamu a,b marumu,
wo axa ' = ax 1 bxb~' = bx daa eciz v € M, a* = a(H), b* = B(H) i [a,b] = n(H).

1. I'pyna G(H) € wepnixiecoroto epynoto 3 KAAUNIGCHEON 6EPTIBKON0 | UIAKOM PO3KAGOHON
6a3010.

2. Kootcna wepnikiecvra epyna G 3 KAATUHIBCHKOI0 8EPTIBKOI0 1 UIAKOM PO3KAGOHO0I0 0A3010
idomopgna desxit epyni G(H), de H — xanonivnut nabip, eusnauenuti 00Ho3nauHo 2py-
notw G.

1. Jdposm FO. A., Tlnakom A. I. HepHikiBebKi 2-Tpymn 3 KISHHIBCHKOIO BEPXiBKOIO 1 ITLTKOM 3B THUMK
6azamu. YKp. mar. kypH. (y apymi).

2. Ilnakom A.I., Ilamouka I. B. IIpo koromosorii yerBeproi rpynu Kireitha. Hayk. BicHUK Y2Kro-
pox. yu-Ty, 2017, 30, Ne1, 95—-102.

3. Drozd Yu., Plakosh A. Cohomologies of finite abelian groups. Algebra Discrete Math., 2017, 24,
No. 1, 144 -157.
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ON LINEAR GENERIC BOUNDARY-VALUE PROBLEMS FOR
DIFFERENTIAL SYSTEMS IN SOBOLEV SPACES

Olena Atlasiuk
Institute of Mathematics of the NAS of Ukraine, Kyiv, Ukraine

For the systems of ordinary differential equations of an arbitrary order on a compact interval,
we study a character of solvability of the most general linear boundary-value problems in the
Sobolev spaces W', withn € Nand 1 < p < co. We find the indices of these Fredholm problems
and obtain a criterion of their well-posedness. Each of these boundary-value problems relates
to a certain rectangular numerical characteristic matrix with kernel and cokernel of the same
dimension as the kernel and cokernel of the boundary-value problem. The condition for the
sequence of characteristic matrices to converge is found. We obtain a constructive criterion
under which the solutions to these problems depend continuously on the small parameter ¢ at
e = 0, and find the degree of convergence of the solutions. Also applications of these results to
multipoint boundary-value problems are obtained.

These results are given in [1 — 3]. In the case of differential equations of the first order,
similar results are proved in the works [4 — 6].

1. Atlasiuk O. M., Mikhailets V. A. On solvability of inhomogeneous boundary-value problems in
Sobolev spaces. Reports Nac. Acad. Nauk Ukr., 2019, No. 11, 3—7.

2. Atlasiuk O. M., Mikhailets V. A. On Fredholm parameter-dependent boundary-value problems
in Sobolev spaces. Reports Nac. Acad. Nauk Ukr., 2020, No. 6, 3—6.

3. Atlasiuk O.M. Limit theorems for the solutions of multipoint boundary-value problems with
parameter in Sobolev spaces. Ukrainian Math. J., 2021, 72, No. 8, 1175—-1184.

4. Atlasiuk O. M., Mikhailets V. A. Fredholm one-dimensional boundary-value problems in Sobolev
spaces. Ukrainian Math. J., 2019, 70, No. 10, 1526 —1537.

5. Atlasiuk O. M., Mikhailets V. A. Fredholm one-dimensional boundary-value problems with pa-
rameter in Sobolev spaces. Ukrainian Math. J., 2019, 70, No. 11, 1677 —1687.

6. Atlasiuk O. M. Limit theorems for solutions of multipoint boundary-value problems in Sobolev
spaces. Journal of Mathematical Sciences., 2020, 247, No. 2, 238 —247.
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DICHOTOMY AND BOUNDED SOLUTIONS OF DYNAMICAL
SYSTEMS IN THE HILBERT AND BANACH SPACES

Bihun D., O.Pokutnyi
Institute of mathematics of NAS of Ukraine, Ukraine
dmytrobigun9/@gmail.com, lenasas@gmail.com

For general discrete dynamics on Banach and Hilbert spaces, we specify necessary and
sufficient conditions of the existence of bounded solutions under the assumption that the ho-
mogeneous difference equation admits a discrete dichotomy on the semi-axes. We consider the
so-called resonance (critical) case when the uniqueness of a solution is disturbed. We show that
admissibility can be reformulated in terms of generalized or pseudoinvertibility. As application,
we consider the case when the corresponding dynamical system is e-trichotomy.

The main object of the report is the following operator equation in the Banach space

Tpi1 = ApTp + hyyn € Z, (1)

where A, : B — B is a set of bounded operators, from the Banach space B into itself. Assume
that
A= (Ap)nez € loo(Z,L(B)),h = (hy)nez € loo(Z, B).

It means the following

[A[l] = sup [|An|| < 400, [[[2[|] = sup [|hx|] < +oc.
nez neL

We give the conditions for the existence of bounded solutions of the equation (1) under the
condition that the following homogeneous equations and exponential dichotomy on the semi-
axes are fulfilled

Tpi1 = Apty (2)

Acknowledgments. The authors have received funding from the FEuropean Union’s Horizon 2020
research and innovation program under the Marie Sklodowska-Curie grant agreement No 873071.

1. Boichuk A.A. Solutions of linear and nonlinear difference equations bounded on the whole line.
Nonlinear Oscillations, 2001, 4, No. 1, 16 — 27.

2. Boichuk A. A., Samoilenko A. M. Generalized Inverse Operators and Fredholm Boundary-Value
Problems, 2nd edition — Berlin: De Gruyter, 2016, 296 pp.
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THE LIE SYMMETRY APPROACH ON (1+2)-DIMENSIONAL
FINANCIAL MODELS
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We consider a class of nonlinear (14+2) partial differential equations which generalizes a
number of models which appear in financial mathematics. These models are subject to specific
terminal conditions. Lie symmetries are used to construct two successive mappings that reduce
the problems into problems with new governing equations being ordinary differential equations.
The same analysis is applied to general terminal conditions. In most cases, the first reduction
results to linearizable equations. We discuss linearization for a general class which includes
these reduced equations.
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In the present work, an implicit differential equation of the form

%[A(t)l’(t)] +B(t)x(t) = f(tx(t), =ty (1)
where t; > 0, f:[t;,00) x R* — R™ and A, B: [t,,00) — L(R™), is studied. The initial
condition is given by z(ty) = o (ty € [t4,00)). We do not require the operator A(t) to be
nondegenerate. Thus, in the general case, the operator A(t) is degenerate and therefore the
equation (1) is called a degenerate differential equation (DE). It is also called a differential-
algebraic equation (DAE) or descriptor system. The operator B(t) can also be degenerate. Since
A(t), B(t) are time-varying, the degenerate DE (1) is called nonautonomous (or time-varying).
It is assumed that the pencil AA(t) + B(¢) (XA is a complex parameter) which corresponds to the
linear part of (1) is a regular pencil of index not higher than 1, and A, B € C*([ty, 00), L(R")).
A function z € C([to,t1),R") is said to be a solution of (1) on [to,t1) ([to,t1) C [t4,00)) if
the function A(t)z(t) is continuously differentiable on [to,¢1) and x(t) satisfies (1) on [to, t1).

We also consider the implicit DE A(t)%x(t) + B(t)x(t) = f(t,z(t)) for which a solution z(t)

has to be continuously differentiable on [ty,¢;). For the nonautonomous degenerate DEs we
obtain conditions of the existence and uniqueness of global solutions, the Lagrange stability
(the boundedness of every solutions), the dissipativity (the ultimate boundedness of solutions)
and the Lagrange instability (solutions have finite escape time) [1, 2]. Also, we obtain conditions
of the Lyapunov stability, asymptotic stability, complete stability (the asymptotic stability in
the large) and the Lyapunov instability [1, 3]. The Lagrange stability (the dissipativity) of a
degenerate DE means the existence of global solutions for all consistent initial values, and the
boundedness (the ultimate boundedness) of all solutions. Thus, in contrast to the Lyapunov
stability, the Lagrange stability and the dissipativity of a degenerate DE can be viewed, in a
certain sense, as the stability of the entire equation (i.e., the stability of all its solutions), not
just of a separate solution analyzed for stability. It is known that the dynamics of electrical
circuits is modeled using systems of differential and algebraic equations, which in a vector form
have the form of degenerate DEs (DAEs). Also, degenerate DEs (DAEs) are used in modeling
the kinetics of chemical reactions and the dynamics of robotic systems, neural networks and
other objects and processes. We study the global dynamics of mathematical models (which are
considered in [1,3]) for electrical circuits with nonlinear and time-varying elements.

1. Filipkovska (Filipkovskaya) M. S. Global boundedness and stability of solutions of nonau-
tonomous degenerate differential equations. Proceedings of the Institute of Mathematics and
Mechanics, National Academy of Sciences of Azerbaijan, 2020, 46, No. 2, 243—-271.

2. Filipkovskaya M. S. Global solvability of time-varying semilinear differential-algebraic equations,
boundedness and stability of their solutions. I. Differential Equations, 2021, 57, No. 1, 19-40.

3. Filipkovskaya M. S. Global solvability of time-varying semilinear differential-algebraic equations,
boundedness and stability of their solutions. II. Differential Equations, 2021, 57, No. 2, 196 —
2009.
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Consider the linear differential equation with constant real coefficients
A W™ (2) + 1w ™V (2) 4 .+ g (x) + aqw(z) = f(x). (1)

It is known (see [1, §5, 22.2]), that the sum of the series

e}

w(z) =Y af(), (2)

=0

where ¢; are the coefficients, which can be found from the equality
(8™ + Qp18™ P ars +ag) P =cotestest .,

is one of the solutions of this non-homogeneous equation if some convergence conditions hold.
Let K be an integral domain, ay,...,a, € K and f(z) € K][z]]. Consider a problem of
finding the series w(z) € K[[z]], which satisfied the differential equation (1).
If f(z) is a polynomial, then this sum (2) is well-defined and the following theorem holds.

Theorem 1. Suppose ag is invertible, then the equation (1) has a solution from K|x] if and
only if f(z) is a polynomial. This solution is unique and has the form (2).

If f(z) is a formal power series, but not a polynomial, the sum (2) does not converges with
respect to the Krull topology. By previous theorem, the equation in this case has no polynomial
solution, but it still can has a solution from K{[[z]]. The following theorem gives us a sufficient
conditions for existing and uniqueness of the solution from K|[[z]].

Theorem 2. Suppose K is a valuation ring of a complete field with a non-Archimedean
valuation |- |. If |lag] = 1 and |a;| < 1 for any 1 < i < m, then the series (2) converges with
respect to the coefficient-wise topology and the sum of this series is a unique solution of the
equation (1) from K|[x]].

The important example is a formal power series with integer coefficients.

Theorem 3. Suppose ay, ..., a, are integer. Then for any prime p, that is not a divisor
of ag, the equation (1) has a unique solution from Z,|[z]|, where Z, is a ring of p-adic integers.

The research was supported by the National Research Foundation of Ukraine funded by Ukrainian
State budget in frames of project 2020.02/0096 “Operators in infinite-dimensional spaces: the interplay
between geometry, algebra and topology”

1. Kamke E. Differentialgleichungen Losungsmethoden und Losungen, I. — Wiesbaden: Springer
Fachmedien Wiesbaden GmbH, 1979, 246 pp.
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In this work we carried out group classification of scalar, vector and matrix potentials of
(241)-dimensional Schrédinger-Pauli equation. Fourteen inequivalent potentials together with
correspondent symmetry algebras were found.

Generic form of the equation:

(10 — H)¥(z,y) = 0, (1)

where H is the corresponding hamiltonian, which we present in the following form:

1
H = §7Ta7ra + V> (2)
where 5
Wa:pa_eAav pa:_ia_xau X = (.Z',y) <3>

A® are components of the vector-potential of the electromagnetic field.
In contrast to the ordinary Schrédinger equation the potential V() could be expand via
Pauli matrice [1]:

V(x) = A%+ o,V (4)
Considering gauge transformation we can set the hamiltonian in the next form:
1 1 1 5
H=§papa—§({/1 ,p1}+{A ,p2}> +V, (5)
where
o, 1 1\2 212 a
V= AT (A + (49)7) 4oV, (6)

Carrying out the simplified version of Lie approach, applicable to the linear equation, all
symmetries of the equation (1) with hamiltonian in the form (5) were classified up to the
equivalence group.

Acknowledgements. Author expresses deepest gratitude to the supervisor, Prof. Anatoly

Nikitin and to Prof. Roman O. Popovych for useful discussions.

1. Nikitin A.G. Symmetries of the Schrodinger-Pauli equation for neutral particles.
(arxiv.org:2004.08305).

2. Nikitin A.G. Symmetries of Schrodinger equation with scalar and vector potentials.
(arxiv.org:2005.10305).
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NONLOCAL PROBLEM WITH INTEGRAL CONDITIONS FOR
SYSTEM OF DIFFERENTIAL EQUATIONS OF FIRST ORDER

G. Kuduk
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Let H(R x ((T1,73) U (T3,T}4))) be a class of entire functions f(¢,z), on R x R, K¢ s be a
class of quasi-polynomials of the form

Flt,2) = 3037 Qslt w)es A, 1

=1 i=1

where oy, a9, ...,0, € M C C, oy # oy, for I # k, p1,....8, € C, B # By, for | # k,
Q1(t,x), ..., Qu(t, x), are given polynomials.

Each quasi-polynomial f(¢,z) of the form (1) defines a differential operation f (8%, %) of
finite order on the class of entire functions ®(v, A)

() w0 - Y0, (5 5) 202

j=1 i=1

A=0,v=0

In the strip Q = {(¢t,z) e R* : t € (0,T),z € R} we consider the system of equations

o < 9 .
BT —I—Zaij (%> Ui(t,z) = f(t,z) i=1,...,n (2)
that satisfies integral conditions
T2 T4
/ U(t, x)dt + / Ui(t, 2)dt = 0 (3)
Ty T3

where a;; (2), are differential expression with entire symbols a;;(\) # 0.

Solution of the problem (2), (3) according to the differential-symbol method [1] exists and
unique in the class of quasi-polynomials.

1. Kalenyuk P I., Nytrebych Z M. Generalized scheme of separation of variables. Differential-

symbol method [in Ukrainian|. — Lviv: Publishing House of Lviv Politechnic University, 2002,
292 pp.
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Boundary value problems (including integral problems) for PDEs with Bessel operators arises in
various problems of mathematical physics (wave propagation, signal processing, static potentials
and others). Such problems were investigated under different points of view by many authors
(see [1,2] and references therein).

In domain D := {(t,x) : t € (0,T),z € (0, L)} we consider the following problem:

o (%> u= By (ag) v (o) eb, ()
/OT t"u(t, z)dt = o(z), /OT t2u(t, x)dt = (z), z e (0,L), (2)

ou
— = t,L) = t T
oz, 0, wu(t,L)=0, € (0,7), (3)

where a > 0, v,u € R\ Z, v,u > —3, v # p, r1,m2 € R; operator B,(d/dy) is the Bessel
operator of order «:

B d_2 n 2a+1d
CT dy? r dy

By J.(y) we denote the Bessel function of the first kind of order « [3]. Let A\, 4, k € N,
are the roots of the equation J,(AL) = 0 and w,x(z) = V22 7J,(A\x2)/ (L1 (Auil)).
Functions w, x(z) forms the basis of the space Ly((0,L),x***1dx). Also by AN\, T) we

denote determinant of matrix HfoT trj_VJ(_l)tH-ll,(Cl)\'u,kt)dtH
=12

Lemma 1. Ifr; > min{—1,2v — 1}, j = 1,2, and A\, T) # 0 for all k € N then the

solution of the problem (1)-(3) can be written in the form of series

o0 2
A; <)‘ 7k>T) —v
wm=z< jﬁﬁﬂt%mevww%

k=1 \Jj,q=1

where Ajq(Ak, T) are the cofactor of entry in j-th row and q-th column in A(N, x5, T).

Note, that A(X\,x,T) in case 1y = 1, 7o = 2v + 1 can be expressed in terms of Bessel
functions of the first kind. In this work we establish conditions of correctness of the problem
(1)-(3) in corresponding functional spaces under certain conditions on boundary data.

1. Katrakhov V.V., Sitnik S. M. The Transmutation Method and Boundary-Value Problems for
Singular Elliptic Equations [in Russian]. Contemporary Mathematics. Fundamental Directions,
2018, Vol. 64, No. 2, 211-426.

2. Zaitseva N. V. The nonlocal problem for a hyperbolic equation with Bessel operator in a rect-
angular domain [in Russian]. J. Samara State Tech. Univ., Ser. Phys. & Math. Sci., 2016, Vol.
20, No. 4, 589-602.

3. Watson G.N. A Treatise on the Theory of Bessel Functions. V. 1. — Cambridge: Cambridge
University Press, 1966, 815 pp.
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NONLINEAR FRACTIONAL LANGEVIN INTEGRO-DIFFERENTIAL
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Abstract: This work is devoted to the study of nonlinear fractional Langevin integro-
differential equations involving two fractional orders with boundary conditions. Some effective
results about the existence and uniqueness are obtained by applying the Banach contraction map-
ping principle and the Schauder fixed point theorem. An example is presented which illustrates
the effectiveness of the theoretical results.

Problem 1. Inspired and motivated by the works mentioned in the references, we study the
existence and uniqueness of solutions for the following nonlinear fractional Langevin integro-
differential equation

DP(°D*+ Nz (t)=f(t,x(t), [z (t),t€ (0,T), N €R, .
{ “Dex (0) = D (T) =0, x(O)zafOTx(s)ds—i-b, a, b eR, (1)

where D?, ¢ D* are the Riemann-Liouville fractional derivative and Caputo fractional derivative
of orders 3, a, respectively, 1 < § < 2,0 < a < 1, I" is the Riemann-Liouville fractional integral
of order v € (0,1), and f:[0,7] x R x R — R is nonlinear continuous function.

1. Ahmad B., Alsaedi A., Salem S. On a nonlocal integral boundary value problem of nonlinear
Langevin equation with different fractional orders. Adv. Differ. Equ., 2019, 1, 57.

2. Baghani H., Nieto J. J. On fractional Langevin equation involving two fractional orders in
different intervals. Nonlinear Analysis: Modelling and Control., 2019, 24, No. 6, 884-897.

3. Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and Applications of Fractional Differential
Equations. — Amsterdam: Elsevier Science B, 2006, 523 p.

4. Smart D. R. Fixed point theorems. — London-New York: Cambridge University Press, 1974,
99 p.
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Let {m,}>2, C C\{0} be a sequence such that lim ™2l = p for some b,y > 0. Function

-
n—oo M

— is the entire function and generates the operation Gel’fond-Leont’ev

F(z) =1+ 3 o5
n=1
generalized differentiation [1, 2]. For power series f(z) = > a,2" the action Dp[f(z)] defined
n=0

by equality Dp[f(2)] = > mupi1a,112". Let H be a separable Hilbert space over C with
n=0
Hermitian scalar product (-,-)y and base {e;}?2; be an orthonormal system respect to this
product. For the sequence {\;}72, € C\{0}, such that klim |[Ak| = oo, we denote the linear
—00
operator A : Dom(A) — H, Dom(A) C H, by the rule Aej, = A\rex, k € N. By E7 5, o, 8 >0,
~v > 0, we denote

{90 € H | lgs Bagll? = D1+ )™ exp@BI) (e, exhnl* < oo} .
k=1

Obviously, domain Dom(A) coincides with E7 ;. The space of all H-valued functions u(z) :

B — H, which are analytical on B = {z € C : |z| < 1}, n times Dp-differentiable on

B = {z € C: |2] < 1}, with the finite norm |ju(z);U"|| = max maXHD%u(z);ngjoH we
0<j<n |2|<1 ’

denote by U", where the symbol Dfpu(z) denote the series

Dhu(z) = Y Dy [(u(z), ex)uler, j=1,...,n.

We consider such two-point problem

n

> aDEA" Iu(z) =0, z€B @
=0
DEu(0) = ¢;, DE*u(z1) = 9jim, j=1,...,m, (2)

where a; € C,j = 1,...,n,a, = 1,2z, € B. The function u € Y*" is said to be solution
of the problem (1), (2) if it satisfies equation (1) and conditions (2). We obtain the results
about correctness of the problem (1), (2). These results are connected with estimates of small
denominators, which appear under construction of solution to the problem.

1. Gel'fond A. O., Leont’ev A. F. On a generalization of the Fourier series. Mat. Sbornik, 1951,
29, No. 71, 477-500.

2. Gromov V. P. Cauchy problem for convolution equations in spaces of analytic vector-valued
functions. Math. Notes, 2007, 82, No. 2, 165-173.

95



ON SOLUTION THE BOUNDARY VALUE PROBLEM OF THE
FOURTH-ORDER EQUATION WITH NONLOCAL CONDITIONS
J.A. Otarova
Karakalpak state university, Nukus, Uzbekistan
j.otarova@mail.ru

In [1], questions of classification and reduction to the canonical form of linear fourth-order
partial differential equations were studied. Also, correct boundary value problems for hyperbolic
and mixed types were solved and investigated. Direct and inverse boundary value problems for
equations of the fourth order were studied in [1 - 3].

In rectangular domain Q = {(z,t) : 0 <z <1, 0 <t < 1}, we consider the equation

Ou(x,t)  Qwu(x,t)
12 - Ot - f (l‘,t) ) <1>

where f(x,t) - the given function.

Problem 1. To find a solution u (z, t)in the domain €2 of equation (1) to satisfies boundary
value conditions

LEnTil e 2
u(0,t) =0,
= 0sist ®
g (0,8) = Uy (1,1),

Definition 1. A regular solution of problem (1) - (3) is a function w (z,t) that: 1) is
continuous in the {2 domain; 2) it possesses in the domain ) continuous derivatives of the
second and fourth order, respectively, in ¢ and x; 3) satisfies equation (1) with conditions (2)
and (3) in the usual classical sense.

Theorem 1. Let the functions ¢ (x), ¥ (x) and f(z,t) satisfy the following conditions:
(), ¥(x) € O, 1], p(0) = ¢ (0) = 0, ¢ (0) = ¢' (1), ¥'(0) = ¢/ (1), " (1) = 0,
P (1) =0, 9" (0) = ¢" (1), ¥ (0) = " (1), 9V (0) = ™ (0) = 0, f(0,8) =0, f,(0,1) =

fz (1,t). Then there exists a unique reqular solution to problem 1.

1. Djuraev T. D, Sopuev A. To the theory of the differential equations in private derivatives of the
fourth order [in Russian|. — Tashkent. "FAN”, 2000, 144 p.

2. Otarova J. A. Solvability and spectral properties of boundary value problems for a fourth-order
mixed-type equation. Author. dis. Cand. physical - mat sciences. —Tashkent: AS RUz, 2009,
16 p.

3. Berdyshev A.S., Kadirkulov B. Zh. On a problem of Samara type for a fourth-order parabolic

equation [in Russian|. Proceedings of scientific conf. “Problems of modern mathematics”.
Karshi., April 22 - 23, 2011, pp. 84 - 86.
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LONG-TIME EVOLUTION OF THE SHIFTED STEP INITIAL DATA
FOR THE NONLOCAL NONLINEAR SCHRODINGER EQUATION
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We consider the Cauchy problem for integrable nonlocal nonlinear Schrodinger (NNLS) equation
iQt(mat) + qa:x(xat) + 20q2($,t)(7<—.1',t) = 07 LS (_007 OO): t > O, 0= il: (1)
for a family of “shifted to the right” step-like initial data:

0, z<R
’O: b ) 2
4(.0) {A o @

where A, R > 0 are arbitrary constants. The NNLS equation was introduced by Ablowitz and
Musslimani in [1] as a nonlocal reduction of the classical Ablowitz-Kaup-Newell-Segur (AKNS)
system:

iq (2, 1) + Quo(, t) + 2¢% (2, O)r (2, t) = 0, )
—iry(x,t) + o (2, t) + 2r2(x, t)q(x, t) = 0,

with r(x,t) = 0g(—=z,t), where 0 = 4+1 and ¢ = —1 correspond to the focusing and defocusing
equation respectively.

In the case of local, translation invariant, integrable equations (e.g., the classical NLS equa-
tion, which is a local reduction of (3) with r(z,t) = oq(x,t)), it is clear that the long-time
asymptotics of the solution of the initial value problem with initial conditions (2) does not
depend on R. But in the case of a nonlocal equation (such as NNLS), the situation is clearly
different: the nonlocal nonlinear term immediately “mixes up” the state of the system at z and
—x and thus one expects the different behavior for different R.

In our work [3] we rigorously demonstrate that the absence of translation invariance affects

significantly the qualitative behavior (particularly as ¢ — oo) of the solution. We show that in

the focusing case (0 = +1), if R € (%, %), n € N, then the (z,t) plane splits into

4n + 2 sectors exhibiting different asymptotic behavior of the solution of (1)+(2) as t — oo
along the rays ¢ = const (2n + 1 decaying sectors and 2n + 1 “modulated constants” sectors).
This result is in a sharp contrast with the local case [2], where for any shift R the asymptotics
always has three qualitatively different regions: decaying, plane wave and elliptic wave region.

On the other hand, in the defocusing case (¢ = —1), if R € <("_Al)”, ”—}), n € N, then there
exist 4n different asymptotic regions: 2n decaying sectors and 2n “modulated constants” sectors
altering each other. These results also show that step-like problems for focusing and defocusing

nonlocal NLS equations are close to each other, in contrast to the local case.

1. Ablowitz M.J., Musslimani Z.H. Integrable nonlocal nonlinear Schrédinger equation. Phys. Rev.
Lett., 2013, 110, 064105.

2. Boutet de Monvel A., Kotlyarov V.P., Shepelsky D. Focusing NLS Equation: Long-time dy-
namics of step-like initial data. Int. Math. Res. Not., 2011, 7, 1613—-1653.

3. Rybalko Ya., Shepelsky D. Long-Time Asymptotics for the Integrable Nonlocal Focusing Non-
linear Schrodinger Equation for a Family of Step-Like Initial Data. Comm. Math. Phys., 2021,
382, 87-121.

57



(GENERALIZATION OF THE ALGEBRAIC METHOD
OF GROUP CLASSIFICATION

Olena Vaneeva
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
vaneeva@imath.kiev.ua

Group classification is concerned with finding an exhaustive list of inequivalent equations
from a class of differential equations containing one or more arbitrary elements [1]. It was
originally motivated from theoretical physics, where traditionally the equations admitting the
maximal number of symmetries among equations from a given class yield the most promising
model describing real-world phenomena.

All previous versions of the algebraic method of group classification were based on certain
normalization properties of classified classes. Roughly speaking normalized classes are those
where all nondegenerate (point) transformations connecting particular equations from the class
are induced by transformations from its equivalence group. In [2] we have extended the algebraic
method of group classification to non-normalized classes of differential equations. For this
purpose several new notions were introduced, in particular, notions of regular and singular cases
of Lie symmetry extensions. Regular Lie-symmetry extensions are associated with subalgebras
of the equivalence algebra of the class, while singular Lie-symmetry extensions are not related
to them.

We exhaustively solve the group classification problem for the non-normalized class W of
nonlinear wave and elliptic equations of the form

uy = f (2, u)uer + g(z, 1), (fu, guu) # (0,0). (1)

The equivalence algebra g~ of the class (1) is spanned by the vector fields
at, t@t — Qfaf — 2909, U@u + gag,

€Oy + 3Coudy + 26 fOr + 3(Cog — Cawattf) gy XOu — Xawf Dy,

where ¢ = ((x) and x = x(z) run through the set of smooth functions of z.

The complete solution of the group classification problem includes the complete preliminary
group classification of the class and the construction of singular Lie-symmetry extensions, which
are not related to subalgebras of the equivalence algebra. The complete preliminary group
classification is based on classifying appropriate subalgebras of the entire infinite-dimensional
equivalence algebra g~ whose projections are qualified as maximal extensions of the kernel
invariance algebra.

The results obtained can be used to construct exact solutions of nonlinear wave and elliptic
equations.

1. Ovsiannikov L. V. Group analysis of differential equations. — New York: Acad. Press, 1982,
416 p.
2. Vaneeva O., Bihlo A., Popovych R.O. Generalization of the algebraic method of group clas-

sification with application to nonlinear wave and elliptic equations. Commun. Nonlinear Sci.
Numer. Simulat., 2020, 91, 105419.
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Let  be bounded C? domain in RY, N > 2. Consider the following problem for semilinear
elliptic equation:

~Au+H(x)u'=0 inQ, ¢>1, Hx)>0Vu>0, x€Q (1)

u=kd, on 02, ), — Dirac measure, k > 0, a € 0f2. (2)

We study solution u(t, ) of (1), satisfying condition (2) with k£ = oo in the following sense:
Uso(0,2) = 0 Vo : x| > 0, limy_g [, Uoo(t, 2)dz = 00. Solution u is called very singular (v.s.)
solution.

The existence of such solutions was investigated by many authors [1], [2], i.e. H. Brezis,
A. Friedman, L.A. Peletier, D. Terman (for parabolic equstions), M. Marcus, L. Veron,
A. Gmira, A. Ratto, M. Rigoli (for elliptic equations) etc.

The following result has been obtained in [3].

Theorem 1. Let 1 < g < 1+ 25 and potential H(-) satisfies estimate:

0 < H(z) < ch(p(x)) in Q,

where h(s) = exp <—@>, and nondecreasing function w(-) > 0: w(s) — 0 as s — 0, satisfies

limsup £(277 27 <1, pu(s) = w(s).

Jj—o0 S

technical condition:

Then under condition: fol @ = 00, solution U (x) := limy_,o0 ux () is large solution, i.e.

lim vy () =00 Vy € oS

T—Y

Thus for ¢ € (1,1 + %) Dini condition is criterion (necessary and sufficient condition) for
existence of very singular solution of problem (1), (2).

Remark 1. Dini condition is also sufficient condition for uniqueness of large solution. We
conjecture that Dini condition is also necessary condition for uniqueness of large solution.

The research is supported by the National Academy of Sciences of Ukraine in the frame of projects
01200100177 and 0120U100178.

1. Marcus M., Veron L. The boundary trace of positive solutions of semilinear elliptic equations:
The subcritical case. Arch. Rat. Mech. Anal., 1998, 144, 201-231.
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LIE SYMMETRY ANALYSIS OF THE COUPLED SYSTEM OF
SINE-GORDON EQUATIONS

Ozgur Yildirim, Melis Mendi
Yildiz Technical University, Istanbul, Turkey
ozquryQyildiz. edu.tr, melismend3Q@gmail.com

In the present work, the Lie symmetry analysis of the coupled system of sine-Gordon equa-
tions
Uy — Uz = sin(u — v),
{ Vgt — Vg = sin(u — v)
are studied. This problem is important in DNA (deoxyribonucleic acid) dynamics. The sym-
metry generators and the corresponding infinitesimals of the system are constructed and the
respective symmetry transformation groups are derived. The invariant criterions under the
symmetry transformation groups are presented.

1. Olver P. J. Applications of Lie Groups to Differential equations. — Berlin: Springer, 1993, 513 p.

2. Bluman G. W., Kumei S. Symmetries and Differential equations. — Berlin: Springer, 1989,
412 p.

3. Ibragimov N. H. CRC Handbook of Lie Group Analysis of Differential equations, vol. 1. —
Boca Raton, FL: CRC Press, 1994, 448 p.

4. Ovsiannikov L. V. Group Analysis of Differential equations. — New York: Academic, 1982,
416 p.

5. Yildirim O., Caglak S. Lie point symmetries of difference equation for nonlinear sine-Gordon
equation. Physica Scripta, 2019, 94, 085219(8).
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A TIME-DEPENDENT ENERGY-MOMENTUM METHOD

B. M. Zawora
University of Warsaw, Warsaw, Poland

b.zawora@student.uw. edu.pl

The Marsden-Weinstein reduction theorem allows for the simplification of a Hamiltonian
system on a symplectic manifold with a Hamiltonian Lie group of symmetries of a certain type
to new Hamiltonian systems, so-called reduced Hamiltonian systems, arising as projections to
quotients of submanifolds of the original Hamiltonian system that are invariant relative to its
evolution. This technique has proven to be very fruitful and many applications and generalisa-
tions have been accomplished over the years. It may happen that an equilibrium point of a re-
duced Hamiltonian system is not the projection of an equilibrium point of the initial one. In my
talk, I will present a time-dependent generalisation of the so-called energy-momentum method,
originally designed for studying the stability of equilibrium points of a reduced, autonomous,
Hamiltonian system. First, I shall introduce some fundamental notions from symplectic geom-
etry and Lyapunov stability such as momentum maps, the Marsden-Weinstein theorem, and
stability theorems, extending classical results to a time-dependent setting on manifolds. Next,
I will define a notion of relative equilibrium points that are points that project onto equilib-
rium points after the Marsden-Weinstein reduction to a quotient space. Then, I shall comment
on the properties of these equilibrium points and their relation to the behaviour of the initial
Hamiltonian system at relative equilibrium points. Finally, I will introduce some conditions de-
termining the stability of equilibrium points of reduced Hamiltonian systems and several other
related results. As an application, I study different non-autonomous Hamiltonian systems of
physical interest.
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[TPO EJIINTUYHI 3AJAYI 3 KPAIOBUMU JAHUMU HU3BKOI
PETVJISIPHOCTI B Y3ATAJILHEHUX MPOCTOPAX COBOJIEBA

A. B. Avon
[acturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
ahlv@Qukr.net

JIotoBiIb MpHUCBsiUeHa 3aCTOCYBaAHHIO I'JIbOEPTOBUX y3arajibHeHux mpoctopiB Cobosesa HY,
ne o € OR, 70 eminTudHuX 3a/a49 3 KPAOBUMHU JIAHUMU, sIKi € JOBLIbHUME posnoaiaamu. Ty,
OR — muOoxkmua ycix BuMmipHux 3a Bopesem dyukiiit a : [1,00) — (0,00), mis KOXKHOI 3
KX ICHYIOTH Taki JiiicHi quciaa ro < 71 1 ¢o,¢p > 0, mo cpA™ < a(At)/a(t) < A s
BCix At € [1,00). i dysknii Hasusatorh OR-3minanMu Ha 0o 3a B. I. ABakymosudem. He-
xait 0g(a) — cynpeMyM ycix ry TaKWUX, [0 BUKOHYETHCs JliBa YaCTHHA JBOOITHOI HEPIBHOCTI, a
o1(a) — indimym ycix r| TaKux, 10 BUKOHYETHCS IIpaBa JacTHHA 1€l HepiBHOCTI. ['ib6epTin
npoctip H*(R"™) criagaerbes 3 yeix moBiibHO 3poctarounx posnoaitis w € S'(R™), nepersope-
aas Oyp’e sxux Fw sagosombase ymosy a1+ [€]) - (Fw)(€) € Ly(R™, d€). Woro amanoru s
eBKJII0BUX 006J1acTell Ta MIaJKuX KOMIAKTHUX MHOTOBU/IIB YBOJAATHCA CTAHIAPTHUM YHHOM.

Hexait {2 — obmexkena obmacts B R” 3 mexero I' € C°. B () posriisiiaemMo peryisgpHy eTinTu-
YHY KpaiioBy 3aja1y, fgKa CKIAJIAEThCA 3 eJINTUIHOrO Jgudepeniiaibaoro pisasausg Au = f B )
IIapHOI'o MOPAJKY 2¢ > 2 1 Kpaitopux ymoB Bju = g; na I' nopaakis m; < 2¢—1,ne 5 =1,...,q.
Vei koedirientn pisngans Ta ymos Hamexath 10 O (Q, C) Ta C(T",C) Bimmosinmo.

Hexait dyuxmisz ¢ € OR raka, mo oo(p) < —1/2. dxmo o1(p) > —1/2, Bubepemo [ucia
so < oo(p), 51 > o1(p), A € (=1/2,s] i nokmagemo n(t) = t=D510t%) mpu t > 1, ge
0 := (s1—\)/(s1—50). SIxkmio o1(p) < —1/2, BuGepemo uncio A > —1/2 i noknagemo n(t) =t
upu t > 1. Hexait Hﬁf);q(Q) — riapbepriB npocrip yeix posmnopiitis u € H S"p2q(Q) TaKMX, 1110
Au € H"(Q), naginennii ckaiasapuaum jo06yTkoM rpadika. Tyr op?? nosnavae dbynkitio o(t)t2
aprymenty t > 1, a p;(t) i= p(t)t2m—1/2,

Teopema 1. Muoowcuna C®(Q) wisvna 6 npocmopi Hﬁfiq(ﬁ), a 6idobpasicenna u +—

(Au, Byu, ..., Byu), de u € C®(2), npodosocyemoca edurnum wunom (3a nenepepenicmio) do
0O6MENCEN020 HEMEPOBO20 ONEPAMOPa HA NAPL 2IAbOEPMOSUT NPOCTNOPIE pr;q(Q) i H'(Q)) &
D, H7 (D). Hozo sdpo seorcums y C=(Q) ma pasom 3 indexcom ne sareocums 6id @ i 1.

Hexait U — Bigkpura migMmuooxkuaa R™ taka, mo Qy ;= QNU # @ily:=T'NU # @.
[Tosuatmmo wepes H{ (€, 0), 1e @ € OR, mpocrip ycix posmoxpinis u € S’'(§2) rakux, 1o
xu € HY(S2) 3a ymosu, mo y € C®(Q2) i supp y C Qo Uy, Anasoriuno ssomumo HZ ().

Teopema 2. [Ipunycmumo, wo posnodia u € S'(Q) € pozs’askom pozesanymoi esinmuunoi
sadawi, de f € H' (Q,To) N HY2H(Q) i g; € H(To) dan wosrcrnozo j € {1,...,q}. Todi
we HP (Qo,To).

loc

Tyt H™Y/2+(Q) — o6’emmamms ycix cobomeschknx mpoctopis H(€2), me s > —1/2.
Hageieno 3actocyBanHs UxX T€OPeM 0 OJIHOPIAHUX €TINTUIHUX PIBHAHDb, IHTEPITOJIATI] j1e-
AKUX (PYHKIOHAIBHUX IIPOCTOPIB, OB’ A3aHUMHE 3 [IUMU PIBHIHHSIMU, Ta JI0 eJINTUIHIX 33189

3 O17TMM rayCccoOBUM ITIyMOM y KpaitoBux ymoBax. Lli pe3ynbraru orpumano criibao 3 P. Jlenkom
i O. O. Mypauewm B [1].

1. Anop A., Denk R., Murach A. Elliptic problems with rough boundary data in generalized
Sobolev spaces. Comm. Pure Appl. Anal., 2021, 20, No. 2, 697-735.
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,ZLI/IHAMILIHA SAHAYA ITPY2KHOCTI IHJIA YBEPTI ITPOCTOPY
K. C. Bongapenko, I'. O. ®ecenko

OHY imeni [.I. Meunukoa @PaxynbreT MaTeMaTuKu, (Di3uKU Ta iHGOPMAIIHHAX TEXHOJIOTIH].
Kadeapa merosni maremarnanoi ¢dizuku, Oeca, Ykpaina
kirill-bondarenko@stud.onu.edu.ua, fesenko@onu.edu.ua

[Tig yac mOOYI0BM Ta €KCILTyaTallil CIIOpYJi Ta KOHCTPYKIN 3’dBJIAIOTHCA JUHAMIYHI abo
CTaTUYHI HABAHTaKEHHs, depe3 dKl y MPYKHNX TLIaX BUHUKAIOTh Ta KOHIEHTPYIOTHCA HAIIPY-
»kennd. i HanpyzkeHHst MOXKYTb JiehbOpMyBaTH Ta HABITH 3/1aMaTH KOHCTPYKIIi0. ToMmy Tpeba
iX BpaxoByBaTH IIi/1 9ac OyJiBHUIITBA. 3a/1adi Teopil MPYKHOCTI pO3IJIAIAJINACI Y CTaTHIHiil abo
JIMHAMIYHIN [TOCTAHOBI OaraTbMa aBTOPAMU JIJIsd PI3HUX 00 €KTIB 3 PI3HUMU MOYATKOBUMU Ta
KpaitoBuMmu ymoBaMu. Takuit 00’€KT, sIK YBEPTb IIPOCTOPY MOYKE PO3IVISIATUCH, SIK MOJETbHUI
nepe;Ji po3’BA3aHHAM AHAJOTTYHOI 3a/a4i JIJId HeCKIHYeHHOro, ab0 MiBHECKIHYEHHOTO IIapy, a
IIOTIM JIJIS ILJIATH.

[Toby1oBaHO XBUILOBE IOJIE MPYKHOTO YBEPTHIIPOCTOPY, KOJIA OJIHY T'PAHUITIO YKOPCTKO 3a-
KpIIJIEHO, a Ha IHIIN 1O IPAMOKYTHIN JJIAHIN /i€ HecTallloHapHe HOpMaJibHe CTHCKalode Ha-
BaHTAXKEHHsI B IIOYATKOBUIT MOMEHT dacy. [Hrerpasibhi neperBopents Jlamraca Ta @yp’e 3acto-
COBAHO TIOCJIIJIOBHO JI0 PIBHAHB PYXYy Ta JO T'PAHUYHUX YMOB, Ha BIIMIHY TPaJUIIiTHUM IIi/1XO-
JlaM, KOJIM IHTerpaJ/ibHi IePEeTBOPEHHS 3aCTOCOBYIOTHCH JI0 TOJIaHHS PO3B’A3KiB Uepe3 rapMOHi-
qHi pyHKIl. [le mpuBoUTH JI0 OJHOBUMIPHOI BEKTOPHOI OJITHOPIIHOT KpaitoBOI 3a/1ati BiIHOCHO
HEBiIOMUX TpaHcOPMAHT MePEMIIeHb. 3a/1a9y PO3B’A3aHO0 3a JOIMOMOIOI0 MaTPUYIHOTO Jiude-
penriaibHOro uncienus. [losie BuxiHux nepemiiienb 3HAMIEHO MiC/Isd 3aCTOCY BAHHS 00ePHEHIX
IHTerpaJIbHUX TIEPETBOPEHb. [l BUITAJIKY CTAIlOHAPHUX KOJTUBAHb BKA3aHO CIIOCIO 00YMC/IeHHS
y PO3B’43KYy KBaJipaTyp y OJIMKHiil 30H] HaBaHTaxKeHHd. [[719 aHasizy KOJIMBaHb y BijlaJieHiil
30HI TOOY/IOBAHO acUMITOTUYHI (popMmyan. Jloc/izKeHo aMIUITy/ly BEepTUKAJIBHAX KOJIUBaHD
B 3aJIe2KHOCTI Biji (DOpMU JIJIAHKHM HABaHTAXKEHHS, BJIACHUX YACTOT KOJIMBAHBL Ta MaTepiary
cepeJIoBUITA.

Meton [1], momsirae y nomanui cucremu piBHsiHB Jlame depes nBa CHibHO Ta OHE OKPEMO
po3B’sI3yBaHi piBHAHHSA. TakoXK 3aBIdgKN IIHOMY METOJy PO3B’S3aHO 3MillIaHy 3a/ady Teopil
IPYZKHOCTI B [2] 11€ii MeTo/ BUKOPUCTOBYBABCsI IiJT Yac PO3B’sI3aHHsI 3alIPOIIOHOBAHOT 3a,1a4i.

1. Tlonos I'. . O npuBesiennu ypaBHeHUii IBUKEHUS YIPYTOMl CPEIbl K OJHOMY HE3aBUCH-
MOMY ¥ K JIBYyM COBMECTHO perraeMbiM ypaBHerusM, JTAH, 2002, 384, Ne 2. 193-196.

2. Ilomos I'. {I. Tounoe perenne cMenIanHoOl 3a/1a9M T€OPUN YIPYTOCTH JIJI Y€TBEPTH IIPO-
crpanctBa, ssecruss PAH. Mex. TBepmoro rena, 2003, Ne 6, 31-39.
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[ITPO BJIACTUBOCTI OBMEYKEHUX PO3B'3KIB PIBHUILIEBUX
PIBHAHD 31 CTPUBKAMUN OIIEPATOPHUX KOE®ILUISHTIB

M. ®. I'opoaniii, B. II. KpaBennb
Kuiscbkuit namionaabunit ynisepcuret imeni Tapaca [llesuenka, Kuis, Ykpaina
horodnii@gmail.com, toriiawik@ukr.net

Hexait (X, ||-||) — xommurekcnmit 6anaxis mpocrip; £(X) — 6anaxiB mpoctip ycix JiHiifiHIX
0OMEZKEHUX ONepaTopiB, Mo AitoTh B X; I, O — BIAIIOBIIHO OAMHUYHEIT Ta HyJILOBHI OllepaTopu
B X. Hexait A, B, U, V — dikcoBani oneparopu 3 L(X).

Bimomo (muB., mampukias, [1]), mo pisHunese piBHIHHS

Upt1 = Uuy, +v,,n € Z, (1)

Mae JIjist KOxKHOT 00MezkeHoil (3a Hopmoro B X ) nocsigosrocti {v,, } €iununii ooMeskeHuii po3s’s30K
{u,} Toxi i Tineku Toi, KoK criekTp o (U) omeparopa U He EPETHHAETHCS 3 OMUHITHUM KOJIOM
S ={z€eC]||z| =1}, a rakox pisHuuese piBHAHHS

Tpnt1 — 2%y + Xy = A$n + Yn, N E Z, (2)

Ma€ JJIs KOYKHOI 0OMezKeHol moctioBaocTi {y, } exunnit obmexkennit po3s’s3ok {z,} y Tomy i
TiZIBKK B TOMY BUIAJIKY, Ko o(A) N [—4;0] = @.

Hexait o(U) N S = @. Ilosnaunmo vepes o_(U) i 04 (U) gacruun crmekrtpa, IO JIeKaTh
BiimoBiiHO BeepeuHi 1 30BHI Kosia S, a depes Py (U) — npoekropu, mo Bignosigaiors o (U).
3rifHo 3 TEOPEeMOIO PO PO3LICILICHHA OlepaTopa HpocTip X 300parKyeTbCsl y BUMVIA] IPAMOL
cymu X = X_(U)+X,(U) imBapiantnux sinnocno U nignpocropis X1 (U) = P(U)(X).

B [2] BcraHOBIIE€HO, 110 KOJIM BUKOHYIOTHCS YMOBH

il) c(U)NS =2,0(V)NS = o;

(i2) X = X_(U)+X.(V),

TO Pi3HUIIEBE PIBHAHHSA 31 CTPUOKOM OIIEPATOPHOTO KoedirieHTa

Wy = Uw, +v,,n > 1,
Wn41 = an + Up, < 0’

Ma€ JIJIst KOXKHOT 0bMezkeHol 1ocstiioBrocTi {vy, } eunuii ooMeKenuit po3s’a30Kk {wy, }.
CHpaBKYIOThCA TaKi TEOPEMH.

Teopema 1. fxwo sukonyromocs ymosu (il), (i2), mo snatidymuvcs maxi 3aiexcni miso-
ku 6id onepamopie U, V cmani p € (0,1), C > 0, ng € N, wo das xoorchoi obmesrcerot &
X nocaidosnocmi {v,} das sidnosidnux do wiei nocaidoshocmi obmescenur po3e’askie {uy,}
pisnanna (1) ma {w,} pisnanna (3) das xoscnozo n > ng GUKONYEMBCA OUIHKG

[t — w,|| < Cp™ sup ||vn.
nez

oknagemo X2 = {z = (#,2@)] 2 2 € X}
Toni X? — 6aHaxiB pocTip 3 HOKOOPINHATHIMN JOJABAHHAM i MHOJKEHHSIM Ha CKAJISAD Ta HOP-
A+21 -1
1 O
obmezkenuit oneparop B X 2. Bingnaunmo, mo ko o(A) N [—4;0] = &, 1o o(T4) N S = &.

moio ||| [, = ||z ]| +||z@]]. ki ars anciosux maTpuis, Ty = ) 3a/1a€ Jnifnmit
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Teopema 2. Hezati das onepamopie A, B eukoHyromves maxi ymosu:
(j1) c(A) N [=4;0] = @,0(B) N [-4 0] = &;
(j2) X* = X2(Tx)+X3 (Tp).
Todi: 1) pisnuuese pieHAHHA

Ap+1 — 20 + apq = Aan + Yn, N > ]-a
(4)

Gpi1 — 20 + ap—1 = Ba, + y,, n <0,

MA€E A KOHCHOT 0bmedrcenoi nocaidosnocmi {y,} edunuil obmesrcernuds poze’azox {a,};

2) icnyroms maxi saneorcni misvku 6id A, B cmaai p € (0,1), C > 0, ng € N, wo dan
Kootcnol obmesicernoi 6 X nocaidosrocmi {y,} das 6ionosidnux do yiei nocaidosrnocmi obmestce-
nux po3e’saskie {T,} pienanna (2) ma {a,} pienanna (4) oas xoocnozo n > ng 6uKOHYEMbCA
OUIHKQ

[0 = anll < Cp" sup [y
nez

1. Hoporosues A. 4. Ilepuomuyeckue u cTaroOHAPHBIE PEXKUMbBI OECKOHEUYHOMEPHBIX J1eTePMUHU-
POBAHHBIX U CTOXACTUYECKUX JuHaMu4Ieckux cucrem. — K.: Buma mxk., 1992, 319 c.

2. Touuap [.B. IIpo obmexkeni Ta CyMOBHI pO3B’SI3KU PI3HUIIEBOTO PiBHSHHS 31 CTPUOKOM OIIEPATOP-
uvoro koedinierra. Bicuuk KHY. Cepis: diz.-mat. mHayku, 2016, Ne 2, 25-28.
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KOE®ILIEHTHA OBEPHEHA 3AIOAYA J1J151 TAPABOJITYHOT'O
PIBHAHHA 3 JOBIJIBHUM CJIABKUM BUPO/JIKEHHAM
H. M. I'y3uk', O. . Bpogak?!
! Hamionasnaa axajemis cyXomyTHHX Bilichk iMeni rerbmana Ilerpa Caraiimauanoro, JIbsis,
Ykpalaa
2 Hamjonasnanit yaisepenter ”JIbBiBehKa nomitexnika”, JIbsis, YKpaina
hryntsiv@Qukr.net, brodyakoksanal976@gmail.com

B obmacti Qr = {(z,t) : 0 < z < h,0 <t < T} posrisanaerbesa obepHeHA 33/ 1a9a BH3HA-
YeHHsI 3aJIeXKHUX BiJ 4dacy dyHKiit by = by(t), by = be(t) y xoedimienti npu moximmiit 3a
IIPOCTOPOBOIO 3MIHHOIO Y MapabOJiTHOMY PIBHSIHHI 3 BUPOJZKCHHSIM

V() uy = a(t)uge + (bi(t)z + ba(t))ugy + c(x, t)u+ f(z,t) (1)
3 MOYATKOBOIO yMOBOIO
uw(z,0) = ¢(x), x€0,h], (2)
KpaloBUMU yMOBaMU
0e0,8) = pa(t), el t) = io(t), £ € [0,7] 3)
Ta yMOBAMHU [EPEBU3HAYCHHS
h
/u(m,t)dm = us(t), tel0,7], (4)
0
h
/xu(m,t)d:c = uq(t), tel0,7]. (5)
0

Bimomo, 1o a(t) > 0,t € [0,7T], a BUpO/zKeHHsI PIBHSIHHS CIPUYUHSIE MOHOTOHHO 3POCTAI0YA

dbyukuig ¥ (t) > 0,t € (0,T], ¥(0) = 0. JocaiKyerbcss BUNAIOK CJTaOKOr0 BUPOJZKEHHS, KO-
t
-
au lim [ —— = 0. Ha ocuosi reopemu Ilaygepa npo HepyXoMy TOUKY LLIKOM HELEPEPBHOIO
0

59 9(7)

OIepaTopa BCTAHOBJICHO YMOBH iCHYBaHH: KJIACHIHOrO po3B’s3ky 3ajadi (1)-(5). doseaenms
€IMHOCTI 6a3yeThCd Ha BJIACTUBOCTAX PO3B A3KiB OJHOPIIHUX iHTerpajbHUX PiBHAHb BoJibTe-
pa JIpyroro pojy 3 sjpamu, IO MAlTh iIHTErpoBHi ocobuBocTi. Ilpu 1boMy y J0CTiIzKeHHIX
BUKOPUCTOBYETHCS anapar (yHkiii ['pina KpaifoBux 3ajad /i 1apaboJiIHIX PIBHIHD.

Teopema 1. Hexatll sukonyomovcsa ymosu:

Bl) ¢ € C?[0,n], i € C[0,T], i = 1,2, u; € C0,T],5 = 3,4, ¢, f € C(Qp) ma
3ad0680avHAOMY YMosy leavdepa 3a 3MIHHOMN0 T DIGHOMIPHO MO t;

B2) ¢'(x) > 0, x € [0, h);

B3) (t) > 0,¢ € (0,T], ¢(0) = o,hmf

t—0

dr
W(r)

h h
B4) ¢'(0) = 111(0), ¢'(h) = p2(0), [ o(@)dz = p3(0), [zp(x)dr = pa(0).
0 0
Todi icnye edunuii aokamvhuti pose aszox (by, ba,u) € (C[0,Tp])? x C*1(Qp,) sadawi (1)-(5).

0;
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BU3HAYEHHS XAPAKTEPUCTUK ACUHXPOHHOI'O ABUI'YHA ¥V

BUIAJKY HEIIOBHOTHW IHOOPMALII [TPO POBOTY OO
KOMITOHEHT

I. C. ImurpunimH
[acturyT npukiagaol matemaruku Ta Mexaniku HAH Ykpainu, Cios’saHCcbK, YKpaina

dmitrishin.ira@gmail. com

CydacHa MPOMUCTIOBICTh HalvacTillle BUKOPUCTOBYE €JEKTPONPUBOIN Ha 06a3i TPUBOJIIB
3MIHHOT'O TOKa, $IKi TeHepyroThcs acuaxponanMu jaeurynamu (AJl). Sagada OIiHKN cTaHy BCUX
napamerpiB AJl, s 6inb-aKoi 3 moaesteit AJL, moBHicTIO He OyJia po3B’3aHa, OCKIIBKE IIOTPEOye
3abecrievuents crifikocti janoro mnporecy. [Ipsame BUMipOBaHHS BEKTOPY MOTOKO3YEILJIEHHS He
€ MPOCTOIO 3a/1a9el0, TOMY BHHUKAE HEOOXIJIHICTb Y BUKOPUCTAHHI METO/IB BU3HAYCHHS ITOTO-
KO3ZYeIJIEHHS POTOPY 3a JUHAMIYHUMU PIBHAHHAME, BUKOPUCTOBYIOUN BUMIPDIOBaHHS (Pa3HOro
TOKY, HAIIPYI'M CTATOPa Ta MIBUIKOCTI obepranus poropa [l1]. Ase it 3abectiedennst To4HOCT
TAKUX BUMIPIOBAHb TAKOXK BarKKO JIOCATTH, OCKLIBKE TOYHITEH mapamerpiB AJl 3a/ie:kuTh Bi
naprii AJl, sika Gysa Burorossena (st kKoxkuol maptil AJl BoHa € pi3HOMO, TOMY BUPOOHUK
Hajfgacrilie 3a3HaYa€ cepe/Hi 3HAYeHHs mapaMeTpis), yMoB ekciuyaTaril AJl.

B pobori posrisiaerbes MaTeMaTnana Mojesb aBoxdasnoro AJl, Ky 3ammcaHo B cuctemi
KOODJIMHAT, 110 MPUB’si3aHa 10 craropa [2].

Y1 = —ay1 + aUs + a1 pay + a1y3xe,

Yo = —aopY2 + asUs — a1ysry + aipuxs,

ys = a3Y2%1 — A3Y1T2 — T3, (1)
Ty = G4Y1 — UT1 — Y3T2,

To = au¥Yo + Y3T1 — Y2,

.fg - 07

B naniii mozeni Beejieni nactynni nosnadennst: T = (A, Ao, My - 70/ In) Ty = (g, ip, 1y - w)T, 1€
iq, ip OIHUCYIOTH TOKU CTATOPA, a Aq, Ay~ ditocu poropa, Uy, Us- Hanpyru craropa, a n,- Iucjo
nap IoJIoCiB, [,,-MOMEHT iHepIll Ta 77- MOMEHT O0epTaHHsS POTOpa, W-IMIBUJIKICTH 0OEpTAHHS
poTopa, KOHCTaHTH ag, 41, Ao, A3, Aq, f4 > 0.

B poboti npuBoinThesd mo0y/10Ba HEJIIHIHHOTO criocTepirada, SKuit J103BOJIS€ OTPUMATH OITiH-
KI MOMEHTa 00epTaHHsI CTATOpa B 3aJIE2KHOCTI BiJ| iIHJIYKTUBHOCTI Ta MIBUJIKOCTI 0OepTaHHs PO-
TOpa Ta obepHeHa J10 Hel 3aja4a. /o Toro K posrisiHyTa 3a/a9a OTPUMAHHS aCUMITOTHIHIX
OIIHOK OJTHOYACHO 00epPTalov0ro MOMEHTY CTaTOpa Ta IIBUJKOCTI MOMEHTa POTOpa B 3aJIE2KHO-
CTi BiJT IHIyKTHBHOCTI Ta TOKiB cTaTopa. Kpim Toro, po3risjiaeTbes i iHIa ocTaHOBKA 3a/1ai,
sIKa JIO3BOJISE MMOOY/IyBaTH HEJIHITHUI criocTepirad s mo0Y/I0BUA OIHKHU IIBUIKOCTI oOepTaH-
Hsl POTOpa B 3aJI€?KHOCTI BiJI TOKIB cTaTOPA, iHJIYKTUBHOCTI Ta 00€PTAI0I0I0 MOMEHTY CTATOPY.
Jist 06y 10BH criocTepirada BUKOPUCTAHO METOJI CHHTE3Y IHBApiaHTHUX CIIBBIgHOIIEHD [3], 110
BUparka€ HeBiIOMi 9K (PYHKIIT BiJl BIIOMUX BEJIUYIMH.

1. Tepexun A.A. Hdanenkos . A. O630p crmocoboB uICHTUMUKAINE TApAMETPOB aCHHXPOHHOTO
anekTponpusoga. Becruuk [THUITY, 2017, Ne22, 56-66.

2. Sassano M. Towards constructive nonlinear control systems analysis and design. PhD
thesis,Control and Power Research Group Department of Electrical and Electronic Engineering
Imperial College London, 2012.

3. ?Korosnesa H. B., [llepbak B.®. Cunre3 0MOJHATEIHHBIX COOTHOIIEHUN B OOPATHBIX 3ajadax
yupasjenus. Tpynst UIIMM HAH Ykpaunsr, 2015, 29, 69-76.
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['PVIIOBA KJIACUPIKALIS (1+1)-BUMIPHUX HEIHINIHUX
V3ATAJIbHEHUX PIBHSAHL KJIEMHA-T'OPJJOHA

O. B. Jloka3zrmok
[acturyT maremarnkn HAH Ykpainu, Kuis, Ykpaina
sasha.lokazuik@gmail.com

Y JonoBizi Gyjie npejcraBieHo pesysbratu poboru [1], je poss’azaHo 3ajady IpyNoBOi
kacudikaril HeJIHITHIX y3arajabHeHUX PiBHIHD KﬂeﬁHa—fop;LOHa

ut:v:f(twruu)v fuu#o <1>

Ty i Hrkae v = u(t, x) — HeBimoma yHKINA He3aMeKHUX 3MIHHUX (t, 2), a iHgeKkcH DyHKIT
II03HAYAIOTh IOXiJIHI BiJTHOCHO BIAIIOBIJHUX 3MIHHUX.

Jdema 1. Knac (14+1)-6umipnuz neainitinux ysazarvnernuz pisnans Kaetna—Topdona (1)
¢ nopmanizosanum. Hozo epyny exesicanrernmmuocmi G~ nopodscyiomns nepemeopers 6uzaily

~ 0
[=T(), #=X(z), a=Cu+tU'ax), J C{;LXUt
t< Az

ma Juckpemmne nepemeopennat =x, t=t, u=u, f = f. Tym T, X, U® — dosirvni 2nadxi
Pynruii’ ceoix apeymenmis, C' — 006iAbHA HEHYABOBE CMAAA.

, TXa #0, (2)

OCKiIbKE KJTaC HOPMAaJIi30BaHUIA, TO MPUPOIHO 3aCTOCYBATH AJITeOpaiTHUil METOT I'PYIIOBOT
kiacudikamil (jus. [2] momo repminosiorii Ta BianoBigHUX o3HaueHb). CrenudivHa CTPYKTY-
pa I'pyln €KBiBaJIEHTHOCTI KJIACy JIO3BOJISE CYTTEBO BUKOPUCTATU KJIACUIHY TeopeMy JIi mpo
peadizanii aaredop JIi BekTopHuMu nossimu Ha npsawiit. [eft miaxin j103BoJIg€ TOKPAIATH T10-
nepe/ai pe3ysnbraTi [3] momo JIIBCbKUX cuMeTpiii piBHsHB 3 Kiacy (1) it icToTHO crpocTuTH
JoBesieHHd. [licaa 3HaxoKeHHS HU3KH ILIOYNCE/THHUX XapaKTEPUCTUK BHUIIAJIKIB PO3IIUPEHD
JITBCBKHUX CUMETpIiii, dKi € iIHBapiaHTHUMH BiJIHOCHO TpyrH G~ , BUYEPIIHO OIKUCAHO ITOC/IiIOBHI
PO3IINPEHH JIIBCHbKUX CUMETPII B KJlacl.

Teopema 1. [losnuii cnucox G~ -Heek6i8areHMHUT 6UNAIKI6 PO3ULUPEHD ALEBCHKOL CUMEM-
pit 6 kaaci (1) suuepnyromov maxi sunadku:

0) f = ftww), 1) f=flau), 2)f=flx—tu), 3)f=cf(ecu)
4) f=e"fla—te ), 5) f=e'fleTu), 6) f=e e ),
) =l =t f (e = t]), ¢ #0, 8) f=|z["f(ja|%u), q #0,
9) f=F(w), 10) f=(x—1)"f(u),
11) f=e"", 12) f = |ulPu, p# —1,0, 13) f =c"
Posmiprocti makcumasibaux ajaredp JhiiBebKol imBapianTnocti y Bunajkax 0, 1-4, 5-8, 9-11,
12, 13 Bignosiznno jopiBHOIOTE 0, 1, 2, 3, 4, 00.

1. Boyko V.M., Lokaziuk O.V., Popovych R.O. Realizations of Lie algebras on the line and the
new group classification of (1+41)-dimensional generalized nonlinear Klein-Gordon equations.
(arXiv:2008.05460).

2. Vaneeva O.0., Bihlo A., Popovych R.O. Generalization of the algebraic method of group classifi-
cation with application to nonlinear wave and elliptic equations. Commun. Nonlinear Sci. Numer.
Simul., 2020, 91, 105419.

3. Lahno V., Zhdanov R., Magda O. Group classification and exact solutions of nonlinear wave
equations. Acta Appl. Math., 2006, 91, 253-313.
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[IPO ®PEATO/IBMOBI KPAIIOBI 3AJAYI 3 TAPAMETPOM B
[TIPOCTOPAX COBOJIEBA-CJIOBOJIELLKOI'O

B. A. Muxaiinens', T. B. Ckopo6orau?

Trernryr maremarnkn HarionansHol akagemil Hayk Ykpainu, Knis, Ykpaina
?Hanionanbuuit Texuiunumii yaisepcuter Ykpainn "KuiBcbKuit mosiTexnignuit iHcTuTyT iMeni
Iropsa Cikopcebkoro" , Kuis, Ykpaina
mikhailets@imath.kiev.ua, tetianaskorobohach@gmail.com

Hexait 3ayiano ckingennnii inrepsai (a,b) C R Ta uncia
meN, se(l,00)\N, ¢ >0,1<p<oc.

Posruistnemo napamerpusobany unciom € € [0, eg) ciM't0 HEOIHOPIIHUX KPAHOBHUX 34189 BUTJIsI-
Ay

L(e)y(t;e) =y (tie) + Alt;e)y(t;e) = f(tie), t€ (ab), (1)

B(e)y(;e) = c(e), (2)

Je TIpH  KOXKHOMY (DIKCOBAHOMY 3HadeHHI Iapamerpa & wMarpung-byukmnia A(e) €

Wz‘f’l([a,b];@mxm) =: (W;fl)mxm, BeKTOp-byHKIisg f(+;€) € W;fl([a, b];Cm) =: (W;’l)m,

BekTOD c(¢) € C™, a B(e) — Jiniiinuii HenepepBHUii oriepaTop
B(e): (W3)" = C™

[Tix poss’siskoM KpaiioBol 3a1adi (1), (2) posymiemo BekTOp-DYHKILO y(+;€) € (W;)m, sIKa,
3a,10BOJIbHsIE piBHsHHS (1) Maiizke ckpiseb (nmpu s > 1 + 1/p ckpiss) Ha (a,b) Ta piBHicTb (2).
Kpaitoa ymoBa (2) € Haiibiabin 3araibhoo s cucremu (1). I3 kpaitosoro 3amauero (1), (2)
MOKHA, IIOB’I3aTH JIHIAHIIA omrepaTop

(L(g), B(e)): (W)™ = (W)™ x C™. (3)

Omneparop (3) € obmerkernM bperoTbLMOBIM OIEpATOPOM 3 iH1ekcoM 0.

OrpumaHno Taxi pesy/abTaTu:

— BCTaAHOBJIEHO KOHCTPYKTHUBHUI KPUTEPiil HellepepBHOI 3aJIe2KHOCTI BiJl TapaMeTpa € Ipu
e = 0 po3B’a3Ky Kpaiiosol 3amadi (1),(2);

— JIOBEJIEHO, 0 TIOXMOKa 1 HeB'si3Ka po3B’s3Ky Kpaitosol 3asadi (1),(2) mMatoTh oxHakoBuii
MOPSII0K MaJtocTi 1ipu € — 0+

— OTPUMAHO 3aCTOCYBAHHS IUX PE3YJIbTaTIB JI0 HAraTOTOYKOBUX KPAHOBHUX 3a1a4.
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YMOBM HEIIEPEPBHOCTI 3A [TAPAMETPOM PO3B’A3KIB
OJJHOBUMIPHIX KPANOBUX SAIJAY

O. B. Ilenexara, H. B. PeBa
HTVYY "KIII imeni Irops Cikopebkoro”, Kuis, Ykpaina
pelehataob2015@gmail.com

Posrnsgnemo wa ckingenHomy intepsani (a,b) C R st KoXKHOTO TiI0r0 HEBiJ €MHOTO N1
cucTteMy m JHIAHUX JudepeHIiaabHIX PIBHIHD MOPAIKY 1 > 1

y (8 n) + A (tn)y "V (8 n) + -+ Aot n)y(tn) = f(tn) (1)
13 HEOTHOPITHUMA KPailOBUMHU yMOBaMHI
Bj(n)y(-,n) = ¢;(n), jef{l,2,....r}=r], (2)
Jie JTiHIITHI HellepepBHI OnlepaTopu
Bj(n) : C"Y([a,b];C™) = C™, e

[Ipumyckaerscs, mo Marpuni-gyskmil A;_q(-,n), Bekrop-dbyuknisa f(-,n) cymosHi Ha [a,b], a
BeKTOPH ¢;(n) - 3ajani 3 mpoctopy C™.

Hayasi BBazkaTuMeMmo, 10 rpaHuvHa Kpaiiosa 3agada (1) — (2) g n = 0 mae eaunuii
po3B’s130K. ToJ1i MiKaBUMU € HACTYIIHI TUTAHHS:

e 3a gKuX yMOB Ha JiiBl wacTunu 3a7a4 (1) — (2) 1x poss’asku y(-,n) iCHYOTb i €uHi Ipu
JOBUIBHUX [IPABUX YACTUHAX 1 JIOCTATHBO BEJIUKUX 1;

e SIki mosaTkoBi ymMoBHU Ha JiiBi 1 npasi yactunu 3aga4 (1) — (2) rapaHTyoTh, M0
[y9700) =gV )| =0, n— oo, e,
ae |||, — sup-HOpMa Ha BipisKy |a, b].
Otrpumani B poboTax pesysbTaTi JaOTh BinoBim Ha i muranns (aus. [1], [2]) .

1. Mikhailets V. A.,Pelekhata O.B., Reva N. V. Limit theorems for the solutions of boundary-value
problems. Ukr. Mat. Zh, 2018, 7, No. 2, 243-251.

2. Pelekhata O.B., Reva N.V. Limit Theorems for the Solutions of Linear Boundary-Value
Problems for Systems of Differential Equations. Ukr. Mat. Zh, 2019, 71, No. 7, 1061-1070.
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BUHUKHEHHS TPAHUYHUX HUKJIB YV MOJEJISIX
JINHAMIYHNX CUCTEM KOH®JIIKTY

O. P. Caryp
[acturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
oksana@satur.in.ua

Hexait 2 = {wy,ws, ..., wy},n > 1 — nesdka cCKiHYeHHA MHOKIHA 3 IICKPETHOIO TOIIOJIOTIETO.
[Toznauanmo vepes M (Q) MHOKUHY JEcKpeTHUX fiMoBipHicHEX Mip Ha §2. Posrisnemo j0Biib-
ny dixkcoany migMuoxKuny Mip p; € M (Q),i=1,...,m, m > 2. Koxkny 3 1ux Mip fi; MOKHa
OTOTOJKHUTH 3 CTOXACTHYHUM BEKTOPOM P; = (pjj)i_;, AKIIO HOK/IACTH

pij = wi(wy), i=1,....m, j=1,...,n

Jl1st oOy10BM JIMHAMIYHOI CHCTEMH BHU3HAYNMO BiIOOpaKEHHs * y IIPOCTOPI CTOXACTUIHUX

BEKTODIB (neperBoperns KOHMIIKTY) TakuM dnHOM. KoKHOMY BeKTOpY pi = (pgj)?zl [IOCTaBU-

EH = (pgjl)?:l

MO Yy BIJIIIOBLJIHICTH BEKTOD P 3a [IPaBUJIOM, BUBHAYEHUM Y T€pPMiHAX KOOP/IMHAT

1
tH1 t (pt ¢ _

Dij —E(Pij(Q +1) Tj)v t=01,..., (1)
e 0 = g(pﬁ,pg, e ,pfn)a d=14+0+WH W=>5" T; > 0. 7-]'? = 7,(t) — noBlibHI HoKATHI

j=1
nepioguuHi GpyHKIIT 3 cymipaumu nepiogamu. [loznagmmo w§- =w;(t) = ;{,((i))

ITepariist BijjoOparkeHHs * reHepye 6AraTOKOMIIOHEHTHY JTUHAMITHY CUCTEMY 3 TPAEKTOPISIMU

“ )t
{pi,pg,...,pin} Nl {p’i“,pé“,...,pfﬁ[l ., t=0,1,.... (2)

Teopema 1. Ipunycmumo, wo 2oroerut nepiod gyrryiti w;(t) e dodammim yiaum wuciom
T > 1. Todi koorcna mpaexmopis dunamivnoi cucmemu (1), zadanol cucmemoro pisneyesus
pishanny (2), 36icaemuves 0o w-epanuanol muootcunu T axa € yukaiunoro opbimor. Tobmo,
muoocura I e ineapianmmnoro eidnocto nepemeoperms % ma ckaadacmues 3 T enopadkosa-
nux eexkmopie Iy, L =1,...,T

I =Ty T3 Ty T
I'paruana w-mmootcura I'° e necmitixoro.

ABrop gsikye 3a dinancoBy miprpuMmky Haronanibaomy oy mociipkersb YKpainu, [Ipo-
ekt 2020.02,/0089.

1. Koshmanenko V., Samoilenko I. The conflict triad dynamical system. Commun Nonlinear
Sci Numer Simulat, 2011, 16, No. 7, 2917-2935.

2. Kommanenko B. JI. Crnekrpaibha Teopis auHaMmigamx cucreMm Koudurikry. — Kuis: Hay-
KoBa jJayMKa, 2016, 287 c.

3. Caryp O.P. I'pann4ni ctanu 6araTOKOMIIOHEHTHUX JUHAMiUHUX cucTeM, Heminiitai KoJm-
Banns, 2020, 72, Ne 1, 77-89.
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[IPO AITPOKCUMATHWBHI BJIACTNBOCTI PO3B’A3KIB
BATATOTOYKOBUX KPANOBUX 3AJIAY

B. O. Coagaros
[acturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
soldatov@imath.kiev.ua, soldatovvo@Qukr.net

B momoBizi 0OroBOprOETHCS MUTAHHS IIPO MOXKJINUBICTD 1 ABHI OIIHKHU MOXUOKU aIllPOKCHMAIlil
pO3B’si3KaMu 6araToTOYKOBUX KPaMOBUX 3a/a4 PO3B’A3KY 3arajbHOl KpailoBol 3aja4i BUTIsA LY

Ly(t) +Z Aty () = f(t) mmmws. t€ab], By=gq (1)

Tyt mosinbho 3amano r,m € N, a,b € R, a < b, A,y € (Ly)™™, f € (L1)™, q € C™ i
HenepepsHuil iniitnmit omeparop B : (C~1)™ — C™. TIpumyckaemo, o 3ama4a (1), (2) mae
enunnit po3s’szok y € (W)™ g gosiienux f € (L)™ i ¢ € C™. Tyr W] — L;-upoctip
Cobonepa mopayxy r. Hopmosani mpocropn Ly, C"~Y i W xommiekchi Ta 3aiami Ha [a, b].

Hexait X — noBiibHa 1iibHA miaMHOXKIHA TpocTopy (L) ™. PosrisiHeMo TOC/IiI0BHICTD
6araToTOYKOBUX KpaﬁOBHX 38109 BUTJIALY

Lop® =00+ 3 Ayl OO = FO) amas e, (@)
By yx, = Z:; Zz:o By (te) =, (3)

ne k € N. Ilpumyckaemo, mo A, € X, pp € N, B,z’l e C™™ ity € [a,b] mia Beix
JOIYCTUMUX 3HAYeHb 1HJEKCIB k, [ 1 j. Poss’s3ku yy posriagnarorbes y npocropi (W)™

Teopema 1. /Jlasa xpatiosoi 3adawi (1) ichye nocaidosnicms 6a2amomoukosur Kpatiosux
sadav euzanady (2), (3) makuz, wo eonu odnosnauno pose’aswi npu k> 1 1y — y 6 (W)™
npu k — 0o. Lo nocaidosnicms moocha subpamu wezareocHoro 6id f 1 q 1 nobydysamu A6HO.

Hexait mocigosuicts (2), (3) 3a/10BosbHSI€ BUCHOBOK TeopeMu 1 st qosiabanx f € (Ly)™
iqe C'™, gxkmo k > o, ne 0 — nesikuit Homep. PosrisHemo npu k > 0 KpaitoBi 3a1adi BUTTISLY

Lyxi(t) = fe(t) aysmeB. t € [a,b], Byxp = qy, (4)
ne fr € (L1)™ 1 qx € C™. Koxkna 3 HUX Ma€ €uHuii po3s’s30k y € (W)™

Teopema 2. Hexati 3adano wucaa 0 > 0 it € > 0. IIpunycmumo, wo ||fr — fll1 < € ¢
lax — qll < € npu k > p. Todi icnyromv wucaa 3¢ > 0 i o > o maxi, wo ||xg — yl|l,1 < e
npu k > 0. Qucao x moorcha subpamu nesanescrum 6id €, 0, f, q, frx i qx, a 0 — 610 fr 1 qp.
Bokpema, axwo fr — [ 6 (L1)™ iqr. — q 6 C™™ npu k — oo, mo xx — y 6 (W)™ npu k — oo.

Tyr || - ||1 — mopma B (L1)™, || - || — wopma 8 C"™, a || - ||,1 — mopma B (W])™

Teopema 3. Hexati 3adaro wucaa 0 > 0 i € > 0. Hpunycmumo, wo ||F, — Fljo) < € @
lar — q|| < € npu k > 9, de F i Fy nepsicni dyrxuit [ i fr na [a,b], npuvomy F(a) = 0
i Fi(a) = 0. Kpim mozo, npunycmumo, wo o := sup{||Bi| : k > 0} < oo. Todi icuyromo
wucaa x> 04 0 > 0 mawi, wo ||z — y||p-1) < 20 npu k > 0. Hucro 3 mosicha subpamu
neaanesicnum 6i0 €, o, 0, f, q i 3adav (4), a 0 — 610 fi, i qr. 3oxpema, sxwo Fy, — F 6 (CO)™
iqr— q6C™ npuk — 0o, mox, —y 6 (CON™ npuk — co.

Ty || By|| — nopma oneparopa By : (CU~)™ — C™ a || - ||(—1) — mOpMa B (CU—D)™
i pesyabraru orpumano criibHo 3 O. O. Mypadem ta O. B. Ilenexaroro B po6ori [1].

1. Mypau O. O., Ilegexara O.bB., Cosmaros B. Q. AupokcuMmaTupHi BJIaACTHBOCTI PO3B’I3KiB Oara-
TOTOYKOBUX KpalloBUX 3a/ad. YKp. MaT. XKypH., 2021, 73, Ne3, 341-353.
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SHAXOYKEHHSA PO3B’A3KIB JMHAMIYHUX CUCTEM HA
OPAKTAJIbBHUX MHO?KMHAX

O. II. Crpax
Cywmcpkuit gepkaBauii megaroriaauii yaisepcuret imeni A. C. Makapenka, Cymu, Ykpalaa
strah__ oQukr.net

Ax BijIoMO, Teopid JMHAMIYHMX PIiBHSAHBb HA YACOBIN IMIKAJI JO3BOJIAE PO3TJIAJIATH BiJIIIO-
BiJIHI pIBHSHHS Ta IX cHCTeMHU Ha PpaKTaIbHUX MHOXKUHAX, SIKi € 3aMKHEHUMU I IMHOXKIHAMN
MHOXKUHU JIIHCHUX 9rcesl. 30KpeMa, iICHY€E MOXK/IUBICTb OTpUMaHHS (DyHIaMEHTAIbHIX MATPHUILH
JIJIsT OJTHOPIIHUX JUHAMITHUX CUCTEM BULY

(1) = Alb)a(t), (1)

zajaHux Ha MHOXKuHI Kanropa. Tak, mig cucreMu quHaMi9HUX PIBHSHD

beH,ZLaMeHTaJIbHa MaTpHUId Ma€ BUTJIAL

0 1 2
o) ((_)
x( =411 {( & AL A

7

I, t=0,

Jie I — oJIMHMYHA MAaTPUIlI BiJIIIOBITHOI PO3MIPHOCTI.

Jlerko mokaszaTu, IO Jisi KOXKHOI TOYKH t = » 3% KAHTOPOBOI MHOXKWHU BiJIIIOBITHUIIT
i
koedinienT y Bupasi (3) as dyHIaMeHTaIbLHOT MATPUIL € 3612KHIM.

BusgBnsgernbes, 1mo He Jj1s KOXKHOI 9acOBOI IMTKaJIU, Moi06HO01 10 MuHokunu Kanropa, Moxkna
orpuMaTH Bupa3 (yHJIaMeHTaJbHOI MaTpuIl cucremu (2). Ajie TakoxK MOYKHA MOKA3aTH, IO
icaytoTh Taki nuHaMivyHi cncremu By (1), BEDUIsT PO3B’SI3KIB SIKUX Ha PI3HUX (paKTATLHAX
MHOYKUHAX € OJITHAKOBUM. TaKMMU CUCTEMaMU, HAPUKJIAJL € CHCTEMU BHULY

B 1
_t—i—a

z2(1) Lu(t), (4)

Jle o« — JIOBLIbHe JificHe gucio. /ificHo, BpaxoByodn o3HadeHHsa A-TOXiTHOI JJIsI clipaBa po3-
CIFHHX TOYOK, 3 PIBHOCTI
X3(1) = - (X(o(1) ~ X(1) = ——X(1)
= — o) — = —
u(t) t+ o

OTPUMYEMO, IO JIJI BCIX YACOBHUX MIKaJI, JJisd akux t = () € cupaBa IiJIbHOIO TOYKOIO, (dpyHIa-
MeHTaJIbHA MaTpHIlg cucremu (4) Mae OJMH 1 TOM ¥Ke BUIJISL

X(t) = (t+a)l.

1. Agarwal R.P., Bohner M., Boichuk A., Strakh O. Fredholm boundary value problems for
perturbed systems of dynamic equations on time scales, Mathematical Methods in the Applied
Sciences, 2015, 38, No. 17, 4178-4186.
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P,(Yy, Y1, £00)-PO3B A3KMN IUPEPEHIIAIBHUX PIBHAHD
APYTOI'O MOPAAKY 3 PIBHOI'O TUITY HEJIHINHOCTSIMU

0. O. Yemnok

Hep:xapuuit 3akaas “IliBrennoykpalHchbKuil HAIlOHAIBHUIN TIEJArOTIYHAN YHIBEPCUTET
imeni K./I. Ymmacskoro”, Omeca, YKpaina

olachepok@ukr.net

Posriisgiaernes audepentiiaabae piBHIHHA

y" = aop(t)po(y)er(y'), (1)

y akomy «ap € {—1;1}, dyuriig p : [a,w[—]0,+00[ (—o00 < a < w < 400) € HellepepBHOO
dyukieo, byskiis ¢1: Ay, —]0, +00[ € npaBuabHO 3MiHHOWO (MuB. [1, ¢. 17]) mopsaaKy o npu
npsMyBaHHI apryMenTy 1o Y7 , a dyHkiis ¢g: Ay, —|0, +oo[ aBiui zenepepsro nudepeHti-
fioBHa Ha Ay, Ta Taka, 110 BOHA Ta 1 OXi[HA [EPIIOro MOPsJIKY € MBUIKO 3MiHHNME |1, ¢. 139
upu npsiMyBaHHI aprymentis jo Yy, Y; € {0, oo}, Ay, — oxnobivnmit okin Y;, (i € {0, 1}).

PiBustansg (1) mocaimkyerbes moao ymoB icHyBanHs Tak 3Banux P, (Y, Y, A\g)-po3B’s3kiB
(muB. [2]) y ocobimBomy BUIAIKY \g = £00. 3Barkaldn Ha anpiopHi BIaCTUBOCTI (DYHKIH 1150~
ro KJIacy po3B’d3KiB, 1X IOXiJIHA JPYIroro Mopsaky y sIBHOMY BHUIVISIII He MOXKe OyTH BUparkKeHa
yepes MOXIAHY IIEePIIOro MOPIKY, 10 3MYLIY€e 3MIHUTH METOIMKY IX JOC/II?KEHHsI IOPIBHAHO 3
IHIIMMY BUIIAIKAM.

Pesynpratu jonoBHIOIOTH OTpuMaHi panime goctartai ymosu icuyBauus P, (Y, Y], +00)-
pO3B’sI3KiB JociKyBanoro piBusHus [3,4]. P, (Yo, Y], £00)-po3s’asku pisugauus (1) snaiineni
y TepMiHax Jiesskol HemepepBHO judepentiiiorol dbyukiii L: [ty, w|— R(ty € [a,w[). Bymo
3HAJIEHO JI0CTaTHI YMOBY iCHYBaHHsI y piBHsAHHs (1) po3B’s3KiB I[LOTO KJIacy, 38 YMOBH

li "L () L) (mu(t)L(1)
thw  L(t) L'(t)o(mu () L(1))

Bunajku 79 = oo ra 0 < |y| < 400 Gy/am posriisgHyTi, Bianosiguo, y poborax [3] Ta [4].

Ba ymosu icuyBanns P, (Yy,Y), £00)-poss’s3kiB y piBHganus (1) jyisi BUNAIKY BUKOHAHHS
yMmoBH (2), 3HaiijleHi HACTYNHI acCHMITOTUYHI 300paykeHHst pH ¢ T w TaKUX PO3B’A3KIB Ta iX
HOXIHUX TIEPIIOro MOPSAJIKY.

H(B)|E =7, ae 70=0, H(1) (2)

0 (T (t) L(1))
o (7o (t)L(1))

Y (1) = (L) +ma(t) - L'@)] - [L+ [H@)] 72 - o(1)].

y(t) = mu(t) - L(t) + -o(1),

1. Bingham N.H., Goldie C.M., Teugels J.L. Regular variation. Encyclopedia of mathematics
and its applications. — Cambridge university press, Cambridge, 1987, 494 p.

2. Esryxos B. M. AcuMmnrorudeckue mpeacTaBIeHNsT PEIIeHN HEeaBTOHOMHBIX OOBIKHOBEHHBIX U]~
depeHnMaIbHbIX YpaBHEHU: guc. JOKT. dhus.-mar. Hayk: 01.01.02. — Kues, 1998, 295 c.

3. YHenok O.0O. AcuMmnrorudsi 300paykeHHsI pO3B’sI3KiB 3 MOBIJIBHO 3MIHHUME ITOXITHUMHE JTude-
PEHIIAILHUX PIBHSHB JAPYTOTO MOPSJIKY 3 MPABUJIBHO Ta MIBUIAKO 3MiHHUMEI DyHKIsMu. Jlocti-
JDKEeHHsI B MareMaTHIl 1 mexanini, 2018, 23, Ne2(32) 108—-117.

4. Chepok, O.0O. Asymptotic representations of solutions with slowly varying derivatives of the
second order differential equations with the product of different types of nonlinearities. Bukovi-
nian Math. Journal, 2020, 8, No. 1, 10—19.
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[IPO EJIIITUYHI 3AOAYI 3 TPYBUMU KPANTOBUMU JAHUMU
V ITPOCTOPAX HIKOJILCHKOTI'O

I. C. Yenypyxina
[acturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
Chepurukhina@gmazil. com

Hexait ) — obmexkena obsiacts B R” 3 mexkero I' € C'™°. Pozriisinemo B (2 jinifiny eminTtuyany
kpaitoBy 3amaay (EK3) sursmy

Az, D)u(z) = f(z), z € Q, Bj(z,D)u(z) = g;(x), x €T, j=1,...,L (1)

Tyrord A =2l, ne l € N, am; :=ord B; <2l — 1. Koedinientu onepatopis A i B; namzexarnb
710 ipoctopis C*®(Q, C) i C=(T',C) BimosimHo.

Y J10m0BijIi 0OrOBOPIOETHCS XapaKTep PO3B’S3HOCTI 1 BjiacTuBocTi po3B’a3kiB miel EK3 y
npocropax Hikombepkoro By | (€2) nusbkol perynaprocti s 3a npunymienns, mo f € L,(Q2), 1e
1 < p < oo. ys posinbroro posnoiny u € S'(€2) takoro, mo Au € L,(§2), KopekTHo o3Hadeni
posnozinu Byu € D'(I') 3a 1010MOroo rpaHHYHOIO IIEPEXOLY.

Teopema 1. Hexati s < 2l i1 < p < oo. Todi EK3 (1) nopodorcye nemepie obmescenut
onepamop Ha napi 6aHATOBUT NPOCMOPIE
{ue B (Q): Aue L,(Q)} i L,(Q) x B r (1),
de nepwiuti npocmip nadirenud nopmoro epagdira. Sdpo ywvozo onepamopa aedtcumMb Y NPOCMOPT
C>*(Q,C) i pazom 3 indexcom e 3anexcums 6id s i p.

Hexait Bimkpura muoxkuaa U C R Taka, mo g := QNU # @iy :=I'NU # &. [loznauanmo
aepes B(Qo,To), ne 0 € R, npocrip yeix posmozinis u € §'(Q) rakux, mo xu € By (Q)
s xKoxkuol dynkmii xy € C™(Q), axa 3am0BosbHAE yMOBY suppy C o U Iy, Amasoriuno
nosHaunMo gepes B 0¢(Iy) mpocrip yeix posunoginis h € D'(T) rakux, mo xh € Bf (') mns

koxkHOT pyukii y € C(T), sika 3ag0BosbHsie supp X C L.

Teopema 2. Hexati s € R 11 < p < oo. Hpunycmumo, wo poznodin u € S'(Q) e
pose’askom EK3 (1), npasi wacmunu akoi sadosorvraroms ymosu f € Ly(S2) ﬂB;;g“OC(QO, To)

igj € Bs;omj_l/p’loc(Fg) das koorenozo j € {1,...,1}. Todi u € B (Q,Ty).

Teopema 3. Hexati s € R i1 < p < oo. IIpunycmumo, wo posnodia u € S’(Q) 30006040~
nae ymosu meopemu 2. Jlosinvno subepemo wucao r > 0 i dynkuii x,n € C®(Q) maxi, wo
supp x C suppn C Qo UTg 219 =1 6 oxoni supp x. Todi

l
Ixu, By oo (D) < ¢ (an, Lyl + lnf, By 2 (0 + > gy, By ko~ PO+ g, B;,OZ;(Q)H),
j=1

de ¢ — desxe dodamme wucao, axe He 3asencumsv 6id u, f 1 gi1,...,q.

3amporoHOBaHO 3aCTOCYBAHHS X TEOPEM JI0 JIEAKNUX eJINTHIHAX 33049 3 TayCCOBUM OLTnM
myMoM y Kpaitoux ymosax. LIi pesyiabraru orpumano criibio 3 O.0. Mypauem B [1].

1. Mypaua O.O., Yenypyxina 1. C. Exinruani 3agadi 3 rpyobuMn KpaiiOBUMHU JTaHUME Y ITPOCTOPAX
Hikosbebkoro. Jomosini HAH Ykpainu, 2021, Ne3. (arXiv:2103.10372).
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JITHINHA JTUOEPEHIIAJIBHO-AJITEBPATYHA
KPAMOBA 3AJAYA 3 IMITVJIbCHUM BILJIMBOM

C. M. Yyiiko, . . /I’ayeHko
Jloubacekuii gepxkaBHuit mejgaroridunit yaisepcuret, CJI0B IHCHK, YKpaiHa
chugko-slav@ukr.net

Hocnimxkeno 3agady npo nobymoBy po3s’s3kis [1]

2(t) € CH[a,b] \ {r:};}, i=1,2, ..., ¢

JiHiitnol judepeniiaabHo-aaredpaiinol KpailoBol 3a/1ati 3 IMITyJIbCHUM BILIABOM
AW (t) = Bt)z(t) + f(t), t#m, lz2()=a, acRk (1)

Tyr
A(t), B(t) € Cpxnla,b], f(t) € Cla,bl.

Marpurio A(t) npuiryckaeMo IpsiMOKYTHOIO, ab0 K KBaJIPATHOIO, ajlé BUPOJZKEHOK MATPHUIIEIO
CTaJIOr0 PaHry

lz() = Z&z(-) :CH[a,b] \ {m:};} = RF,

KPIM TOTO
&Z() : (Cl[Ti,TH_l[—) Rk, 1= 0, oo, P 1, To = a,

a TaKOzK

0,2(-) : CHrp, b — RE

— JinHifini oOMexkeHi BekTopHi dyHKIioHam. [locTaBiena 3a/1ada MPOIOBAKYE JTOCIZKEHH JTi-
HiHOT judepenIianibHO-aarebpaiyHol KpailoBol 3a1adi 3 IMITyJIbCHUM BILIUBOM |1| Ha BUNAI0K
KpaiioBol 3aja4i (1) 3 IPSAMOKYTHOIO MaTPHUIIEIO PU NOXiHIN [3|, B ToMy wmcai — MaTpuaHIX
mudepenmiagbHo-arebpaldHX KpaiioBux 3ajad [4|, 3okpema, 3 immysabcaum BimsoM [5]. Ha
BiIMIHY BiJl MaTpUIHUX Ju(EPEHITIaTbHO-aIredpaldyHnX KPaloBUX 3a/a4 3 IMITYJILCHUM BILIU-
BOM, JIOC/IJIZKEHUX Y CcTaTTi [5], po3risgHyTo BUlla 0K BUpOKeHHs [6,7].

1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.

2. Cawmoistenko A. M., Ilepectiok H.A. luddepenupaibuble ypaBHEHUsS C MMILYJILCHBIM BO3JIEH-
creueM. — Kuen: Buma mxk, 1987, 287 c.

3. Chuiko S.M. On a reduction of the order in a differential-algebraic system. Journal of Mathemati-
cal Sciences, 2018, 235, No. 1, 2—-18.

4. Boichuk A.A., Krivosheya S.A. A Critical Periodic Boundary Value Problem for a Matrix Riccati
Equation. Differential Equations, 2001, 37, No. 4, 464 —-4T71.

5. ChuikoS.M., Dzyuba M.V. Matrix boundary-value problem with pulsed action. Journal of
Mathematical Sciences, 2019, 238, No. 3, 333—343.

6. Chuiko S.M. Solvability of Cauchy problem for a differential-algebraic system with concentrated
delay. Russian Mathematics, 2019, 63, No. 12, 80—95.

7. Chuiko S.M. A generalized Green operator for a linear Noetherian differential-algebraic boundary
value problem. Siberian Advances in Mathematics, 2020, No. 30, 177—-191.
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CJIABKOHEJITHIMHA PIBHULIEBO-AJITEBPATYHA KPANTOBA
BAIAYA YV BUITAAKY ITAPAMETPUYHOI'O PE3SOHAHCY

C. M. Yyiiko, 4. B. Kasiniuenko
Jloubacekuii gepxkaBHuit mejgaroriaanit yaisepcuret, CJI0B IHCBK, YKpaiHa
chugko-slav@ukr.net
HocmiizkeHo 3a/1ady PO 3HAXO/ZKEHHsT OOMEKEeHNX PO3B’sa3KiB |1,2]
z(ke) eR*, keQ:={0, 1, 2, ..., w}, z(k,-) € C|0,e0]

ta BiacHol ¢yl h(e) € Cl0,g0] Heminiiinol KpaifoBol 3ajadi I CHCTEMH DI3HUIEBO-
aJreOpalIHuX PiBHAHD

A(k)z(k+ 1,e) = B(k)z(k,e) + f(k) + €Z(z(k,e), h(e), k, €), (1)
lz(-e) =a+eJ(z(-¢), h(e), ), (2)

y MaJIoMy OKOJIi PO3B’sI3KYy MOPOJIZKYI0Y0T HETepPOBOI (p # n) KpaitoBol 3a1a4i
A(k)zo(k + 1) = B(k)zo(k) + f(k), Lz() =a, «a€RP (3)

Tyr A(k), B(k) € R™*" — pzaraji KaxKy4#, IPIMOKYTHI (m # n), oOMeKeHi MaTPUIL; SKIIO
K Marpuns A(k) kBajgpartHa (m = n), To OpuIyckaemo 11 Bupoikenoro; f(k) — mificauit obme-
JKeHUil BEKTOP-CTOBIIENb, HemiHiiina dbyukiis Z(z(k, ), h(e), k, €) nenepepsro-tudepentiioaa
3a nepigomumu z(k,e) ta h(e) y MajgoMy OKOJII PO3B’I3KY IOPOJZKYIOUOl 3a/1a4l Ta y MajioMy
okouii Toukn hy = h(0) € R?i obmexkena 3a He3aJIe2KHOIO 3MIHHOIO, & TAKOXK HEIlEpEpPBHA 3a Ma-
JM TrapameTpoM € Ha BiApisky [0,eo); £2(+,¢) : R — RP — miniitanit obMekeHIt BEKTOPHUI
dbyukiionasn, BusHaveHnii Ha mpocTopi obmexkenux by, J(z(+, ), h(e),€) — Heminiitnmii
obMmezkeHnit BeKTOpHUIT (byHKITIOHAT, HerlepepBHO-audepentiiiopauii (1o Ppere) 3a HeBiTOMU-
mu z(k,e) ta h(g) y MaaoMy oKoJii pO3B’A3KYy HOPOJKYIOUOT 3a/1a4i Ta y MajoMy OKOJIi TOYKH
ho := h(0) € RY, a TakoK HelepepBHUIl 3a MaJUM HapaMeTpoM € Ha Biapisky [0, o]
[Tocraiena 3amada (1), (2) € ysaragbHenusM 3a/ad4i, po3s’szanoi O.A. Boitaykom (2], a Ta-
KOK aHaJIOTOM HETEPOBUX KpalloBUX 3a/1ad JIJIs CUCTEM 3BUYAHUX JnepeHIliaIbHIX PIBHIHD
Y BHUIAJKY MapaMeTpHIHOro pe3oHancy [4,5]. Takum 9uHOM, OCHOBHOIO BIJIMIHHICTIO IIOCTaBJIe-
HOIT 38184l € BUBYEHHS YMOB PO3B’3HOCTI Pi3HUIIEBO-AJITeOpAIIHUX KPaoBUX 3a/1a4 Y BUIAIKY
[apaMeTpUIHOrO PE30HAHCY B 3aJI€2KHOCTI Bl BiacHOl (byHKIIT pi3HUIEBO-a/reOpaiTHOro pis-
usiHHsd. BukopucroByBana kiiacudikallist pi3HUIIEBO-aJredpaldHuX KpafloBUX 3a/1a9 y BUMAJKY
[apaMeTPpUIHOr0 PE30HAHCY B 3aJIE2KHOCTI BiJI TPOCTOTH aDO KPATHOCTI PIBHSHHSA JIJIsI TIOPO-
JKYIOUUX KOHCTAHT iCTOTHO BiJIPIZHAETHLCA BiJl aHAJIOTIYHOI KaacupiKallil mepioguaHux 3a/1a4
y BUIAJIKy TapaMeTpUYHOro pesoHancy [4] i Bianosijae saraibhiil Kiacudikalil HeTepoBUX
KpaitoBux 3aja4 [1,2,3,5].
1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.
2. Boitayk A.A. Kpaesble 3a1auu Jjisi CUCTEM Pa3HOCTHBIX YPaBHEHUI. YKp. MaT. KypH., 1997, 49,
No. 6, 832-835.
3. Yyiiko C.M., Yyitko O.B., Kaniniuenko .B. Heniniitaa pizauneBo-anarebpaiuna KpaiioBa 3a1ada
y BUIQJIKY ITapaMeTpuIHOro pe3onamncy. Heminiftai komupannas, 2021, 24, Nel, 128 —140.
4. dxy6osuu B.A., Crapxunckuit B.M. Jluneiinbie nuddepeHnnaibHble ypaBHEHUS C IIePUOITIe-
ckuMu Koaddunmentamu u ux npuioxkenus. — M.: Hayka, 1972, 720 c.

5. Chuiko S.M. Nonlinear Noetherian boundary-Value problem in the case of parametric resonance.
Journal of Mathematical Sciences, 2015, 205, No. 6, 859 — 870.
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CJIABKOHEJITHINHI IHTET'PAJIbHO-JJU®EPEHIIIAJILHI
KPANOBI 3AJIAUI

C. M. Yyiiko, B. O. Ky3pmina
Jloubacekuii gepxkaBHuit mejgaroridunit yaisepcuret, CJI0B IHCHK, YKpaiHa
chugko-slav@ukr.net

Hocimzkeno 3aady npo modbyaoBy po3s’s3kis [1]
y(t) € D*[a;b], o' (t) € L*[a;b]

HEJIIHIITHOT iHTerpaJibHO-/ I ePEHITaIbHOl CUCTEME, He PO3B’A3aHOI BITHOCHO TIOXiTHOT

b
A)y'(t) = B(t)y(t) + ©(1) / F(y(s),y (s),s)ds + (1), (1)
T TIOPSIKOBAHUX KpaioBiil yMOBI
ly(-) =a, a€R". (2)
Poss’s30k Kpaiiosoi 3aza4i (1), (2) mykaemMo B OKOJII PO3B’S3KY
yo(t) € D*[a; b, wo(t) € L*[a; 0]
MOPO/IZKYIOI0T HETEPOBOI N # p KpailoBol 3aaqi

A)yo(t) = Bt)yo(t) + f(1),  Lyo(-) =

Tyr
A(t), B(t) € L2

mxn

[a; ] := L?[a; b)) @ R™ ", ®(t) € L2

mXq

[a; b, f(t) € L?[as ).

Marpuiio A(t) npuiyckaeMo IpsMOKYTHORO, a0 K KBAJPATHOIO, ajie BUPOZKEHOI MATPHUIIEIO
crasoro panry. Hesniniitna Bektop-dyukiis F(y(t),y'(t),t) asiui mHenepepsro-audepeHiiioBaa
3a po3B’si3koM y(t) Kpaitool 3asa4i (1), (2) Ta ioro moxiguow '(t) B 0OKOJI PO3B’I3KY TOpPO-
JIKYIOUOl KpaloBol 3a/1a49l Ta HOoro MmoxijfHOl, & TaKOYK HellepepBHa 3a TPETIM apryMeHTOM Ha
Biapisky [a; b];
ty(-) : D*a;b] — RY

— JiHiftHuit o6MerKennit BeKTOpHUI yHKIiOHA, BU3HaYeHuit Ha tpocropi D?[a;b] n-pumip-
HUX abCOJIFOTHO HellepepBHUX Ha BiAPI3Ky [a,b] dyukuiit [1]. [TocraBiena 3amada mpogoBKye
JOCJIIZKEeHH s JHIHOT iHTerpo-iudepeniagibsHol Kpaitlosol 3ajaui [2,3] Ha BUNAI0K HEJIHIAHOT
KpaiioBol 3aja4i (1), (2) 3 IPSIMOKYTHOI MATPHIIEIO TIPU [TOXi THIii.

1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.

2. Cawmoitrenko A.M., Boitayk O.A., Kpusomtest C.A. Kpaitosi 3a/1a4i Jjist cucreM JTiHIHHAX IHTErpo-
nudepenniaibHuX piBHAHD TUIY PpesiroabMa 3 BUPOKEHUM sIPOM. YKp. MaT. 2KypH, 1996, 48,
Ne 11, 1576 —-1579.

3. Yyiiko C.M., Yyiiko O.B., Ky3smina B.O. HeBupojkeni Jiniiini inTerpaJbHo-audepeHIiaibHi
KpaiioBi 3aj1a4di, He po3B’si3aHi BiiHOCHO moxinHol. BykoBuHChKHiT MaTemaTnaHuit XKy pHaJt, 2020,

8, Ne 2, 127-138.
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CJIABKOHEJITHINHI KPANOBI 3AJJAYI J1J1s1 BUPOAYKEHUX
JNOEPEHUIAJILHO-AJITEBPAIYHNX CUCTEM

C. M. Yyiiko!, O. B. HecmeoBa?
! Monbacukuit gepkasaumii meparoriunmii yaisepcurer, C1oB’aHCbK, YKpaina,
IncruryT npukiaaanol Maremaruku i Mexaniku HAH Vkpainu, Cios ancbk, YKpaina

chujko-slav@ukr.net,star-o@Qukr.net
JlocutizKeHo 3a/1a9y 1po MOOYI0BY PO3B I3KiB
2(t,e): z(-,e) € Ca,b], 2(t,-) € C[0, ]
HesiHiiHOT MudepenmiaabHo-arebpaidnol Kpaiitosoi 3aadi [1,2,3]
A(t)Z'(t,e) = B(t)z(t,e) + f(t) + e Z(z,t,e), Lz(-,e) =a+eJ(z(-¢),¢). (1)

Posp’asku Kpaitooi 3ajadi (1) mykaemo B MajioMy oKoJli posB’sizKy 2o(t) € C'a, b nopomxy-
10901 HeTepoBOI (n # k) KpaiioBol 3asa4i

A)#H(t) = B(Ozo() + £(8),  Lxo() =

Tyr A(t), B(t) € C,xnla,b] — uenepepsui marpumi, f(t) € Cla,b] — nenepepsuuii Be-
KTOp; Z(z,t,€) — HesmiHiiina QyHKIsA, HenepepBHO-IudepeHIiioBHa 3a HeBigoMo© z(t,€) B
MaJIOMy OKOJI pPO3B’sI3Ky MOPOJIZKYIOUOl 3ajadi, HerepepBHa 1o ¢t € [a,b] 1 HemepepsHa 110
masioMy mapamerpy; (z(-,e) — mimiitamit 1 J(z(-,€),€) — wHemiHifiHMiA BekTOpHHUIT GyHKIHO-
nammn, (z(-,¢), J(z(-,€),e) : Cla,b(e)] — R* upuuomy apyrmit dymKIioHan HermepepBHO-
mudepennifioBanii 3a HeBioMoI0 z(t,£) 1 HemepepBHUIl MO MaJOMy MAapaMeTpy &€ B MAJOMy
OKOJII PO3B’sI3Ky MOPOJIZKYIOUOl 3aja4i Ta Ha Biapisky [0, £o).

Heuniniiina qudepenriaabao-anrebpaiana KpaifoBa 3a1ada (1) ysarajbHIOE YUCIEHH] TOCTa~
HOBKHI HeJIHIAHUX KpaiioBux 3aaad [1,2]. Hamu gociiizkeHo Buma ok BUpOzKeHOCT [3| mopo-
JRKYR040T KpaiioBoi 3a/1adi, a came: Py«(t) # 0; y npumnymenni, mo marpurg A(t) mae crasmii
paHr, a came:

1 <rank A(t) = oy;

tyT Pas(t) — opronpoexrop [1]:
Pa(t) : R™ — N(A*(1)).

Buposzkena cucrema (1), B3arasi kaxKydm, He po3B’si3HA BiIHOCHO mnoximxol. Hamwm 3Ha-
iiJIeHO KOHCTPYKTHUBHI yMOBM PO3B’SI3HOCTI Ta CXeMy IOOYJIOBU PO3B’S3KiB HEJIHINHUX JU-
depentiaabHo-aaredpaldHnX Kpaitopux 3aja4d. [lobymoBano BIOCKOHAJIEHY KiaacuiKalliio Ta
302KHY iTepalliiiny cxeMy Jijis 3HAXO/KEHHs HAO/IMKEeHb JI0 PO3B’S3KiB HEJIHINHUX JIH-
deperIiatbHO-aareOpalIHNX KpailoBux 3a1ad.

1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm boundary-value
problems, 2-th edition. — Berlin-Boston, De Gruyter, 2016, 298 p.

2. bottauyk A.A., Illerma JI.M. Bupojzkeni Heminiitai Kpafiosi 3amgadi. YKp. Mat. KypH., 2009, 61,
Ne 9 1174-1188.

3. ChuikoS.M., NesmelovaO.V. Nonlinear boundary-value problems for degenerate differential-
algebraic systems. Journal of Mathematical Sciences, 2021, 252, No. 4, 463 -471.
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LIMIT THEOREMS IN ALLOCATION SCHEME WITH EVEN

NUMBER OF PARTICLES IN EACH CELL
F. A. Abdushukurov

Yeoju Technical Institute In Tashkent, Tashkent, 100121 Uzbekistan.

fayz. abdushukurov@mail.ru

We consider allocation scheme of 2n distinguishable particles by N different cells under the
condition: each cell contains even number of particles. We show that this scheme is a general
allocation scheme defined by random variable §; with the distribution P(¢; = 2k) = %,
kE=0,1,2.... Let us-(IN,K,n) be a number of cells from the first K cells which contain
2r particles. We prove that under some type convergence of n, K, N to infinity pus.(N, K, n)
converges in distribution to Poisson random variable. The limit Poisson random variable is
described.

Let n, N be integer numbers. A homogeneous allocation scheme of n distinguishable parti-
cles by N different cells is named the random variables 7], ..., n}, with the joint distribution
defined by formula

! 1\"
Pif=ky,..fy =kny=— 1" (=
{Th 1, N N} klle'kN' <N) )

where ki, ko, ... ky are nonnegative integer number such that ky + ko + --- + ky = n. Many
papers deal with limit theorems for allocation scheme of distinguishable paticles by different
cells (see, [1,2], and references).

We will consider the random variables 7y, ...,ny, with the joint distribution defined by
formula

P{?’]l = 2k1,...77N = 2]{]\7} =
= P{ny = 2ky,...ny = 2ky | 1)} takes even values,1 <i < N}, (1)
where kq, ko, ... kxy are nonnegative integer number such that ky + ks + -+ - 4+ ky = n.

Observe that the scheme (1) is an allocation scheme of 2n distinguishable particles by N
different cells under the condition: each cell contains even number of particles.

Denote: -5 is a convergence in distribution, Pi(5), 0 < < 00, is a Poisson random variable
with the parameter 8. The aim of this paper is to prove that in the scheme (1) under some
condition

o (N, K ) 5 Pi(B).

1. Kolchin V.F., Sevast’yanov B. A., Chistiakov V.P. Random allocations. — Washington, DC:
V. H. Winston& Sons, 1978, 262 p.

2. Abdushukurov F. A. Poisson limit theorems in allocation schemes of distinguishable particles.
Ufimsk. Mat. Zh., 2020, 12, No. 3, 3-10.
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ON THE CORRELATION FUNCTIONS OF THE CHARACTERISTIC
POLYNOMIALS OF REAL RANDOM MATRICES WITH
INDEPENDENT ENTRIES

I. Afanasiev

B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of
Sciences of Ukraine, Kharkiv, Ukraine

afanasiev@ilt.kharkov.ua, ie.afanasiev@gmail.com

The talk is concerned with real random matrices M,, = (x;;) which entries are independent
identically distributed real random variables with zero mean and unit variance. We consider
the correlation functions of the characteristic polynomials (correlation functions for short) of

these matrices
fn(21, .0, Zm {Hdet 0 — % (Mn—zj)*},

where E is an expectation. Despite these functions are not local, they can shed light on the
asymptotic behavior of eigenvalues in the local regime. Moreover, the correlation functions are
of independent interest.

The asymptotic behavior of the correlation functions is established in the form of a certain
integral over unitary self-dual matrices with respect to the invariant measure. The integral is
computed in the case of the second order correlation function, i.e. for m = 2. The main result
is

Theorem 1. Let the first four moments of the common distribution of entries of M, be

finite and z; = 2o + —= C = (G eC,j=1,2, z € (—1,1). Then the correlation function of the

characteristic polynomzals fy satisfies the asymptotic relation

lim niQ—fQ(Z17 22) = Ce(l_\20|2)2f€4 Pf(K(Cj’ Ck‘))ﬂz?’“:l
n—oo fi(21)fi(22) IN(CRSO

where C'is some constant, which does not depend on the common distribution of entries and
on (1, Ga; Ka = E{z{,} — 3, Pf is a Pfaffian, N((1,C2, (4, Cy) i a Vandermonde determinant of
Cl; CQ; Cl; CQ and

“:Ji \Ck\z (CJ Ck)@CjCk (CJ _ Zk>€CjZk
K(¢; = 2 _ o7 Sk/EC )
(C]? Ck) € <(<~ _ Ck)6<]<k (C] _ Ck)e<JCk>

From the obtained asymptotics it is clear that the correlation functions behave like that for
the Real Ginibre Ensemble up to a factor depending only on the fourth absolute moment of
the common probability law of the matrix entries.

Acknowledgements The author is supported by the Akhiezer Foundation scholarship and by
the NASU scholarship for young scientists.
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ASYMPTOTIC PROPERTIES OF THE HURST AND DIFFUSION
PARAMETERS ESTIMATORS IN FRACTIONAL STOCHASTIC HEAT
EQUATION

D. A. Avetisian, K. V. Ralchenko

Department of Probability Theory, Statistics and Actuarial Mathematics,
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

diana.avetisian2017@gmail.com, k.ralchenko@gmail.com

We investigate the following stochastic partial differential equation driven by fractional
Brownian motion B = {Bf z € R} with the Hurst index H € (0,1):

2 .
<%_%%> (t,x)=0B t>0, 2z €R, u(0,z)=0.
xr

The solution is given by
t
u(t,z) = 0// G(t — s,x—y)dsdBf, t>0, zeR,
R J0

where G(t,z) = (27mt)"Y2exp (—%) is the Green function. We prove the stationarity and
ergodicity of the solution u(t, z) as a function of the spatial variable x by analyzing the behavior
of the covariance function. Based on the these properties, we consider estimation problem of
the parameter (H, o) assuming that the process u(t, x) is observed at equidistant spatial points
xr = kd, 6 > 0, for two fixed times t; and t,.

Let us denote

Vn(t) = ZU(t,xk)Q, o(t, H) = T2 \/(;(H——:)ll;(H + 1)

We prove that for any H € (0,1), the statistics

 log (Va(t) / Vx(t)) e D) Taity)
N = log(t1 /) ’ N No(ty, Hy)  No(ts, Hy)

are strongly consistent estimators of the parameters H and 0% as N — oo. Moreover, we
establish the asymptotic normality of the estimator (Hy,d%) in the case H € (0, %) Our
construction generalizes to the fractional case the results of [1], where a similar problem for the
stochastic heat equation with white noise was considered.

Acknowledgement. The second author is supported by the National Research Fund of Ukraine
under grant 2020.02/0026.

1. D. Avetisian, G. Shevchenko, Estimation of diffusion parameter for stochastic heat equation
with white noise. Bulletin of Taras Shevchenko National University of Kyiv, 2018, 3, 9-16.

2. D. Avetisian, K. Ralchenko, Ergodic properties of the solution to a fractional stochastic heat
equation, with an application to diffusion parameter estimation. Modern Stochastics: Theory
and Applications, 2020, 7, No. 3, 339-356.
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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO STOCHASTIC
DIFFERENTIAL EQUATIONS WITH INTERACTION
M. A. Belozerowa

Odessa 1. I. Mechnikov National University, Odessa, Ukraine
Marbel@Qukr.net

The main object under investigation is two-dimentional stochastic differential equation
(SDE) with interaction
dz(u,t) = [ p(z(u,t) — v)p(dv)dt + b(z(u, t), pe)dw(t)
R2
x(u,0) = u, (1)
Mt = o © x(')t)_la

where py € My, My, is the space of all probability measures on R? having the first moment,
with the Wasserstein distance [1],

w1 ¥1 2 b
= = R°—> R, b=
w (w2>7 2 <¢2>7 Pk ) (bg)’

wy, are one-dimensional independent Wiener processes, by : R? x My, — R (k = 1,2) being
global Lipschitz and for some a1, a9, By, By > 0 and for all u,v € R?, ¢t > 0, p, € My

—anflu—v[* < (u— v, () — 9(v) < —allu—v|*
Byllu—v[* < (u=0v, b(u, p1e) =b(v, 1) ); [|b(w, ) =b(v, po)[| < Bollu—vl|, ax—B5 >0 (k,j =1,2).

In monograph [2] the conditions of existence and uniqueness of solutions to equation (1) in
d-dimentional case have been obtained, the properties of solutions have been established.

The limit behavior of solutions to SDE with interaction in one-dimensional case have been
studied in [3]. The aim of the work is to investigate the two-dimensional case. The following
result characterizes the distance between trajectories z(u,-) and z(v, -) on infinity.

Theorem 1. For all u,v € R? there exists

t

tlgilo [|z(u,t) — x(v,t)|| — /<I> (x(v,s),z(u, s), us) ds a.e.

Here
B (r.q 1) = |qi|| R/ (¢ -1 0(q —v) — @(r — v)) ps(dv)+

Hb(% MS) — 5(7"7 ,US)HQ _ (q -, b(Qa Ms) — b(’l”, Ms))2 .

_|_
2l[q — || 2llq —rl?

1. Dorogovtsev A. A. Measure-valued Markov processes and stochastic flows on abstract spaces.
Stoch. Rep., 76, No. 5, 395-407.

2. Dorogovtsev A. A. Measure-valued processes and stochastic flows [in Russian]. Proceedings of
Institute of Mathematics of NAS of Ukraine. Mathematics and its Applications, 66. — K.:
Institut Matematiki, 2007, 289 p.

3. Lagunova M. P. Stochastic differential equations with interaction and the law of iterated loga-
rithm. Theory of stochastic Processes, 2012, 18(34), No. 2, 54-58.
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LP AND ALMOST SURE CONVERGENCE OF AN APPROXIMATE
METHOD BASED ON THE TAYLOR EXPANSION OF THE
COEFFICIENTS OF STOCHASTIC DIFFERENTIAL EQUATIONS
WITH TIME-DEPENDENT DELAY

D. D. Djordjevié

University of Nis, Faculty of sciences and mathematics, Department of mathematics, Nis,
Serbia

djoledj91 @gmail.com

A class of stochastic differential equations with time-dependent delay on a finite time in-
terval is considered. In this paper, the polynomial conditions are considered, instead of the
usual assumptions that both the drift and diffusion coefficient satisfy the Lipschitz and linear
growth conditions, as well as the assumption of the moment boundedness of the solution to
the initial equation. An approximate equation is considered for any partition of the time inter-
val. That equation has coefficients that are Taylor expansions of the coefficients of the initial
equation. The solutions of thusly constructed equations converge in the LP sense and almost
surely towards the solution of the initial equation and the rate of the convergence is presented
if those solutions satisfy some moment bounds. The rate of convergence increases if the orders
of Taylor approximations for the drift and diffusion coefficient increase simultaneously.
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ON THE DISTRIBUTION OF THE FIRST PASSAGE TIME OVER
STATE-DEPENDENT LEVELS FOR A MARKOV MODULATED KoOU
PROCESS
Ie. Karnaukh
Oles Honchar Dnipro National University, Dnipro, Ukraine
ievgen. karnaukh@gmail.com

Markov modulated Kou process is a bivariate Markov process Z; = {Xi, J;}, where
{Ji,t > 0} is an irreducible Markov chain with the finite state space {1,..., N}, the tran-
sition rate matrix ) = HQinij:l, and the initial stationary distribution 7. X evolves

as a double-exponential jump diffusion process & while J is in the state i. {&(¢)}Y,
are independent processes with drifts a;, volatilities o?, jump rates \;, and densities of

jumps fi(z) = piﬁfe_ﬂjml{xzo} + (1 — pi)B; € “Iz<oy. The process X is characterized by

|Elem* It j—j3|Jo = i]|| = X1, where K[r] = diag (mi - ng + ;iipi: - )\ilg:fi)r)izl ol @
Let Z, = {X’t, jt} be the fluid-embedding of Z with cumulant in block notation
diag (7“ - 5J)Z:m diag (5;)Z:m 0
K[r] = diag (\ipi);—ix  diag (air + Zr? — )\i> - +@Q diag (N (1 —pi))ictw
0 diag (ﬂ[)i:L—N —diag (r + ﬁ[)i:L—N

The fluid-embedding we get from Z by changing exponential jumps of X to segments with slope
1 and extending the state space of J to {1,...,3N}, see [1]. This process is a Markov-modulated
Brownian motion (MMBM).

Define the first passages over state-dependent levels b € RN and b € R3N as T =

inf{t >0:X,>by} and T = inf {t >0: X, > Bjt}. Assume that b; = l;Hm = Bi+2m = b;,
i = 1,N, and write n, = inf {u >0: fou I{jue{m—i-l,‘..gm}}du > t}, then P{T < t|Jy =i} =
P{T < |y = m—l—z’}, see [2]. Following [3] (see also [4]), the asymptotic behavior of a
MMBM depends on the stationary drift m? = #K'[0]e, where e is the column vector with

all entries equal to 1. If m{ > 0, then P{T < oolJy=1i} = 1, and if m{ < 0, then
P{T =ooldo=i}>0,i€{l,....N}. For 0 <t < oo,

PAT < tlJy =i} = F(0) ~ L™ (57 (F(0) ~ F().
where F(§) = Ele °T, T < oo|Jy = i] and L~ means the Laplace inversion with respect to d.

1. Breuer L. First passage times for Markov-additive processes with positive jumps of phase type.
J. Appl. Prob., 2008, 45, 779-799.

2. Jiang, Z., Pistorius, M. R. On perpetual American put valuation and first-passage in a regime-
switching model with jumps. Finance and Stochastics, 2008, 12, 331 —355.

3. Gusak D.V. The distribution of absolute maximum for Poisson and Wiener processes on a
Markov chain [in Russian]. Transactions of the Seventh Prague Conference on Information

Theory, Statistical Decision Functions, Random Processes and of the 1974 European Meeting
of Statisticians, 1977, Vol. A, 211-219.

4. Ivanovs J. One-sided Markov Additive Processes and Related Exit Problems. PhD dissertation,
University of Amsterdam. — Oisterwijk: Uitgeverij BOXPress, 2011, 127 p.
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STOCHASTIC BLOCK MODEL IN A NEW CRITICAL REGIME

Vitalii Konarovskyi
Institute of mathematics of NAS of Ukraine

konarovskiy@gmail. com

In this talk, we will discuss a novel phase transition regime for the classical stochastic block
model (SBM). Let us briefly recall the basic SBM model with m classes, frequently denoted by
G(n,p,q). The issued random graph has the set of vertices divided (in a deterministic way)
into m subsets (classes or blocks) of equal size (here we set this size to n and therefore there
are mn vertices in total), and a random set of edges, where the edges are drawn independently,
and the intra (resp. inter) class edges are drawn with probability p (resp. ¢). We consider
large graphs (n will diverge to oo), and the connectivity parameters p and ¢ will depend on
n. There is one considerable difference in the connectivity parameter scaling (as n diverges) in
our work with respect to that in [1], applied to finite-type graphs. Like in [1], here p,, scales
inversely proportionally to n, but unlike in [1] our g, is of much smaller asymptotic order
(notably it scales like n=%/3). Regimes where ¢, << p, seem quite natural from the perspective
of applications (in view of the formation of clusters in networks).

Fort € R, u > 0 and n > ngq sufficiently large, let 5 () (t,u) denote the vector of decreasingly
ordered component sizes of G'(n,n™' + tn=*3 un=43). Let also

¢ (tu) =n" M (tu), teR, u>0, n>np

We consider ¢(™(¢,u) to be a random element of I, (for this we append infinitely many zero
entries). The main results reads as following,.

Theorem 1. For everyt € R and u > 0,
¢t u) = C(t,u) as n— oo

in distribution with respect to the topology on ly, where ((t,u) can be defined via m independent
multiplicative coalescents with interaction.

This is the joint work with Vlada Limic [2].

1. Bollobas B., Janson Sv., Riordan O. The phase transition in inhomogeneous random graphs.
Random Structures Algorithms, 2007, 31, No. 1, 3-122.

2. Konarovskyi V., Limic V. Stochastic block model in a new critical regime and the interacting
multiplicative coalescent. Electron. J. Probab., 2021, 26, No. 1, 23.
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ON THE SPECTRAL GAP FOR BROWNIAN MOTION ON DOMAINS
WITH STICKY-REFLECTING BOUNDARY DIFFUSION

V. Marx
Universitat Leipzig, Fakultat fiir Mathematik und Informatik, Germany
marr@math.uni-leipzig. de

The talk is based on a joint work with Vitalii Konarovskyi and Max von Renesse (Univ.
Leipzig).

The aim of the talk is to propose a simple but robust method to get estimates of the spectral
gap for Brownian motion on a smooth domain 2 with a sticky-reflecting diffusion along the

boundary 0f2. In simple cases such processes correspond to Feller semigroups on Cy(£2) with
generator (D(A), A)
D(A) ={f € Co(Q) [ A(f) € Co(1)}
A() = AfTo + (7] — 9 )Tag
where a% is the outer normal derivative, A7 denotes the Laplace-Beltrami operator on the
boundary 02 and v > 0. An efficient process construction was given by Grothaus and Vof3hall
via Dirichlet forms in [1].

In the two extreme cases, when v tends either to 0 or to oo, our problem reduces to estimate
the spectral gap oy of Brownian motion on the surface 02 and the spectral gap o, of reflecting
Brownian motion on 2, respectively. The method that we propose yields an estimate from
below of the spectral gap o, of the above process, using only oy and o and estimates for
certain bulk-boundary interaction terms which are independent of v. We will show that the
method leads to good results in the case of the Euclidean ball in R? and we apply the method
to two less classical cases: a ball with partial sticky-reflecting diffusion on the sphere and a ball
with a needle.

1. Grothaus M., VoBhall R. Stochastic differential equations with sticky reflection and boundary
diffusion. Electron. J. Probab., 2017, 22, No. 7, 37.

2. Ventcel A. D. On boundary conditions for multi-dimensional diffusion processes. Theor. Prob-
ability Appl., 1959, 4, 164-177.
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LY-CONVERGENCE OF THE TRUNCATED EULER—MARUYAMA
APPROXIMATE SOLUTIONS FOR A CLASS OF HIGHLY
NONLINEAR NEUTRAL STOCHASTIC DIFFERENTIAL EQUATIONS
WITH TIME-DEPENDENT DELAY

A. Petrovié, M. Milosevié
! University of Ni§, Faculty of Science and Mathematics, Ni§, Serbia
aleksandra.ana.pet@gmail.com, 27marija.milosevic@gmail.com

In the existing literature, the Khasminskii-type conditions are successfully employed in the
analysis of different numerical methods for stochastic differential equations and these condi-
tions allows the coefficients of the equations to be highly nonlinear (see [1], [2], [3], [4], for
example). Because of that, the main aim of this talk is to present the Li-convergence result of
the truncated Euler—-Maruyama method for neutral stochastic differential equations with time-
dependent delay under that condition. The proofs of all assertions are affected by the presence
of the neutral term and delay function and they require for the neutral term to be contractive
mapping and for the delay function to be Lipschitz continuous, among other conditions. More-
over, the relation between the truncated Euler-Maruyama method under these conditions and
the classical Euler-Maruyama method under the global Lipschitz condition is established. The
main theoretical result, that is, the L9-convergence is illustrated by an example.

1. Hu L., Li X., Mao X., Convergence rate and stability of the truncated Euler-Maruyama method
for stochastic differential equations, J. Comput. Appl. Math., 2018, 337, 274 —289.

2. Mao X. Stochastic Differential Equations and Applications. — Chichester: Horvood Publ., 1997,
366 p.

3. Mao X. The truncated Euler—-Maruyama method for stochastic differential equations, J. Com-
put. Appl. Math., 2015, 290, 370 —384.

4. Milosevi¢ M. Highly nonlinear neutral stochastic differential equations with time-dependent
delay and the Euler—-Maruyama method, Math. Comput. Modelling, 2011, 54, 2235—2251.
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DEVELOPMENT OF RENEWAL THEORY FOR THE EARLY
GENERATIONS OF AN ITERATED PERTURBED RANDOM WALK
ON A GENERAL BRANCHING PROCESS TREE

Bohdan Rashytov
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
mr.rashytov@gmail.com

Investigation of iterated perturbed random walks on a general branching process tree was
initiated in [1]. Continuing this line of research, we are concerned in [2] with a new specific
case, not treated in [1], and prove counterparts of the classical renewal-theoretic results for the
corresponding counting processes. In this talk, we shall present some of the results obtained.

Let (&,mi)ien be independent copies of a R*-valued random vector (£,n) with arbitrarily
dependent components. Denote by (5;);>0 the zero-delayed standard random walk with incre-
ments &; for ¢ € N, that is, Sy :=0 and S; := & +--- 4+ & for ¢ € N. Define

T, :=S5_1+mn, €N
The sequence T := (T});en is called perturbed random walk.
Now we define a general branching process generated by 1"

e at time 0 there is one individual, the ancestor;

e the ancestor produces the first generation with birth times given by the points of T

e the first generation produces the second generation, the shifts of birth times of the sec-
ond generation individuals with respect to their mothers’ birth times are distributed according
to copies of T', and for different mothers these copies are independent;

e the second generation produces the third one, and so on;

e all individuals act independently of each other.

For t > 0 and j € N, denote by T and N,(t) some enumeration of the birth times
and the number of individuals with birth times < ¢ in the jth generation, respectively. Put
V;i(t) := EN;(t). For each integer j > 2, the sequence T and the process N; are a natural
generalization of the perturbed random walk 7" and the counting process (N;(t))i>o. We call
the sequence (7)) jen tterated perturbed random walk on a general branching process tree.

Further, we give the classification of generations. Following [1], we call the jth generation
early, intermediate or late depending on whether j is fixed, j = j(t) — oo and j(t) = o(t) as
t — 00, or j = j(t) is of order ¢t. In view of Proposition 2.1 [1] there are no other generations.

In [1] the authors prove counterparts of the elementary renewal theorem, the Blackwell
theorem and the key renewal theorem for some intermediate generations. In [2] we inves-
tigate early generations. Although the analysis of early generations is simpler than that of
intermediate generations, we solve in [2] a larger collection of problems. In addition to the
aforementioned counterparts of the classical results, we investigate the asymptotics of the vari-
ance Var N;(t), prove a strong law of large numbers for N;(¢) and a functional limit theorem for
the vector-valued process (Ny(ut), No(ut), ..., Ng(ut))y>o for each k € N, properly normalized
and centered.

1. Bohun V., Iksanov A., Marynych A., Rashytov B. Renewal theory for iterated perturbed random
walks on a general branching process tree: intermediate generations. (arXiv: 2012.03341).

2. ITksanov A., Rashytov B., Samoilenko I. Renewal theory for iterated perturbed random walks
on a general branching process tree: early generations. (arXiv: 2105.02846).
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CONSTRUCTING COALESCING STOCHASTIC FLOWS
Georgii Riabov
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ryabov.george @gmail.com

Let ¢ = {154 : —00 < s <t < 00} be a stochastic flow on a locally compact separable metric
space M, that is a family of measurable random mappings of M such that ¢, (1, s(2)) = 4(2)
a.s., VYss(x) = x as., for any sequence t; < to < ... < t, mappings Vi 1y, ..., Yt 41, are
independent, for any s < t mappings ¥s; and 1y ;_s are equally distributed. The fundamental
theorem of Y. Le Jan and O. Raimond [1] establishes a one-to-one correspondence between
sconsistence sequences { P : n > 1} of coalescing Feller transition probabilities and stochastic
flows on M satisfying mild regularity conditions. The one-to-one correspondence is given by
the formula

P™(z, B) = P((¢os(x1), ..., os(xn)) € B),n > 1,2 € M", B € B(M"),

where {P™ :n > 1} is a consistence sequences of coalescing Feller transition probabilities.
We are interested in the existence of a strong stochastic flow that corresponds to a consistent
sequence {P™ : n > 1} of coalescing Feller transition probabilities. By a strong flow we
understand a stochastic flow 1 such that
forallwe Qv e M,r <s<t,

ws,t(wawr,s<w>$)> = wr,t<w? I’), w57$<w’ x) =T

Existence of a strong stochastic flow is well-known when its finite-point motions are families
of solutions of an SDE with smooth enough coefficients (see [2]). In general the existence of a
strong flow is an open problem. We will deal with flows in which coalescence occurs.

By P we will denote the distribution of the Feller process X ™ in M™ that has transition
probabilities P and starts from z € M™.

Theorem 1. Let M be a metric graph. Assume that transition probabilities P™ satisfy
following properties:

o for anyx € M and e >0 Pt(l)(:v,B(x,e)C) = o(t), t = 0+;
e for any compact K C M and any t > 0

lim  sup PMWHX™ () >¢)=0.

x
CcC— 00 nZl,xEK”

Then there exists a strong stochastic flow that corresponds to the sequence {P™ :n > 1}.

1. Le Jan Y., Raimond O. Flows, coalescence and noise. The Annals of Probability, 2004, 32,
No. 2, 1247-1315.

2. Kunita H. Stochastic flows and stochastic differential equations. —Cambridge, Cambridge Uni-
versity Press, 1990, 346 p.
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dakynbrer, Kni, Ykpaina
hanna.zhelezniak@gmail.com

Posrisgnemo JiHifiHy MOIesb 3 HeIlepepBHAM dacoM [3]
X; =0t + 0BT (t) + 0o B™(t), t€]0,T),

ne Bt ra Bf2 — npa mesaserkni 1po6oBi 6pOyHIBCHKI pyXu 3 pisHEMH iHgeKcaMu XIOpCTa, 10
3aJ10BOJILHAIOTH yMOBI 1/2 < Hy < Hy < 1,09, 09 > 0.
OcHoBHa 3a/1a4a ToJIIrae y 3HaX0/KeHHI HabJ/IMKeHol ominku mapamerpa 6 € R

- NT)
) = 5 I (D)

me FX = o{X(t),t € [0,T]} — sanama o-anrebpa, N(T) = [ he(t)dX (t) 3 hp(t)tz~h €
Ly]0,T], (N)(T) = Cy fOT hy ()t =211 dt ta hy(t) — enunuit po3s’a30K iHTErpajbHOrO PiBHAHHS

®perosbMa sipyroro poiay Ha npomixkky [0,7] 3 sapom Bugy K(s,u) = ‘I; (_Sifiaa € (0,1),

Jie ancesibHUK L(s, u) obMmerkeHuii 1 HerepepBHUil M.H. BijgHOCHO Mipu Jlebera, ane Moxe MaTn
Toukn pozpusy Ha [0, T]?, TOOTO sIPOM i3 JTOJATKOBOIO CHHIY/ISPHICTIO:

hr(u) + Cy /T hr(s)K(s,u)ds =1, we€[0,T],

e Cy ta C) — nesiki koucrauTu. Lo mpobsemy Oyiio 3BesieHO 710 BUBUeHOI pawime [2] 3amadi
MOTITYKY HaOJIM?KEHOTO PO3B’A3KY.

BacrocoByoun J06pe Bigomi Meroau st Takux aiaep [1], [4], 6ymo goBeaeno Teopemy mpo
HaOJIMYKEHHS PO3B 13Ky 1HTErpaIbHOrO PIBHAHHSI 3 JIPOM, IO MICTHTBL JIOJATKOBY CHHIYJISIP-
HICTBH Ta 3HAMIEHO YUCEJLHUME METOJAMU OLIHKY Hapamerpa 6 € R.

1. Babolian E., Arzhang Hajikandi A. The approximate solution of a class of Fredholm integral
equations with a weakly singular kernel. Comput. Appl. Math. 235, 2011, No. 5, 1148 —-1159.

2. Makogin V., Mishura Y., Zhelezniak H. Approximate solution of the integral equations involvi-
ng kernel with additional singularity. Stochastic and Infinite Dimensional Analysis, 2020.
(arXiv:2007.01274).

3. Mishura Y., Voronov I. Construction of maximum likelihood estimator in the mixed fractional
— fractional Brownian motion model with double long-range dependence. Modern Stochastics:
Theory and Applications, 2015, 2, 147—164.

4. Atkinson K. E. A survey of numerical methods for the solution of Fredholm integral equations
of the second kind. — Philadelphia, Pa.: Society for Industrial and Applied Mathematics, 1976,
230 p.
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PO3MIPHICTb ['AYCIOOP®A KJIACTEPIB, SIKI
[TOPOIYKVIOTBHCST CTAUIOHAPHUMU EBOJIFOLISIMU

JIbOBHEPA
B. JI. Maxap

Hamijonanpunit Texuigamil yHiBepcuTeT YKpainn «KuniBebkuit mosiTeXHIYHAN IHCTUTYT iMeHi
Iropsa Cikopcbkoros, @izuko-rexnianmii incturyT, Kuis, YKkpaina
bogdan2010ra@gmail.com

[Ipu BuBuenni momeseit DLA | momesni Eena, B Teopil mepKoJIsiIiii TOIMO 3aCTOCOBYIOTH MO

mucKpeTHo! arperanil. B po6ori [1] 6ys0 3anpornoHOBaHO 3B’SI30K MiXK TaKUMU MOJIEISME Ta
pO3B’si3KaMu PiBHAHB JIbOBHEDA.
B jomoBiii Oy/1yTh pO3IVIsiHYTI BJIACTUBOCTI CiMeil K1acTepiB, siKi BUSHAYAIOTHCs CTAIllOHAPHUMUI
eBoJTIONiAMU JIbOBHEpA B 30BHINIHOCTU OJMHUYHOIO jucKa. [[o3HAUMMO OMUHUYHUN JIUCK B C
vepes D, MexKy OJMHHYHOrO jucka depes T, MOMOBHEHHS OJMHUYHOrO jucka depe3 A. Jlis
3a/1aH01 fiMoBipHicHOT Mipu p Ha T posriigHemo piBHsAHHS JIbOoBHEPA

0f(z,1) Z@f(z,t)/z—l—(

o 0z z2—C

d(¢), z€ At >0, f(2,0) ==

T

Bigomo [2], mo icrye xondopmne sigobpaxkenns g : A — C, rake mo f (2,t) = g (e'g(z)) upm
z€ A, t>0. Ilosnaunmo A ={z € C: |z| > 1+ €}.

Teepmxkenns 1. Ve > 0:3C,a > 0:Vz € A |g(2)] < alz|V/C.

Teopema 1. Hexati mipa (1 MaE HEHYABOBY AOCOAOMHO HENEPEPEHY KOMNOHEHMY BIOHOCHO
mipu Jlebeza A na T, npuvomy wa deaxit dyst L C T suxonyemvces infy, Z—’; > 0. Todi

z2+C
[ o] >0

inf
zeA,ﬁeL

Teopema 1 j103BOJIsiE 3HANITH po3MipHicTh [aycaopda KiacTepis, siki BUBHAMAIOTHCS Bi100pa-

wennsivi [ (-, t). Tlosmaumvo K'(t) = (C\ f(A, 1))\ D.
Hacaimok 1. 3a ymos meopemu 1 icnye T > 0, maxe wo das ecix t > T

1. Hastings M. B., Levitov L. S. Laplacian growth as one-dimensional turbulence. Physica D: Nonli-
near Phenomena, 1998, 116, No. 1, 244-252.

2. Sola A. Elementary examples of Loewner chains generated by densities. Annales Universitatis
Mariae Curie-Sklodowska Sectio A LXVII, 2013, 83-101.
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[IOTEHLIAJIN ITPOCTOTI'O LIAPY J1JIs1
[ICEBJOJNPEPEHIIAILHUX PIBHAHDL, ITOB'AA3AHUX 3
NEAKUMU a-CTIMKUMU BUIMTAJKOBUMU I[TPOLIECAMU

X. B. Mamaujwnra
[Ipukaprarchkuit Harionasbuuit yuisepcurer imeni Bacuisa Credanuka,
M. IBano-@paHkKiBCchbK, YKpaiHa
mamalygakhrystyna@gmail. com

o

Hexait A mncesionudepeniiaabunmii oneparop BusHadenuii cuMBosoM (—(Q&, )2 )ecpd, Je

Q = PPT peaxa nesupozkena d X d-marpuus 3 mificHumu enementamu, o € (1;2) — geska
1 a

) / &=y HREO? g ¢ mibHicTIO HMOBIPHOCTI IHEpExOLY
™ Rd

nporecy Mapkosa x(t) = Pxo(t), ne (xo(t))>0 — poTariiino inBapianTHuit a-cTifiKuil BUIa KO-
suit nporec. Hexait B RY zayana jesaka nosepxua S ta npu (¢, z) € (0;4+00) X S 3a1ana jedka
dyukuis ¥(t, z). Oyukio v(t,x) = f(f dr [ g(t — 7,2,9)¢(7,y)do, HasHBaEMO MOTEHINAIOM
[IPOCTOrO APy s MCeBI0inpePEeHIaIbHOIO PIBHIHHS

u(t,z)
= Au(t,)() (1).

Teopema 1. Hezati nosepzna S 6 R? nanescumo xaacy H'™ 3 deswum v € (0;1) ma
3a0060AbHAE 00NY 3 YMOG: 60MHA 0OMENCENA | 3AMKHYMA YU HEOOMEINICEHA T MAKA, UL0 6 KONCHUT
deox moukar v € S, y € S eexmopu 306HIWNIT HOPpMaAsel N, Mma N, do S ymeoproromsv Kym
Dy, 0N AKO20 COS Pgy > po > 0. Henepepsna dynryia (V(t, x))i>0zes 30$0060a0HAE HEPIEHICTD
[W(t,x)] < Kpt™? na xoorenit mnooicuri eudy (0;T] x S sminu apeymenmie (t;x) 3 deaxumu
cmasumu B < 1 ma Kr > 0, axa 3asesrcumsv 6id T > 0. Todi nomenuians npocmozo wapy
(V(t, %)) >0.0erd BUBHAUEHUT KOPEKMMHO, € NHEnepepenoto dyrkyicto ma npu eécix (t;x) 3 obaacmi
(0; 00) x (R4\ S) sadosonvnsc piehanmns (1).

crama. Oyukiis g(t, z,y) =

st Koxxuoro opra v € R? pusnatumo oueparop B, fioro cumsomnom (i€]* (€, v))eepa.

Teopema 2. Hexat sukxonyromoves ymosu Teopemu 1. Todi das woorcrnozo t >0,z € S
cnpasdorcyemuea nacmynna pienicms (v(z) = Qng, v(z) = Q7 'n,)

1 t
lim B, yv(t,)(2) = F5u(t,2) + /0 dr /S By@)g(t =7, y)(@)¢(7,y)doy,

z—xt
de z — v+ o3navae, wo z = x + ov(xr) 1 6 — 0+.

HoBejienns 1ux TeopeM MoOXKHa 3HaiiTn y crarti [1].

BnactuBocTi morenmiamy mpocToro mapy HaBeleni y Teopemax 1 1 2 103BOJIAIOTH
PO3B’si3yBaTH JiesiKi MOYaATKOBO-KpaiioBi 3aja4i jyisa piBuauausa (1). B gonosigi 6yme posris-
JATHUCS TOYATKOBO-KpaifoBa 3ajada Jyist (1) 3 rpaHIaHOI0 YMOBOIO

B,u(t,)(z+) — Bywu(t, ) (z—) = r(z)u(t,z), t>0, z€S

i3 3a/1aHOI0 HellepepBHOI0 0OMEXKEHOIO HeBi eMHOI0 DYHKILE (1(2)),c5 Ta Oye pana HMOBIp-
HicHa iHTepIpeTallis 11 PO3B’I3KY.

1. Mamalyha Kh.V., Osypchuk M.M. Properties of single layer potentials for a pseudo-diferential
equation related to a linear transformation of a rotationally invariant stable stochastic process.
Mat. Stud., 2021, 55, No.1, 94-106.
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[TPOHO3YBAHHST JEMOTI'PA®IYHUX ITOKABHUKIB 3A
JJOTIOMOTI'OIO CITJIAVMHIB

A. A. MenekecueBa
Kuiscbkuit namionanbauit yaisepcuret im. Tapaca [lleBuenka, m. Kuis, Ykpaina
homtom.alice.2016@gmail.com

[TobytoBaHO CILIAHOBY MOJIEJIb JIJIsi TPOTHO3YBaHHS JeMorpadivHuX MOKA3HUKIB 3 ypa-
XyBaHHsIM TOXHOOK y croctepexkennsx [1|. Momens mae Burisn y; = So(t;) st tux t;, mo
BiAmoBiaroTh TouHuM JanuM, ta y; = So(t;) + og; ans Beix immmx t;. TyT y; - cmocrepexy-
BaHl BeJIMYUHU; {; - MOMEHTH CIOCTepexkeHb (poKm), Sp - CIUTAliH i3 3aJaHOI0 CITKOIO BY3JIiB
A’ {e;} - HezamexHl 0JlHAKOBO po3nojiieHi Bunaakosi Besmaunu 3 Fe; = 0, De; = 1; 0 -
HEBiJIOMe CTaHIapTHE BiIXUJICHHS MOXUOKU. ATIPOKCUMYIOUHIT CILIAiH S MiHiMi3ye DyHKITIOHAT
Q(f) =D 1w — f(t;))? ma npocropi cutaiinis S(A').

st po3ryIgHyTOT MOJIei PO3POO/ICHO KPUTEPiil IEPEBIPKY TillOTE3U PO BIJICYTHICTD epe -
OCTAaHHBOTI'O BY3JIa CILIaifiHa, 3HAIIEHO OIIHKY CTAaH/IAPTHOTO BiIXUJIECHHS ITOXUOKM, 00y I0BaHO
JIOBipUmit inTepBaJ /st 3HAYCHHS CILIaiHy y ¢ikcoBaHiit Toumi t*. TakoxK, 3a JOIOMOI0OI0 Me-
tony lledde 3naiieno noBipuy cmyry i ciaiiny Sp.

Otrpumani pe3ysibTaT 3aCTOCOBAHO JI0 IIPOIHO3YBAHHS 3MIHM YHCEJILHOCTI, HAPOJZKYBaHO-
cTi Ta cMepTHOCTI HacenernHd M. Kopocrens na 2017-2020 pp. va mijcrasi qanux 3a 1976-2016
pp. s anasmisy ancenprocTi HaceaeHHs 6y710 BUKopucTano Kybiuni C2-ruajxi craitnm, a s
aHaJ I3y HApOJXKyBaHOCTI Ta CMEPTHOCTI — JIiHiiHI HerlepepBHi ciuiaiinu. 3ificHeHo mijadip onTu-
MaJIbHOI KIJIbKOCTI By3JIiB Ta ONTUMAJIBHOI CITKH By3J1iB, mobyaosano 95% mosipui inTepsasn Ta
JIOBIpYi cMyTHu Jijisl TPOTHO31B, Ha piBHI 3HauymocTi 0.05 BIAXUIEHO rinoTe3y Mpo BiJICYTHICTH
nepeocTaHHboro By3sa. CIpaBKHI 3HAYMEHHS yCiX TPbOX IMOKA3HUKIB MepedyBaiOTh y MerKax
95% mosipuol cmyru y 2017-2019 pp. B 2020 p. mapomKyBaHicTh 1 CMEPTHICTH BUXOAATH 34
mexki 95% nmoBipuol eMyru B GiK 3MEHIICHHS, MOXKJINBO, 9€pe3 IaHIeMiIo.

1. Kykym A.T. Kybuueckue ogHOMEpHLIE CILIARHBL B CTATUCTUKE: MeTon, peKOMeHIalnn AJjisl CTY-
JIEHTOB MeXaHMKO-MaTeMaTndeckoro daxyabrera. — Kues : KI'Y, 1991, 60 c.
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[TOBYIOBA PIBHOBAT'M HEIIA B HECUMETPWUYHIN MOJE/II
I'PU BUJIOBYTKY PECYPCIB

I. B. Cunenko
Hamionampuuit yaisepcuter “Kueso-Mornnsaeska Axanemis”, Kuis, Ykpalua
1.sylenko@ukma. edu.ua

['pa Bu100yTKY pecypciB € CTOXaCTUIHOIO I'POIO, IO MOJIEJIIOE CIIJIbHE BUKOPUCTAHHS PECYP-
Cy areHTaMu MPOTATOM HeoOMe:KeHOro 1epioay. CTaHOM rpu y KO2KHOMY 3 JTUCKPETHUX MOMEH-
TiB t € KIJIBKICTh pecypcy JOCTYITHOTO i BUKOPUCTAHHS. 1M YYACHUKIB I'DHU, CIIOCTEPIraovn B
MOMeHT 4dacy t craH s; € [0;+00), OHOYACHO 1 HE3AJIEeKHO OJMH Bijl OJHOTO HPUIMAIOTEL He-
BiJ'eMHI pirieHHst PO BUIOOYTOK: (Ty1, T42, - - - , Ty ). 1 PA TPOIOBKYETHCS, SKIIO Zzl Ty < St
[Ipn npomy, TpaBIi OTPUMYIOTH MUTTEBL IPHOYTKI (U1 (Z41), U2(T42), - - oy U (Tem)). arasbHIM
BUTDAITIeM I'DABIA i € HecKimdenHa cyma Y o, B 'u;(zy;), y axiit B; € (0;1) — Busnavenuit 11s
IILOI'O T'PaBIls MHOXKHUK JINCKOHTYBaHHS.

[cnyBanusa piBHoBaru Herra B HecumeTpudaHOMY (DOPMYJIIOBAHHI T'PU 3 TEBHUMU OOMeEXKe-
HHsIMU Oysi0 orpuMaHo B [1]. Y JI0omoBiai mpejcraBieHo HOBUil pe3ysbraT, SIKUii CTOCYEThCS
HECUMETPUIHOI MOJIE/I TPU 3 HEJIOC/IJIZKEHOTO JIOCI KJIacy.

[Ipunymenns mMozeri:

A1l: ®Oyukiil KOPUCHOCTI TPABIIB € creneneBuUME: u;(x) = c;x®, je ¢; € (0;4+00), a; € (0;1).

A2: Ilepexim MiK cTaHAMU € P€OMETPUIHNM BHUIIAIKOBUM OJTYKAHHSIM BiI CIIJIBHOI IHBECTHIIIT:

m
St+1 = | St — E T '§ta
i=1

e s; € [0;400) — cran rpu B MomeHT 4acy t € N, (x4,...,Zy,) — Biamosigai cra-
HY S; NPUtHAMMHE PillleHHsT TPaBIUB, a (& )iy — HOCIIJIOBHICTD He3aJeKHUX peasizalliii
HEBi'€MHOI BUIIQIKOBOI BEJIMUUHU &, PO3MOILI SIKOI € BIIKPUTOIO iH(OPMAIIIEO;

A3: Jna Beix @ € [m] cupasmpkyersest: ;- E (%) € (0;1).

Teopema 1. V 2pi sudobymxy pecypcie 3 npunyuennamu Al-A3 icnye neparndomizosama
cmaytonapra pierosaza Hewa.

Kpim dakrty icayBannsg, cuerudika MOel JO3BOJIAE OTPUMATH AJTOPUTM 3HAXO/ZKEHHS
piBnoBaru Herma:

Aaropurm 1. 1. 3a donomozoio wuceavrur memodie susnavumu mowky z* € (1;+00),
y axit nasedena nenepepsna Pynkyia g(z) nepemeoproemvces 6 1:
1 “ z%
g(z) = - ————m+1
z ZZI Bi - E(£%)

2. Obwucaumu dynrkyii subopy 0ia KodcHoz0 2pasus i € (m| 3a gopmyroto:

1 (%)
(s :_(—_1)5.
=\ EEE
CyKyIHICTD CTaIiOHAPHUX CTpaTeriii rpaBIiiB, Mo BiamoBigaoTs dyHKIisM Bubopy fi(s), €

piBHOBaroio Hema B po3ryigHyTiit rpi.

1. Jaskiewicz A., Nowak A.S. Stochastic games of resource extraction. Automatica, 2015, 54, 310—
316.

96



Theory of Functions and Functional Analysis
Teopisa dyukmiii 1 pyHKIIIOHAJIBHUI aHAJI3

Afanas’eva O.S., Bilet V. V. About connection between n-quasisymmetric
homeomorphisms and K-quasiconformal mappings on Riemannian manifolds......... 99

Akay B., Gok O. Vector lattices of almost L-weakly and almost M-weakly compact

10 0111 70 ) = S 100
Babenko V. F., Babenko Yu. V., Kovalenko O. V. On multivariate Ostrowski type

inequalities and their applications ............. . .. . i 101
Begiim Caliskan Desova p-Komlos properties. ... ... ..., 102
Davydov O., Kozynenko O., Skorokhodov D. Adaptive approximation by sums of

piecewise polynomials on sparse grids. ... 103
Denega 1. V. Estimates of the products of inner radii.............. ... ... ... ... ..... 104
Djordjevi¢ B. D. Singular Lyapunov operator equation: applications to abstract

Cauchy problems. . .. ... 105
Grigoriciuc E. S. On some results concerning convex sum of biholomorphic mappings

I G 106
Ivanadze K. On generalized absolute continuity of functions................ ... ... ... 107

Koca-FEskisehirli B. B. An invertibility and Fredholm criteria in a C*-algebra acting

on the Hardy space on the unit disc and the polydisc................ .. ... .. ...... 108
Kopaliant T., Samashvili N., Zviadadze Sh. On the divergence of the Fourier series with

respect to uniformly bounded orthonormal systems in the spaces close to L' ........ 109
Manna A. Walker’s approach to some Hardy-type integral inequalities.................. 110
Pozharska K. V. Optimal recovery of multivariate functions from reproducing kernel

Hilbert Spaces . .. ..o 111
Qasim M. A new construction of Lupas operators and its approximation properties.. ... 112
Quellmalz M. The Fourier diffraction theorem in optical tomography .................. 114

Salimov R. R., Klishchuk B. A. Asymptotic estimates for ring (Q-homeomorphisms with
respect to p-modulus. . ... 115

Voloshyna V. Approximation of the periodical functions by trigonometric polynomials
which preserves the Sign......... .. 117

Vyhivska L. V. Problem on extremal decomposition of the complex plane with free poles 118

Biranux 1. B. Tlapabosivaaa 06/1acTh 30i1KHOCTI T/JISCTAX JIAHITFONOBUX JIPOOIB
CTIETTIATBHOTO BUTTISIILY -« « « v vttt ettt e e ettt e ettt et e e et e e e e e e 119

Taecscokuti M. B., Kaounux 1. I Habnmuxkennsa dyskiiit B mpocropax beprmana. . ... ... 120

Tembapcoxut M. B., @edynux-HApemuyx O. B., Iembapcvra C. B. Anpokcumariiitai

97



xapakTepucTuku KiaciB tuny Hikosbebkoro-bBecoBa nepiopumaaux pyHKIIn OaraTbox

BMIHHIIX -+« t vt vttt et et e e e e e e e e e e e e e e e e e e e e e e 121
Hyoxin M. €., Toorcenrosa O. ). CUHTYIIPHO HECUMETPUIHO CKIHIEHOI'O PAHTy
30ypenns Kiacy H_;1 CAMOCIHPAKEHOTO OMEPATOPA « . .« e vv e ettt et e e ae e an 122
Hoowcapcvrut O. A. Ouinka noxuOKN BiIHOBJIEHHSI HEITEPEPBHUX Ha KBaJpari QyHKIIIH
38 HETOYHO 3a/IAHOI0 JIHITHOIO THPOPMAIIIEIO . . . oo\ttt 123
Pamywmnsax C. II. TnBepcop nudp (Q5-300PAZKEHHST HHCEIT . . ..o uvvtete e et 124
Canimos P. P., Cmegpanuyrx M. B. IIpo nokagbpHy moBeIiHKY HesiHiitHol cucremn Korri-
PiMana-BembTpaMi . .. ..o e 125

lIxana B. B., ampiti I. B., Baacux I'. M. Hajikpali opToroHa/JbHI TPUTOHOMETPHUIHI
HaOJIMXKEeHHA KJ1aciB nepiognaHux (pyHKIIH 6araThox 3MiHHUX Yy piBHOMIipHiit MeTpuri 126

98



ABOUT CONNECTION BETWEEN N-QUASISYMMETRIC

HOMEOMORPHISMS AND K -QUASICONFORMAL MAPPINGS ON
RIEMANNIAN MANIFOLDS

O. S. Afanas’eva, V. V. Bilet
Institute of Applied Mathematics and Mechanics of the NASU, Sloviansk, Ukraine
es.afanasjeva@qgmail.com, viktoritabilet@gmail.com

The boundary behavior is one of the classical problems of Complex Analysis. We investi-
gate the problem of continuous and homeomorphic extensions of mappings between Riemannian
manifolds. In particular, we study the connection between so-called n-quasisymmetric homeo-
morphisms and K-quasiconformal mappings.

A Riemannian manifold (M, g) is defined as a smooth n-dimensional connected manifold
(n > 2) endowed with a Riemannian metric, i.e., a scalar product on each tangent space
T,M, which depends smoothly on the base point p. Let z = (z',...,2™) be local coordinates.
A Riemannian metric is a positive definite symmetric tensor field g = g;;(z) defined on the
local coordinates and obeying the transition rule g;;(z) = hu(f (x))g—’;%, where, as usual,
k,l=1,...,n are the so-called dummy indices over which the summation is performed.

The geodesic distance d(py,ps) between points p; and ps is the infimum of the lengths of
piecewise smooth curves joining p; and py in M. This distance function satisfies the usual
axioms of metric space.

Let now D and D’ are domains in smooth connected Riemannian manifolds (M, g) and
(M, ¢’) with geodesic distances d and d’, respectively.

Definition 1. Let 1 : [0,00) — [0,00) be a homeomorphism. A homeomorphism f : D —
D' is called n-quasisymmetric (abbr., n-QS homeomorphism) if the inequality

d'(f (@), f(y)) d(z,y)
Hra ey < (i)
holds for any triple z,y,z € D, z # z, (see, e.g., [1]).

Given a homeomorphism f from a metric space X to a metric space Y, then for z € X and

r > 0 set
o sl (). f(9) < d(r.y) < 1)
f(xa T) = % .
inf{d(f(z), f(y)) : d(z,y) > r}
Definition 2. A homeomorphism f : X — Y is called K-quasiconformal (abbr., K-qc) if
there is a constant K < oo so that limsup Hy(z,r) < K for all x € X, (see, e.g., [2]).

r—0

Theorem 1. Let D and D' are domains in smooth connected Riemannian manifolds (M, g)
and (M, ¢') with geodesic distances d and d', respectively. Then the following statements hold.

1. If a homeomorphism f : D — D' is an n-QS, then f is a K -qc mapping.
2. If a homeomorphism f : D — D' is a K-qc mapping, then f is a locally n-QS homeo-

morphism in D.

1. Vaisald J., Vuorinen M., Wallin H. Thick sets and quasisymmetric maps. Nagoya Math. J.,
1994, 135, 121-148.

2. Heinonen J., Koskela P. Quasiconformal maps in metric spaces with controlled geometry. Acta
Math., 1998, 181, No. 1, 1-61.
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VECTOR LATTICES OF ALMOST L-WEAKLY AND ALMOST
M-WEAKLY COMPACT OPERATORS
B. Akay!, O. Gok?
! Department of Mathematics, Istanbul University, Istanbul, Turkey
2 Department of Mathematics, Yildiz Technical University, Istanbul, Turkey
baris.akay@istanbul. edu.tr, gok@yildiz.edu.tr

The class of almost L-weakly (resp. almost M-weakly) compact operators was introduced in [1]
as a generalization of L-weakly (resp. M-weakly) compact operators. In this talk, we study the
vector lattices generated by positive almost L-weakly and almost M-weakly compact operators.
We obtain analogous results to that of [2].

1. Bouras K., Lhaimer D., Moussa M., On the class of almost L-weakly and almost M-weakly
compact operators. Positivity, 2018, 22, No. 5, 1433 —1443.

2. Bayram E., Wickstead A.W., Banach lattices of L-weakly and M-weakly compact operators.
Arch. Math., 2017, 108, No. 3, 293 —299.
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ON MULTIVARIATE OSTROWSKI TYPE INEQUALITIES AND
THEIR APPLICATIONS

V. F. Babenko', Yu. V. Babenko?, O. V. Kovalenko!
1 Oles Honchar Dnipro National University, Dnipro, Ukraine
2 Kennesaw State University, Marietta, USA

babenko.vladislav@gmail.com, ybabenko@kennesaw.edu, olegkovalenko90Q@gmail.com

Let Q C RY, d € N, be a nonempty bounded open set. By W?(Q), p € [1, 0], we denote
the Sobolev space of functions f: @ — R such, that f and all their (distributional) partial
derivatives of the first order belong to L,(Q). For x = (z!,...,2%) € R? and ¢ € [1,00)

1

d q
set |z|, = (lgllxk]q> yT]eo = kr:nlaxd\xk\. It is clear, that for all f € W'?(Q) we have

1V £ Ly < o0 For p € [1,00] set WY(Q) = {f € W?(Q): | [Vfl [, < 1}.

We consider the case d > 2 and p € (d, o0]. We call a nonempty bounded open set ) C R?
admissible, if the imbedding of the class W?(Q) into the space of bounded continuous on Q
functions holds.

For h > 0 we set ¢ := {z € R?: |z|, < h}. Tt is easy to see that the set (¢ is admissible.
The following theorem gives an Ostrowski type inequality for functions from Sobolev class
whe(Od9).

Theorem 1. Let p € (d, 0], + + Z% =1 and f € W'?(O4). Then

/f(y)dy—(%)df(o) <c(dp) WV Vo,
Dd

e — ||
Hd—l o9}
oo

. The inequality is sharp. The equality holds for the

L,y (@9

where ¢(d,p) = %

function
[yloo /1

) =t = [ [l -2

0

We also give an application of Theorem 1 to the solution of the integral optimal recovery
problem.
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In this talk, we define p-Komlds properties in lattice-normed vector lattices (LNVL). The
property which is described in the statement of Theorem 1 has been widely studied by many
mathematicians. This notion was applied to different areas of mathematics which includes
function theory, mathematical economics and probability theory. We extend the concept for
the LNVL with up-convergence. Firstly, we investigate the notion of boundedly up-complete
and give the relation between p-KB-spaces. Secondly, we obtain a characterization of a lattice-
normed vector lattice which has the p-Komlds property and present the concept of p-Komlés
set.

Theorem 1. Let (z,) be a norm bounded sequence in Ly(P) where P is a probability mea-
sure. Then there exists a subsequence (y,) of (z,) and a function g € Ly(P) such that the
Cesdaro means of any subsequence of (y,) converge to g almost everywhere.

1. J.Komlés, A generalization of a problem of Steinhaus, Acta Math. Acad. Sci. Hungar., 1967,
18, 217-229.
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ADAPTIVE APPROXIMATION BY SUMS OF PIECEWISE
POLYNOMIALS ON SPARSE GRIDS

O. Davydov!, O. Kozynenko?, D. Skorokhodov?
! University of Giessen, Giessen, Germany
2 Oles Honchar Dnipro National University, Dnipro, Ukraine

Oleg. Davydov@math.uni-giessen.de, kozinenkoalex@gmail.com,
dmitriy.skorokhodov@gmail.com

Let Q@ C R%, d > 2, be a bounded domain. We call a partition A of Q convez if every cell
w € A is convex. For N € N, denote by Py the set of all convex partitions of {2 comprising at
most N cells.

For a function f € L,(Q2) we define its N-term approzimation error by on(f,D), =

N
gieD,iiIifleHf — ;cigi L@ where ¢; € R for ¢ = 1,...,N and D is an arbitrary set of
functions in L,(Q) (dictionary). In our case of piecewise constant approximation, we consider
dictionaries: Do — set of characteristic functions of arbitrary convex sets, and Dg — set of
characteristic functions of arbitrary simplexes.

It is easy to see that on(f, Dc)eo = CO—;\}“ for any measurable function.

It has been shown in [1] that piecewise constants on a partition which consist of N convex
polyhedra provide the L,-approximation order O(N ~2/(d+1)) for functions from Sobolev space
Wq2, where d is the number of variables, 1 < p < oo and 1 < ¢ < oo satisfy inequality
ﬁ + ]13 — % > 0. This order cannot be further improved for any function whose Hessian is
positive definite at some point [2]. This implies on(f, Ds) = O(N?(@+D) for such functions.
Although still suffering from the curse of dimensionality, this bound is significantly better than
the standard order O(N~'/?) expected from piecewise constants on isotropic partitions.

On the other hand, it is easy to see that piecewise constant sparse grids approxima-
tion implies on(Ds), = O(N~'In**Y N) for functions in Sobolev spaces with dominat-
ing mixed derivatives. We improve this bound and show that piecewise constant sparse
grids approximation as linear combinations of Haar tensor product functions leads to to
on(Ds), = O(Z\/_ll]n?’(d_l)/2 N) for 1 < p < 0. Case d = 2, p = 2 was previously proved
in [3]. Also, using a modification of the sparse grid approximation by employing some tech-
niques of [1-2], in the 2D case we improve this error from on(f, Ds)se = O(N~'In® N) to
on(f,Ds)oo = O(N1In N).

1. Davydov O., Kozynenko O., Skorokhodov D. Optimal approximation order of piecewise con-
stants on convex partitions. J. of Complexity, 2020, 58, 101444.

2. Davydov O. Approximation by piecewise constants on convex partitions. J. Approx. Theory,
2012, 164, 346 —352.

3. Oswald P. On N-term approximation by Haar functions in H®-norms, in Approximation and
Fourier Series (S. M. Nikolskij, B. S. Kashin, A. Izaak, eds.). AFC, Russian Academy of Science,
1998.
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ESTIMATES OF THE PRODUCTS OF INNER RADII
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Institute of mathematics of the National Academy of Sciences of Ukraine, Kyiv, Ukraine
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Let N be the set of natural numbers, let C be the complex plane, and let C = C|J{oo} be
its one-point compactification. Let 7(B,a) be the inner radius of the domain B C C relative
to a point a € B (see, for example, [1-3]).

The goal of the present work is to get the upper bounds for functionals of the following form
for all values of the parameter v € (0, n]

I.(y) =77 (By,0) HT (Bg, ak)
k=1

Yo(y) =17 (B, 00) [ [ 7 (Br.ax) ,
k=1
where n € N, n > 2, {a.}, ¥ = 1,n, is an arbitrary fixed system of points, By, B, By is
any system of mutually non-overlapping domains such that ag = 0 € By C C, 0o € By, C C,
a, € B, C C for k =1, n.
The following propositions hold.

Theorem 1. Letn € N, n > 2, v € (0, n]. Then, for any fixed system of points {ak}zzl_c
C\{0} and for any collection of mutually non-overlapping domains By, By, ag =0 € By C C,
ap € B, C C, k = 1,n, the inequality

2y

L(y) < n 3 (1,(0)F (H mr) "

15 satisfied.

Theorem 2. Letn € N, n > 2, v € (0, n]. Then, for any fived system of points {ax},_, C
C and any collection of mutually non-overlapping domains Be, By, 00 € B C C, ay € By, C
C, k =1,n, the inequality

3R

Y, () <72 (Y,(0)'

s valid.
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This work was supported by the budget program ”Support of the development of priority
trends of scientific researches” (KPKVK 6541230).

1. Denega I. Estimates of the inner radii of non-overlapping domains. J. Math. Sci., 2019, 242,
No. 6, 787—795.

2. Bakhtin A. K., Denega I. V. Extremal decomposition of the complex plane with free poles II. J.
Math. Sci., 2020, 246, No. 5, 602—616.

3. Bakhtin A.K., Denega 1. V. Estimation of the maximum product of inner radii of mutually
disjoint domains. Ukr. Math. J., 2020, 72, 191 —202.
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Let A be a closed linear operator, densely defined on a separable Hilbert space H. In this
talk we will derive solvability conditions for the Lyapunov operator equation A*X + X*A =1,
under the premise that it is singular (without a unique bounded solution). Specially, if A is
self-adjoint we obtain sufficient conditions for the solution X to be symmetric on its domain.
We show that such results also hold in the bounded-operator setting and in C*—algebras. We
apply the obtained results to study abstract Cauchy problems.

1. Djordjevi¢ B.D. Singular Lyapunov operator equations: applications to C*—algebras, Frechet
derivatives and abstract Cauchy problems. Analysis and Mathematical Physics. (submitted).

2. Djordjevi¢ B.D. On a singular Sylvester equation with unbounded self-adjoint A and B. Com-
plex Analysis and Operator Theory, 2020, 14, No. 4, 43.
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eduard. grigoriciuc @ubbcluj.ro

Let B" be the Euclidean unit ball in C™ and let U be the unit disc in C. The aim of this work
is to study convex combinations of biholomorphic mappings on B" (for details about holomorphy
and univalence in C", one may consult [2] or [3]) using an extension of the result proved by
Chichra and Singh in [1]. They obtained the conditions in which a convex combination of
the form (1 — \)f + Ag is starlike on U, when f and g are starlike on the unit disc U and
A € [0,1] (for details about this result and other results regarding to convex combinations
of univalent functions, one may consult [4]). In this paper, we construct a similar result for
the case of several complex variables and then we use the result to characterize convex sums
of biholomorphic starlike mappings on the Euclidean unit ball B" (we also give examples of
starlike mappings on B"™ starting from some well-known results given in [5]).

1. Chichra P., Singh R., Convex sum of univalent functions. J. Austral. Math. Soc., 1972, 14,
503 —507.

2. Graham I., Kohr G., Geometric Function Theory in One and Higher Dimensions. — New York,
Marcel Dekker Inc., 2003, 530 p.

3. Kohr G., Basic Topics in Holomorphic Functions of Several Complex Variables. — Cluj-Napoca,
Cluj University Press, 2003, 195 p.

4. Merkes E. P., On the convex sum of certain univalent functions and the identity function. Rev.
Colombiana Math., 1987, 21, 5—-12.

5. Roper K., Suffridge T.J., Convexity properties of holomorphic mappings in C". Trans. Amer.
Math. Soc., 1999, 351, 1803 —1833.
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ON GENERALIZED ABSOLUTE CONTINUITY OF FUNCTIONS
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In 1990 Kita and Yoneda [1] introduced new class of functions of bounded variation. T.
Akhobadze [2, 3] generalized the last class for the sequences p,, and ¢(n), where p; > 1, p, T 00,
n — oo and ¢(1) > 1, ¢(n) T oo, n — oo. Denote this class by BV (p, 1 oo, ¢). In [4] authors
defined the notation of absolute continuity with respect to ((p,), ¢) and studed properties of
it. We denote this class AC(p,, T 00, ¢) and we use the notation

7(r) = min{m : m € N, ¢(m) > r}.
Now we are going to prove the following two statements.

Theorem 1. Let function f be 2w-periodic and absolute continious with respect to ((py), @)
then

lan(f)] = o1~ PT; b, ()] = o(1)n /P,
where a,(f) and b,(f) are Fourier coefficients of f.

Theorem 2. If ¢(n)fn 1s not bounded then there exists a continuous function f from
BV (p, 1 00, ¢) which is not ((p,), ¢)-absolute continuous.

For ¢(n) = 2" Goginava [5] proved

Theorem 3. Let p(2n) < Cp(n) for all n > 1, where C > 0 is a constant and
p(n)logp(n) = o(n). For all Fourier series of class HY N BV (p(n) 1 o0,2") to be uniformly
convergent it is necessary and sufficient that

n—oo

lim w (%) p([logn]) log p([log n]) = 0.

We prove that the last theorem remains true if we consider AC(p(n) 1 0o, 2") class instead
of BV (p(n) 1 o0,2").

1. Kita H., Yoneda K. A generalization of bounded variation. Acta Math. Hungar., 1990, 56,
229-238.

2. Akhobadze T. Function of generalized Wiener classes BV (p(n) 1 oo, ¢) and their Fourier coef-
ficients. Georgian Math. J., 2000, 7, 401-416.

3. Akhobadze T. A generalization of bounded variation. Acta math. Hungar., 2002, 97, 223-256.

4. Akhobadze T., Ivanadze K. On the classes of functions of generalized bounded variation. Banach
Journal of Mathematical Analysis, 2020, 14, 762-783.

5. Goginava U. On the divergnce of trigonometic Fourier series of the class H* N BV (p(n) — o).
Proceedings of A. Razmadze Mahematical Institute, 1999, 121, 63-70.
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In this talk, we first deal with a class of operators which are written as a linear combination of
Toeplitz operators and Fourier multipliers acting on the Hardy space of the unit disc. We prove
that such operators are invertible if and only if they are Fredholm with Fredholm index zero.
We apply this result to obtain Fredholm criteria of similar operators acting on Hardy space of
the polydisc. Our results are then applied to calculate spectra of certain composition operators
on the Hardy space of the unit disc and essential spectra of a class of composition operators
acting on Hardy space of the unit polydisc. This talk is based on the following papers which
are joint work with U. Gul of Hacettepe University.

1. Gul U., Koca B. B. An invertibility criterion in a C*-algebra of acting on the Hardy space with
applications to composition operators. Mediterranean Journal of Mathematics, 2018, 15, No. 6,
220.

2. Gul U., Koca B. B. Fredholm criteria in a C*-algebra acting on the Hardy space of the bi-disc
with applications to composition operators, Journal of Mathematical Analysis and Applications,
2019, 477, No. 1, 163-173.
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After that Kolmogorov [4] gave the examples of the functions in L'[0; 1] with almost every-
where divergent trigonometric Fourier series, many authors try to generalize these results.

The similar problems with respect to other orthonormal systems were considered by different
authors. One of them was the problem posed by Alexits (see [1, pp. 287]) and Olevskii [5] about
an analogue of Kolmogorov’s example of a divergent trigonometric Fourier series for general
orthonormal systems that are uniformly bounded.

The answer to this question was given by Bochkarev [2]. He proved that for every given
uniformly bounded orthonormal system, there exists a function in L'[0; 1] that Fourier series
with respect to this system diverge at every point of some set of positive measure.

The variable exponent Lebesgue spaces attract spacial attention in recent three decades. It
turns out that L'[0; 1] = ULP()[0; 1] where the union is taken over all measurable p(-) such that
a.e. p(x) > 1. Using this fact authors of the paper [3] provide a different point of view on the
problem of a.e. divergence of trigonometric Fourier series in the subspaces of L'[0;1]. Indeed
any function with Fourier series that is divergent a.e. must belong to some variable exponent
space LPU)[0; 1], 1 < p(x) < oo a.e.

In this talk we characterize the class of variable exponent Lebesgue spaces for which an
analogue of Bochkarev’s theorem is valid.

Definition 1. Let P, be a set of all functions p : [0;1] — [1;00) such that p(-) is an
increasing function, p(0) =1, p(¢t) > 1, t € (0;1] and

liggilf(p(t) —1)In(e/t) < oco.

Let now state the main result:

Theorem 1. For any uniformly bounded orthonormal system ® and for any p(-) € By, there
exists a measure preserving transformation w : [0;1] — [0;1], such that in the corresponding
LP@O)0; 1] space, there exists a function whose Fourier series with respect to ® diverge at every
point of some set of positive measure.

1. Alexits G. Konvergenz probleme der Orthogonalreihen. — Budapest: Verlag der Ungarischen
Akad. der Wissenschaften, 1960, 307 p.

2. Bochkarev S.V. A Fourier series that diverges on a set of positive measure for an arbitrary
bounded orthonormal system. Mat. Sb., 1975, 98, 436—449.

3. Edmunds D., Gogatishvili A., Kopaliani T. Construction of function spaces close to L*° with
associate space close to L'. J Fourier Anal Appl, 2018, 24, 1539-1553.

4. Kolmogorov A.N. Unesérie de Fourier Lebesque divergente Presque partout. Fund. Math., 1923,
4, 324-328.

5. Olevskii A.M. Complete systems of convergence. Dokl. Akad. Nauk SSSR, 1964, 159, 21-24.
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Hardy’s inequality and its several extensions play a significant role in several branches of
Mathematics. In this talk, the author has taken into account of some important extensions
of the Hardy’s classical integral inequality due to Hardy himself, Copson, Bennett, Leindler,
and Levinson. It is intended to establish a new proof of these extended inequalities via a
probabilistic approach, which was initially considered by Walker [2] to prove classical Hardy’s
integral inequality with the best possible constant factors. The best possible constants were
also calculated by using ‘Kullback-Leibler” inequality. The presentation is a part of the author’s
latest work [1].

1. Manna A. New Hardy-type integral inequalities. Acta Sci. Math. (Szeged), 2020, 86, 3-4,
467-491.
2. Walker S. G. A probabilistic proof of Hardy’s inequality. Statist. Prob. Lett., 2015, 103, 6-7.
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Let H(K) be a reproducing kernel Hilbert space of multivariate complex-valued functions
f(x) = f(xy,...,24),x € D C R with the kernel K: Dx D — C. Consider the identity opera-
tor Id: H(K) — Ls(D, op) and the non-increasing sequence of corresponding singular numbers
(o). Further, with (e}, (x))p2, € H(K) and (n.(x));2, = (0, e;(x))72, € La(D, op)
denote the systems of left and right singular functions. Let also for m € N Nk, (m) =
SUPyep Sopy |7k(x)]” be the supremum over the Christoffel function.

We discuss the optimal orders of convergence ¢i* and ¢3¢ of algorithms that realize upper
bounds for approximation numbers a,(Id: H(K) — F) and, respectively, sampling numbers

gn(Id: H(K) — F). Let us introduce the following two assumptions:
(1) Niop (k) = O(K");
(ii) there exist p > 1/2, C} > 0 such that o; < Cy577, j=1,2,....

Note that the values of v and p are optimal in the sense that w :=inf {u: Nk, (k) = O(k")},
p=sup{p: 0; <CijP j=12,...}.

The stronger conditions on the integral operator were earlier introduced in [1,2]. Namely,
instead of the condition (i) the authors assume that

(i") there exists Co > 0 such that ||n;|/,. ) < Co, j=1,2,...,

i.e., consider the special case Nk ,, (k) = O(k).

If the second assumption is true, then qlLi‘;(D op) = p- I (') and (ii) are satisfied, then,
when switching from Ly (D, op) to (D) norm, we loose 1/2 in the optimal order [1]: qéi:(D) =
qEZ(D@D) —1/2 =p—1/2, where p > 1/2. Clearly, we only need the weaker assumption (i) for
such a statement.

It was proved in [2], that under the assumptions (i’) and (ii) the optimal order of convergence
q,?fj( p) € [25% (p — %) P — %] We get [3] the following improvement:

Theorem 1. Suppose that (i) and (ii) hold true with 2p > u. Then quf(D) >p—u/2. In
case u =1 (orif (i’) holds) we have q?fj(D) = q?i(D) =p—1/2.

Acknowledgements The work was partially financially supported by the budget program “Sup-
port of the development of priority branches of scientific research in 2020” (KPKVK 6541230).
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The Weierstrass approximation theorem is the basis of approximation theory introduced by
Weierstrass [1], which states that each continuous function defined on [a, b] can be approximated
uniformly by some polynomial. In 1912, Bernstein [2] established a constructive proof of the
Weierstrass theorem by using Korovkin’s theorem [3].

On the other hand, Cérdenas et al. [4] defined the Bernstein type operators by B,,(gop™")op
and also presents a better degree of approximation depending on p. This type of approximation
operators generalizes the Korovkin set from {eg, 1, es} to {eg, p, p>}. In 2014, Aral et al. [5] also
proposed a new modification of Szasz-Mirakyan type operators to investigate approximation
properties of the announced operators acting on functions defined on unbounded intervals
[0,00). Very recently, for m > 1, z > 0, and suitable functions g defined on [0, 00). Hatice
et al. [6] introduced a new modification of Lupag operators [7] using a suitable function p as

follows : o

18, (g: 2) = 2706 Z P (gop )(7‘;) 1)

Jj=

where p satisfies following properties:
(p1) p be a continuously differentiable function on [0, c0),

(p2) p(0) =0 and _ inf )p'(Z) > 1,
z€[0,00
and (mp(z)); is the rising factorial defined as:

(mp(2))o = 1,
(mp(2)); = (mp(2))(mp(2) +1)(mp(z) +2) - (mp(2) +5 = 1), j=0.

If we put p(z) = z in (1), then reduces to the classical Lupag operators defined in [7].
Very recently, a new construction of Szdsz-Mirakjan operators was given by Aral et al. [8] by
using p and two sequences of functions «,,, B, defined on an subinterval of [0, c0):

51, (g:2) = memC i Bl (4o ) (£). @)

Jj=

Inspired by idea which is used by Aral et al. in [8], in this paper we define a new construction
of Lupag operator (1) which depend on a,,(z) and 3,,(2), where a,,,(z) and 3,,(2) are sequences
of functions defined on E C [0,00). We prove that the new operators provide better weighted
uniform approximation over [0,00). In terms of weighted moduli of smoothness, we obtain
degrees of approximation associated with the function p. Also, we prove Voronovskaya type
theorem, quantitative estimates for the local approximation.

1. Weierstrass K. Uber die analytische Darstellbarkeit sogenannter willkiirlicher Functionen
einer reellen Veranderlichen. Sitzungsberichte der Koniglich Preulischen Akademie der Wis-
senschaften zu Berlin, 1885, 2, 633-639.
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In optical diffraction tomography (ODT), the three-dimensional (3D) refractive index of
an object is recovered from optical measurements taken from different angles. While in X-ray
tomography the imaging waves travel on straight lines, in ODT the visible light is scattered
at the object. Under Born’s approximation, the Fourier diffraction theorem of ODT connects
the 3D Fourier transform of the searched-for refractive index with the 2D Fourier transform of
the measurements. From a mathematical perspective it is important to consider the describing
diffraction equations and backpropagation formulae in a rigorous distributional setting.

In the present mathematical studies, we assume that the motion has been determined al-
ready beforehand, but can be rather irregular. This makes the derivation of reconstruction
formulae as well as the numerical solution a challenging task.

1. Kirisits C., Quellmalz M., Ritsch-Marte M., Scherzer O., Setterqvist E., Steidl G. Fourier
reconstruction for diffraction tomography of an object rotated into arbitrary orientations.
(arXiv:2104.07990).
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Let I' be a family of curves v in R", n > 2. A Borel measurable function p : R® — [0, 0o is
called admissible for I', (abbr. p € admT), if

/p(x)ds > 1

v

for any curve v € I'. Let p € (1,00). The quantity

M,(T') = inf / PP (x) dm(z

pcadmI’

is called p—modulus of the family T'.

For arbitrary sets E, F and G of R" we denote by A(E, F,G) a set of all continuous curves
v : [a,b] — R™ that connect £ and F in G, i.e., such that v(a) € E, vy(b) € F and ~(t) € G for
a<t<b.

Let D be a domain in R", n > 2, xy € D and dy = dist(xg,0D). Set

A(zo,7m1,7m2) = {2 € R" : 1y < |z — 0| < 72},

S;=8S(xg, ;) ={x €R": |z —xo| =1}, i=1,2.

Let a function @ : D — [0, 00| be Lebesgue measurable. We say that a homeomorphism
f D — R" is ring )-homeomorphism with respect to p-modulus at xq € D if the relation

My(A(fS,, fSs, £ D)) /Q (2 — zo]) dm(z)

holds for any ring A = A(xzg,71,72),0 < 11 < 19 < do, dy = dist(xg, D) and for any measurable
function 7 : (ry,re) — [0, 00] such that

T2

/n(r)drzl.

1
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Denote by w,,_1 the area of the unit sphere S"~! = {z € R" : |z| = 1} in R" and by q,,(r) =

# | Q(x)dA the integral mean over the sphere S(zg,r) = {x € R : |z — x| =1},
S(zo,r)
here dA is the element of the surface area. Let L(xg, f, R) = sup |f(z) — f(z0)].

|lz—zo|<R

Theorem 1. Suppose that f : R"™ — R"™ is a ring Q-homeomorphism with respect to p-
modulus at a point xo with p > n where xq is some point in R™ and for some numbers ro > 0,
K > 0 the condition

Qoo (t) < Kt
holds for a.e. t € [rg,+00). If « € [0,p —n) then
tim 20l R) S gt (—p_” )p_n > 0.
R—o0 R p—n p_n_O[

If « = p—n then

L 1 —n\rm
lim @0’—@2 = (p n) > 0.
R—oo (InR)r—n p—1
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APPROXIMATION OF THE PERIODICAL FUNCTIONS BY
TRIGONOMETRIC POLYNOMIALS WHICH PRESERVES THE SIGN
V. Voloshyna'?

! Taras Shevchenko National University of Kyiv,Ukraine
2 University of Toulon, France

victorita-voloshyna@etud. univ-tin. fr

Let s € Nand Y, :={V.} = {{yi}25,}, vi €ER, yos < -+ < 41 < yos + 27 =: 4.

Consider
2s

AOY) ={f) - fO ]t =) 20, € [y 90}, (1)

i=1

where f € C'(R) is a 2w-periodic function.
Denote by O, r € N, the space of 27 - periodic functions f € C)(R). W",r € N stands
for the Sobolev space of 27-periodic functions f € ACT~Y(R), such that

£ < o0, |lg]| = esssup,cg|g(z)].

Let T,, be the space of trigonometric polynomials of degree < n (of order 2n + 1).

w(fit) = sup H; (MY seramn oo

he(0,t]

is the modulus of continuity of a function f of order k£ € N.

The case of the approximation of function by a trigonometrical polynomial with the same
intervals of monotonicity was researched in [3], for a continuous function f; in [1], for r > 2; in
[2], a counterexample given for k > 3.

Our result for the following conditions is presented in the theorem 1.

Theorem 1. For any natural k and n, n > N(Y k) = const, and any funcion f €
W N AO(Y,), there exists a polynomial R, € T, (AO(Y,) such that

% s)

1f = Ball < w(f',1/n), f e CW (2)

1. Dzyubenko H.A. Comonotone approximation of twice differentiable periodic functions. Ukr.
Math. J., 2009, 61, No. 4, 519-540.

2. Dzyubenko G.A. Contrexample in comonotone approximation of periodic functions [in
Ukrainian]. Transactions of Institute of Mathematics, the NAS of Ukraine, 2008, 5, No. 1,
113-123.

3. Dzyubenko H. A., Pleshakov M. G. Comonotone approximation of periodic functions. Matema-
ticheskie Zametki, 2008, 83, No. 2, 199-209.
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PROBLEM ON EXTREMAL DECOMPOSITION OF THE COMPLEX
PLANE WITH FREE POLES

L. V. Vyhivska

Institute of mathematics of National Academy of Sciences of Ukraine, Kyiv, Ukraine
liudmylavyhivska@Qukr.net

Let N and R be the sets of natural and real numbers, respectively, C be the complex plane,
C = CJ{oc} be the Riemann sphere, and r(B,a) be the inner radius of the domain B € C
with respect to the point a € B.

Consider the following problem which was formulated in 1994 [1].

Problem 1. Consider the product

L(v) =77 (Bo,0) [ [ r (Bi, ax) ,
i

where By, By,...,B, (n > 2) are pairwise non-overlapping domains in C and ay = 0 and |a;| = 1
for k = 1,n, and 0 < v < n. Show that it attains its maximum at a configuration of domains
B;. and points a; possessing rotational n-symmetry.

This problem has a solution only if ¥ < n as soon as v =n + €, > 0, the problem has no
solution. Currently it still unsolved in general, only partial results are known [2].
The following theorem holds [3].

Theorem 1. Let n € N and n > 2. Then for any 3 € (0;3] there exists no(3) such that
for all n = no(B) and for all v € (1,n°] and for any different points of a unit circle and for
any different system of non-overlapping domains By, such that a, € B, C C for k = 1,n, and
ag = 0 € By C C, the following inequality holds

n 4 n
7(Bo,0) | | v (B, ax) (-)
pie o)

Equality is attained if a, and By, for k = 0,n, are, respectively, poles and circular domains of
the quadratic differential

//\

(1)

3R

() [(1-2\Y
CIREANE SV

n

w)dw? = — (n® —Yw" +7 2
Qw)d w?(wn — 1)?2 dw

1. Dubinin V.N. Symmetrization in the geometric theory of functions of a complex variable. Russ.
Math. Surv., 1994, 49, No. 1, 1-79.

2. Bakthin A.K., Bakhtina G.P., Zelinskii Yu.B. Topological-algebraic structures and geomet-
ric methods in complex analysis. In Proceedings of the Institute of Mathematics of NAS of
Ukraine. — Kyiv: Institute of Mathematics of NAS of Ukraine, 2008, 308 p.

3. Bakthin A.K., Vyhivska L.V. Problem on extremal decomposition of the complex plane with
free poles. Journal of Mathematical Sciences, 2020, 248, No. 2, 145—165.

118



[TAPABOJITYHA OBJIACTB 3BIZKHOCTI T'IJIJISICTUX
JIAHIHIOI'OBUX APOBIB CIIEHIAJIBHOI'O BUIIA Y

I. B. Binaauk!?

! Tepromninbebkuit namiona bHMil egarorivnmii ynisepcuret iveni B. I'martioka, TepHomins,
Ykpalaa
2IneTuTyT OpUKIAIHEX IpobieM Mexaniku i maremaruxu imeni 91. C. ITimerpurasa HAH
Ykpainn, JIbBiB, YKpaina
i.bilanykQukr.net

O06eKTOM JIOCTIIZKEHHSI € JBOBUMIPHI TMJIISICTI JIAHITFOIOBI APOOH CIEIaIbHOTO BULISILY
0o k-1 a
i(k)
D> 5= (1)
=1 ip—1 (k)

e bz(k)» al(k) S C,Z(k’) € I,I: {Z(k)) = (il,ig,. .. ,Zk) 01 S Zk S Z.k—l S S Z(), k Z 1, io = 2}

Teopema 1. Hexaii eaemermu dsosumiprozo I'/I/] cneyiaavrozo eueasdy (1) 3adososvhs-
0MBH YMOGU

‘al[n}‘ - R (al[n}) < 2p,_1 (?R (bl[n]) — pn) , 0as dosiavHuz n > 1,
|a2[k]71[n}{ —R (ag[km[n]) < 2p,_1 (?R (bg[kLl[n}) — pn) , 0as dogiavHuz n > 1 1k > 1,

‘a2[n}‘ - R (a2[n}) < 2pn— (3% (bz[n]) — pn) , 0as dostavhuxr n > 1,
R (bl[n]) > pn, R (bQ[k},l[n]) > Dn, RN (bz[n]) > Pp, 0 dosiavhuxrn > 1 1k > 1,

de slr| = s,8,...,8, s =1,2; r =k, abo r = n; p, — deaxi dodamni cmani maxi, wo 4aenu
—_——
T
nocaidosrocmeti

{ 1) }w {@[kl,l[n} }‘” { g }°°
PnPn—1 n=1 ’ PnPn—1 n=1 ’ PnPn-1 n=1
HANEHCAT D o&unwmomy Kpyey 3 UeHmpom 6 novamxy %oop(?unam. Toos Fﬂﬂ (]) 30i2aembes.

Teopema 1 € nBOBUMIpHUM aHAJOIOM TeOpeMH, BeTaHoBsieHol J[xkoncom i Tponom y pobo-
1i [2|. Hosenenns Teopemu 1 rpyHTYeThCsI Ha BUKOPUCTAHHI I[i€] TEOPEMHE, a TAKOXK €JIEMEHTIB
Teopil cTifiKocTi HellepepBHUX JIPOOIB 10 30ypeHb Ta BIACTUBOCTEH HelepepBHUX JIpOoDiB, efie-
MEHTH AKUX 0epyThcsd i3 mapadosidyHnx obJracTei.

1. Boauap /1. . Berpsimmuecst nenabie apoou.— K. : Hayk. Hywmka, 1986, 176 c.

2. Jones W., Thron W. Convergence of Continued Fractions. Canadian Journal of Mathematics,
1968, 20, 1037-1055.
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HABJIVYKEHHA OVHKIIN B IIPOCTOPAX BEPITMAHA

M. B. Tl'aeBcobkmii, 1. I'. Kimrounauk

[HenTpaabHOYKpATHCHKUIA JIep:KaBHUI TeIlaroriyamil yuisepcureT iMeni Bosiogumupa
Bunnunuenka, Kponusauipkuii, Ykpaina

mgaevskij@gmail.com

Hexait D = {z € C : |z| < 1,}, Hol(D) — muoxuna anamituananx B D dyskmii, A C
Hol(D) — npocrip Beprmana ananituaaux B8 D dyHKIii 3 HOpMOTO

1
£l == |f(x + iy)|dedy < oc.
gl

Hexait nani f € Hol(D) ta f(z) = 5. ap2*, 2 € D —ii poskiaz B ps Teitnopa-Makiopena,
k=0

o
SIKITO JIJIsl TOCJIOBHOCTI KoMmILiekcHuX uncest ¥ = (k) k € N psyg Y ﬁakzk, z € D € pagom
k=1
Teitnopa meaxoi ¢yHKHii 3 Knacy A, To mo dynknio 6ymemo noznadaru f¥ i massemo il -
noxinmoro dynkmii f. Ilosnaunmmo wepes AY xmac dbynkmiit 3 A, y gaxux noxigna f¥ € A Ta
TR ESAN)
Bymemo rosopuTn, mo moc/tiioBHICTE 1) 3a10BosbHsIE yMoBHU THITY Cimona-TeaskoBCbKOTO
(S —T7), gaxmo
1) lim ¢ (k) = 0;
k—o00

2) icHye TOCTiIOBHICTE Aj Taka, Io klim A =0, > (E+ 1)|AAL < o0, me |AY(k)| < Ay.

Teopema 1. fxwo nocaidosnocmi komnaekcruz wucea {(k + 1)(k)}, ma {¢(k)}, k € N
sadosonvnams ymosu S —T* ma Y, (k)| < oo, mo

sup [|f(2) = Su(f, 2)llo =

feA?

Lyl s B 0) 3 - n o jaal
k=1 k=2n+1 k=n+1

de S,(f,z) — wacmunni cymu pady Tednopa, |A(k)| < Ax ma O(1) — seaununa pishomipro
obmesrcerna no n ma f.

1. Capuyk B. B. Jliniiini meroun HabauKeHHS JIesiKUX KiaciB rojiomMopdaux GyHKIIN i3 mpocTopy
Beprmana. Ykpaiucekuit maremaruunanii xxypaasi, 2008, 6, Ne. 60, 783-795,
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ATIPOKCUMALINHI XAPAKTEPUCTUKU KJIACIB TUITY

HIKOJIbCBKOIO-BECOBA MEPIOANYHUX OYHKIIN BATATHOX
3MIHHIX

M. B. I'emb6apcbknii, O. B. ®eaynunk-dpemuyk, C. B. I'embapcbka
Bosmmacwskuit narionasibuuii yHiBepcutet imeni Jleci Ykpaiuku, JIynbk, YKkpaina
hembarskyi@Qgmail.com, fedunyk.o.v@gmail.com, gembarskaya72@gmail.com

Hocmipkyrorses Knacu By, nepiommdrnx byskmiii Garatsox sminmmmx [1], me Q(t) =
d

w( I1 t]->, w — 3ajaHa GyHKIis (0/HIET 3MIHHOT) THILY MOJyJisl HEllepepBHOCTI MOPSAKY [, 110
j=1

3a10BosIbHsAE yMoBH (S®) Ta (S)), sKi HasuBaoThCs ymMoBamu Bapi-Creukina [2]. ITpu nesHomy
BrOOpi dyHKIT {2 Kytacu BIS}@ CHIBIIA IAIOTH 13 aHaJioraMu Bijiomux kjiacis Hikosibebkoro-Becosa
T
By, 3]
d
Hexait Loo(74), m7q = [][0;27), — mpoctip 27-niepioquaHux M0 KOXKHIiil 3MIHHIN CyTTEBO 0OMe-
Jj=1
wxennx bynkuiit f(r) = f(zy,...,z4) 31 crangapraoo Hopmoto, {u;}, — opronopmosana cu-
M

crema QyHKINR u; € Loo(mg), Y. (f, u;)u; — oproronasbaa npoekiiis GyHKIl f Ha mampocTip,
i=1
nopo/zKenuii cucremoro dyHkiiit {u;}
. . .o . . [¢)
Osiepzkano TOUHI 32 HOPSAJIKOM OIHKK OPTONPOEKIINHIX MONEPETHNKIB K1acis By y mpo-
cTOpi Boo,1, HOPMa B AKOMY € OUIBII CHUIBHOIO, HiK Lo-HOpMa. [lyia dbyHKIiOHATBHEX KJIAciB
Bz% C By 1l BeJIMYUHU BU3HAYAIOTHCA HACTYIHUM YHMHOM

M
i=1"

M
A (Bl Boot) = it sup ||£() = 30 (F w1
M\+=p,0 )1 {w}?ilfeBﬁe ; Boo,1

Hagenemo oyne i3 0J1epKaHNX Pe3yJIbTATIB.

d
Teopema 1. Hexatid > 1,1 <p < oo, 1 <60 < o0, Qt) = w( II tj>, de w 3a0080AbHAE
j=1

ymosy (S%) iz o > 1—1) i ymosy (S;). Todi onsn 6ydv-axux M,n € N maxuz, wo M =< 2"n?~1

BUKOHYEMBCA CNIBELOHOWEHH.A

dyr(Byg, Boo) < W(27 )25 pE-D0=5),

1. Sun Yongsheng, Wang Heping. Representation and approximation of multivariate periodic functi-
ons with bounded mixed moduli of smoothness. Tp. mar. un-ta um. B.A. Crekiosa, 1997, 219,
356 —377.

2. bapu H.K., Creukun C.B. Hamnyumue npubimxkenus: u audppepeHmaibHble CBOMCTBA JIBYX
compsizkerubix dynkiuit. Tp. Mock. mat. o-Ba, 1956, 5, 483 —522.

3. Jluzopkun I1. 1., Hukonbckuit C. M. IIpocrpancTBa yHKINN CMEIAHHON TUIAIKOCTH C JIEKOM-
HO3UIMOHHOM Touku 3penus. Tp. Mar. un-ta um. B. A. Creknosa, 1989, 143 —161.
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CHUHI'VJISIPHO HECUMETPUYHO CKIHYEHOT'O PAHIY
3BYPEHHSA KJIACY H_1 CAMOCIIPAYKEHOI'O OIIEPATOPA
M. €. Aynkin, O.}FO. /Jio>keHKOBa
Hamionaspnnii Texuiunuit Yuisepcuter Ykpainu “KuiBcbkuit [lomitexniaamit [mcturyT imeni
Iropsa Cikopcbkoro”, Kuis, Ykpaina
dudkin@imath.kiev.ua, oduzen@Qukr.net

[IpororyeThest y3arajabHeHHST pe3yabTaTiB pobiT [1,2] Ta Ha BUNAIOK HECUMETPUIHUX KIIACY
‘H_1 30ypenb ckinyenoro panry. ToOTo, po3risijiac€Tbesd popMaIbHUN BUpa3 BUTJISILY

121 =A + Zozj<-,wj>(5j,
j=1

e A — He30ypeHUit caMOCITpsIZKeHniT orrepaTop y cenapabebHOMY TiibbepToBoMy mpocTopi H.,
aj € C,0 < |oy] < c0oiwj, 0,7 =1,2,...,n < 00 — BEKTOPHU i3 HETATHBHOIO IPOCTOPY
H_, nobynosanomy 3a A. Jlist oneparopa A Haja1i po3yMIeTbCs SIK MPOJIOBXKEHOro Ha H_1 3a
HeIlePEPBHICTIO.

Osnauenns 1. /lna nabopis miniitno nesamexknnx sektopis {w;}_, C H_y i {J;}}-, C
H_1, n < 00, Takux mo QN H = {0}, ANH = {0}, ne Q = span{w;}7_,, A := span{d;}"_,,
onepaTop A Ha3MBAETHCS CHHIYIJISIPDHO paHry n 36ypenum H_j-Kiaacy BigHocHo A (i mosnavae-
thest A € P (A)), akio npu jiesskoMy dikcoBanomy z € p(A) itoro 061acTh BUSHAYEHHSI

D(A) = {19 =¢— Y aubi(2){dwi)(A—2)""5; | p € Q(A)} :
ij=1

ne b; ;(z) — enementn Marpuni obeprenoi no marpuni G(z) = I + («;(d;, (A — 5)_1%»23‘:1 -
onuHrYIHA MaTpuiis, 3a ymosu det G(z) # 0; Ta

D(A) =Dy, Fspan{(A — 2)715;}"

=D

Dy, ={0€D(A) | (A=2)¢9,(A—2)"'w;) =0, j=1,2,...,n},

3a ymosu detG(z) = 0; i xist Ha BekTOpax 3 D(A) 3amaerses npasmioM (A — 2)9 = (A — 2)é.

~ Teopema 1. Pesoavsenmu R., z € p(A) nesbypenozo camocnpsoicenozo onepamopa A i —
R., z € p(A) sbypernozo A € P"(A) 6 H nos’aszani gopmyaoro muny M. Kpetina:

Ro= Rt aibiy(2)(,mi(2)my(2), 2,6 € p(A) N p(A)

ij=1
i3 6EKMOPHO-3HAYHUMY PYHKUIAMU
n](z) = (A o S)(A o Z)_lnj(g)’ m](z) = (A o 5)(14 - Z)_lm]'(g)v ] =1, 27 =y T
de ni(z) = R.0;, mj(z) = R.wj, i@ mampuuno-snaunow dymxuicro G(z)" = {bi;(2)}7,-,
maKxoo w0
G(2) = G(§) = (2 =T (ni(§), am;(2)),

deI'( - - ) — mampuys 'pama 6idnosionux eexmopis.

1. Albeverio S., Kurasov P. Singular perturbations of differential operators; solvable Schrédinger
type operators. — Cambridge: Univ. Press, 2000, 265 p.

2. Dudkin M. E., Vdovenko T.I. Dual pair of eigenvalues in rank one singular perturbations. Mat.
Stud., 2017, 48, No. 2, 156 —-164.
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OLIHKA TTOXUBKM BIJJTHOBJIEHHS HEIIEPEPBHUX

HA KBAJIPATI ®VHKIIIN 3A HETOYHO 3AJAHOIO JITHINHOIO
IHOOPMAIIIEIO

O. A. Iloxapcbkuii
[acturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
pozharskyio@gmail.com

Posp’s3yeThes 3a/1a4a BijHoBIeHHsT Henepepeaux dynkmiit f: [0,1]2 — R aBox 3minuux
is kmacie WY, 1 < p < 00, MO 33JAI0ThCA Y TepMiHAX y3araJibHEHOI IVIQJIKOCTI v 3a TXHIMU

2,p
koedimientamu Pyp’e y; ;,7,j = 1,2, ..., BIAHOCHO JleKOI OPTOHOPMOBAHOI CHCTEMH, K1 33/1aHi
3 noxuokowo 0§ 5, ge § € (0,1), a |[€]l;, = ||(§zg)103:1||l < 1. Ilpu npoMy BHKOPUCTAHO A-
? D

MeTO/I TiJICyMOBYBaHHS PSJIB, MO 38/Ia€ThCA TPUKYTHUMHI YUCJIOBUMU MaTPUIEIMU 13 IEBHUMHA
OOMEYKeHHAMU 11010 IXHIX esiemenTiB. [loxuOky BinHOBIEHHS (DYHKIIN OIIHIOEMO B METPUIL
npocropy C([0,1]?) nenepepsuux na [0, 1]? dbynxuiii.

HocizkeHHs TOMOBHIOIOTH pe3yJIbTaTi, OTpuMani y pobori [1], me poss’s3ano aHajoriany
3314y BiJIHOBJICHHS Ha KjacaxX (DYHKIINH O/iHi€T 3MiHHOI.

1. Pozharska K. V., Pozharskyi A. A. Recovery of continuous functions from their Fourier coeffcients
known with error. Researches in Mathematics, 2020, 28, No. 2, 24—-34.
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[HBEPCOP [ DP Q;—SOBPA)KEHHH YUCEJI
C. II. Parynrmusak

[acturyr maremarukun HAH Vkpainu, Kuis, Ykpaina
ratush404@Qgmail.com
Hexait A = {0,1} — andasir asiiikosoi cucremu uncyenns, L = A X A X ... — mpocrip no-
CJIZIOBHOCTEH HYJIB Ta OJUHUID, || || — HecKiHUeHHA cTOXACTHYHA MATDUIIS 3 JBOMA Ps/IKAME
1 HeCKIHYEeHHOIO KiJTbKICTIO CTOBIIIB, K& MA€E BJIACTUBOCTI:

o0
git >0, qor + qux =1, HmaX{QOk7 Qi) = 0.
k=1

[Hokmagemo Bor = 0, Bix = qok, Por = 1 a1 Oyap-sikoro k € N.

Teopema 1. [4] /Ias 6yov-axozo x € [0; 1] ichye nocaidosricmov (o) € L nyaise ma odunuys
maxa, wo

00 k—1
Xr = Ball + Z (ﬁakk H qajj) = A&ngazak <1)
k=2 j=1

Posknad wucaa x € [0;1] 6 psad (1) nasusaemuvces Goeo Q5-NPeICTABICHHSM, @ CKOPOUEHU
3anuc Agf@_,,ak,_, — Q3-300pazkenuam. IIpu uvomy o = ap(z) Hasusaemves k-oto 1mudporo
UbO20 300PAHCEHHA.

Osnadvenns 1. [aBepcopom nudp Q3-306pazkenns quces Binpiska [0; 1] HazuBaerbes byH-
Kiisg y = [*(x), o3HadeHa piBHICTIO

y:I*(x:AQS ):AQS

Q1.0 ... [lI—oi][l—ag]...[1—an]...” (2)

Osnauenns iHBepcopa [* piBHicTIO (2) € KOPEKTHHM, OCKLIBKHM BHUKOHYETHCs DPIBHICTH

x( A Q5 x( A Q5
I (Acf..cn_ﬂJ(l)) =1 (Acf..cn_ll(O)) Juis 6yab-gaKoro n € N.

Axmo qor = qo A1 Oyab-skoro k € N To0To ()5 300pazKkeHHS € (J3-300paKeHHSIM YHCE
[1], To I* € cunryasipHOIO CTPOro CraHOW0 (DYHKINEH — iHBepcopoM (Qo-1mdp 300pazkeHHsI
quces 3], a y BUNAJIKY, KOJIU qop = % st k € N (Q3-300pazkeHHsl € KJIaCHYHUM JIBIKOBUM

300paxkenusm), To [*(x) =1 — z.

Teopema 2. Qynkuyia [* € nenepepesroto, cmpozo cnadroto, npuvomy 1*(0) =1, I*(1) = 0,

AKWO Qop = Qo; Oada 6ydv-axozo k € N, mo epagix I dpynxuii € camoadinnoro mmoorcuroro
npocmopy R?, camoadinma posamipricms axoi piena bg_(—qu)f AKWO ONA MATIDHCE BCIT YUCEN T =
2
Q; d1—apn(z)n

Aal(a:)w(x)._.%@)m sidpiska [0; 1] nocaidosnicmo € a0 po306idicHoto, abo Mae 2paruLIo,

an ()
sidminny 610 1, mo dynxyia 1*(x) € cuneyaaproro, mobmo nenepepenoro GyHkyicro, noriona
axol piena 0 matioce cxpizv (y posyminni mipu Jlebeza).

1. Ilpamnesutoiit H. B. Cnygaitfible BeJTMIMHBI ¢ HE3ABUCUMBIMU (Jo-CHMBOJIAME. ACHUMIITOTHYECKIE
MEeTO/Ibl B HcciieioBannn croxact. mojeneit, K.: UM AH YCCP, 1987, 92-102.

2. Pratsiovytyi M.V., Goncharenko Ya.V., Dyvliah N.V., Ratushniak S.P. Inversor of digits of ()3-
representative. Mat. Stud., 2021, 55, 37-43.

3. Ilpanwosuruit M. B., Ckpunnuk C. B. (QQ9-300pazkeHust 7poOoBOI YaCTUHU JIACHOIO YUCJIa Ta
imBepcop itoro 1udp. Haykosuit yacorrme HITY imeni M.II. [paromanosa. Cepis 1, 2013, 15,
134-143.

4. Topbun I'"M., [Ipanesursiit H.B. Ciyuaiiabie Bestmautb! ¢ He3aBUCUMbIMEU (Q*-3Hakamu. Ciryuaii-
HbIE 9BOJIIOIMH: TEOPETUYECKKe U NpuKaa . 3anaun, K.: UM AHY, 1992, 95-104.
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[TPO JIOKAJIbHY [MOBEJIHKY HEJIIHIMHOI CUCTEMU
KOLII-PIMAHA-BEJIBTPAMI

P. P. CanimoB, M. B. Credanuyk
[acturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
ruslan.salimovl @gmail.com, stefanmuv3@gmail.com

Hexait G — obsacts y komiutekcHiii mwromuui Ci p: G — C — Bumipna dynkiia 3 [p(z)] < 1
M.c. (Maiike ckpish) B G. Pishannam Beavmpami HazuBaeTbest piBHAHHSA BUTIAY fr = p(2) f,.
Hexait 0: D — C — Bumipna dyuxiig i m > 0. Po3risnemo y nojigpHiit cucremi KOOpimHAT
(r,0) macrynme pipaanns: f. = o(re) | fo|™ fo. Jane piBHAHEA MOYKHA 3aIMCATH Y KOMILTCKCHii
dopwmi:
o(2)|z]ilzf, —Zf=™ — 1

z
> == . 1
fz z o(2) |z|ilzf. —Zf=" + 1 f: (1)
Binobpaxenns f: G — C mazuBaeTbcsd pe2yasaprum y mowyl zg € G, IKIO B Iiil TOYII
[ mae moBnumit qudepentian i foro sikobiam Jp = |f.|* — |f:|* # 0. Tomeomopdism f Kiacy

1,1
Cobonesa W, . masuBaeTbed pezyaaprum, axmmo Jy > 0 m.c.

Osnadenns 1. Peryiaspanm romeomopdunM pos3s’siskoM piHgaHHs (1) Oymemo HasuBaTn
peryisipauii romeomopdism f: G — C, akuit Mm.c. B obacti G 3a70BosbHsIE piBHsIHHS (1).

Bynemo seakatu, mo B, = {2z € C:|z| <r}, B={ze€C:|z] <1}, A(0,e1,8) =1z €
C:e< |Z| <€2}.

Teopema 1. Hexati f: B — C — peeyaapruti 2omeomopdpruti po3e’as3ok pPIeHANMNA
(1) xaacy Coboaesa I/Vﬁ)f 3 nopmysannam f(0) = 0. Hxwo das deaxux wucea cg > 0,
K € [O, z—ﬁ) BUKOHYEMDCA YMOBE,

2m—+3 —_—
40, 12175 (mo(2)) ™

ons 6ydv-saxur 0 < g1 < g9 < &g, €9 € (0,1), mo

dzd "
- 1 <00<1n§>

m+2—r(m+1)

-

1 m m+1
o 1 < =
11&11_)151f |f(2)] (111 |z|) <™ < 00,

de vy — dodamna cmana, AKG 3GaAEAHCUMD MIALKY 610 M 1 K.

Teopema 2. Hexati f: B — C — peeyaapruti 2omeomopdruti pose’sasox pienanua (1)
kaacy Coboacsa VVIEC2 3 nopmysanram f(0) = 0. Hrxwo das dearozo ro € (0,1) sukonyemves

YMO8aQ
ded
Iy = / el < 00,
2(m+1) —
iy 125 (mo(2))
m+2

1 2m
liminf | f(2)] <ln —) < vo/ o,

z—0 ‘Z

3w

de vy — dodamms cmana, AKG 3A44EHCUMD MINOKY 610 M.

1. Camimo P.P.; Crecdanuayx M. B. Jlorapudmiuna acumnroruka HejmiHiitHOro piBHsinHst Kormi-
Pimana-Bemprpami. Ykp. mat. xxypu., 2021, 73, Ne3, 395—-407.
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HANKPAILI OPTOI'OHAJIBHI TPUTOHOMETPUYHI
HABJIMYKEHHS KJIACIB ITEPIOJANYHNX OVHKIIIN BATATHOX
BMIHHUX ¥V PIBHOMIPHIN METPULII

B. B. IlIkamna, I. B. 3ampiii, I M. Baacuk
lepxkaBHuil yHiBEpCcUTET TesieKOMyHiKaiil, Kui, Ykpaina
vshkapa@ukr.net, irinafraktal@gmail.com, annawlasik@gmail.com

Posrisitaerbesa HabIMKeHHs TepioguIHux (PYHKITNH OaraTboxX 3MiHHUX i3 KJIaciB L;f,p y IIpo-
cropi Le. Hani kiracu i ojgHoBuMipHOTO BHIaJKy Oysu 3armporoHoBani O. I. Cremaniem
(muB., nanpukiaaz, |1, c. 25]). 3asHaummo, M0 BOHU € y3arajabHEHHAM J00pe BIIOMEX KJIAciB
Betiia—Hana Wi, (nms., manpuknaz, [1, c. 25]).

Yepes D OyneMo 1mo3HadaTu MHOXKHUHY ITOCJIIOBHOCTEN 1), sIKi 3aJI0BOJIBHAIOTH HACTYITHI
YMOBH:

1) ¢ — momatHi Ta He3pocTaioui;

2) 3C' > 0 Take, mo VI € N M<C

P2l —
d

Hexait R?, d > 1, — d-sumipnuit poctip, mq = [] [, 71]. Yepes Lo (74) moszuaummo npoctip
Jj=1
2M—TePIoINIHIX 3a KOXKHOI0 3MIHHOIO (DYHKILN f, 31 cTaHIapTHOI HOPMOIO.
Buznaunmo anmpokcuMaTHBHY XapaKTEPUCTUKY, TIPO Ky HTHMe MOBA y JOMOBiI.

Hns f € Ly mokaamzeMmo

M

Sors () = Y T (k) (),

Jj=1

Jie J?(kzj) — koedimientn Pyp’e bysxmil f, 0y = {k:j k= (k{, e ké) kK ezd =1, M},

1 IIO3HAYUMO

en(Lf )0 = sup inf[Lf — Sy, ()]l (1)

v O
fELﬁm

Besmunny (1) HasuBaooTh HARKPAIUM OPTOrOHAJILHUM TPUTOHOMETPHIHUM HAGTHZKEHHSIM
KJIACiB (DYHKIIIi Lg » ¥ IpocTopi Lo
Mae Miciie HACTyIIHE TBED/?KEHHS:

Teopema 1. Hexalil <p <oo,¢; €D, 3; €R, j= 1,d, i, xpim moeo, icnye € > 0 make,

1 . :
wo ¥ (|k;|) [k;]7 75 ne spocmaromv. Todi das 6ydv-—sawux namypasvnuz M i n, wo 3a006040-
naromo ymosy M = 2"n4=1 cnpasedausi ouinxu

B> (og MY VE) < ey (L5,) | < W (log M),
de
= mln H% (2%), U(n) = max H¢ (2%).

(s,1) —n (s 1)—n

1. Crenanen A. 1. Knaccudgukanus u npubimxkenne nepuoandeckux pyakmuit. — K.: Hayk. nymka,
1987, 286 c.
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SUPG-STABILIZED FINITE ELEMENT FORMULATION OF
SHALLOW-WATER EQUATIONS

S. Cengizci'?, O. Ugur!, T. E. Tezduyar>*

! Institute of Applied Mathematics, Middle East Technical University, Ankara, Turkey

2 Department of Computer Programming, Antalya Bilim University, Antalya, Turkey
3 Mechanical Engineering, Rice University, Houston, Texas, USA
4 Faculty of Science and Engineering, Waseda University, Tokyo, Japan
suleyman. cengizci@antalya. edu.tr, ougur@metu.edu.tr, tezduyar@gmail.com

The shallow-water equations are used in the mathematical modeling of many real-world
phenomena such as flows in open channels, transport of chemical species, floods (including
those due to tsunami waves, tidal flows, and storm surges), dam-breaks, turbulence in the
atmosphere and oceans. Since such problems generally have complex flow domains, finite
element methods are well suited for their numerical simulations [1-3].

In this study, the 2D shallow-water equations used in [4] are adopted, and a semi-discrete
streamline-upwind /Petrov—Galerkin formulation is given. The stabilized formulation is further
supplemented with the YZg shock-capturing reported in [5-7]. The implicit Euler method is
employed for temporal discretization. Two test problems from [4] are used to evaluate the
performance of the proposed formulation.

1.

Takase S., Kashiyama K., Tanaka S., Tezduyar T.E. Space—time SUPG finite element com-
putation of shallow-water flows with moving shorelines. Comput. Mech., 2011, 48, No. 3,
293-306.

. Kounadis G., Dougalis V. A. Galerkin finite element methods for the shallow water equations

over variable bottom. J. Comput. Appl. Math., 2020, 373, 112315.

Kashiyama K., Ohba Y., Takagi T., Behr M., Tezduyar T. Parallel finite element method
utilizing the mode splitting and sigma coordinate for shallow water flows. Comput. Mech.,
1999, 23, 144-150.

Takase S., Kashiyama K., Tanaka S., Tezduyar T.E. Space—time SUPG formulation of the
shallow-water equations. Int. J. Numer. Methods Fluids, 2020, 64, 1379-1394.

. Tezduyar T.E., Senga M. SUPG finite element computation of inviscid supersonic flows with

YZS shock-capturing. Comput. Fluids, 2020, 36, No. 1, 147-159.

Tezduyar T. E., Senga M., Vicker D. Computation of inviscid supersonic flows around cylinders
and spheres with the SUPG formulation and YZg8 shock-capturing. Comput. Mech., 2006, 38,
469-481.

Tezduyar T.E., Senga M. Stabilization and shock-capturing parameters in SUPG formulation
of compressible flows. Comput. Methods Appl. Mech. Eng., 2020, 195, 1621-1632.
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MOTION OF A RIGID BODY UNDER THE ACTION OF A SMALL
CONTROL MOMENTS

T. A. Kozachenko, K. A. Kozachenko
Odessa State Academy of Civil Engineering and Architecture, Odessa, Ukraine
kushpil.t.a@gmail.com

The problem of the rotation of a rigid body about a fixed point has long attracted the
attention of researchers. In the theoretical aspect, this problem has interested specialists in the
field of theoretical mechanics since the 18th century. Research in this area continues, related
to the analysis of the rotating motion of a rigid body in celestial mechanics, the motion of a
rotating projectile, and gyroscopy. In works [1-—3], perturbed fast motions of a rigid body close
to regular precession in the Lagrange case are considered.

This article investigates the motions of a rigid body close to the Lagrange case under the
action of a constant restoring moment and a disturbing moment slowly varying in time.

It is proposed to investigate the behavior of solutions of the system of equations of motion
of a body under the assumptions that the direction of the angular velocity of the body is close
to the axis of dynamic symmetry, the angular velocity is sufficiently high; the two projections of
the vector of the perturbing moment onto the principal axes of inertia of the body are small as
compared to the restoring moment, and the third projection is of the same order as the restoring
moment. To convert the system of equations to a form convenient for research, the procedure
described in [1, 3] is used. According to this procedure, the original system is transformed into
a system of nonlinear differential equations with two phases. It is very difficult to obtain a
solution to this system in an analytical form. In works [1, 3], using the method of averaging for
the system of equations, solutions were obtained in the first and second approximations. The
authors of the article solved the system of nonlinear differential equations numerically using
the Maple software package.

A mechanical model is considered that corresponds to the case of suppression of the equa-
torial component of the vector of angular velocity by means of a limited moment of forces, with
certain parameters and initial conditions. Graphs of changes in precession and nutation angles,
as well as projections of the vector of angular velocity, obtained as a result of numerical inte-
gration, are plotted. The nutation angle value ranges from 0.51 to 0.52 radians, the precession
angle slowly increases. Two projections of the vector of angular velocity onto the principal
axes of inertia of the body oscillate and slowly damping. The correctness of the calculation
was controlled by the fact that the values obtained as a result of the numerical integration of
the system for the axial component of the vector of angular velocity coincide with the exact
solution.

1. Chernousko F. L., Akulenko L. D., Leshchenko D. D. Evolution of Motions of a Rigid Body
About its Center of Mass. — Cham: Springer, 2017, 241 p.

2. Akulenko L. D., Kozachenko T. A., Leshchenko L. D. Evolution of rotations of rigid body under
the action of restoring and control moments. Journal of Computer and Systems International,
2002, 41, No. b5, 868 —874.

3. Akulenko L.D., Kozachenko T. A., Leshchenko L. D. Rotations of a rigid body under the action
of unsteady restoring and perturbation torques. Mechanics of Solids, 2003, 38, No.2, 1-7.
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AN ALGORITHM FOR CONTRACTING LATIN CUBES

Fedir Sokhatsky, Ruslana Matviychuk, Maxim Dmytruk
Vasyl” Stus Donetsk National University, Vinnytsia, Ukraine

fmsokha@Qukr.net, matviichuk.r@donnu.edu.ua, dmytruk.m@donnu.edu.ua

Introduction. Latin squares, cubes and hypercubes are effectively used in such fields of
science as coding, cryptography, statistics, experimental design theory etc. The number of
scientific works devoted to their study is growing. Prolongation and contraction are the methods
to obtain one Latin cube from the other. The authors do not know works devoted to prolongation
and contraction of Latin cubes, except [1].

A set of cells indexed by elements from {(z,y, z) | z,y, 2z € m}, where m :={0,1,...,m—1},
is called a cube. The sets

Loy :={(x,a,b) |z €em}, Logp:={(a,2,b)|zem}, Lsqp:={(abzx)|zecm}
are called a string, a row and a column respectively. The sets of the cells
Sia:={(a,y,2) |y,z em}, Sy :={(z,a,2)|z,z€em}, Ss3,:={(x,y,a)]|x,yecm}

are respectively called a string layer, a row layer and a column layer of the cube. A cell (a, b, ¢)
containing an element d is called a filled one and is denoted by (a, b, ¢, d). A set of filled cells is
said to be complete if each element in these cells occurs exactly once. A cube is called Latin if
each row, column, and string are complete.

Description of the algorithm for contracting Latin cubes. The contraction of a Latin
cube of order m is carried out in the following way: a string layer, a row layer and a column
layer are removed and all occurrences of some element are replaced by other elements to obtain
a Latin cube of order m — 1.

Choose an arbitrary cell (a, b, ¢, d). Let d appear in a cell (z,y, z) which is not in the layers
S1.as S2.p, 53 Replace the element d in the cell (x,y, z,d) with an element being in the three
cells. These cells are the intersection of the string, row and column containing the cell (x,y, z, d)
and the layers S} ,, S2, 3 respectively. The replacement does not take place, if at least two
elements in these three cells are different. If all replacements have taken place, then the layers
S1.as S2p, 53, are removed. As a result, the Latin cube of order m — 1 has been obtained.

If the element d has not been replaced in at least one cell, then the selected cell is not
removable and another cell should be selected. If all the cells are not removable, then the Latin
cube is not contractible by this algorithm, though it can be contracted in another way.

1. Sokhatsky F.M., Kirka D.V. Prolongation of ternary quasigroups [in Ukrainian|. Science online:
International electronic journal, 2020, No. 10.
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STOCHASTIC HEPATITIS C MODEL WITH AN ISOLATION STAGE

Vuk Vujovié
University of Nis, Faculty of Science and Mathematics
Visegradska 33, 18000 Nis, Serbia

vukpharm@gmail.com

In this paper deterministic Hepatitis C model with an isolation stage is enriched with
random perturbation, that briefly describes how the environmental factors lead an individual
to become infected with HCV virus. Obtained stochastic model better describes variability and
uncertainty which may manifest through the contact between persons in the population. Firstly,
existence, positivity and boundedness of the solution of the aforementioned stochastic system
are studied. Secondly, stability features of the stochastic Hepatitis C model are investigated,
especially the extinction and the persistence of the disease are considered. The conclusion is
that quarantine of infected individuals positively affects until the vaccine be discovered. Finally,
adequate numerical simulation is given, in order do demonstrate achieved theoretical results.
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DISTANCES TO AND THE SPARSITY OF LATTICE POINTS IN
KNAPSACK POLYTOPES

Aled Williams
Cardiff University, Cardiff, United Kingdom
williamsael 3@Qcardiff.ac.uk

During this talk we show a surprising relation holds between two well-established areas of
research, namely proximity and sparsity of solutions to integer programs. The proximity-type
results provide estimates for the distance between optimal vertex solutions to linear programs
and feasible integer points. The sparsity-type results, in their turn, provide bounds on the size
of support (i.e. the number of nonzero components) for feasible integer points and solutions to
integer programs.

Throughout the talk we focus mainly on the knapsack scenario. In this context, our results
can be viewed as a transference result which allows strengthening the best known distance
bound if integer points in the knapsack polytope are not sparse and, vice versa, strengthening
the best known sparsity bound if feasible integer points are sufficiently far from a vertex of
the knapsack polytope. It should be noted that we have generalised the transference result
to general integer programs and this more general result will be additionally discussed if time
allows. This is joint work with Iskander Aliev, Marcel Celaya and Martin Henk.

1. Aliev I., Averkov G., De Loera J. A., Oertel T. Sparse representation of vectors in lattices and
semigroups. Mathematical Programming, 2021.

2. Aliev 1., Celaya M., Henk M., Williams A. Distance-sparsity transference for vertices of corner
polyhedra. STAM Journal on Optimization, 2021, 31, No. 1, 200-216.

3. Aliev I., Henk M., Oertel T. Distances to lattice points in knapsack polyhedra. Mathematical
Programming, 2019.

4. Eisenbrand F., Weismantel R. Proximity results and faster algorithms for Integer Programming
using the Steinitz Lemma. ACM Transactions on Algorithms (TALG), 2019, 16, No. 1, 1-14.
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ACUMIITOTUYHA CTINKICTH MOAEJI MIPY>KHOI BAJIKU 3
[TPUESIHAHOK MACOIO

FO. 1. Kamoma, O.JI. 3yesB

[ncTuTyT npukiaaaHol MaTemaTuku 1 Mmexaniku Harionabnol akajemil Hayk YKpaiHu,
CnoB’siHCBK, YKpalHa
Julykucher@gmail.com, alexander.zuyev@gmail.com

Y omnoBiIi po3ryIgHyTO abcTpakTHE jiudepeHiiaibHe PiBHIHHS § (t) = .Zl{ (t) y rizbbeproBo-

my npoctopi X = H?(0,1) x L*(0,1) x C2. TlpaBa 4yacTuHa DPiBHAHHA MiCTHTH {uepeHIiab-
HUIT OIepaToOp YeTBEPTOro MOPSIKY

u k

Beeo | 0 | e | A B@I@VE@) + 55 S i@ |
p
q . a4

3 00/1aCTI0O BUSHAUYCHHH

i w € HY(0,10) N H'(lo, 1), v € H*(0,1),
DAy = 8eX: w0y =u"() =0,  p=ully), <X

uII‘IZZ()fO = u//‘x:l0+0 9 q - 'U(l

(=)
~—

[Ipencrapiene piBHAHHSA ONUCY€E KOJUBAHHSA MEXaHIYHOI CUCTEMU, dKa CKJIQJIAETHCA 3 IapHip-
HO OIIePTOl NMPYKHOI OAJIKU JIOBXKWHU [ 3 PO3IOJILIEHIMU KEPYBAHHAMHE 1 IIPUETHAHOI B TOYII
lo € (0,1) macu. Tyr L = E(x)I(x) (u"’|le0_0 - u’”|zzlo+0), dbyuxmii ¢,(z) xapakTepusyoTs
PO3TAIIYBAHHS PO3IOJLICHIX Kepylounx Mexauizmis. [losmaummo uepes A omeparop A upu
HyJIboBOMY KepyBauui My = -+ = M, = F = 0. ¥ crarri |1]| HaBeeHO ommce po3riisHyTOl Ma-
TEeMATUIHOI MOJIE Ta JIOC/IPKEHO aCUMITOTUYHUN PO3IIO/ILT BJIACHIX 3HAYEHB orepaTopa A.

BeraHoBIIeHO, 10 3aMKHEHH{l IIbHO BH3HAYCHH omepartop A € m-IucHIATUBHEM, TOXK
3riHO 3 Teopemoro Jlromepa—®Diminca BiH € iHbiniTe3nMaabanM reHepaTopoM Co-HaIiBrpyn
omeparopiB B X. PesosbBenTa oreparopa A e koMmakTHHM Bimobpaxkenusam X — X mpu
A > 0. Oneparop A Mae KOCOCUMETPUYHHUI 0OepHEHMIl, STKUil € KOMIAKTHUM BiI0OpaskKeHHSIM
A7t X — X. 3rigno 3 teopemoio [imbbepra—IIIminra Biachi Bekropu oneparopa A dopmy-
10Th 6aszuc npocropy X . Cucrema dynkmiit {e! 221, Jle A\j — BJIacHi 3HaYeHHs onepaTopa A,
e Minimasibrow B L2(0, 7). OCHOBHUM Pe3yJILTATOM JIONOBIJI € HaCTyIHA TeopeMa.

Teopema 1. Hexati & = (u;,vi,pi, ¢i)7, i € N — eaacni eexmopu onepamopa A, ma das
l
Kooicnozo i € N abo vi(lo) # 0, abo icuye maxe j € 1,...,k, wo [ (x)vi(x)dr # 0. Todi
0
pose’azor & = 0 pisnanna £(t) = AL(t), (t) € X e acumnmomumio cmitikum.

1. Kalosha J., Zuyev A., Benner P. On the eigenvalue distribution for a beam with attached masses.
In: Stabilization of Distributed Parameter Systems: Design Methods and Applications (G. Sklyar
and A. Zuyev, eds.), Springer, 2021, 43-56.
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TPUBUMIPHI YVCTAJIEHI PEBOHAHCHI KOJIMBAHHS PIJJVMHU B

KOHTENHEPI KBAJIPATHOI'O IIEPEPI3Y JJis JOBLJILHUX
[TEPIOIMYHNX HEITAPAMETPNYHIX 3BYPEHD

0. €. Jlaroasincbkuii
[acturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
lagodzinskyi@gmail.com

Ha miit kondepentii 6yjie mpeacTaBaeHo pe3yabTaT JOCTIIKEHHA JIeIKIX BUITAJIKIB PE30-
HAHCHUX XBUJIb Ha TOBEPXHI i/leaIbHOI PIJIMHU Y KBaIPATHOMY Oalli, AKUil € 4aCTKOBO 3allOBHE-
Huil. A came BUTIQJIOK, KOJIM Pi/inHa HE MOBHICTIO 3AIMIOBHIOE OAaK, & PyX € MEePIOIUIHIM 3 MAJIOIO
AMILTITYJIOI0 Ta YaCTOTOIO, K& B CBOIO YEPry € OJIM3BKOIO JIO BJIACHOI YACTOTH KOJMBAHHS Pi-
JITHM.

[Ipu mocaizKeHHl TaKUX PyXiB, 331714 1X aHAJITUYIHOTO OIKUCY OyJI0O BUKOPUCTAHO MOJAILHY
cucremy Hapimanosa-Moiceesa [1]|. [lani cucreMn MOJAIbHUX PIBHSHB J03BOJISATH HAM MOOY-
JIyBaTU Ta IPOAHAJI3YBATU MEOPiouyHi TUIN Po3B’a3KiB cuctemu. Ha 1ift KoHdepenrii Oye
[IPEJICTABJIEHO caMe aCHUMIITOTUYHI PO3B’a3ku cucremu. Jlociipkenns caMe TakKux pO3B’s3KiB
CUCTEMU JIO3BOJISE€ HAM JIOC/IUTU Ta KJIacuiKyBaTh PE30HAHCHI yCTaJIeHI XBUJI JJIsT TapMO-
HIYHUX 3BOPOTHBO-IIOCTYHAJBHUX PyXiB. B pobori 2] npesgcrasieno kiacudikariist ycraseHnx
TPUBUMIPHUX PE30HAHCHUX XBUJIb, KOJIU PyX OaKy € JIOBLILHUM TPUBUMIDHUM HeIlapaMeTpH-
9HUM Ta HNUKIiIHIM. [licjia goBegeHHs aCHMIITOTHYIHOI €KBIBAJIeTHOCTI BiJIIOBIIHUX I1epioiu-
YHUX PO3B’SI3KiB MOJIAIBHOI CUCTEMHE JI0 PO3B’s3KIB, sIKi BUHUKAIOTH IIPU TOPU30HTAILHOMY T10-
CTYTHAJBHOMY eJHIITHIHOMY 30yPEHHIO MOYKHA OTPUMATH IHKaBuil (hakT. A came, 1[0 MU MOXKEMO
PO3IVISIATH PE30HAHCHI CTAIIOHAPHI XBUJI Ta 1X 30ypeHHs gK (DYHKIIT KyTOBOTO MOJIOKEHHS.

Hoodaxa 3a Pinancosy nidmpumry Hayonarvromy @ondy Jdocaidoicens YVrpainu, IIpoexm
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2. Faltinsen O.M., Lagodzinskyi O., Timokha A.N. Resonant three-dimensional nonlinear sloshi-
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[IPO VCTAJIEHI PESOHAHCHI KOJIMBAHHS PIJIMHN B BAKAX
KPYTOBOI'O IIEPEPI3Y IJIA JOBIJIbHNX ITEPIOAMNYHIX
OPBITAJIbHUX 3BYPEHD I3 PO3IVIAJOM AEMIIOYBAHHA

I. A. PaiinoBcbKuii
Iacturyr maremarukn HAH Vkpainn, Kuis, Ykpaina
thor.raynovskyy@Qgmail.com

Mu posrisgmaeMo ijea/ibHy HECTHUC/IUBY PIANHY, TKa YaCTKOBO 3aIllOBHIOE TBEP/IMI BEPTH-
KaJIbHUI MUIHIAPpUYHAN OaK, IO PYXAETbCs IEPIOJMTHO B3JI0BXK OpOITAJBHOI TPAEKTOPIl i3
4aCcTOTOIO, OJIM3HKOIO JIO BJIACHOI YaCTOTU KOJIMBAHHS PIJIUHU.

3a 101moMorow acuMITOTUIHOT Moa/IbHOT Teopil Hapimanosa-MoiceeBa mo0Oy10BaHO acuM-
HOTOTHYHI TEePIOJMIHI PO3B’A3KN MOjaJbHUX piBHsHb Ty Hapimanosa-Moiceesa [1,3,4], aki
ONHUCYIOTH JeMII(POBaH] PE30HAHCHI ycTaseHl XBUI Yy BePTUKAJIbHOMY KpyroBomy Oarii, 1o py-
XA€ThCS B TPUBUMIPHOMY IIPOCTOPI MEPIOAMIHO 3 YACTOTOI0, OJIU3bKOIO JI0 HARHUZKIO! BJIACHOT
qactoru. Jlocaimpkyerbes cTifikicTs nux xBuib. HeoOxiHOI0 yMOBOIO PO3B’I3HOCTI TOOYI0BAHIX
ACHMIITOTUIHUX TIEPIOIMIHIX PO3B’A3KIB € crucreMa ajaredbpaldHux (CeKyJIsipHUX) PiBHSIHb, IO
3B 3YIOTh YOTUPH aMILIITY/IA JOMIHYIOUNX XBUJIb. BUBEIEHO aIbTepHATUBHY (POPMY CEKYJIsIp-
HUX PiBHsAHB (OLIbIN pesieBaHTHY 13 disudnol Touku 30py). B piBusuusg Hapimanosa-Moiceesa
BKJIIOUEHO JIHINHI WIeHn, 10 BiAOBIIAI0TE 38 demndysarai.

AJbrepHaTHBHA CEKy/IpHA CUCTEMa PO3B’si3ye€TbCs aHaiTHIHO (4uciaenHo). 1l po3s’asku
OIINCYIOTH CTalliOHapHI PEe30HAHCHI XBUJI y MO3JI0BXKHBbO-30yPEHOMY pe3epByapi, Jie BpaxoBye-
Thcsl eDeKT B’A3KOTO JIeMII(DyBaHHSA. YCTaJleHl XBUI KIaCU(DIKYIOThCI K CTOSYi, KPYyTOBi Ta
HeperyJisipHi [xaornusi|. XaoTnaHi XBUII O4IKYIOTHCS, KOJIM BCI TEOPETUUHI XBIJILOBI PEXKUMU €
Hectiikumu. B 3asexuocti By BXijHuX ((Bi3UIHUX Ta reOMETPUYHNX) TTapAMeTPiB, BKIIIOYao-
qu KoedimieHnT eMiipyBaHHs, OIMIHIOIOTHCS JIANA30HN 9acTOT BUMYIIICHIX XBUJIBOBUX PEXKIMIB.
Pesynbraru mOpiBHIOIOTHCS 3 ICHYIOUMMU €KCIIePUMEHTAIbHUMUA JJAHUMU, TPOBEJIEHIMU PI3HUME
aBropamu. [[opiBHAHHS TiITBEP/KYIOTH BaJIiIHICTD MTOOYI0BAHOI aHAJITHIHOI TEOpil.

Po3pobiieno cxemy po3B’si3yBaHHs IUX CEKYJISAPHUX PiBHAHB. TAaK0XK IMPOBOJUTHCS TapaMe-
TPUYHUN aHaJi3 aMILIITYIHO-YACTOTHUX XapaKTEPUCTUK JIJIs BUSHAYEHHSA 3MIH XBUIHOBUX pPe-
JKUMIB Ta X CTIHKOCTI B 3aJ1€2KHOCTI Bij yacToTn 30ypeHHs Ta eJHITuIHOol opbiTH |criBBiqHOIIe-
HH 11 oceii|. [oyoBHIIT pe3ynbraT mossarae y miarBep/zKeHHl eKCIIePIMEHTAIbHOIO 3HUKHEHHST
KPYTOBOI XBIJI, CIIPAMOBAHOT IPOTH 30y PEHHs (/10 eIITUIHOT TPAEKTOPIT), KOJIH CIIBBIIHOIIEH-
Hsl oceii mpsiMye J10 ofuHuIl (repexi 1o Kpyroeol opbitu). OcraHHiil BULIAIO0K Ma€ BiIHOIIEHHS
10 6iopeakTopis. [IpoBejieHO TOPIBHSIHHS 3 eKCIIePUMEHTAIbHUME BUMipaMu [2].

Hodaxa 3a @inancosy nidmpumry Hayonarvromy @ondy Jdocaidocensy Vrpainu, Ilpoexm
2020.02/0089
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JABOBUMIPHI V3ATAJIbHEHI MOMEHTHI 30BPAYKEHHST TA
ATIPOKCUMALITI TUITY TTAAE JAJid MTCEB/JO/JBOBUMIPHUX
OVHKIIN

JI. O. YepHernbka
[acturyr maremarukun HAH Vkpainu, Kuis, Ykpaina

lilvia. cher.lilita@gmail. com

3a JI0IIOMOTOI0 METO/y y3arajabHeHuX MoMeHTHux 300pakensb B. K. Jzsauka mobymoBano
arrpokcuManTu Tuity Ilaje /Ui Tak 3BaHUX IICEBI0IBOBUMIDHUNX (DYHKILiH

o) =303 Fmstum = ) =0l

k=0 m=0 oW
e
. oo
f(z)= Z?kzk.
k=0

[To6Gy0BaHO B SIBHOMY BHIVISIJI AllpOKCUMAHTH THIy Ilaje it BUPOJIZKEHOIO TilepreoMe-
TpudaHOro psaay ['ymbepra [1]

flz,w) =P, L,v+0+2,2,w) =

Fi(1; 2;2) — Fi(1; 2;
_Za (Liv+o+2y2)—w Fi(Liv+o+ ’w),y,a>—1.
Z—w

PosrisinyTo wacTunHUi BUNIQIOK Jijisd V + 0 = —1:

we¥ — ze?
flz,w) = ——. (1)
w—z
BayBaxkuMmo, mo y [2| HaBeJeHO YncesbHI MPUKIA/IU, MOBI3aH] 3 00UUCIEHHIM DAIlOHAT b

HUX allPOKCHMAIIiil , 110 € HeBHUMH JBOBHUMIDHUMM y3araJbHeHHAME arnpokcuMariii [lage, ms
dbyukiit (1).

1. Tomy6 A. I1., Yeprenpka JI.O. IBoBuMipHi y3arajibHeHI MOMEHTHI 300parkeHHsT Ta allPOKCUMAIIIT
[Tage peskux psinis ['ymbepra. Yp. mar. )kypH., 2013, 65, Ne 10, 1315-1331.

2. Cuyt A. Pad’e Approximants for Operators: Theory and Applications. — Berlin: Springer, 1984,
144 p.
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