Extremal decomposition of the complex plane
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Let N, R be the sets of natural and real numbers, respectively, let C be
the complex plane, and let C = C|J{oc} be its one-point compactification,
R* = (0,00). Let r(B,a) be the inner radius of the domain B C C relative
to a point @ € B. The inner radius of the domain B is connected with
Green’s generalized function gp(z,a) of the domain B by the relations

gB(z,a) = —In|z —a| +Inr(B,a) + o(1), z— a,
gB(z,00) =In|z| +1nr(B,o0) +0o(1), z— oc.

Definition 1. Let n € N, n > 2. The system of points A,, := {ak ceC: k=1 n}
is called n-ray, if |agy| € RT for k = I,n and 0 = arga; < argas < ... <
arg a, < 2m.

1 Al n
Denote ay 1= — arg ——— apt1:=a1, k=1,n, > ap=2.
T Qg k=1

Problem 2. (V.N. Dubinin [1, 2]) For all values of the parameter v € (0, n]
to show that the maximum of the functional

In(y) =7 (Bo,0) [ ] r (Br, ) ,
k=1

where By, Bi, By,..., Bp, n > 2, are pairwise disjoint domains in C, ag = 0,
lag| = 1, k = 1,n, is attained for the configuration of domains By, and points
a, which possesses the n-fold symmetry.

In work [1], the above-formulated problem was solved for the value of the
parameter v = 1 and all values of the natural parameter n > 2. Namely, it
was shown that the following inequality holds

n
7(Bo,0) H (Br,ax) <7 (Do,0) [] 7 (Dr. i) ,
k=1 k=1
where dj,, Dy, k = 0,n, are the poles and circular domains of the quadratic
differential (n? )
n°—1w" +1
dw?=-—+— "/~ "~
In work [3], L.V. Kovalev got its solution for definite sufficiently strict lim-
itations on the geometry of arrangement of the systems of points on a unit
circle, namely, for systems of points for which the following inequalities hold

0<ar<2/7v, k=1Ln, n=bh.

dw?.
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In work [4], it was shown that the result by L. V. Kovalev is true for n = 4.
The solution of this problem for v € (0,1] was given in work [5]. Some
partial cases of this problem were studied, for example, in [6-10].

For the further analysis, we calculate the quantity

n
I3(y) =7 (Do,0) [ [ r (D di) .
k=1

where di, Dy, k = 0,n, dy = 0, are, respectively, the poles and circular
domains of the quadratic differential

2 n +
Q(w)dw? = —(7:02(1;)13 1)27 dw?.

As was shown in [1, 2, 3, 6], the quantity I9(v) takes the form

~

e = (L) (7)" (1Y
=) oo ls)

n2

Theorem 3. [9] Let v € (1, 2]. Then, for any different points a1 and az of
a unit circle and any mutually disjoint domains By, By, B2, a1 € By C C,
as € By C C, a9 =0 € By C C, the inequality

1 e
77 (B, 0) r (B1,a1) 7 (B2, a2) < I9(7) <2\a1—a2|> :

is true. The sign of equality in this inequality is attained, when the points ag,
a1, az and the domains By, By, By are, respectively, the poles and circular
domains of the quadratic differential

G e
Remark 4. Theorem 3 yields the complete solution of the above-posed
problem for two free poles located on the unit circle.

Theorem 5. [9] Let n € N, n > 3, v € (1,n].Then, for any system of
different points A, = {ar}}_; € C/{0} of a unit circle and for any collection
of mutually disjoint domains By, By, ag = 0 € By € C, a, € B, c C,
k =1,n, the inequality

(50,0 [ r(Boae) < CH (IS (QD)

k=1
holds.
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