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Functions with isolated singularities on
surfaces'

Sergiy Maksymenko

Let M be a smooth connected compact surface, P be either the real
line R or the circle S, and f : M — P be a smooth mapping.
In a previous series of papers for the case when f is a Morse map
the author calculated the homotopy types of stabilizers and orbits of
f with respect to the right action of the diffeomorphisms group of
M. The present paper extends those calculations to a large class of
maps M — P with degenerate singularities satisfying certain set of
axioms.

1. INTRODUCTION

Let M be a smooth compact connected surface and P be
either the real line R or the circle S'. Then the group D(M)
of diffeomorphisms of M naturally acts from the right on the
space C*°(M, P) by the formula:

h-f=foh,  heD(M), fecCM,P).

This action is one of the main objects in singularities theory.
For the case of surfaces it was extensively studied in recent
years, see e.g. [4, 3, 27, 31, 33, 32, 35, 36, 18, 19, 11, 39].

For f € C*(M, P) let ¥ be the set of critical points of f
and

O(f) ={foh|heDM)}
S(f)y={n|f=foh heDM)}

IThis research is partially supported by grant of Ministry of Science
and Education of Ukraine, Ne M /150-2009.

© Maksymenko S., 2010



8 Maksymenko S.

be respectively the orbit and the stabilizer of f. We will endow
D(M) and C*>*(M, P) with the corresponding topologies C°.
Then these topologies induce certain topologies on O(f) and
S(f). Let Dig(M) and Sia(f) be the identity path-component
of D(M) and S(f), and Of(f) the path-component of f in
O(f) with respect to topologies C*.

In [18, 19] the author calculated the homotopy types of
Su(f) and Oy(f) for all Morse maps f : M — P. These
calculations are essentially based on the description of homo-
topy types of groups of orbits preserving diffeomorphisms for
certain classes of vector fields obtained in [15, 25|. In a series
of papers [17, 22, 20, 24] the classes of vector fields were ex-
tended and using these results it was then announced in [21]
that calculations of [18, 19| can be done for a large class of
smooth maps M — P with isolated “homogeneous” singular-
ities.

The aim of this paper is to show that the technique used
in [18, 19] can be formalized and thus extended to classes of
isolated singularities even larger than homogeneous ones, see
Theorems 3 and 4.

We will introduce three types of isolated critical points S, P,
and N for a germ of smooth maps f : M — P. These points
will be discussed in §4 and now we only note that S-points
are saddles while P- and N-points are local extremes®. All
these points can be degenerate however they satisfy certain
“non-degeneracy” conditions formulated in the terms of shift
map of the corresponding local Hamiltonian vector field of
f. In particular, class of S-points (P-points) have properties
similar to non-degenerate saddles (local extremes) of Morse
functions and include such points, while N-points behave like

2The symbols P and N stand for periodicity and non-periodicity of
shift map.
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degenerate local extremes of homogeneous polynomials, see
Lemma 12. These N-points bring new effects in comparison
with Morse functions.

Now we put following three axioms on f:

Axiom (Al). [ is constant at each connected component
of OM and ¥y C IntM.

Axiom (A2). FEwvery critical point of f is either an S- or
a P- or an N-point.

Axiom (A3). The natural map p : D(M) — O(f) defined
by p(h) = foh™! is a Serre fibration with fiber S(f) in the
corresponding topologies C*.

The following theorem describes the homotopy types of
Sia(f) and Of(f) for a generic situation. Detailed formu-
lations are given in Theorems 3 and 4 below.

Theorem 1. Suppose f satisfies azioms (Al)-(A3) and has
at least one S-point. Let also n be the total number of critical
points of f. Then S(f) is contractible, m;O¢(f) = miM for
i > 3, mOf(f) = 0, and for mO¢(f) we have the following
exact sequence:

1= mDM)®ZF - mO0(f) = G — 1,
where G is a certain finite group and k > 0.

1.1. Structure of the paper. The exposition of the paper
follows the line of [18]. The principal new feature is that we
consider N-points. This requires additional arguments almost
everywhere, therefore in many places we repeat the arguments
of [18] with necessary modifications.

In §2 we recall some results concerning the shift map along
the orbits of vector fields. §3 describes two constructions re-
lated to a smooth function f on a surface: foliation A by con-
nected components of level-sets of f and the Kronrod-Reeb
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graph I'(f) of f. In §4 we introduce three types of critical
points S, P, and N. Further in §5 we formulate main results
of the paper Theorems 3 and 4 and also discuss sufficiant con-
ditions for axiom (A3). In §§6 we put on the Kronrod-Reeb
graph of f additional data which describe combinatorial be-
havior of diffeomorphisms h € S(f) near N-points. §8 con-
tains the proof of Theorems 3. The proof follows the line
of [18, Th. 1.3]. The rest of the paper is devoted to the proof
of Theorem 4.

Remark 1. I must warn the reader that the paper [18] con-
tains the following “dangerous” places which are also corrected
in the present and in previous papers by the author.

1) The calculation of homotopy types of stabilizers given
in [18, Th. 1.3] is essentially based on the principal result of
another paper of mine |15] which unfortunately contains some
mistakes. The corrections to [15] are given in |24, 25|, where
it is also shown that for the case described in [18] the results
of [15] holds true, see Theorem 2. Thus [18, Th. 1.3| remains
valid,

2) |18, Eq. (8,6)] is not true in general, see Remark 3 and
Example 1 for details. This changes the meaning of the group
G in [18, Th. 1.5]: it remains finite however now it is a
group of automorphisms of a more complicated object than
the Kronrod-Reeb graph of f, which takes to account orien-
tations of level-sets of f, see §6.2. A correct formulation of
[18, Eq. (8,6)] is given in Lemma 14.

3) In the proof of [18, Th. 1.5] it was claimed without ex-
planations that a certain central extension of mDiq(M) with
a free abelian group Jo is just a direct sum. In general, central
extensions of abelian groups even with free abelian groups are
not trivial. We will show in Theorem 6 that in our case that
extension is trivial.
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1.2. Notations. Suppose that M is a non-orientable surface.
Then p : M — M will always be the oriented double covering
of M and ¢ : M — M be a C*® involution generating the
group Zs of deck transformations. For a function f: M — P
Weputf po f: M — P.

2. SHIFT MAPS ALONG ORBITS OF FLOWS

2.1. r-homotopies. Let M, N be smooth manifolds and let
0 <r < oo. Say that amap 2 : M x I — N is an r-
homotopy if the corresponding map w : [ — C"(M, N) defined
by w(t)(z) = Q(z,t) is continuous from the standard topology
of I to the weak topology C" of C"(M, N). In other words, all
partial derivatives of Q2 in x € M up to order r continuously
depends on ¢t € I. If in addition €; : M — N is an embedding
for every t € I, then Q will be called an r-isotopy, see [20].
Thus a usual homotopy is a 0-homotopy. Moreover, every
C'-map M x I — N is an r-homotopy, but not wise verse.

2.2. Local flow. Let F' be a smooth vector field on a smooth
manifold M tangent to OM. Then for every x € M its integral
trajectory with respect to F'is a unique mapping

0z : R D (ag,b,) = M

such that 0,(0) = = and 0, = F(o,), where (a;,b,) C R is
the maximal interval on which a map with the previous two
properties can be defined. Then the following set

dom(F) = .ngx X (Gg, by),
is an open neighbourhood of M x 0 in M x R, and the local
flow of F is defined by
F:M xR D dom(F) — M, F(x,t) = 0,(t).
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If M is compact, then F is defined on all of M x R, e.g. [29].
The set of zeros of I’ will be denoted by Y.

2.3. Shift map. A subset V' C M will be called a D-subma-
nifold, if V' is a connected submanifold with boundary (pos-
sibly with corners) of M and dimV = dim M. We will also
say that V' is a D-neighbourhood for each z € IntV'.

Let V be a D-submanifold. Denote by func(F, V') the subset
of C*(V,R) consisting of functions o whose graph

Lo ={(z,a(x)) : x€V}
is contained in dom(F’). Then we can define the following
map:
(2.1) p(a)(r) =F(z,a(r)), acfunc(F,V), V.
We will call ¢ the shift map along orbits of F on V and denote
its image in C*>°(V, M) by Sh(F,V).

Definition 1. Let h : V — M be a smooth map, V' CV a
submanifold and o : V' — R a smooth function. We will say
that o is a shift function for h on V' if h(z) = F(x, a(z))
for all x € V.

2.4. ShifE map at a singular point. Let z € V N Xp. De-
note by D(F, z) the space of at z germs of orbit preserving
diffeomorphisms h : (M, z) — (M, z). Thus if h is defined on
some neighbourhood W of z, then h(W No) C o for every
orbit o of F.

Let also C2°(M) denotes the space of germs of C* functions
a: M — R at z. Since z is a singular point for ' we have a
well-defined shift map

.:C2(M) = D(Fz),  §.(a)(x) = F(z,a(x)).

Denote by §7L(F, 2) C D(F, z) the image of $,. Then §7L(F, 2)
is a subgroup of D(F, z), see |15, Egs. (8),(9)] or |22, Lm. 3.1].
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There is a natural homomorphism

J.(h) : D(F, z) — Aut(T, M)
associating to each h € ZS(F, z) the corresponding linear au-
tomorphism T, h of the tangent space at z.

Choose local coordinates (z1,...,z,) at z. Then we can
regard J, as a map J. : D(F,z) — GL(n,R) associating to
cach h € D(F, z) its Jacobi matrix at z.

Let also F' = (Fy, ..., F},) be the coordinate functions of F.
Then the following matrix

G - Gy
(2.2) VF(z) = (3?1. .. e )

OF, OF,
071 (z) - Ozm (2)

will be called the linear part of F' at z.
It is easy to show, |22, Lm. 5.3|, that if o« € C*°(V,R) then
JZ(¢V<Q)) = Jz(Fa(Z)> = GVF(Z).ta whence

(2.3) T.(Sh(F, 2)) = J.({F:}iez) = {77} cn.

2.5. Kernel of shift map. The set ker(¢y) = ¢y (iy) will
be called the kernel of . It consists of all C* functions
a:V — R such that F(z,a(z)) =x forall z € V.

Lemma 1. [15] Let o, B € func(F, V). Then oy (a) = pv ()
iff « — B € ker(pv). In other words

F(z,a(x)) =F(z,B(x)) & F(zr,a(z)—p(z)) ==

Suppose V' is connected and the set X of singular points of
Fis nowhere dense in' V. Then one of the following conditions
holds true:

Nonperiodic case: ker(yy) = {0} and the shit map

oy : func(F, V) — Sh(F,V)
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1s a bijection. This holds for instance if F' has at least one
non-closed orbit, or for some singular point z of F' the linear
part of F' at z vanishes, i.e. VF(z) =0; or
Periodic case: ker(py) = {nl},cz for some C* strictly
positive function 6 : V — (0,+00). In this case
o cveryx € V\Xp is periodic so func(F, V) = C>(V,R),
e there is an open and everywhere dense set ) C V \ Xp
such that 0(x) = Per(x) for all z € Q;
e o' opy(a) = {a+nb} for every a € C=(V,R).

Let E(F, V) be the subset of C*(V, M) consisting of maps
h :V — M such that

(i) h(w) C w for every orbit w of F}
(ii) for every singular point z € X the corresponding tan-
geng map 1.h : T,M — T,M is an isomorphism.
Let also D(F,V') be the subset of £(F,V) consisting of im-
mersions V. — M.

For 0 < r < oo denote by &Eq(F, V)" (resp. Dia(F,V)")
the path component of the identity inclusion iy, : V. C M
in Eq(F, V)" (resp. Dig(F,V)") with respect to the topology
C". It consists of maps h € Ea(F, V)" (resp. h € D(F,V)")
which are r-homotopic to iy in E(F, V) (resp. D(F,V)).

If V=M, we will omit V' from notations. Moreover, we
will also often omit superscript oo and denote Eq(F, V)> and

Dia(F, V) simply by Eq(F, V) and Dig(F, V).

Lemma 2. [15, 24] Let H, : V x I — M be an r-homotopy
such that Hy = iy and Hy € E(F,V). Then there exists a
unique r-homotopy A : (V \ £p) x I — R such that Ay = 0,
At V\Ep = Ris C®, and Hi(x) = F(z,Ai(x)) for all
reV\Xpandtel.

In particular, for every h € Eq(F, V) there exists a smooth
shift function on 'V \ .
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For a € func(F,V) and z € V we will denote by F(«) the
Lie derivative of a along F' at z. Then, [15, Theorem 19|,
oy () is a local diffeomorphism at z iff F'(a)(z) # —1. Put
(2.4) I ={aefunc(F,V) : F(a)> —1}.

Evidently, I'{, is S'-open and convex subset of func(F, V). It
also follows from [15, Theorem 25| that

(2.5) IV = ¢ {(Du(FV)™).

Lemma 3. [20] The following inclusions hold true:
Sh(F,V) C Eq(F,V)>® C---C &Ea(F, V) C---C Ea(F, V),
@V(F‘t) C Did(F, V)Oo C---C Did(F, V)r (@GEERYE Did(F, V)O
If Sh(F, V) = Ea(F, V)", then oy(T%) = Dia(F, V).

2.6. Openness of shift map. We recall here the principal
results obtained in [25], see Theorem 2 below.

Lemma 4. Endow func(F,V) and Sh(F,V') with topologies
C®. If ¥p NV = & then the shift map py s locally injective,
whence the following conditions are equivalent:

(1) @y : func(F,V) — Sh(F,V) is an open map.
(2) pv @ func(F,V) — Sh(F,V) is a local homeomor-
phism.
Suppose these conditions hold true. Consider the restriction

eviry 1 T3 = @v(I).

If vy is non-periodic, then py and ng|FJVr are homeo-

morphisms onto their images. In particular, Sh(F,V) and
ov (L) are contractible.
Suppose @y is periodic. Then the maps py and g0V|F‘+/ are

Z-covering maps onto their images, and Sh(F, V) and @y (T'}))
are homotopy equivalent to the circle S*.
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We will be interesting in establishing (1) and (2) of Lemma 4
for the shift map ¢, i.e. for the case V' = M. It is convenient
to formulate this as the following condition.

(Z) The shift map ¢ : C*(M,R) — Sh(F) is a local home-
omorphism with respect to topologies C*.

We will now recall sufficient conditions for (Z) obtained in
[25].

Let V be a compact D-submanifold, and U be an open
neighbourhood of V. Then the restriction F|y of F to U

generates a local flow
Fy:U xR D dom(Fy) — U.

The corresponding shift map of F|y will be denoted by
Yu,v- Thus

ouv - func(F|y, V) = Sh(F|y, V).

Let us introduce the following conditions for V and U.

(A) The shift map @y : func(F,V) — Sh(F,V) is C>-
open, that is open between the corresponding topologies
COO;

(B) The shift map uy : func(F|y,V) — Sh(F|y,V) is
C>®-open.

(C) The set Sh(F|y,V) is C*-open in Sh(F,V).

Finally for each point z € M consider the following prop-
erties.

(A1) There erists a base 5, = {V;}jes at z consisting of
compact D-neighbourhoods of z such that every V € 3,
satisfies (A).
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(B1) There exist an open neighbourhood U of z and a base
B. = {V;}jes C U at z consisting of compact D-
neighbourhoods such that every V € f3, satisfies (B).

(C1) There exists a neighbourhood U of z every compact D-
submanifold V- C U satisfies (C).

(R1) z is non-periodic and non-recurrent.

(R2) z is periodic and the Poincaré return map of the orbit
0, of z is the identity.

(S1) z € X and there exists an F-invariant neighbourhood
W of z.

(S2) z € X and there exists a neighbourhood W of z with
the following property: if v € OW = W\ W then there
exists a neighbourhood v C o, of x in the orbit o, such
that v N OW = {z}.

Theorem 2. [25] The following implications hold true:

(A & (B) &(O)

2)  (Al) for every ze M = (Z);

3) (R1) v (R2) = (Al),

4) (S1) v (S2) = (C1).

In particular, suppose that every regular point z € M \ Xp
of F satisfies either of the conditions (R1), (R2), and every
singular point z € Xp of F satisfies (S1), (S2), and (B1).
Then the shift map ¢ : C*°(M,R) — Sh(F) is either a home-
omorphism or a Z-covering map between topologies C*.

Remark 2. Statement 1) of Theorem 2 in particular implies
that if the map ¢y is open (condition (A)), then the map ¢y v
is open for any open neighbourhood U of V' (condition (B)).

3. FUNCTIONS ON SURFACES

In this section we will assume that M is a compact surface
and f: M — P a C* map satisfying the following conditions:
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(i) f takes constant value on each connected component
of OM

(ii) all critical points of f are isolated and contained in
IntM.

Let z € IntM. Then in some local charts at z in M and at
f(2) in P we can regard f as a function

(3.1)  (M,2) D (C,0) == (R,0) C (P, f(2))
such that z =0 € C and f(0) =0 € R.

We say that z is a local extreme for f if it is a local extreme
for f. Moreover, if we fix an orientation of P and restrict
ourselves to representations (3.1) in which the embedding R C
P preserves orientation, then z will be called a local mazimum
(minimum) of f whenever so is 0 € C for f.

3.1. Isolated critical points. Suppose that z € IntM is an
isolated critical point of f. Then there exists a germ of a
homeomorphism h : (C,0) — (C,0) such that

Foh(z) = +|z]?, if 0 is a local extremum, |5,
| Re(z") for some n € N, otherwise, [33].

If 0 is not a local extreme for f, then the number n does not
depend on a particular choice of h, and in this case z will be
called a (generalized) n-saddle.

The topological structure of the foliation A; near local ex-
tremes, 1-, and 3-saddles is illustrated in Figure 3.1. The cor-
responding critical components of level-set of f are designed
in bold.

3.2. Foliation A; of f. Notice that f defines on M a certain
one-dimensional foliation A; with singularities in the follow-
ing way: a subset w C M is a leaf of Ay if and only if w s
either a critical point of f or a connected component of the
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a) local extreme b) 1-saddle ¢) 3-saddle

FiGURE 3.1. Isolated critical points

set f~(c) \ Xy for some ¢ € P. Thus the leaves of A are
1-dimensional submanifolds of M and singular points of f.

Denote by A'® the union of all leaves of Ay homeomorphic
to the circle and by A% the union of all other leaves. It follows
from (i) that OM C A}®.

The leaves in A} (resp. A¥) will be called regular (resp.
critical). Similarly, connected components of A'® (resp. A¥)
will be called regular (resp. critical) components of Ay.

Evidently, every critical leaf of A" either homeomorphic to
an open interval or is a singular point of f. If f has at least
one critical point or OM = &, then every regular component
of Ay is diffeomorphic with S* x (0, 1).

Denote by D(Ay) the group of diffeomorphisms h of M
such that h(w) = w for every leaf w of Ay, and let DT (Ay) be
its subgroup consisting of diffeomorphisms of M preserving
orientations of all 1-dimensional leaves of Ay.

For each critical point z € X we will denote by IS(Af, 2)
the group of germs of diffeomorphisms h : (M, z) — (M, z) at
z preserving leaves of Ay. More precisely, let V' be a neigh-
bourhood of z and h : V' — M be an embedding such that
h(z) = z. Then h € D(Ay, z) if and only if h(wNV) C w for
each leaf w of Ay.
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Lemma 5. [18, Lm. 3.4] If f satisfies (i) and (ii), then
DiL(Ap)" = Du(Af)" = Salf), 0<r<oo.

Proof. In [18, Lm. 3.4] the proof was actually given for the
case r = 0. However literally the same arguments hold for all
r if we replace everywhere in [18, L.m. 3.4] the word “isotopy”
with “r-isotopy”. [

3.3. KR-graph of f. Let I'(f) be the Kronrod-Reeb graph
(KR-graph) of f, e.g. [12, 3, 35, 18]. This graph is obtained
from M by shrinking every connected component of every
level-set of f to a point, see Figure 3.2. Then we have the
following decomposition of f:
f=fropp: M = T(f) = P,

where p; is a factor-map and fr is the induced function which
will be caller KR-function for f. Evidently, the edges (resp.
vertexes) of T'(f) correspond to regular (resp. critical) com-
ponents of Ay.

A
M P
by Jr
. R
A/ rf)

FIGURE 3.2. Foliation A; and KR-graph I'(f)
of f
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3.4. The action of S(f) on I'(f). Evidently, each h € S(f)
interchanges the leaves of Ay and even yields a homeomor-
phism of I'(f). So we have a natural homomorphism

A:S(f) = Aut(T(f)).

It follwos that h € ker(\) iff b preserves every regular leaf
of A;eg. On the other hand it is easy to construct examples
when h € ker()\) interchanges critical leaves of Ay. It follows
that

DY (Ay) € D(Ay) C ker(N).

Remark 3. I should warn the reader that |18, Eq. (8.6)]
wrongly claims that

D (A;) N Dig(M) = ker(\) N Dia(M).

In fact, the presented proof contains a misprint and a mistake:
it refers to [18, Lm. 3.6(2)] which does not exist instead of [18,
Lm. 3.5(2)].

Nonetheless, |18, Lm. 3.5(2)] is not applicable since it claims
about h € Siq(f) but not about h € DT (Ay) N Dig(M): the
difference is that every h € Siq(f) is isotopic to idy, via an f-
preserving isotopy, while h € DT (A;)NDiq(M) also preserves
f and is isotopic to idy; but the isotopy is not assumed to be f-
preserving. On the other hand, it follows from [18, Lm. 3.5(1)]
that [18, Eq. (8.6)] holds for orientable surfaces. The following
example shows that a difference between DT (Af) N Dig(M)
and ker(\) N Dijq(M) appears indeed.

Example 1. Let f : RP?2 — R be a Morse function on a
projective plane RP? with exactly one minimum z, one saddle
y and one maximum 2. Regard RP? as a space obtained
from unit 2-disk D? by identifying the opposite points on its
boundary dD?. The foliation Ay on D? and the KR-graph
['(f) of f are shown in Figure 3.3. The vertexes of I'(f)
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are denoted by the same letters as the corresponding critical
points of f and the up-down arrows show how to glue the
boundary of D?.

Let h : D?> — D? be a mirror symmetry with respect to
the horizontal line passing through x, see Figure 3.3. Then
h trivially acts on I'(f) though it changes orientations of all
regular leaves. On the other hand, since D(RP?) is connected,
it follows that h is isotopic to idgp2. Thus

h € (ker(\) \ D*(A})) N D (RP?).

Z

FiGURE 3.3

4. SPECIAL CRITICAL POINTS

In this section we introduce three types of critical point
which will play a key role throughout the paper.

Definition 2. (Special critical points) Let z € ¥y be an
wsolated critical point of f. We will say that z is special for
f if there exists a neighbourhood U of z and a vector field F
on U with the following properties:

(SP1) df(F) =0 and z is a unique singular point of F';
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(SP2) there is a base 3, = {V;};es of compact connected D-
netghbourhoods of z such that for each V € [, the
shift mapping oy : func(F,V) — Sh(F,V) is a local
homeomorphism with respect to topologies C*.

The corresponding vector field F' will be called special as well.

Let z € ¥y be a special critical point of f and F' be a
vector field at z satisfying (SP1) and (SP2). Then by (SP1)
the orbits of I’ coincide with the level-curves of f near z,
whence

(4.1) D(F,z) = D(Ay, 2).

Moreover, it follows from Remark 2 that in Definition 2 a
neighbourhood U can be taken arbitrary small.

Definition 3 (S-point). Say that z is an S-point for f if
z s not a local extreme for f, (i.e. a saddle point) and it
has a vector filed F satisfying (SP1) and (SP2) and such that

Sh(F,z) = D(F, z).
Such a vector field will be called special for z.

Now let z be a local extreme of f. Then we can assume
that U is connected and F-invariant, see §3.1. It also follows
that all the orbits of F' except for z are periodic and wrap
around z. Let 6 : U\ z — (0, +00) be the function associating
to each © € U \ z its period Per(z). Then it easily follows
from smoothness of the Poincaré’s first return map that 6 is
C> on U \ z but it can be even discontinuous at z. We will
call @ the period function for F.

It is shown in [26] that after some linear change of coor-
dinates the linear part VF(z) of F at z, see (2.2), can be
reduced to one of the following forms:

(4.2) o) (539), b) (§5) ) (84)
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for some A € R\ {0}. By (2.3) the image JZ(S'?L(F, z)) of
Sh(F, z) under J, coincides with {eV¥®)*}, r whence we ob-
tain the following three possibilities for J,(Sh(F, z)):
(4.3)

a) SO(2), b) {(51),t € R}, o) {(61)}-

Definition 4 (P-point). Let z be a special local extreme of
f. Say that z is a P-point for [ if there exists a vector field
F on some neighbourhood U of z satisfying (SP1) and (SP2)

and such that the corresponding period function
0:U\ z— (0,+00)

smoothly extends to all of U.
In this case F' will also be called special.

Lemma 6. [38, 26| Let z € X¢ be a local extreme of f, and
(z,y) € R? be local coordinates at z in which z = 0. Let
F = (Fy, F) be a C*> vector field near z such that F(f) =0
and z 1s a unique singular point of F. Then the following
conditions (P1)-(P6) are equivalent.

(P1) z is a P-point for f and F is the corresponding special
vector field for z;

(P2) The eigen values of VF(z) are non-zero purely imagi-
nary, so VF(z) can be reduced to the form a) of (4.2).

(P3) There are germs at z of C*° functions 8, X,Y : U — R
such that $(z) # 0, and X and Y are flat at z, and
F is C*> equivalent to the following vector field

B(z* + y?) (—y% + xa%) +XZ+Y S

(P4) There exist a connected smooth 2-submanifold V- C U
such that z € IntV and the shift map py is periodic,

i.e. ker(py) # {0}.
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(P5) For every connected smooth 2-submanifold V C U the
shifz\map py 18 periodic.
(P6) J.(Sh(F,z)) is conjugate in GL(2,R) to SO(2).

In these cases S%(F, z) = DH(F, 2), ker(py) = {nflv }ncz
for any connected 2-submanifold V C U.

Moreover, there are C*° germs g, : U — R at z such that
wois flat at z = 0 and f is C*° equivalent to the function
9(2* +y?) + p(z, y).

If either of conditions (P1)-(P6) is violated, then

lim 0(z) = +o0.

Tr—z
Proof. Equivalence (P1)<(P2)<(P3) was established in [26].
In fact F. Takens |38] described normal forms for vector fields
satisfying (P2). He proved that there are two types of such
forms. The first one is described by (P3). Moreover, it was
observed in [26] that vector fields of the second type have
non-closed orbits near z, whence in our case F' can belong
only to the first type. This implies (P2)=-(P3). The proof of
(P3)=(P1)=-(P2) is one of the main results of [26].

(P4)=(P1). Suppose ker(py) = {nv},ez for some C* func-
tion v : V. — (0,+00). Then by Lemma 1 v = Per = 6 on
open and every where dense subset Q C V\{z}, whence v =6
on all of V'\ {z}, and thus 0 extends to a C*> function v near
z.

(P1)=(P5). Suppose 0 is C* on all of U and let V. C U
be a 2-submanifold. Then F(z,0(z)) = z for all x € V|,
whence 6|y € ker(¢y) # {0}. By the previous arguments,
ker(ipy) = {10y bncz.

(P5)=(P4) is evident, and (P2)<(P6) follows from (4.3).

All other statements are also proved in |26]. O
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Definition 5 (N-point). Let z be a special local extreme of
f. Say that z is an N-pownt for f if there exists a vector field
F near z satisfying (SP1) and (SP2) and such that

(i) the corresponding period function 6 : U\{z} — (0, +0o0)
can not be continuously extended to all of U, so by

Lemma 6 lim 0(z) = +oo;
Tr—rz

(ii) ker(J.) C Sh(F,z);
(iii) of VF(z) =0, then J,(D(F,z)) is finite.
Again, such a vector field will be called special.
Condition (i) means that if h € D(F,z) and J.(h) = id
then there exists a germ of a C* function a € C°(M) such

that h(z) = F(x,a(z)) for all x sufficiently close to z.
Consider the following subsets of GL(2, R):

AJr:AJFJrUAff, A:A++UA77UA7+UA+,.

Then A, C A are subgroups of GL(2,R), A, is the unity
component of both A and A,

A+/A++ [ ZQ, A/A++ ~ ZQ X ZQ.

Lemma 7. [23] Let z be an N-point of f and F be a special
vector field for z. Then the following statements hold.

(N1)VF(z) is nilpotent, whence it is similar to one of the
matrices b) or c) of (4.2).
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(N2)IfVF(z) = (83), see b) of (4.2), then
(4.4) J.(Sh(F.z)) = A,
(4.5) Sh(F,2) = J-M(Ayp),
(4.6) J.(D*(F,2)) C A,
(4.7) J.(D(F,z)) C A

So, either Sh(F ) = DY(F,z) or D(F, z)/@(F, z) &= Lo,
and D+ (F, z)/Sh(F 2) is a subgroup of Zg X Zs.

(N3)IfVF(z) =0, seec) of (4.2), then ker(J,) = §7L(F, z),
and J.(D*(F,z)) is a finite cyclic subgroup of GL(2,R) of
some order n, so DT (F, z)/Sh(F 2) & L. If in addition
D(F,z) # D*(F,z), then D*(F, z)/Sh(F z) is a dihedral
group D, _.

Proof. (N1) follows from (P6) and Eq. (4.2).

(N2). Eq. (4.4) follows from (2.3). To prove Eq. (4.5) con-
sider h € J7'(A,,). Since JZ(§7L(F, z)) = Ay, there exists
g€ g?z(F, z) such that J,(g) = J.(h). Hence

g toheker(J,) C §7L(F, ),

whence h € %(F, z) as well.
Eq. (4.7) is proved in [26], whence
J.(D*(F,z)) c ANGL*(2,R) = A,.

This proves Eq. (4.6).
(N3) follows from the well-known fact that every finite sub-
group of GL*(n,R) is cyclic. O

Due to (N2) and (N3) of Lemma 7 we will distinguish two
types of N-points.
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Definition 6. An N-point z of f will be called an NN-point
if VF(z) is non-zero nilpotent. Otherwise, VF(z) = 0 and
we will call z an NZ-point.

4.1. Examples. Let f : R? — R be a homogeneous polyno-
mial without multiple linear factors, that is

(4.8) f=Li-Ly-Q"---Q",
where L;, (i = 1,...,a), is a non-zero linear function, @,
(j = 1,...,b), is an irreducible over R (definite) quadratic
form, ¢; > 1, L;/Ly # const for i # ¢, and Q);/Q; # const
for j # j'. Put

D= Q;ﬂ*l e grl_
Then f = Ly---Lyg-Q1---Qp - D and it is easy to see that

D is the greatest common divisor of the partial derivatives f!,
and f,. The following polynomial vector field on R2:

F(z,y) = ~(f,/D) & + (f:/D) 5,
will be called the reduced Hamiltonian vector field of f. In
particular, if f has no multiple factors, i.e. [; = ¢; = 1 for all
1,7, then D =1 and F' is the usual Hamiltonian vector field
of g.
Notice that if f had multiple linear factors, then 0 € R?
would not be an isolated critical point.

Lemma 8. The origin 0 € R? is a special critical point
of f belonging to one of the types S, P, or N, and F is the
corresponding special vector field. More precisely,

(1) if a > 0, then 0 is an S-point for f;

(2) ifa=0and b=1, ie. f=QF, and thus in some
local coordinates f(z,y) = (x* + y?)%, then 0 € R? is
a P-point of f;

(3) otherwise, when a =0 and b > 2, so f = Q" ---Q,
then 0 € R? is an N-point (even an NZ-point) of f.
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Proof. The assumption (SP1) of Definition 2 that F'(f) = 0is
evident, while (SP2) is proved in [25]. Hence 0 € R? is special.

(1) If a > 0, then the identity é?l(F, z) = D(F, z) follows
from [17, 22], see [22, Th. 11.1].

(2) Suppose a = 0 and b = 1. Then we can assume that
f(z,y) = (2% + y»)*, whence F(z,y) = —y= + Ia%' Hence
by (P2) of Lemma 6 0 is a P point for f. Moreover, the as-
sumption (SP2) of the Definition 2 is independently reproved
in [26].

(3) Suppose a = 0 and b > 2. Then (i) of Definition 5
is established in [26], and (ii) and (iii) in [17, 22], see [22,
Th. 7.1 & 11.1]. It is also easy to see that VF(0) =0, so 0 is
an NZ-point. O

4.2. Extension of shift functions. In this paragraph we
prove two lemmas about extensions of shift functions.

Lemma 9. Let z be a special critical point of f being a local
extreme, F' be the corresponding special vector field defined on
some neighbourhood U of z, W C V' be two open connected
F-invariant neighbourhoods of z such that W C 'V, and let
h .V — V be a diffeomorphism preserving orientation and
orbits of F.

(1) Let Y < V \ {z} be any open connected subset and
a:Y — R be any shift function for h on'Y. If z is a P-point
for f, then o uniquely extends to a unique C* shift function
for h on all of V.

(2) Any shift function « : W — R for h on W uniquely
extends to a C* shift function for h on all of V.

Proof. Since h preserves orientation, it is not hard to show
that h has a C* shift function g : V' \ {z} — R, see [26].
Such a function is defined up to a summand nf, (n € Z). In
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particular, any shift function for h defined on Y C V' \ {z}
coincides with 8 + nf for some n € Z.

(1) Suppose z is a P-point, so § extends to C* function on
V. As just noted a = S+ nf on Y for some n.

We claim that § extends to /a\COO function on V. Indeed,
by Lemma 6 h € D(F,z) = Sh(F,z), so h has a C> shift
function ' on some neighbourhood of z. Then f' = 5 + k6
for some k € Z. Since ' and 6 are C* near z, so is 5.

Hence « also uniquely extends to a C* function § + nf on
V.

(2) We have that o = f4n6 on W\ {z} for some n, though
f and 6 are even not defined at z. On the other hand they
are C*° on V' \ {z}, so we define o on V' \ W by a = § + n#.
Then « is C* on all of V. |

Lemma 10. Let z € Xy be a critical point of f of either of
types S or P or N, F be a special vector field for z defined on
some neighbourhood U of z containing no other czitical points
of f, V. C U be an open neighbourhood of z, and V.=V \ {z}.
Let also H : V xI — U be an r-homotopy in E(F, V') such that
Hy=1iy:V CU, and A : VxI—Rbea unique r-homotopy
such that Ao =0 and Ay is a smooth shift function for H, on
V' for every t € I, see Lemma 2. If z is an N-point suppose
in addition that r > 1. Then for each t € I the function A,
extends to a C*> function on all of V.

Proof. First we show that H; € S’TL(F, z) for each t € I, i.e.
H, has a C* shift function «; on some neighbourhood W of z
in V.

Indeed, since Hy = iy, it follows the germ of H; at z belongs
to ﬁ*(F, z). Hence if z is either an S- or a P-point, then by
Definitions 3 and 4 H; € S’?z(F, z).
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Suppose z is an N-point. Then by assumption r > 1, so
the matrix J,(H;) continuously depends on t. If VF(z) is
non-zero nilpotent, then we get from (N3) of Lemma 7 that
J.(H;) belongs to the unity component A, , of the group A
as well as J,(Ho) = id. Hence H, € J-' (A, ) = Sh(F, z).

Similarly, if VF(z) = 0, then the set of possible values for
J.(H;) is finite, whence J,(H;) = J,(Hy) = id for all t € I.
Therefore by (ii) of Definition 5 H; € ker(J,) C g?L(F, z) as
well.

Thus A; and «; are shift functions for H; on some neigh-
bourhood connected neighbourhood W of 2z, whence

AN — oy € ker(gow),

where W = W \ {z}.

If z is an S-point, then W contains non-closed orbits of F,
whence ker(¢g;) = {0}. Therefore Ay = o is C* on W. Thus
if we put A(2) = ay(2) then A; will become C* on all of V.

Suppose that z is a P-point. Then ker(ygw) = {nf},ez, so
Ay — oy = nb for some n € Z. But by Definition 4 6 smoothly
extends to all of W, whence so does A; = a; + nf.

Suppose that z is an N-point, so 3161_% O(x) = 4oo. This
implies that the shift map ¢y is non-periodic, so oy is a unique
shift function for H; on W. Notice that by assumption » > 1,
so the restriction H : W x I — U is a 1-homotopy in Sh(F, W)
having a shift function A : W x I — R such that Ay =0is
C>* on W. Then the main result of [24] is applicable to this
situation and claims that A; = o4 on W for all other ¢ € I.
Hence A; smoothly extends to all of V. O
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5. MAIN RESULTS

The sets of S-, P-, and S-points of f will be denoted by
ch, Z]'f, and EJ'\J respectively. The following Theorems 3 and 4
extend the results of [18, 19].

Theorem 3. c.f. |18, Th. 1.3|. Suppose that f : M — P
satisfies axioms (Al) and (A2). Then

(5-1) S (f)oo == id(f)2 = id(f)l'

Moreover, each of the following conditions implies that
Si (f)l = Sid(f)o :

(a) f has no critical points of type N, i.e. Z? =g;
(b) M is a 2-disk, Xy consists of a unique critical point z
which s of type N with n, = 1;
(c) M is a 2-sphere, ¥y consists of exactly two critical
points z' and z such that Z' is of type P, and z is of
type N with n, = 1.
The space Sia(f) := Sia(f)™ is contractible if and only if
one of the following conditions holds true:

e f has at least one critical point of type S or N;
o M 1is non-orientable.

In all other cases Sia(f) is homotopy equivalent to S*.

Theorem 4. c.f. [18, Th. 1.5], [19]. Suppose that f : M — P
satisfies axioms (A1)-(A3) and has at least one S-point. Then
1;O¢(f) = mM fori > 3, mO(f) =0, and for ;O (f) we

have the following exact sequence:
(5.2) 1= mDM)DZF - mOs(f) = G — 1,

where G is a certain finite group and k > 0.
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5.1. Discussion of axioms. Axioms (Al) and (A2) put re-
strictions only on the foliation Ay of f. For instance suppose
that f : M — R satisfies them and has a global minimum
min f = 0. Then for every n > 2 the function f" also satis-
fies these axioms. Replacing f by its n-th degree makes that
global minimum of f “more degenerate” but does not changes
the foliation Ay.

On the other hand, if f satisfies (A3), then usually the orbit
O(f") of f™ for n > 2 has infinite codimension in C>(M,R)
and the verification of (A3) for f™ is not an easy problem,
see [30].

5.2. Sufficient condition for (A3). Let f : R? — R be a
smooth function, 2 € R? and f(z) = 0. Denote by A the
algebra of germs of smooth functions R> — R. Then the
Jacobi ideal of f at z is the ideal A(f,z) in A generated by
germs partial derivatives f(z) and f,(z) of f at 2.

The codimension pg(f,z) of a f at z (or a real Milnor
number of z) is the codimension of the Jacobi ideal A(f, z) in

A:

/’LR(f7 Z) = dlmR[A/A(f7 Z)]?
see [34].
Lemma 11. c.f. [34], [18, § 11.30]. Let C5°(M, P) be the sub-
space of C°(M,R) consisting of maps satisfying axiom (Al),
and let f € C3°(M, P). Suppose that ur(f,z) < oo for each

critical point z € Xy. Then O(f) is a Fréchet submanifold of
C3°(M, P) of finite codimension and the natural map

p:DM) = O(f),  p(h)=foh

is a principal locally trivial S(f)-fibration. In particular, p is
a Serre fibration, so f satisfies (A3).
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Lemma 12. c.f. [21]. Suppose that f : M — P satisfies
(A1) and has the following property: for every critical point
2 of f there ewists a local presentation f, : R> — R of f in
which z = (0,0) and f, is a homogeneous polynomial without
multiple factors. Then f satisfies all other azioms (A2), (A3).

Proof. Axiom (A2) follows from results of [17, 22], see also [25].

For the axiom (A3) it suffices establish finiteness of ug(f, 2).
Regard f, as a polynomial two complex variables with real
coefficients. Since f, has no multiple factors, it follows that
z = (0,0) is an isolated critical point of f,, whence the com-
plex Milnor number defined analogously with respect to the
algebra of germs of analytical functions (C?,0) — C is fi-
nite: puc(f.,z) < oo, see [2]. It remains to note the fol-
lowing inequaltiy ugr(f.,z) < 2uc(f., z), which can be easily
proved. O

6. FRAMINGS

In this section we will assume again that f satisfies condi-
tions (i) and (ii) at the beginning of §3.2. The results of this
section will be used for the proof of Theorem 4 only.

6.1. Framings for N-points. Suppose z is an N-point of f
and let F' be the corresponding special vector field defined on
some neighbourhood U of z. Recall that the group

G. = D*(F,2)/Sh(F, z)

is cyclic and we have denoted its order by n,.
For each non-zero tangent vector v € T, M put

F.(v) := {£T.h(v) | h € D*(F,z2)}.
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Thus F(v) is the union of orbits of v and —v under the natural
action of DY (F,z) on T, M. Equivalently, we may put

F.(v) = {+£(0) | € € J(DT(F,2))}.

Definition 7. The set F,(v) will be called a framing at
z if it is finite and invariant with respect to the whole group
D(F, 2).

Lemma 13. (1) Framings exist.

(2) Let F,(v) be any framing. If n, is odd (resp. even),
then F,(v) consists of 2n, (resp. n,) elements.

(3) The kernel of the action of ﬁ*(F, z) on any framing
F.(v) is @(F, z). Hence ﬁ*(F, z) induces a free action of
G. on F,(v).

(4) Let F,(v) be a framing at z and let h € S(f). Then
2= h(z) € B} and

For(v) := T:0(F.(v)) C ToM

is a framing at 2.

(5) If g € S(f) is such that g(z) = h(z), then
T.g(F.(v)) = T-h(F.(v)).

Proof. (1)-(3). First suppose that z is an NN-point, so we can
choose local coordinates at z in which VF(2) = (J{). Then
by Lemma 7

JL(SIh(F,2)) = Ay, J.(DY(F,z)CA,,

J.(D(F,z)) C A.
Let v = (a,0) € T,M be any vector with respect to these
coordinates such that a # 0. Evidently, the orbit of v with

respect to each of the groups A, and A is {f+v}, see Fig-
ure 6.1a), while A, is the stabilizer of v with respect to A,.
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This implies that F,(v) = {£wv}, this set is invariant with re-
spect to D(F, z), and é?L(F, z) is the kernel of the action of
DF(F, 2).

If @(F, z) = DH(F,z),i.e. n, =1, then |F,(v)| = 2 = 2n..
Otherwise, DT (F, z)/gﬁ(F, 2) = Lo, s0n, =2 = |F,(v)].

On the other hand, if w € T, M is another tangent vector
which is not collinear to v, then w = (b,¢) with ¢ # 0 and
F.(w) = {(t,£c) | t € R} is a pair of lines. Thus F,(w) is not
a framing, see Figure 6.1b).

Suppose now that z is an NZ-point, i.e. VF(z) = 0. Then
by Lemma 7 Sh(F,z) is the kernel of .J,,

J.(DY(F,2)) = DH(F, 2)/Sh(F, z) = G.

is a finite cyclic group of order n,. Whence for any non-zero
v € T, M the set F,(v) is finite and Sh(F, z) is the kernel of
the action of D (F, z) on F,(v).

It remains to choose v for which F,(v ) is invariant with re-
spect to D(F, z). We can assume that D(F z) # D+(F 2), 8
J.(D(F, z)) is a dihedral group. Let h € D(F,z)\ D*(F, z)
Then h changes orientation at z, and therefore the linear map
T.h is a reflection with respect to a line {tv | t € R} de-
termined by some non-zero vector v € T, M. In particular,
T.h(v) = v. Now it is evident that F,(v) is invariant with

respect to D(F, z), so F,(v) is a framing, see Figure 6.1c).
Statements (4) and (5) are easy and we leave them for the
reader. OJ

Definition 8. Say that a family of framings
{F.(v,) : z € E;\c'}
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a) framing b) not a framing ¢) framing
FIGURE 6.1

is compatible if it is invariant with respect to S(f), i.e.
Tzh(Fz) = Fh(z), Vhe S(f)
Corollary 1. Compatible framings exist.

Proof. Since h(X}) = XY for every h € S(f), we can divide £}
by orbits with respect to S(f). Let O = {z1,..., 2} C X} be
one of these orbits. It suffices to define a compatible framing
on O.

Fix any framing F,, for z;. Let z; € O and h € S(f) be such
that h(z;) = z;. Then we set F,, = T,,h(F.,). By Lemma 13
this definition does not depend on a particular choice of such
h. O

6.2. Framed KR-graph I'(f) of f. Let I'(f) be the KR-
graph of f, py : M — T'(f) be the factor map, and w be a
vertex of ['(f). Say that
e w is a J-vertex if p}l(w) is a connected component of
oM,
e w is an S-vertex if p;l(w) contains S-points of f (in
this case p?l(w) is a critical component of Ay being
not local extreme of f);
e w is P-vertex (resp. N-verter) if p;*(w) is a P-point
(resp. N-point) of f.
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Let w be an N-vertex of I'(f) and z = p}l(w) be the corre-
sponding N-point of f. Then by cyclic order of w we will call
the corresponding cyclic order n, of z and denote it by n,,,
thus n, :=n -1, , =n,.

Py (w)

Let k. be the total number of vectors in (any) framing at
z, see Lemma 13. We will denote this number by k., and k,
as well. Thus k, = n, for even n, and k, = 2n, for odd n,.

To each N-vertex w let us glue k,, edges e,(1),...,ey(ky)
as shown in Figure 6.2. We will call them edges tangent to w.
The set of tangent edges to w will be denoted by T,. They
should be thought as “lying in the plane orthogonal to the edge
wncident to w”.

&2

&)

FIGURE 6.2. Tangent edges to a vertex w

Denote the obtained graph by f(f) and call it the framed
KR-graph of f. Thus I'(f) is a subgraph of I'(f) and we can

extend the KR-function fr : T(f) — P to all of I'(f) to be
constant on tangent edges: fr(e,(i)) = fr(w).

6.3. Automorphisms of f(f) Let E(I'(f)) be the set of

A~

edges of I'(f). By an automorphism of I'(f) we will mean a
pair (v,0), where

o v:T(f) = I'(f) is a homeomorphism which preserves
types of vertexes and the KR-function that is

frol/:frif(f)%R
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(in particular, v sends tangent edges to tangent edges),
and
e 0: E(I'(f)) — Zy is any function.

Define the composition of automorphisms by:

(Vl, 01) o} (VQ, 02) = (1/1 Oly, 01 0ly - 02),

where - is a multiplication in Zy = {£1}.

Then it is easy to see that all the automorphisms of I'(f)
constitute a group. We will denote this group by Aut(f(f)).
The unit of Aut(T(f)) is (idp;, 1), where 1: E(T(f)) — Zy
is a constant map to 1 € Z,, and the inverse of (v, 0) is
(v=Y —oov1h).

6.4. Action of S(f) on I'(f). Suppose f has at least one
critical point. We will now define a certain homomorphism
s S(f) = Au(R().

First of all fix

e a compatible framing {F. : z € £}} for N-points of f,

e for each z € Z? a bijection &, : F, — T, ;) between
the framing F, at z and the set of tangent edges at the corre-
sponding vertex py(z) of T(f) (see Figure 6.3), and

e orientation of connected components of A (this is pos-
sible since X5 # &, so all regular components of Ay are diffeo-
morphic to S' x (0,1) and thus they are orientable surfaces).

Now let h € S(f). We have to associate to h a pair (v, 0).

Notice that h yields a certain automorphism v = A(h) of
['(f). We will now extend it to the set of tangent edges. Let
heS(f), e XV, 2/ =h(z2), w=psz) and w' = ps(2') be

the corresponding vertexes on I'(f). Then 2 € ¥ as well
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w

FIGURE 6.3

and h yields a bijection between the framings F, and F... So
we define v : T, — T, by

T; £

€ooTho T, = F, EiF, 25T,

It remains to define a function o : E(I'(f)) — Zs. Let e
be an edge of I'(f) and v = py(e) be the corresponding con-
nected component of AT®. Then 7' = h(y) is also a connected
component of A, Notice that we fixed orientations of v and
+'. Therefore we define o(e) = +1 if h : v — ' preserves
orientations and o(e) = —1 otherwise.

A direct verification shows that the map

peS(f) = Aut(T(f),  p(h) = (,0)

is a well-defined homomorphism.

6.5. The kernel of ;1 and the group DV(A;). Denote by
DN(M,¥;) the subgroup of D(M) consisting of all diffeomor-
phisms h of M such that
o h(¥y) =Xy
e he 571(172, z) for each N-point z € XY and (any) spe-
cial vector field F, for z. In other words, J,(h) € A,
if VF(z) =(8}), and J,(h) =id if VF(z) = 0.
Denote by ON(f,%;) the orbit of f with respect to the
action of DN(M,X¢). Put

DY(Af) = DH(Ay) N DM, Zy).
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Then it is easy to see that DN(A[) is a normal subgroup of

S(f) and
DN(Af) C ker(p).

However in general DN(Af) # ker(u). The difference is that
each h € DN(A;) is required to preserve all 1-dimensional
leaves and their orientations, while each ¢g € ker(x) must only
preserve all reqular leaves and their orientation. In fact, it is
easy to construct an example of f and h € ker(u) \ DN(Ay)
which interchanges critical leaves of Ay, see e.g. [16, Lm. 6.9
& Fig. 6.1].

The following lemma repairs [18, Eq. (8.6)], see Remark 3.

Lemma 14. DN(A;) N Dig(M) = ker(u) N Dig(M).

Proof. Let h € ker(u) NDiq(M). Then, h preserves all regular
leaves of Ay with their orientation and is isotopic to idy;. Now
by [18, Th. 7.1| h also preserves all critical leaves with their

orientation. Moreover, h € Sh(F), z) for each z € E?, whence
h € DN (Af) OJ

7. GROUP myDN(Ay})

In this section we calculate the group moDN(Ay). The ex-
position is similar to [18, Th. 6.2] but we take to account
N—poinﬁs. R

Let I'(f) be the framed KR~graph of f. An edge e of ['(f)
will be called external, if it is either tangent to some N-point,
or is incident either to a P- or to a d-vertex. Otherwise, e is
internal.

Moreover, an internal edge e will be called an N-edge (resp.
an S-edge) if at least one of its vertexes is an N-vertex (resp.
both vertexes of e are S-vertexes).

Suppose that f : M — P satisfies (A1) and (A2). Let ~
be a regular leaf of Ay, so v is homeomorphic to S*. Denote
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by K., the connected component of A® containing . Then
there exists a Dehn twist 7, along « preserving Ay and being
identity outside arbitrary small neighbourhood U, C K, of v
consisting of full leaves of Ay, see [18, §6] and Figure 7.1. In
particular, we have that 7, € DN(A}). Notice that the image

. ' .

FIGURE 7.1

of K, in f(f) is a certain edge e. We will say that ~ (as well
as K,) is internal (external) if so is e, and that 7, is a twist
around e. R

Now let ej,...,ex be all the internal edges of I'(f). For
each ¢ choose any internal leaf +; corresponding to e; and take
any Dehn twist 7, € DN(A}) along 7;. Put

k
T= ‘U1 supp ;-
1=

Let J = (71,...,7) C DN(A;) be a subgroup generated by
the internal Dehn twists. Since supp 7;Nsupp 7; = @ for 7 # j,
we see that J is a free abelian group with basis (7, ..., ),
so J ~ 7Zk.

Theorem 5. c.f. [18, Th. 6.2|. Suppose that f : M — P
satisfies axioms (A1) and (A2), and has at least one critical
point of type S. Then the inclusion ¢ : J C DN(A;) is a
homotopy equivalence. In particular, we have an isomorphism

CO . j = 7T0j — WopN(Af),
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so moDN(Ay) ~ ZX is freely generaled by the isotopy classes
of internal Dehn twists.

The proof is similar to [18, Th. 6.2]. It suffices to establish
the following statement:

Lemma 15. 1) Every h € DN(Ay) is isotopic in DN(Ay) to
a product of internal Dehn twists, whence ¢ : J — moDN(A})
18 surjective.

2 If h =1 0---om™ € Sul(f) for some m; € Z, then
m; = 0 for all i and thus h = idys, whence ¢ : J — moDN(Ay)

1$ a monomorphism.

Proof. First suppose that M is orientable. Let F' be a vector
field on M satisfying assumptions of Lemma 16.

Claim 1. For every h € DN(Ay) there exists a unique C*
function o : M\ T — R being shift function for h with respect
to F. If h is fized on M \T, then o0 =0 on M\ T.

Proof. a) Let z be an N-point of f. Then
h € ker(sh,) = Sh(F, 2),

so h has a (unique) C* shift function o, defined on some F-
invariant closed neighbourhood V, of z containing no other
critical points of f. We can assume that V, NV, = & for
z # Z'. Then the functions o, define a unique shift function
on for h on the following set Uy := U V.
zEZ?
b) Since f has at least one S-point, there exists a critical
component K of Ay (that is a connected component of A%)
which is not a local extreme. Let z € K N X;. Then z is

an S-point of f. The assumption h € DN(A;) means that

h € SAh(F, z), so there exists a neighbourhood V. of z and a
unique C* function o, : V, — R such that h(zx) = F(z,0,(x))
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for all x € V,. Since K \ X is a disjoint union of intervals,
it follows that the functions {0.}.cx, extend to a unique C*
function oy defined on some neighbourhood V(K of K such
that h(z) = F(x,0x(x)) for all z € V(K), see [18, Lm. 6.4].

We can assume that V(K) is F-invariant, so 0V (K) con-
sists of regular leaves of Ay.

Put Us := UV (K), where K runs over all critical compo-
nents of Ay that are not local extremes. We can also assume
that

VIK)NV(K'Y=V(K)NUy =2

for distinct critical components K and K’. Then the functions
ok define a unique shift function og for A on Us.

c¢) Notice that the set M \ Us is a union of cylinders and
2-disks. Moreover, every cylinder contains no critical point of
f, while every 2-disk contains a unique critical point of f and
this point is a local extreme of f. Let By,..., By be all the
connected components of M \ Us having one or the following
properties: either

e B; is a cylinder such that B; N OM # &, or
e B, is a 2-disk containing a P-point of f.

In particular, B; N Uy = @. Denote Upp = UF_ | B;. We
claim that os extends to a C* function on Us U Uy p.

Indeed, suppose B; ~ S! x I is a cylinder. Then B;NUs is a
connected F-invariant neighbourhood of one of the connected
components of B; and this neighbourhood does not contain
another component of 0B;. So we can assume that

BinUs = S x [0,¢].

Then the function og on B;NUs extends to a C* shift function
for h on all of B;, see [18, Lm. 4.12(2)]. Denote this function
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Suppose B; is a 2-disk containing a P-point z. Then
Y; = BZ N Us

is a neighbourhood of 9B; and by (1) of Lemma 9 o extends
to a unique C* shift function 3; : B; — R for h on all of B;.
Denote U := Uy UUs U Uy p. Then the functions

on: Uy — R, os:Us — R, Bi » B = R,

1=1,...,k, define a unique C* shift function o : U — R for
h. Notice that M \ U is contained in the union of internal
components of A®. Therefore we can assume that in fact
M\UCT,soU > MN\T.

If his fixed on M\ U C T, then it follows from uniqueness
of on, os and uniqueness of extensions f3; of os to Usp, that
o=0. U

In order to complete statement 1) it remains to construct
an isotopy of h in DN(Ay) to a diffeomorphism fixed on M\ T.
Let o : M — [0,1] be a C* function constant on leaves of Ay
and such that g = 1 on some neighbourhood of U. Define the
following map:

H:MxI— M, Hi(z) =F(z, t- p(x) - on(x)).

Then H is C*, Hy = idy;, and H; = h on some neighbourhood
of U, see for details [18, Lemma 4.14]. In particular, every
H;, € DN(A;). Hence the following isotopy G; = h o H; !
deforms Gy = h in DN(Ay) to a diffeomorphism G fixed
on some neighbourhood of U. In other words suppG; C T,
whence G| is isotopic in DN(A}) to a product of some internal
Dehn twists.

2) Let h=m""o---om ™ € Sa(f). We have to show that
m; = 0 for all « = 1,...,k. For each 7 let U; be a cylinder
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neighbourhood of v; containing supp 7;, see Figure 7.1. Then

mz

Ui

Slnce he Si(f) and f has at least one S-point, it follows
from (iv) of Lemma 16 that there exists a unique C* shift
function o : M — R for h, so h(z) = F(z,a(z)) for all
x € M. Therefore an isotopy of h to idy in DN(Af) can be
given by hy(x) = F(z, ta(zx)), (t € I).

On the other hand by Claim 1 there exists a unique C*
function ¢ : M — R being shift function for h on M \ T
whence a = o on M \ T. Moreover, as h is fixed on M \ T,
we have that « = o =0on M \T. Hence h; is fixed on M\ T
for all ¢ € I. This implies that h|y, = 7|y, is isotopic to idy,
relatively some neighbourhood of OU;. But this is possible if
and only if m; = 0. This proves Theorem 5 for orientable
case.

Suppose M is non-orientable. Let p : M — M be the
oriented double covering of M, and & be p-equivariant invo-
lution of M. Then we have a function f fop: M — P.
Since every internal leaf v; is two-sided, it follows that p~*(v;)
consists of two connected components 7;; and ;2 being in-
ternal leaves of the foliation Az of f Then there are Dehn
twists 71,70 € 5N(Af) along v;; and ~;o respectively such
that 7,0 = £ om10& and 7; := 730 0 741 18 a lifting of 7;. Evi-
dently, each 7;; is internal, and by the oriented case the group
WODN(AJ’;) is generated by 7;; fori =1,..., kand j =1,2.

Consider the subgroup 5N(Af) of DN(Af) consisting of
symmetric h, i.e. ho& = £ o h. Then similarly to [18,
Claim 6.5.1] it can be shown that the isotopy classes of 7,
(i = 1,...,k) generate WoﬁN(Af), whence WOZSN(Af) ~ 7X.
Moreover, it follows from (ix) of Lemma 18 that there is a nat-

ural homeomorphism between DN(A;) and YSN(Af). Hence
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moDN(Af) &~ Z¥ and this group is generated by the isotopy
classes of internal Dehn twists. Theorem 5 is completed. [

8. PROOF OF THEOREM 3

Orientable case. Suppose M is orientable and f satisfies
axioms (A1) and (A2). For each z € Xy let F, be the corre-
sponding special vector field defined on some neighbourhood
U, of z.

Lemma 16. There exists a vector field F on M such that

(i) df(F) =0 and F(z) =0 iff z € Xy.

(ii) F' = £F, near z for every z € ¥y.

Moreover, for any vector field F' satisfying (i) and (ii) the
following conditions holds true:

(iii) The shift map ¢ : C°(M,R) — Sh(F) is either a
homeomorphism or a Z-covering map with respect to topolo-
gies C>. Hence by Lemma 4 so is the restriction

olp+ : TT — (T'),

and both spaces Sh(F) and o(I'") are either contractible or
homotopy equivalent to S*.
(iv) Sh(F) = Eq(F)* and, by Lemma 3, o(T'") = Dy (F)*.
(v) If f has no N-points then

Sh(F) = &a(F)°,  o(I'") = Dua(F)".

(vi) Suppose f has no S-points and only one N-point z,
though it may have P-points. If in addition n, = 1, then
Sh(F) = &a(F)? and o(I'T) = Dig(F)°. In this case f satis-
fies one of the conditions (b) or (¢) of Theorem 3.

(vil) Dia(Af)" = Dia(F)" = Sa(f)" for allr =0,..., 0.

(viii) If Sh(F) = Ea(F)", then DN(A)" = Sa(f)"
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Suppose Lemma 16 is proved. Then by (iv) and (vii) we

get

p(TF) = Sa(f)* = =Salf)
which proves (5.1). Moreover, the case (a) of Theorem 3
corresponds to (v), while (b) and (¢) correspond to (vii) of
Lemma 16, and in these cases o(I'") = Siu(f)! = S (f)".

Further, by (iii) of Lemma 16 ¢(I't) = Siq(f)> is either
contractible or homotopy equivalent to the circle.

If f has a critical point z of type S or N, then there exists
a neighbourhood V' of z such that ¢y is non-periodic, hence
for each h € Sjq(f) there may exists at most one C* shift
function on V. This implies that ¢ is non-periodic as well,
whence Siq(f) is contractible.

On the other hand, suppose all critical points of f are of
type P. Then f has at most two critical points and it is not
hard to prove that ¢ is periodic, whence Siq(f) is homotopy
equivalent to the circle. This case is analogous to |18, Th. 1.9].
Orientable case of Theorem 3 is completed modulo Lemma 16

Proof of Lemma 16. (i), (ii). Since M is orientable, it has a
symplectic structure and we can construct the corresponding
Hamiltonian vector field F” of f. By definition this vector
field satisfies (i) and also is parallel to F, near each z € Xy.
Changing the sign of F, (if necessary) we may assume that F”
and F, has the same directions near z. Then using partition
unity technique we can glue F’ with all of F, so that the
resulting vector field F' on M would satisfy (i) and (ii).

(iii). We should prove that the map ¢ : C*°(M,R) — Sh(F)
is either a homeomorphism or a Z-covering map. Due to The-
orem 2 it suffices to prove that every regular point z € M\ X g
satisfies either of the conditions (R1), (R2), and every singular
point z € ¥ of F satisfies (S1), (S2), and (B1).



Functions on surfaces 49

Let z be a regular point of f. Then z is also non-singular
for F. Denote by w the connected component of a level-set
/7 f(2) containing 2.

If w contains critical points of f, then the orbit o, of z is
either “an arc connecting two critical points” or a “loop at
some critical point” of f, see points z; and 2 in Figure 8.1.
In both cases the limit sets of the orbit o, of z is finite, whence
z is non-recurrent, and thus it satisfies (R1).

Otherwise w contains no critical points and therefore is dif-
feomorphic to S'. Hence w is a periodic orbit of F, see Fig-
ure 8.1. Then it is easy to see that the first return map of
such orbit is the identity, whence z has property (R2).

FiGURE 8.1

Let z be a critical point of f and U be a neighbourhood of
z on which F' = F,. Then by condition (SP2) of Definition 2
there exists a base 3, = {V;},;e; C U of D-neighbourhoods of
z such that for each V' € 3, the shift map of F,

(81) Yuv fUﬂC(FZ’U, V) — Sh(Fz|U7 V)

is a local homeomorphism between the corresponding topolo-
gies C*. Since F' = F, on U, the map (8.1) is the same as the
following one:

Yuyv - func(F|U, V) — Sh(F|U, V)
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In particular, gy is open as well. This implies (B1) for z.

Suppose z is a local extreme of f, then it has arbitrary small
F-invariant neighbourhoods, see Figure 8.2a), i.e. satisfies
(S1).

Suppose z is a saddle. Then there exists arbitrary small
2-disk U such that OU is smooth and transversal to orbits
everywhere except for finitely many points x4, ..., z, and for
each z; there exists an open arc 7; on o,, containing z; such
that v, N OU = {x;}, see Figure 8.2b). This implies property
(S2) for .

(a)
FIGURE 8.2. A neighbourhood U

(iv), (v). We have to identify Sh(F) with &q(F)" for r =0
or 1. Let h € &q(F)". Then there exists an r-homotopy
H : M xI — M such that Hy = idy;, H; = h, and H, € E(F)
for all ¢ € I. Then by Lemma 2 there exists an r-homotopy

A (M\Sp)x T =R
such that Ag = 0 and Hy(z) = F(z, Ay(x)) for all x € M\ Xp.

Ifr =1orif r = 0 but f has no N-points, then by Lemma 10

(applied to each z € Xy) the function Ay, t € (0, 1], extends to

a C* function on all of M. Hence H; € Sh(F). In particular,
h = H, € Sh(F), and so Sh(F) = Eq(F)L.

(vi). Suppose that f has no S-points and only one N-point
z which also satisfies n, = 1. Thus f has only local extremes
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and one of them is z. Since M is connected there may exist
at most two such points. Thus either ¥y = {2, 2'}, where 2/
is a P-point, M = S? and f satisfies (b) of Theorem 3, or
¥ ={z}, M = D? and f satisfies (c) of Theorem 3.

Notice that the orbits of F' on M \ ¥ are closed, the shift
map ¢y, is periodic, and the function 6 : M\¥; — (0, 4+00)
associating to every x € M \ Xy its period Per(z) generates
the kernel ker(pyns,). Moreover, if ¥y = {z,2'} and 2’ is
a P-point then by Definition 4 6 smoothly extends to some
neighbourhood of 2. Thus we can assume that 6 is C*™ on

Now let h € &q(F)°. We have to verify that h € Sh(F).

By Lemma 2 there exists a smooth shift function

a:M\Z; —R

for h on M \ X;. Moreover, if 3 = {z,2'} where 2’ is a P-
point, then by Lemma 10 o smoothly extends to a C* function
near z'. Therefore we can assume that o is C* on M \ {z} as
well as . Then for each k € Z the function o + k@ is also a
C® shift function for h on M \ {z}.

By definition A is a local diffeomorphism at z and since
h € &Eq(F)? it follows that h preserves orientation at z, so
h € ﬁ*(F, z). Then the assumption n, = 1, means that

J.(D(F, z)) = id, so
h € DY(F,z) C ker(J.) C S%(F,z).

Hence there exists a C* shift function S for h on some neigh-
bourhood W of z.

Therefore a and § are C* shift functions for h on W'\ {z},
whence  — a = nf for some k € Z. Hence o + nf is C* shift
function for h on all of M, so h € Sh(F).



52 Maksymenko S.

(vii). It follows from (i) that the foliation A, coincides with
the foliation by orbits of I, whence D(Af) = D(F), and by
Lemma 5 Di(Af)" = Dia(F)" C Sl f)".

(viii). Suppose Sh(F) = Eq(F)" for some r > 0. Then

Sh(F) = &a(F)" D Dy(F)" =
=Su(f)" = Du(Ap)" D Di(Ay)"

In particular, each h € Si(f)" has a C* shift function on
M with respect to F. This implies that J,(h) € S%(F, z) for
each S-point z of f, whence by definition h € DN(Af). Thus
Sid(f)T C DN(AJC), and therefore Sid(f)r C DM(A]@)T O

Non-orientable case. Suppose that a surface M is non-
orientable. Let p : M — M be the oriented double covering of
M and £ : M — M be a C*> involution generating the group
Zs of deck transformations. -

A vector field F' on M tangent to OM (as well as its flow
F) will be called skew-symmetric if £(F) = —F, that is

Fo&=-TE¢oF.

This is equivalent to the requirement that F, o0& = £oF_, for
all t € R.

A smooth map h : M — E will be called symmetric if
ho& = ¢oh. Denote by 5+(M) the group of all orientation
preserving symmetric diffeomorphisms of M.

Lemma 17. For every h € D(M) there exists a unique lifting
h e 5+(ZT4/), so poh = hop. Moreover, the correspondence
h — h is a homeomorphism 1 : D(M) — 5+(M) with respect
to each topology C", (0 < r < 00).
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Proof. Notice that each h € D(M) has exactly two symmetric
liftings. If h € ZS(M) is a lifting of h, then another one is
given by & o h. Since & reverses orientation of M , we can
assume that / preserves orientation of M, i.e. h € 5+~(]T/f ).

Then it is easy to see that the correspondence n: h — his a

bijection between D(M) and D*(M). The verification that 7
is a homeomorphism with respect to the topology C” for each
0 <r < oo is direct and we left it for the reader. OJ

Suppose f satisfies axioms (A1) and (A2). Since pis a local
diffeomorphism, it follows that the map f: fop: M—P
also satifies these axioms.

Let y € X, Gy be a special vector field near y, and let
z,2' € X7 be critical points of f such that p~'(y) = {z,2'}.
Define vector fields F, and F., near z and z’ respectively as
pullbacks of G, via p:

F, =p"Gy, F, = -p'G,.

Let F’ be any vector field on M satisfying (i) and (ii). Then
the vector field F = 1(F’ — ¢*F') is skew-symmetric and
also satisfies (i) and (ii) and therefore all other statements
of Lemma 16, see [18, Lm. 5.1] for details.

Lemma 18. c.f. [18, Lm. 4.9 & 5.1|. The following condi-
tions hold true: o

(ix) Let D(Aj) = D(Af) DT (M) be the group of symmet-
ric diffeomorphisms preserving foliation Af. Then

n(D(Ap)) = D(A7),

see Lemma 17. In particular, for all v = 0,...,00 we have
homeomorphisms Dia(Ay)" = Dia(Af)"
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(x) Put Ey = {a € C°(M,R) | a0 & = —a}. Then the shift
map ¢ of F yields a homeomorhism ¢ : EgNTT — D(Af)
with respect to topologies C*°. Since EogNI'" is conver, ﬁ(Af)
s contractible.

Proof. Statement (ix) follows from Lemma 17, and (x) from [18,
Lm. 4.9]. O

Now we can complete non-orientable case of Theorem 3.
By (x) of Lemma 18

p(I'" N Ey) = Du(Ap)', @I N Ey) = ﬁd(Af)O

if f and therefore fhave no N-points.

Moreover for all r = 0, ..., 00 we have the following identi-
fications
~ . Lm.17 o Lms .
Did(Af) = Du(Ay) =—— Sulf)"
This implies that Siq(f)™ = --- = Sa(f)' and this space is

contractible. Moreover, Siq(f)! = Sia(f)° whenever f has no
N-points.
Theorem 3 is proved. [

9. PROOF OF THEOREM 4

Suppose f : M — P satisfies (A1)-(A3) and has at least one
S-point. Statement about higher homotopy groups of O(f) is
a simple consequence of Theorem 3 and (A3).

Indeed, choose idys to be a base point in S(f) and D(M),
and f to be a base point in O(f). Then axiom (A3) implies
that there exists an exact sequence of homotopy groups of the
fibration p:

mS(f) ~ mD(M) 2o mo(f) 25 moS(f)



Functions on surfaces 55

where iy, is induced by the inclusion i : S(f) C D(M), and I
is the boundary homomorphism.

Recall that 7, D(M) = m;M for i > 3, and mD(M) = 0,
see [6, 7, 8, 10]. Since by Theorem 3 Siq(f) is contractible, we
obtain isomorphisms m,O(f) ~ mD(M) for k > 2 and also
the following exact sequence:

1= mDM) 25 mo(f) 25 m(S(f) N Du(M)) — 1,

where 7o(S(f) NDia(M)) can be regarded as the kernel of the
induced map ig : 1S(f) — mD(M).

It remains to establish the short exact sequence (5.2) for
mO(f) and show that Oy(f) is weakly homotopy equivalent
to some finite dimensional CW-complex.

Proof of (5.2). The arguments are similar to [18, §9]. Recall
that we have a homomorphism p : 7oS(f) — Aut(f(f)). Let
G = p(kerig) be the image of the subgroup

kerig = mo(S(f) N Dia(M))

of meS(f) under u, and Jy be the kernel of the restriction of
i to kerig. Thus

Lm. 14

Jo = mo(ker(u) N Dig(M)) To(DN(Af) N Dig(M)).

Since J = mo(DN(Ay)) ~ Z* is a free abelian group, we see
that so is its subgroup Jy. Thus Jy ~ Z! for some 1 > 0.
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Then we have the following commutative diagram in which
all vertical and horizontal lines are exact:

1
!

1
!
H I N AP /N
\ {
1 - mDu(M) 2 1m0(f) 25 ker(iy) — 1
1
& o— &
\ 4
1 1

where H = 0;'(J). To show that the left vertical sequence
coincides with (5.2) we have to prove the following:

Theorem 6. A short exact sequence

9.1) 1o mDa(M) -2 H-25 7 —1
admits a section s : H — Jy such that 0y o s =idg,.

Due to [18, Lm. 2.2.| 0, is a homomorphism and p; (mD(M))
is contained in the center of m;O(f), so (9.1) is a central ex-
tension. Then theorem 6 implies that this sequence splits,
so H ~ mDy(M) @ Z', which finishes Theorem 4 modulo
Theorem 6.

Statement of Theorem 6 was claimed without explanations
in the proof of [18, Th. 1.5]. But in general there are central
extension that do not split. Therefore in next section we will
present a proof of Theorem 6. O

10. PROOF OF THEOREM 6

We have to consider only the cases when mDiq(M) = 0,
which is equivalent to the assumption x (M) > 0.
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Let {ga }aca be any set of generators for 7. Foreach a € A
let w, : I — Dijg(M) be a path such that w,(0) = idy; and
wa(l) = ga, see Figure 10.1a). Since g, € Jy C S(f), we see
that the map v : I — O(f) defined by v(t) = fow,(t) is a
loop, i.e. v(0) =v(1) = f.

Let also F be a free group generated by symbols {ga, }aca-
Then there exists a unique epimorphism n : 7 — J; such that
7(Ja) = ga, and a unique homomorphism ¢ : F — mO(f)
defined by ¥(ga) = [f o wa] for all @ € A. Moreover we have
the following commutative diagram:

Evidently, if kern C ker ), then 0; admits a section
s:Jo— H,

whence H ~ mDig(M) x Jp. Thus for the proof of Theorem 6
we have to find conditions when kern C ker ).

a) Paths W b) A path ’ig1og2093

FI1GURE 10.1

First we present exact formulas for . Let

h=(g)"++ (3a) € F,
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~

where ¢; € Z. Put h =n(h) = gi* - - ¢5* € Jo and define the
following path &j, : [0,a] = Dia(M) by

(10.1)
(wi(t), teo,1],
g1t ows(t — 1)%2, tel,2],
Ri(t) = € 97" 0 g5° o wy(t — 2)%, te 23],

(gito--0g Y ow,(t—a+1), t€[a—1,a],
see Figure 10.1b). Evidently,
r;(0) = iday, ki (1) =h e Ty C S(f).
Hence the map v; : I — O(f) defined by
vi(t) = f ok (t)
is a loop. Then it is easy to see that 1(h) = [;].

Suppose h € kern, so h = n(ﬁ) = idps. Then &j, is a loop
in Dld(M>

Lemma 19. Let {go}taca be a set of generators for Jy, F be
a free group generated by symbols {ga taca, and

H = {hg}pes C F
be the subset whose normal closure coincides with kern, so
Jo = < {ga}aeA ‘ {hﬁ}/ﬁEB >
s a presentation for Jy. For each a € A take a path
Wo o I — Dig(M)

such that w,(0) = idyr and wa(l) = go. Then each of the
following conditions implies that kern C ker .
1) For each B € B the loop ky, is null-homotopic in Dia(M).
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2) There ezists a subset QQ C M consisting of k > x(M)
points and such that w,(t) is fived on Q for all « € A and
tel.

Proof. Statement 1) is trivial.

2) Let z1,..., 2, € Q be k distinct points, D(M, k) be the
group of diffeomorphisms of M that fix each of these points,
and Djq(M, k) be the identity path component of D(M, k).
Then for each BB the loop K, is contained in Diq(M, k). Since

X(M) < k, it follows that Diq(M, k) is contractible, whence
Kj, is null-homotopic in Di(M, k) C Dig(M). Therefore

W(hg) = [f o /f;%] is null-homotopic in H, so hy € kerep. O

Thus for the proof of Theorem 6 it suffices to show that for
every surface M with x(M) > 0 one of the conditions 1) or
2) of Lemma 19 is satisfied.

Lemma 20. Suppose M is one of the surfaces S?, RP2,
D2, M¢é or S* x I. Then there exists even infinite subset
QQ C M such that every internal Dehn twist is fized on @
and isotopic to idy, relatively QQ. In particular, so does every
h € Jo, whence by 2) of Lemma 19 kern C ker .

Proof. Suppose M is either 2-disk D? or Mébius band M6, or
a cylinder St x I. Put Q = OM if M is either D? or Mo, and
Q = St x 0if M = S*' x I. Then every internal Dehn twist
is fixed near () and is isotopic to id,; relatively to @), see e.g.
[1], [9, Th. 3.4 & 5.2, [37).

Let M be either 2-sphere S? or a projective plane RP?. In
this case f always has a local extreme. Denote this point
by z and let @ C M \ T be a closed neighbourhood of =z
diffeomorphic to 2-disk. Then M \ @ is either a 2-disk (if
M = S?) or a Mobius band (if M = RP?). Moreover, every
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internal Dehn twist 7 is fixed on some neighbourhood of Q).
Hence 7 is isotopic to the identity relatively Q. [

Lemma 21. Let M be either a 2-torus T? or a Klein bottle

K. Suppose that every internal leaf ~v;, (i = 1,...,k), sepa-
rates M. Then there exists a subset Q C M satisfying 2) of
Lemma 19.

Proof. Let U; be an open neighbourhood of ~; diffeomorphic
to S x (0, 1) such that OU; consists of two regular leaves of A
and supp 7; C U;. Since ~; separates M, it follows that M\ U;
consists of two connected components B; and C;. Moreover,
as M is either a 2-torus 72 or a Klein bottle K, we have that
one of the components, say By, is either a 2-disk or a M6bius
band.

a) Suppose By is a Mobius band. Then M is a Klein bottle,
and C] as well as C; U Uy are Mobius bands. Put

Q:aUlﬂBl

Then @ is a simple closed curve “parallel” to ~; and also sep-
arating M into two Md&bius bands. Moreover, every internal
Dehn twist 7; is fixed on some neighbourhood (), and therefore
it is isotopic to id, relatively Q.

b) Suppose that neither B; nor C; is a Mébius band. Then
B, is a 2-disk. Renumbering ~; (if necessary) we can assume
that there exists r € {1,...,k} such that

e if i = 1,...,r, then B; is not contained in any of B;
for j=1,...,k, and j # 1, so B; is “maximal”;
o for j =r+1,...,k every B; is contained in some B;
fori=1,...,r.
Put
(102) Q := [’}1 C; = iM\(BiUUi) = M\ ,ﬁl(BiuUi).
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Then @ is connected as a complement to a disjoint union of
closed 2-disks on a connected surface. It is also easy to see
that () does not contain any internal curve. Indeed, suppose
v C Q. Since v; C Uj;, we obtain from (10.2) that j €
{r+1,... k}, whence B; C B; for some i =1,...,7. On the
other hand «; separates () into two non-empty components
D; and D} such that one of them, say Dj, is contained in
B;. Hence D; C B; C B; C M \ @ which contradicts to the
assumption that D; C Q.

Thus () contains no internal curves and therefore every 7;
is fixed on some neighbourhood of Q. As M \ @ is a union of
2-disks, we see that 7; is isotopic to the identity relatively Q.
Hence so does every g € Jp. 0

Lemma 22. Let M be either a 2-torus T? or a Klein bottle
K. Suppose that v, does not separate M .

(i) If M is a 2-torus T?, then there exists a subset Q
satisfying 2) of Lemma 19, whence kern C ker ).
(ii) If M is a Klein bottle K, then kern C kert as well.

Proof. Since all v; are mutually disjoint simple closed curves
on a 2-torus or a Klein bottle, we can assume that for some
a=1,... k the curves 7, ...,7, are non-separating and iso-
topic each other, while each of v, 1, ..., separate M so that
one of the components of M\ ~; is a 2-disk. It follows that 7; is
isotopic to 71 fort =1,...,a, and toidy, fort =a+1,..., k.

Let ) be a regular leaf of Ay contained in Uy \ supp 71, see
Figure 10.2. Then every 7; is fixed on some neighbourhood of
Q@ in Uy \ supp 7y.

Now let h € Jo. Thus h =7{'0---o7ie o7, % 0-- .07k for
some i; € Z and h is isotopic to idy. Put d =iy + -+ + 1,.
Since M \ @ is a cylinder, we see that h is isotopic to 7{
relatively to Q.
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(i) Suppose M is a 2-torus T%. As h is isotopic to idgz, we
have that d = 0, whence 7¢ (and thus h itself) is isotopic to
idr2 relatively to Q.

(ii) Let M be a Klein bottle K. Tt is well known that 7}
is isotopic to idg, see [14, Lm. 5]. Moreover, we can assume
@ is invariant (but not fixed!) under such an isotopy, see
Figure 10.2. Since h is isotopic to idg, we obtain that d is
even and h is also isotopic to idg via an isotopy which leaves
() invariant.

FIGURE 10.2. Isotopy of 77 to idg

Let {ga }aca be a set of generators for Jy, F be a free group
generated by symbols {Ga }aca, and H = {ﬁg}geB C F be the
subset whose normal closure coincides with ker 7.

By the previous arguments for each g, there exists a path
Wa : I — Dig(K) between idg and g, such that w,(t)(Q) = Q
foralla € Aand t € I.

Let 8 € B and Ky - I — Diy(K) be the corresponding loop
in Djy(K). Then K, (t)(Q) = Q for all t € I as well. Now it
is easy to see that K, is null-homotopic, so the assumption
(2) of Lemma 19 holds.

Indeed, let 0 C K be a simple closed curve shown in Fig-
ure 10.2. Then K\ o consists of two Mo6bius bands. It is
well-known that mD;q(K) = Z and this group is generated
by the isotopy which rotates K twice along o, see e.g. |[10].
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In particular, if k : I — D;q(K) is a loop being not null-
homotopic, then k(t)(Q) # @ for some t € I. Therefore Fi,

is null-homotopic for all ilg € ker. O
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O koH(OPMHOIT 3KBUBAJIEHTHOCTU (DYHKITHI

B. B. JIviwaeun, H. I Konogenko

B nmamiit poboti HaBemeno Knacu@ikamio raaaKkux GYyHKIH BiIHOCHO
[CEeBAOrPYIU KOH(MOPMHUX IIEPETBOPEHD ILJIOIMHA

In this paper we give a classification of functions on the plane with
respect to conformal pseudogroup. We describe the algebra of confor-
mal differential invariants and find invariant symplectic and metric
structures on the algebra. These structures allow us to give a com-
plete classification of orbits.

1. BBEAEHUE

B nannoit pabore mpuBojieHa KjaaccupuKalus peryasapHbx
KX (DYHKIUNE Ha IJIOCKOCTH OTHOCUTEJIBLHO IICEBIOTPYII-
bl KOH(OPMHBIX IpeoOpa3oBanuii. Buauase moaydum dop-
MaJIbHYIO KJacCHpHKANUIO (DYHKIHH. DTO JTOCTHTACTCS OIH-
caHueM opOUT KOH(DPOPMHOTO JEHCTBUS B TPOCTPAHCTBAX JT2Ke-
TOB U HAXOK/IeHHeM ajredpbl KOHMOPMHBIX JuddepeHiinalib-
HBIX HHBapuaHTOB (cp. [3]). MbI yrounsgem noustue KouGOpM-
HOTO MU HepeHnuaasbHOro NHBAPHAHTA, TOHUMAas 10T TIOCJIe/1-
HUM (DYHKITUIO HA TTPOCTPAHCTBAX 7KETOB, MOJTHHOMHUAJIBHYTO
BJIOJIb CJIOEB €CTECTBEHHBIX PACCIOCHUIl, a TaKyKe MOJTUHOMMU-
AJIbHYIO OTHOCUTEILHO BEJIMIUHBI, 00pATHON K KBaJIpaTy I'pa-
JIMeHTa ¥ UHBAPUAHTHYIO OTHOCUTEIBHO KOH(POPMHBIX ITPeod-
pasoBanuii. Teopema 3 maer onucanue CTPYKTYPHI 3TOI areod-
pbl. MBI HaXOAMM TaKxKe WHBAPHAHTHYIO CHMILIEKTHYECKYIO
U METPUYECKYIO CTPYKTYPbl Ha ajiredpe juddepeHinaibHbIX

© Jlsrqarun B. B., Konosenko H. I'., 2010
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HHBAPHUAHTOB, UCIO/IH3Ys KOTOPHIE MBI CTPOMM WHBAPUAHTHBIE
nucpdepenruposanusd. Haiinennoe onucanue anredpbr aud-
depeHnraJbHBIX WHBAPUHTOB CBOJUT MPOOJIEMY JIOKAJIbHOM
KOH(MOPMHO# 9KBUBAJIEHTHOCTH K PA3PENIIMOCTH HEKOTOPBIX
cucteM muddepeHnnaIbHBIX YPaBHEHUN TPETHero MOpPsIKa
(cp. [1]). Beinosnenne yesopuit audepeHuanbHOl CH3UTHHT
obecriednBaeT (POPMATHHYIO HHTEIPUPYEMOCTD ITOI CHCTEMBI,
a teopeMma Kaprana-Kenepa mo3Bossger marh KOHGOPMHYIO
KJIACCU(PUKAIIIO BEIMECTBEHHBIX aHAJTUTUICCKUX (DYHKITHIA.

2. AJITEBPA KOH®OPMHBIX JANOPEPEHIINAJIBHBIX
MHBAPUAHTOB

Anrebpa JIu iceBaorpy sl KOH(DOPMHBIX TpeodpPa30BaHMI
IJIOCKOCTH COCTOUT U3 KOH(POPMHBIX BEKTODHBIX IOJIel, T.e.
MoJIell BHIA

0 0
X =Ax,y)— + B(z,y)—,
(z,y) 5 + Bl 7y)ay
rie byukmun A(z,y) u B(z,y) yA0BAETBOPSIIOT CHCTEME yPaB-
nennii Komu-Pumana.
O6o3naqmm gepes J*(R?) — npocrpancTsa k-1:KeToB ByHK-
I Ha IJIOCKOCTH, a depes

(T, Y, U, Uy, Uy, Uy Uy Uy - - - )

KaHOHUYECKHE KOOPJMHATHI B 3THX MPOCTPAHCTBAX. Kaxkioe
KOH(MOPMHOE BEKTOPHOE HoJjie V' IIOJHMMAETCH 10 BEKTOPHO-
ro mona V® g mpocrpancrse k-mxeron (e, [2]). Ckasken,
4TO TEH30p =, 3aJaHHbl Ha npocrpancTse k-mxeros JF(R?),
KOH(MOPMHO mHBapuaHTeH, ecin Ly w (2) = 0 masa Bcex KoH-
dOpMHBIX BEKTOPHBIX T0J1eit V.

Teopema 1. Jluppepervyuarvras 2-popma
Q = (ul + ul)(dz A dy)
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u Jughpepenyuanvran kKeadpamuurasn Gopma
O = (u +uy)(da® + dy?),

3adarHvie HG MH02000pasuy 1-docemos, KoHpopMHO-UHBAPU-
aHMHDL.

3 3T0it TeOpeMBI CJIeIyeT, 9To KaxKa0# (pyuknuu f ¢ HeHy-
JIEBBIM T'PATUEHTOM MOXKHO COTIOCTABUTH METPHUKY HA TLIOCKO-
ctu O = (f2+ fyz)(dx2 + dy?) ¥ CUMILTEKTHYECKYIO (bOPMY
Qf = (f2+ f7)(dx Ady). TIpu 510M KOH(BOPMHAS IKBHBATEHT-
HOCTH (DYHKIUI BIeYeT IKBUBAJCHTHOCTD COOTBETCTBYIONUX
METPHUK U CHMILIEKTUIECKUX CTPYKTYP.

[lox kondopmrvm duddepernuuarvrvim UHBAPUGHMOM MBI
MOHUMAaeM (DYHKIHIO TOJHHOMHAATHHYIO TIO TIePeMEHHBIM

1
( ) s Yy ) Yy Yyyo ’U§+U5

U MHBAPUAHTHYIO OTHOCUTETHHO MTPOIOIZKEHHOTO JIeHCTBUST KOH-
dOpPMHOI 1ICEBIOTPYIIIIbI.

Teopema 2. Kascdomy duddepernvyuarvromy unsapuarmy I
COOMBEMCMBYIOM 066 UHBAPUGHMHLL JuPdeperyupocanua

o L (dld did
I_ui—i-uf/ dedr dydy)’

_ o (ad ara
%_ug—l—ug dydr dxdy)’
d , d

2de uepes iz Uu @ 0003HAMEHDL COOMBEMCMEEHHO NOAHDLE npo-

u3600HBIE 6004 T U Y.

B stoit Teopeme nudpdepennmpoBanue V; orBedaeT rpa-
JMEeHTY WHBapuaHTa I oTHOCHTEIbHO MeTpuku O, a mudde-
PEHIIMPOBAHHE 77 COOTBETCTBYET FAMHUJIBTOHOBY BEKTOPHOMY
OJIT0 ¢ TamMuabToHnanoM I orunocuresibHO popmbr €.
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JleficrBue KOH(MOPMHOI TICEBAOIPYIIIBI UMEET OY€BUIHBII
nucpdepennuaabublii THBAPUAHT HYJEBOTO MOpdaka u. My
OTBEYAIOT JBA NUHBAPUAHTHBIX JAuddepennupoBanus V,, 1 7,
KOTOpBbIe MBI ODO3HAYUM Uepes:

ot 4 U d
a2 2 2 2
uz +uy de uy +ug dy
LU 4w d
2 2 2 2 g
uy +uyde ugp+updy

Jlerko nmpoBepuTh, 94T0 31U jJuddepeHnupoBaius YI0BIeTBO-
PSAIOT CHEAYIONEMY KOMMYTAITMOHHOMY COOTHOIIEHUIO:

(2.1) [V)’}/] = J-fy‘
B sTom cooTnomenun pyHKIms

uJ?.Z’ + uyy

2 2
Uy + Uy,

gapisercsa KoHMOpMHBIM guddepeHnnajlbHbIM HHBAPUAHTOM
BTOPOTO MOPSIKA.
CupaBe/ijiuBa CJIe/IyIONAsi TEOPEMA.

Teopema 3. Anzebpa kongdopmunzr duddeperuuarvHus ur-
BAPUAHTNOG HA NAOCKOCTNU NOPOAHCIEHE DASUCHDLM UHBAPUAH-
MOM HYAEB020 NOPAJKG U, OUPPHEPEHUUASOHBIM UHBAPUAH-
MoM 6mopo2o nopadka J, a makoice 6cemu uHBAPUGHIMHBLMYU
npouseodnvimu VL (J).

3. KOH®OPMHASI SKBUBAJEHTHOCTb ®YHKIIMUIA.

Mp1 HazbIBeM (DYHKIIMIO, 3aJaHHYI0O B HEKOTOPO# obJiacTu
IJIOCKOCTH KOHPOPMHO-pe2YAAPHOT, €CIA 3HAYeHUsT 6A3UCHBIX
nuddepeHmaIbHBIX THBAPUAHTOB © U J Ha 3Toit pyHKIUN
GYHKIMOHAJIBHO HE3ABUCHMBI.
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Tak nanpumep, rapmonndeckue (PYHKIUE HE SIBJISTIOTCS KOH-
dbopmuo-peryngpabMu, a GyHKImE 7° 4 1% — KondopMHO-pe-
TYJIsIPHA B COOTBETCTBYIOMIEH ob1acTu.

s KonpOpMHO-peryadpHbIX (bynknuit 3nadenus audde-
pernuaabHbIX uuBapuantos V(J) u v(J) apagiorcs GyHKIm-
MU OT u U J.

[Iyctn

(3.1) V(J) = Au,J),  ~(J) = B(u,J),

JLJIsT HeKOTOPBIX hyHKIui A n B.
OrMmeruM, 4uTO 3T (PYHKIUNA HE TPOU3BOJILHBI, a YIOBJE-
TBOPAIOT YCJOBHIO CU3UTHU:

(3.2) J-B—A;B+ BjA+ B, =0,

KOTOpOE TOJIYYaeTcsl TPpUMEHEHUEM KOMMYTAIIMOHHOTO COOT-
womenust (2.1) k dynknuu J.

OrmernMm TakzKe, 9T0 KOHMOPMHO-9KBUBAJIEHTHbBIE DEryJ/Isip-
Hble (DYHKIUU ONPEIEISIOT OAHN u Te ke GyHkmun A u B.
Bosee Toro, 3amanne ¢pyukmuit A u B onpemesier MEeTpUKyY
O u cumiutekTudecky ¢opmy 2. ObparHo, eciam 3Tu QYHK-
MU BHIGPAHBL, TO COOTHOIIEHUST (3.1) MOXKHO pacCMaTPUBATH,
KakK cucTeMy ABYX JuddepeHnaibHblX YpaBHEHN TPEThero
nopsiaka. Ecium KpoMe TOTO BBIMOJTHEHO COOTHOINEHUE CH3U-
ruif, TO dTa cucremMa dapjgercd (GopMasbHO UHTEIPUPYEMOI.
CaegosarenbHo, B cuiay Teopembl Kaprana-Kemepa ona un-
Terpupyema, ecjim PacCMaTpuBaeMbie (DYHKITHH BEIECTBEHHO-
aHaUTUIHbI. CyMMUPYsI, Oy IaeM CJIeAyONnil Pe3yIbTar.

Teopema 4. /[laa KOHPOPMHO-DELYAAPHBT BEWECMEEHHO-
anaaumuseckur Gynryul na naockocmu, gynryun A(u, J) u
B(u, J), ydosaemesoparousue yeaosuto cusuzuu (3.2), Aokanb-
HO ONPEIessOM KAGCC KOHPOPMHOT IKEUBANEHMHOCTU.
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O HEKPUTHUYECKOM ITPOJIOI2KeHUN (DYHKITUN,
3a/IAaHHOI Ha TPaHUIle TPEXMEPHOIi 00J1acT!

IIpuwaax A. 0.3, Hpuwasax E. A.,
Bamuanunosa E. H.

UccnenoBanbl TONOJOTHYECKHE CBOMCTBA TTaAKUX (DYHKIUH HA TPeX-
MEPHBIX OFPAHUYEHHBIX 00JIACTSIX, CY’KEHHE KOTOPbIX Ha IPAHUILY,
IAJKYIO [OBEPXHOCTb, MMEET KOHEYHOE YUCIO KPUTUYECKUX TO-
qek. [ToydeHbr HEOOXOMMMBbIE YCJIOBUS CYIIECTBOBAHUS TPOIOJIZKE-
Husi YHKIUK C TPAHUIBI BOBHYTPb obsactu. g dyukimit Ha 3a-
MKHYTOU OPHEHTHDPOBAHHON MOBEPXHOCTU C OJHUM JIOKAJIHHBIM M-
HAMYMOM, OJTHUM JIOKAJIbHBIM MAKCUMYMOM ¥ UMEMONUX HA KaXKJIOM
KPUTUYIECKOM YPOBHE MO OJIHOW KPUTUUIECKON TOUYKE, JTOKA3AH KPUTE-
puii CyIIeCTBOBAHUS BJIOYKEHUS TIOBEPXHOCTH, TP KOTOPOM (OYHKITHST
MOXKET OBITH MPOJJIEHa BHYTPb 00/1aCTH 0e3 KPUTUIECKUX TOUEK.

We consider topological properties of smooth functions on 3-
dimensional bounded domains, whose restrictions to the boundary
of such domains have finite number of critical points. A necesary
condition for existence of an extension of a function from the bound-
ary to all the domain without critical points is obtained. Let f be
a smooth function on an orientable surface F' with only one local
minima, one local maxima and having only one critical point at each
critical level. We give a criteria for existence of an embdding F' C R?
such that f extends inside F' without critical points.

3,ZLocnig1>KeHHﬁ YACTKOBO MATPUMAaHI Y KpaiHCbKO-CIOBEHCHKUM HAY-
KOBO-JIOCJIiTHIM TTPOEKTOM « TOTOJIoTia MHOTOBHUIIB Ta 11 3aCTOCYBAHHS»,
morosip Ne M /150-2009.

© IIpumagsk A. O., IIpunuiak E. A.,
Baruaannosa E. H., 2010
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BBEJEHUE

PaccmorpuMm orpanmdennyio o6,iacTh B TPEXMEPHOM IPO-
CTPAHCTBE, TPAHUIIEIT KOTOPOI SIBJISIETCSI TIa/IKast TTOBEPXHOCTh.
Jlerko nmoctpouTh GyHKIHIO O6€3 KPUTHIECKUX TOUYEK B 00.J1a-
cTh. [IpuMepoM MOXKeT CIY2KUTh ITPOEKIIHsS Ha KOOPIUHATHYIO
ochk. OJIHAKO V orpaHudeHus 3Toil (PYHKIUU Ha TOBEPXHOCTH
OyIyT Kputudeckue ToUku. Eciu HyHKINIO MOXKHO IIpeacTa-
BUTH KaK IPOEKIUIO HA KOOPJAMHATHYIO OCh MPH BJIOKCHHH
nosepxuoct B R®, To oHa ecTecTBEHHBIM 00pPa30M HPOIOJ-
KaeTcd Ha obacTh. bojiee caadbie yejoBUS MOrpyKeHus Obi-
v nostydenst B [2]. Eciau GyHKINS Ha TOBEPXHOCTH SIBIISIETCST
dyukiueit Mopca ob611ero moozKeHus, To HCKOMOE BJIOZKEHIE
HOBEPXHOCTH MOKET OBITH MOJIy4IeHO, KaK I'PAHHUIA OKPECTHO-
cru rpacda Konpoma-Puba, [1], [6], mpu ero Broxenun B R3.
Jnst mpousBobHBIX dyHKIUNA Mopca ycaoBUs CyIIecTBOBa-
HUsI TAKUX BJIOYKeHUi nosryaenst B [4]. Tlog ungekcom ITyanka-
pe KPUTUYIECKON TOUKN (PYHKIUA OYIeM UMETHh BBUJLY MOLY/Ib
nHekca [lyankape ee 1mosst rpajanenTa.

ITocTamoBka 3amaqm.

[Tycts, U — orpanmdennas obgacts B R, F = U — roraa-
Kas mosepxuocts, U = U U F, g : U — R —rnaaxas QyHK-
IUsd, KOTOpas He UMeeT KPUTUYECKHX TO4YeK Kak BHYTpH U,
Tak n Ha rpanune OU. D10 o3HAUYaeT, 9TO (PYHKIUI MOKET
OBITH TPOIOJIXKEHA IO HEKOTOPO# TIaakoi dhyHKIHU 6e3 KpH-
THuecKuX Todek Ha okpecrocrn U. Ilyers f @ F — R—
orpanunyenue pyuHknuu ¢ Ha rpanuiy. Mbr Oyaem paccmar-
puBaTh Takue (GpyHKIUA f, Y KOTOPBIX OJUH MAKCHMYM, OIHH
MUHUMYM, & OCTA/JIbHBIE KPUTHIECKHE TOTKHN — CEJIJIOBHIE, T.e.
HU30/IUPOBAHHBIE U HE STBJISIIOIIAECS] TOUKAME JIOKAJTHHOTO KC-
TpeMyMa, a 3HadeHus (PYHKIUU B PA3HBIX KPUTUIECKUX TOY-
KaX Pa3JIMIHBI.
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[Hesib 3T0Ii CTATHY — UCCIEIOBATH BOIPOC O TOM KakKue hPyHK-
nmun Ha F' MOTYT OBITH TIPOJ/IeHbl JI0 (DYHKIUH 0e3 KpuTude-
cKHUX TOYeK Ha U NMpW HEKOTOPOM BJIOYKEHUHU ITOBEPXHOCTH B
TpexXMepHOe MPOCTPAHCTBO.

1. TOMOJIOINMYECKUE CBOMCTBA ®YHKIUI BE3
KPUTUYECKUX TOYEK HA TPEXMEPHBIX OBJTACTSIX

UcciieryeM Bonpoc 0 TOM, KaK U3MEHAIOTCS YPOBHE (DYHK-
MK ¢ TIPU YBEJIUYCHHUH 3HAYeHHs (DYHKIINH.

Jlemma 1. Ilpednoaoowcum, wmo ompesok [v1,ve] He codep-
otcum kpumumueckux snauenud, mozda g ([vy,va]) 2omeo-

mopgro g~ (vy) x [0,1].

Joxaszamenvcmeo. Vcmonb3yeM BeKTOPHOE I0J€ TPAIUEHTa

q dg dg 9y

sracs = {83:’ dy’ 82}'

Bekropnuoe noste grad f npu atom Oyer npoextueit grad g Ha
KaCaTeJTbHYIO TJIOCKOCTh B COOTBETCTBYIONIEH TOUYKE, a ero
0coOble TOYKH OYAyT KPUTUYECKUMH TOYKamMu (pyHKmuum f.
TakuMm oOpas3oMm, MO YCJAOBUAM JEeMMbl 00a IOJIA HE HMEIOT
0COOBIX TOYEK, T.e. HUTAe He obOpamalored B 0. IIpogauM Bek-
TopHoe 1oJie grad f Ipon3BoIbHBIM 00pa30M JI0 TJIAIKOTO BEK-
topuoro noJjist Ha U u Oyjiem 310 1pojoJzKenue 0003Ha4aTh
Takke gradf.

BBuy KoMImakTHOCTH M TJIaIKOCTH ITOBEPXHOCTH F' 17151 J110-
Ooro JlocTaToYHO MaJIoro € > () cyriecTByer riajakas QyHKIns
h:U — [0,1], ansa xoropoit h(F) = 1 u h(z,y,z) = 0 Bre
e-okpectnocTu F'. CymecTBoBaHue TaKOil OKPECTHOCTH JIOKa-
3bIBAETCS AHAJIOTUYHO MOCTPOCHUIO IVIAIKOr0 Pa3OueHus e/IH-
HHIBI KOMITAKTHOIO MHOI00Opa3us. PaccMoTpuM BeKTOpHOE
moJie

W = hgrad f + (1 — h) grad g.
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[Mockonbky grad f ects nmpoexiueit grad g va F', To cymecTBy-
er Takoe € > 0, aro nose W He mmeer ocobbix Todek. Toraa
nosie W ectb rpajiueHTHO MOA00HBIM A/ (DYHKIIUKA § U Kaca-
TeJIbHBIM K F. @yHKIU g Oy1er BO3pacTaTh IpHU ABUKEHHH
[0 MHTErpaJbHbIM TpaekTopuaMm mmoJs W. [lockoabky depes
KasKIyI0 TOYKY IPOXOJIUT HHTErpaabHas TPAEKTOPHU, a KazK-
Jasg TpaeKTopud TepecekaeT g '(vy) m g '(vy), To, BHIGpaB
B KauecTBe IMapaMeTpa Ha TPAeKTOPUHU 3HadeHue (PYHKIUU B
COOTBETCTBYIOIUX TOYKAX, MbI IMOJYyYHM, UTO KaKIAs TOU-
ka u3 ¢ ' ([v1, v9]) 3amaercsa napoii (Touka uz g~ '(v;), 3Haue-
Hue [vy, vg]). TTOCKOIBKY HHTErpATbHAS TPACKTOPHUS SBJISETCSI
perienuneM JiupdepeHInaIbHOTO yPaBHEHH, KOTOPOE Helpe-
PBIBHO 3aBHCUT OT HAYAJbHBIX YCJIOBHIi, IMeeM, 9TO MOCTPO-
eHHOe ODMeKTHBHOE 0TOOpazKeHne ecTh romeomopduzmom. [

JIemma 2. Ecau noayunmepsan [vi,vy) codepotcum 0dHo
KPUMUYECKOE 3HAYEHUE, 4 COOMBEMCMBYOULAA KPUMULECKAA
MOYKA ACBAALTNCA MUHUMYMOM, O MHOHCECTLEO

9 ([v1,v2]) = g7 ((—00, o]
20MEOMODPHO MPETMEPHOMY NONYIUCKY

D? = {(z,y,2)|2* + y* + 2* < 1,2 <0},

a PYHKYUA g NPU IMOM COOMBEMEMEYEeM GYHKUUL

gn(z,y,2) = z.

okasameavemeo. 3aMeTuM, 9TO B TOYKE MHUHUMYMA IOJE
rpaanenTa grad g HaIrpaBJIeHO BOBHYTPbH oOJsacTh. Torma Haii-
JIeTCs TaKas OKPECTHOCTh MUHUMYMa, B KOTOPO# 1115 KaxK10i
TOYKH IPAHUIIEI [TOJIe TPAINEHTa TaKyKe HaIlPaBJIeHO BOBHYTPh
00/18CTH.
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Paccmorpum BHAUaTe caydail, korga [~ ([v1, ve]) JexnT B
9Toit okpecTHocTH. BekTopuoe mose gradf mmeer omHy 0CO-
OyI0 TOUKY — HCTOUHUK BO MHOKecTBe f—1([v1,v]), u mosTo-
MY OHO TOMEOMOP(MDHO 2-7TUCKY, KOTOPBIi TOMEOMOPQEH HUZK-
Heit moJsrycdepe TpexXMepHOro MmoJyaucka. 3apuKCUpyeM 3TOT
romeomopdusm. Torga oH 3a1aeT COOTBETCTBHE MEXKYy Tpa-
eKTOPHUSIMH TI0JIeii TpaguerTa GyHKIUNA g U gy. Beibpas ro-
MeoMOPGU3M MeXKIAY 00JACTIMU 3HAUEHUN 3TUX (DYHKINA B
paccMaTpuBaeMoil OKPECTHOCTH U TapaMeTPU30BaB TPAEKTO-
puu 1oJiel TpaJIeHTa MpPU MOMOIIK 3HAaYeHUH (DyHKIHUH, TO-
JIYIUM HCKOMBIH FOMEOMOP(U3M. U

[Tocko/TbKy B CEIJIOBBIX KPUTHIECKHX TOYKAX (DyHKmum f
BekTOopHOE noJie grad g # 0, a ero npoekIus Ha KacaTeabHyTo
miockocth K F'—mosne gradf = 0, To cemyioBbie TOYKH Ha
HOBEPXHOCTH F' JIeIdTCs Ha /IBa THIIA:

1) mosoKuTeNbHBIE, B KOTOPBIX MOJIe TpajineHTa (byHKIUI
g HapaBJIeHO BHYTPb obOnactu U;

2) oTpunareabHble, B KOTOPBIX M0JI€ TPaueHTa (DYHKINY g
HAINpaBJeHO BoBHe, n3 obaactu U.

JIemma 3. IIpednoaostcum, wmo ompesox (v1,vq) codeporcum
00HO KPUMUYECKOE 3HAMEHUE, COOMBEMCMEYIOULEE NOAONHCU-
meavnoti cednoeoti mouxe, moada g~ (vy) eomeomopdrio

g (v1) Uhy,
a g ((—00,vs]) 2omeomopgrio
g7 (00, v1]) U H,.
3decv hy — kpusosunelHvll 2Nn-Y20AbHUK, Nepeceraouutica
¢ xpaem Og~'(v1) no n cmoponam, cpedu KOMOPHLT HEM CO-

ceonux, undexc Ilyanrape xpumuuecrot mouxu pasen n — 1,
U

Inthy N Intg ' (v)) = @.



78  Hpumrsx A. O., Ilpumask E. A., Bargannaosa E. H.

Hpu smom H, — ma noayoxpecmuocms hy, xomopas nepece-
waemea ¢ g~ ((—o0, vy].

Jlokasamenvcmeo. M3BectHO, cM. 5], 9T0 B OKPECTHOCTH BbI-
POKIEHHOI Ce//TOBOI TOYKH (DYHKIUSA f TOHOJOTHIECKH IK-
BUBAJICHTHA, (DyHKIMH

fo(z,y) = Re(x + iy)".

Kputndeckuit ypoBeHb B 3TOH OKPECTHOCTH COCTOUT U3 00b-
eJMHEeHUsT N OTPE3KOB, V KOTOPBHIX OJHA O0IIasi TOUYKA — UX
OOl TEHTDP. DTOT yPOBEHb pa3dMBaeT OKPECTHOCTH Ha 21
CEeIMEHTOB, B IIOJIOBUHE U3 KOTOPHIX 3Ha4YeHne (PyHKIun 601b-
e KPUTHIECKOTO 3HAYEHHsI (MOJOKHUTEThHbIE CETMEHTHI ), & B
OCTAJBLHBIX — MeHbIIe (OTpUIaTeIbHbIe cerMeHThI ). [Ipn 5ToM
OTpHUIIATEIbHDBIE U ITOJIOKUTEIbHBIE CeIMEHTHI Yepeiyiorcs. By-
JIeM pacCMaTPUBATD OKPECTHOCTDh KPUTUUIECKOM TOYKH KaK KPH-
BOJIMHEHHBIH 2n-yTOJbHUK, BEPIIUHAMU KOTOPOI'O SIBJISIOTCS
TOYKH IIepecedeHHs I'PAHUIBI OKPECTHOCTH € KPUTHUIECKUM
yposaem. Croponamu OyyT IepecedeHusi CErMEHTOB € I'Da-
nuneii. Takum oOpa3oM, CTOPOHDBI, KAK U CEIMEHTBI, JeIATCs
HA J[BA THUIA — MOJIOKHUTEIbHBIE U OTPUIATEIbHBIC, U YePeJIy-
I0TCSA MeXKTy cODOil.
[Tpu MpoxXoXKJIeHNN KPUTHIECKOTO 3HAYCHUS K

f_l((_oov UQD

J100aB/IIeTC KPUTHYECKAs TOYKA BMECTE CO CBOEH OKPEeCTHO-
CTBIO, T.€. IPUKICHBACTCHA KPUBOJIUHEHHBIH 2N-yTrOJAbHUK 110
OTPHUIATEJIHHLIM CTOPOHAM.

OcraBmasca 9acTb

F7H (=00, v2) \ f7H (=00, v1))

MOKET OBITh PACCMOTPEHA KaK IMUJINHIP (MPsAMOe MPOU3Be/Ie-
HHE Ha OTPE30K) HaJl He3aKJIECHHOI 9acThio IpaHuIbl. Kak u
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BBITIE, CTPYKTYpa NPAMOTO MPOU3BEJICHNS 3a1aeTCd IPH TO-
MOIIH 1oJid rpajenTa. TakuM obpa3oMm, gobaBjeHne 3Toi Ja-
CTU He U3MeHdeT TOIOJOTUYEeCKN TUII MHOXKECTBa

F7H (=00, va]).

[IpoBejiem uterpajbHbie TpaeKTOpuu Mmojis grad g B MHOXKe-

g~ (=00, 1)) \ g (=00, v1)).

Onnm 337201 0TOOpaAXKEHHE TOCTPOEHHOTO 2Nn-yrOJbHUKA HA
[NPUKIEUBACMbIl KPUBOJMHEHHBIT 2n-yroJibHUK hy ¥ rOMeo-
MopduaM Mexy ocraBmuMucs dactamu g~ (vy) u g~ (vy).
[Ipu 3TOoM OObeMHEHNE TPAECKTOPHUI MEXKIY 2n-yroJbHUKa-
MH Oy/1eT 00pa30BBIBATH MHOXKECTBO H |, KOTOpOE HEOOXO MO
IpUKIenTh K ¢~ ' ((—00,v1]), 9T00B moMyInTh g~ ((—00, v1]).
JlemMa, 1oKa3aHa. ]

Caenctsue 1. I[pednoaoostcum, wmo ompesox (vi,vs) co-
deporcum 00HO KPUMUMMECKOE ZHANEHUE, COOMEEMCMEYIOULLE
ompuUamMeAbHoti cedao6oti mouke, mMo20a IMa MOUKa ACAA-
emea ompuyamenvroti ors ynkuuu —f u K amot Gynk-
yuu npumenuma semma 2. ITpu amom g—(va) 2omeomopdro
g Y (vy) \ h_. 3decv h_ C g~ (v1) — deymepnwdi duck, nepe-
cexarouwgutica ¢ xpaem 0g ' (vy) nmo n dyeam us ezo epanuuy,
2de n — undexc ITyanxape xpumumeckoti mouxu. Boaee mozo,
mrootcecmeo g~ ((—oo, ve] 2omeomopdno g~ ((—o0, vy].

2. HEOBXOAUMBIE YCJIOBUS CYIIIECTBOBAHUSA
MMPOOOJI2KEHIM A

Teopema 1. Ecau cyusecmeyem npodossicenue dynrxuuy f
HA MPETMEPHYIO 00AGCMb 063 KPUMUYECKUT TOYeK GHYM-
PU 00AACTNU, MO MHONACECTNEO CCONOBVLT KPUMUYECKUT MOYEK
MOIHCHO Pa3dUMb HA 06E YaAcMU MaAK, YMO CYMMbL UHIEKCOB
Iyanxape xpumuveckuxr mover 6 Kaxrcdol u3 wacmet pasHbL.
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Jloxazameavcmeo. PaccMoTpuM BHava e CIydail MoJI0KATE b
Ho#t Toukn nnjekca [lyankape 1. Torma npu ee npoxozxaeHnn
K KPai0 YPOBHSI MPUKJIEHBAETCS YETHIPEXYTOJBHUK IO Tape
HPOTHBOMOJIOKHBIX CTOPOH, T.€. MOJOCKA. BO3MOXKHBI 3 ciry-
qal0 TaKOW NpUKJICHKHA.

1) K OIHOW KOMIIOHEHTe Kpas. B 3TOM cJiydae YHCI0 KOM-
HOHEHT YPOBHsS He M3MEHSIeTCsI, a YUCJI0 KOMIIOHEHT Kpasl yBe-
JUYABAETCS Ha 1, poj KOMIIOHEHT He M3MEHSIeTCSI;

2) K pa3sHBIM KOMIIOHEHTaM Kpasl, HO OJHO#l KOMIOHEHTE
yposHs. B 3ToM cirydae pos 310 KOMIIOHEHTHI YPOBHS yBE/ -
YUBaETCA Ha 1, OCTAJBHBIX HE H3MEHSIETCS, YUCI0 KOMIOHEHT
YPOBHSI HE U3MEHSIETCS, & PO, KOMIIOHEHT KPas YMEHBITTAeTCsI
Ha 1;

3) K pa3sHbIM KOMIIOHEHTAM YPOBHsI. B 3TOM ciydae auciio
KOMITOHEHT YpPOBHsI YMEHBINAeTcs Ha 1, U 9HCJI0 KOMIOHEHT
Kpas TaKzKe YMeHbBIIAeTCs Ha 1, cyMMapHBIA pPOJ KOMIOHEHT
HE M3MEHSIETCS.

[Ipu npoxoXK ieHUH TOTOKUTETHHON KPUTHIECKONH TOYKH WH-
JIEKCa N MPOMCXOIUT MpHKJIeiiKa (214 2)-yroapbHIKa, 9T0 paB-
HOCUJIBHO TPHUKJEiiKe 71 49eThIPeXYTOJbHUKOB. TakuMm oOpa-
30M, MIPOUCXOINT 1 W3MEHEHUI, ONMUCAHHBIX TUCJIa KOMIIOHEHT
M CyMMAapHOTO POJIa, KacalIuxcs caydaes 1)-3).

[Ipyr npoOXOXKIEHHH OTPHIATEIBHON TOUKH MPOUCXOIST 00-
paTHble m3MeHeHns. 1[0CKOMBbKY IpH TPOXOXKIEHUH ITIOI0KH-
TEJILHOH TOUKHM HEBO3MOXKHO YMEHBIIHTD PO WIH YBEIUINTH
YUCJI0 KOMIIOHEHT yPOBHSI, HJIM YMEHBIIUTH 9AC/JI0 KOMIOHEHT
Kpasi, He U3MeHsII CYMMAaPHOTO POJIa U YUC/Ia KOMIOHEHT yPOB-
Hs1, TO OOInee 9ucao m3MeHeHuii 1)-3), MPOM3BOAUMBIX TIO-
JIOXKUTETHHBIMIA TOYKAMHU, PABHO YHUCJYy OOPATHBIX W3MEHE-
HUil, IPOU3BOJIMMBIX OTPHIATEIbHBIMI TOYKaME. Takmm 00-
pa3oM, CYMMBI HHIEKCOB llyaHKape cOOTBETCTBYIOMMUX TOYEK
PaBHBI. O
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CaenctBue 2. V dynkyuu ¢ o0num cedaom, y Komopozo
undexc [yanrape ne pasen 0, He cyuecmsyem npodosHcenUua.

Y GbyHKIUU ¢ ABYMs CeJJIaMH ITPOJIOJIZKEeHNE CYIIECTBYeT,
€CJIn X MHJICKCHhl PaBHBI. TOHOJIOFI/ILIGCKELH KﬂaCCI/ICbI/IKaL[I/IH
TAKUX [POJOJIZKEHHH mosydena B pabore [3].

CymecrByeT (OYHKIHA € TpeMs CEJJIOBBIMH TOYKAMU HH-
JIEKCOB 2, 4, 2, Y KOTOPO# pery/jspHble YPOBHH CBS3HBIE U
KOTOpasi He uMeeT npojgozkennsd. s dyukimuit Mopca Bce
nngekcol [lyankape cemamoBbix Touek paBuHbI 1. Tem me Mme-
Hee, cymecrsyer yHKIud ¢ 4 cejjiamu, JIeKaluMu Ha OJI-
HOM YPOBHE, KOTOpas He MOXKeT ObIThb IIPOJIOJIZKeHA BHYTDH
obsracTu. Y Hee Kark/ias M0J0ca, COOTBETCTBYIONASA KPUTHIE-
CKO# TOYKe, COeANHAET Mapy ANaMeTPaJIbHO ITPOTHBOMOJJIOXK-
HBIX TOYEK Ha OKPY2KHOCTH.

Teopema 2. Ilycmo dynxyus f umeem spumuneckue moy-
ku x] ¢ undexcamu ITyankape p] u KPUMUBECKUMU 3HAYEHUA-
mu v, Komopoie ynopadouenvt no eospocmanuto; kI — mmo-
HCECTNBO KOMNOHEHM, DELYAAPHO20 YPosHA (okpyscHocmed)
dymxyun f meoncdy vV u vi + 1. Iyemv g — npodossicerue
dynxyuu f na mpexmepniyro obaacms U, KI — mmooscecmeo
KOMTOHEHIN, PERYAAPHO20 YPosHA (nosepxrocmeti) meocdy v’
uv!+1, ¢ — cymmapnoiti pod smux noseprrocmet. Tozda cy-
wecmeyem makol nabop wucea al € {1,—1}, wmo dan ecex
J BUINOAHEHO PABEHCME0

Z al'pf* = k! +2¢7 — 2K + 1,

m<j+1

NPUYEM TNOUKY C PAZHBLMU 3HAKAMU NONAJAIOM 6 PA3HbLE Ua-
cmu, a cymmor undexcos Ilyankape xpumuveckur movex 6
Kaotcdotl ua wacmeti pashvl mestcdy cobot.



82  Hpumrsik A. O., Ilpunisk E. A., Bargannaosa E. H.

Joxazameavemeo. 1lpeanonoxKumM, 910 NPOJIOIZKEHHE CYIIe-
CTBYeET. TOFﬂa HpI/IHI/I]l[eM ITIOJIOZKUTEJIbHBIM CerZLJIOBbIM TOY-
KaMm 3HadeHuwe a; = 1, a orpunarespibiM —al = —1. Kak
U TPH JI0Ka3aTeJIbCTBE TEOPEMBI, PACCMOTPHUM TPOXOKICHUE
MOJIOXKUTETbHOM TOUKH ¢ mHaeKcoM llyamkape 1. Torma mpa-
Bad 4YaCTb paBEHCTBa B KazKAO0M K3 TpEX C/ly4daeB yBEJIMYH-
Baercd Ha 1. [Ipoxoxkienne TOYKM WHJIEKCA N PABHOCUJIBLHO
NPOXOXKJIEHUIO N ToYeK uHjiekca 1. B arom cirydae npasasd n
JieBad 9aCTH PaBEHCTBaA YBEJIMYUBAOTCA Ha 7. HpI/I IMPpOXOzK ae-
HAW OTPHUNATETbHBIX TOUEK IPOUCXOINT YMEHbIEHTE MPaBOi
U JIeBOil YacTeil Ha OJuMHAKOBOE YHCI0. OCTaloch 3aMeTUTD,
YTO BHAJaJIE, 1O MPOXOK/IeHUs CeJIJIOBBIX TOUYEK, ITOBEPXHOCTH
ypOBHs — nBYXMepHBId guck (k= 1, K = 1,9 = 0), 1.e. pa-
BEHCTBO BBITIOJIHSAETCSI (JIeBask U MPaBasi 9acTh PaBHbl (). D10
3aBEPIIALT JIOKA3ATETbCTRO. [

Bameuanue 1. Ecau wucaa k7 onpedeasromes epagom Puba,
mo wucaa ¢ u K7 sasucam ewe u om snakos al. Hanpumep,
g’ He MPesuiUaEM NOAOBUHDL CYMMbL

m
E b;
m<j+1
NOAOHCUMENDHDBLL C@d./LOG?)Ll’ mMo4exrw. K] + 1 HE Npesvluaeri
m
E p;
m<j+1

ompuyamenbHulL Ce0N0BBLT MOYUEK.

3. KPUTEPUII CYHIECTBOBAHUSI ITPOJOJIXKEHUS

Janee paccMoTpuM (DYHKIHE, Y KOTOPHIX HA KaXKJIOM KPH-
TUIEeCKOM YPOBHE JIEKHUT OJIHA KpHUTHYecKad Todka. [IycTh
27 — IpOU3BOJIbHBIE pery/spHble 3HA4YeHUs (PYHKIMU Takue,
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qT0O
v o< 2 <t

MHoOxkecTBO KOMIOHEHT TIPpoo0pa30B pa3obbeM Ha ITOIMHO-
KeCTBa U KazKJI0OMY TaKOMY IIOAMHOXKECTBY IpUIIUIITEM HEOT-
pUIATEILHOE TE/I0€ YNUC/I0, HA3BIBAEMOE POIOM IMOIMHOKE-
CTBA.

3aMeTuM, YTO KOMIIOHEHTAM IIPOo0Opa3a COOTBETCTBYIOT ped-
pa Ha rpade Puba GpyHKINHU, a KPUTHICCKIM TOYKaM 17 —
peprunbl v/, Opuentanus pebep rpada Puba npoussoanTes
B COOTBETCTBHH C HaIpaBJeHHEM BO3pacTaHUs (DYHKIIHH.

Teopema 3. Illycmv f — enadkas dynkuus ¢ u3osuposan-
HOLMU KPUMUYECKUMU MOYKAMU HA 3AMKHYMOT 0pUeHmupo-
sannoti noseprrocmu F', y xomopot odun sokasvHvill MUuHU-
MYM U 00UH AOKGALHOIT MAKCUMYM. Jlad mozo, wmobvl cy-
wecmeosano eaovicenue e @ F — R3 noseprnocmu 6 mpex-
MEPHOE €8KAUO0B0E NPOCMPAHCINGO, NPU KOMOPOM HYHKUUS
MOHCEM OBIMB NPOOAEHG OE3 KPUMUYECKUL MOYER HA MPex-
mepryro obaacme U, OU = e(F'), neobrodumo u docmamou-
Ho, wmobvl, cyuecmeosan maxoti nabop wucea a’ € {1, -1} u
makoe pasbueHue KOMNOHEHM PERYAAPHBT YPoSsHeT GyHKuUL
f, Komopvie usmenames npu neperode uepes KPUMmuUeckyo
MOYKY NO NPABUAY:

ecau mouke nmpunucano wucso o = 1, mo npu eospac-
MAHUYU 3HA%EHUT YHKUUU 8CE NOOMHOHCECMEA, Y KOMOPVLT
ECMb EAEMEHMBL, COOMBEMCMBYIOULUE PEOPAM, STOOAUUM 6
sepwuny v, nocae ee npoxoscdenus o06sedunAOMCA 6 00-
HO nodmHoscecmeo. Pod ezo pasen cymme podos obsedunen-
HOLL TOOMHOHCECTL NAIOC TLOAOBUHG Cymmby utderca Tyankape
U 00WE20 YUCAA KOMNOKEHTM, 00BEIUHACMBLL NOOMHONCECTNE
30, 6VIYETMOM YUCAG KOMTLOHEHI, 00PA306aABULE20CA NOIMHOHCE-
cmea u wucaa obsedunaemux nodmmooscecms. Ecau mourke
NPUNUCANO “UCA0 @) = —1, Mo 6UNOANACMCA 6CE O dice
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camoe npu Yyowviearuy 3uavenus gynrkuuu. Ilpu amom obsedu-
HAEMBLM NOOMHOMHCECTNBAM 6YOYM COOMBEMCMBOBAMb BLILO-
OAWUE U3 BEPUWUHDBL PEOPA.

Zokxazameavcmeo. Heobxodumocms. Ilycts y dyuknum cy-
miecTByeT mpojoskenne. Toryma, Kak u Bbime, a’ = 1 B TI0-
JIOZKUTEJILHBIX TOYKaX u ) = —1 B orpunarenbHbx. B og-
HO MOJIMHOYKECTBO BXOIAT T€ KOMIIOHEHTHI, KOTOPbie 00pa3y-
10T Kpail OHON KOMIOHEHTHI MOBEPXHOCTH YPOBHSI TTPOIIEHIS
dbyHKIAN.

PaceMorpuM mOJIOXKATENBHYIO CeIOBYI0 TOUKY. Heam ee
HHIEKC paBeH YHCIy OObeTHHSEeMBIX IIOBEPXHOCTEH, TO 00-
pas3yercd OJHA HOBasl IIOBEPXHOCTH, PO, KOTOPOil paBeH CyM-
M€ POIOB, a YHCJIO KOMIIOHEHT Kpas — CyMMe UHCE]T KOMIIO-
HEHT B KarKJIOM IIOAMHOYKECTBE MUHYC YHCJIO HOIMHOYKECTB
witoc ojud. Bcesim ke mHjeke 0oJiblile 4ucja MOBEpPXHOCTEI,
TO K OObeIMHEHNI0 TIOBEPXHOCTEH MPUKIENBAIOTCS JTOTOTHNU-
TeJIbHBIE MOJIOCKY. Kask1as Takas moJIocKa Jinho yBeTHInBaeT
YUCJI0 KOMIIOHEHT Kpasi Ha 1, He U3MeHsIs pojia, JIM00 yMeHb-
IaeT IUCI0 KOMIOHEH Ha 1, yBemdIuBas Ipu 3TOM poj Ha 1.
CdhopmyaupoBaHHOE IPABUIIO YIOBIETBOPSAET BCEM STUM TPe-
OOBAHUAM.

Zocmamounocms. ITTocTponM HEKOTOPOE TpeXMepHOe TeJI0,
romeomopduoe (a 3naunt u auddeomopduoe) obiractu U, n
dYHKIMIO, TPOIOJIZKAIONY 0 (PYHKIINIO HA Kpato. Byaem cTpo-
UTh ero TOC/Ie0BATEHHO, MPOXO/s KPATHIECKNE 3HAUEHUS
dyHKIUN OT HauMeHbIrero K Hanbosbiemy. [1pu mpoxoxie-
HUU MUHUMYMa IMeeM TPeXMePHBIH MOIYINCK, KaK U B JIeMMe
2. Jlasree, Ipy ABUKEHHUH K CJIEIVIONIEMY KPUTHIECKOMY 3Ha-
vennio npuksrensaeM muauaap D? x [0, 1]. Ecam crenyiomast
TOYKA [OJOKHUTEIbHAS CeIJIOBasA, TO NPpUKJIenBaeM H ., Kak u
B JIeMMe 3, eCJIU YK€ OTPHUIATEeIbHAs, TO IIPOCTO Hepepa3dnBa-
eM Kpail MoJIy9eHHOr0 OO be IMHeHNS, KAK B CJICJICTBUN. 3aTeM
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CHOBA KJIEMM IUJIAHJID U T.7. B KOHIle TPUKIeMBAaeM BEPXHIUIT
MOJIYANCK, OTBEYAIONINI TOYKE MAKCUMYMa.

Ha xaxkaom 3Tarme Mbl mojgydaeM Tpexmeproe tejo. [Ipu-
KJefika H, yBeIWImBaeT poOJI, OCTaJbHbIe MPUKJICHKH He W3-
MEHSIOT €ro TOMOJIOTHYeCKOro TUna. B oKpecTHOCTAX KpUTH-
JeCcKNX TO4YeK (DYHKIMS 3a/1aeTcs CTAHIAPTHBIM 00pa3oM, a
Ha KaKJOM IHIJIWHJIPE — ITO MPOEKIHA Ha BTOPOM COMHOXKU-
TeJIb B CyMMe ¢ TTOAXOdIel KoncTanToil. Criaaus hyHKIHIO
HA TPAHUIE CKJIEEK, MOJIyduM (PyHKIUIO HA TPEXMEDPHOM Te-
Jte. Baas komnozunuio jgucddeomopduszma obgactu Ha TEIO
€ TIOCTPOEHHON (DYHKIHEH, MOydaeM HCKOMOE TPOI0IKEHNE
GYHKIUU C TIOBEPXHOCTH HA, TPEXMEPHYIO 00J1aCTh. 0

BeiBoabi. B pabore ucciaemoBaHbl 3aKOHOMEPHOCTH H3Me-
HEHUH TOIOJIOTMIECKUX CBOWCTB 11Poodpa3a (pyHKIUH IPH IIPO-
XOKJIEHUN KPUTHIECKUX TOYEK HA TPAHUIIE TPEXMEPHOIT 00.1a-
CTH.

[Tostyaena dpopmysia m3MeHEHHUsT POJia 1 KOMIIOHEHT YPOBHS
B 3aBUCHMOCTH OT MHJIEKCA ITPOXOIUMON TOUYKH.

g pyHKIui ¢ OJHUM JIOKAJIBHBIM MHUHUMYMOM, OJIHHM
JIOKAJIbHBIM MaKCHMYMOM M Y KOTOPBIX Pa3Hble KPHTHUECKHE
TOYKH UMEIOT Pa3Hble 3HAUEHN J0KAa3aH KPUTEPHUIl CYIIecTBO-
BaHMs TAKOrO BJOXKeHHs nopepxunocrn B R3, uro dynxuusa
MOZKeT OBITH MPOIOJIKEHA BOBHYTPH 00J1ACTH, OrPAHUIEHHOI
JTAHHOMN TOBEPXHOCTHIO, 6€3 KPUTHIECKUX TOUYEK.

[Tosryaennbie pe3yabTATBI MOTYT OBITH TPUMEHEHBI KaK B
TOMOJIOTHH, TaK W TPHU PEIeHUN PA3TUIHBIX 3329 MaTeMa-
THYecKOl (bu3uku. ABTOPBI HAJAEIOTCSA, YTO MOJTYUYEeHHBIE pe-
3yJIBTATBI MOKHA, Oy1eT 0000IIUTH Ha caydai (DyHKIUH ¢ IPO-
M3BOJIBHBIM 9HCJIOM JIOKAJIBHBIX MHHAMYMOB ¥ MaKCHMYMOB,
a Tak:ke (pyHKIMi, ¢ KOHEIHBIM YHUCJIOM KPUTHIECKUX TOUYEK
HA KazKJIOM KPUTHYECKOM YPOBHE.
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30ipHUK Tparb
Iacruryry maremarnku HAH Ykpainu
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IIpo umcsi0 TOMOJIOriYHO HeeKBiBaJIEHTHUX
dbyHKIIiiT 3 OAHIEI0O BUPO/I?KEHOI KPUTUIHOIO
TOYKOIO THUITY CiJijla Ha JBOBUMIpPHIiil cdepi

Kadyboecvruti O. A.

B poboti mocmimkyiorbed riagki GyHKINl 3 TPbOMa KPUTHUIHHUMUA
3HAUEHHAMH Ha, JBOBUMIipHiil cdepi S?, y axmx, okpim M 10Kab-
HUX MaKCUMYMIB i m MiniMywMmiB, jumie onna (BUPOIKEHA) KPUTUIHA,
Touka Tumy cigma. s byskIii i3 3agaHuM 9UCIOM MAKCHMYMIiB
i MiHIMyMiB TIpe/ICTaBJIEHO TMOBHHUI TOMOJIOriYHUI iHBapiaHT, 3a JI0-
IIOMOTI'OI0 SIKOT'O MiAPAXOBAHO YHUCJIO TOIOJIOTIYHO HEeKBIBAJIEHTHUX
dbyHKIIi 13 BKA3aHOTO KJIACY, IO MAIOTh Bill OMHOTO J0 YOTUPHOX JIO-
KaJIbHUX MiHiMyMiB (260 K MakcuMywMmiB). Y Bunazaky, konu M +m—1
€ TMPOCTUM YHCJIOM, TiAPAXOBAHO YHUCJIO TOIMOJOTIYHO HEeeKBiBAJIEH-
THUX (PYHKIIIH i3 BKA3AHOTO KJIacy.

In this paper we consider smooth functions with three critical values
on two-dimensional sphere S2, that possess only one saddle critical
point (possibly degenerate) in addition to M local maxima and m
minima. For the case when the number M 4+ m — 1 is a prime, we
calculate the number of topologically non-equivalent such functions.

Boryn

Hexaii (N, ON) — riaaka nosepxust 3 kpaem ON (ON moxe
6yru mopoxkHiM). TTosHaunmo gepez C°(N) npocTip Heckin-
qeHHno judepentiftopunx (yukiiit va N 3 Kpaem

ON =0_N | Jo.N,

BCl KPUTHUYHI TOYKH AKUX 130,TOBAHI Ta JeKaTh Y BHYTPINTHO-
cri N, a Ha KOMIOHeHTaX 3B’st3HOCTI Kpato 0_N (Bigm. 0, N)
UPUIMAIOTH OJ{HAKOBe 3HadeHHs a (Bigi. b).

© Kany6oscekuit O. A., 2010
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JBi dyukuii f i g 3 npocropy C®(N) HazuBaTh mMo-
NOA02IYHO €KBIBANEHMHUMU, SIKIO ICHYIOTH roMeoMOopdizMu
k: N—Nil: R' = R! raxi, mo

g=lofok™

npudomy [ 36epirae opi€eHTAIIIO.

B noganpimomy mu 3aBxKau Oyiaemo BBaxkaru, 1mo N — opi-
eHmosHa nogeprua. YKo romeomopdiszm k 3bepizac opien-
mauito, yakmil f i g 6ygemo wHazuBaTn (J-TOMOJIOTIYHO €KBi-
BAaJIEHTHUMU.

Binomo [1], mo dbysknisa f € C°(N) B nedakoMy OKOJII CBO-
€l 130TbOBAHOI KPUTHIHOI TOUKH T € N, dKa He € JOKAJbHUM
eKCTPEMYMOM 1 Y KOl TOMOJIOTIIHIN THI JIHIN piBHSI 3MIHIOE-
ThCS TPH TIePEXOIl Yepe3 T, HemePePBHOIO 3aMiHOI0 KOODINHAT
3B0/UTHCs 110 Burysiny f = Re 2" 4+ ¢, n > 2. B nonasabiiomy
OyaeMo Has3mBaTH i1 icmomto Kpumuyurnoto. AGO 10 BHUTILLY
f = Re z, akmmo Tonosoriunuit TUM JIiHIA PiBHA TPHU TEPEXO/I
Jepe3 T He 3MIHIOEThCS.

Yucso k icTOTHO KPHUTUYHHX TOYOK x; (PYHKINI f pazom
31 3HAYEHHAME N; (MOKA3HUKAME B TpejacTaBienti f y dopmi
f = Re 2" +¢; B OKOJIAX TOUYOK ;) HABHBAIOTH MONOAOLIUHUM
cur2yaaprum munom GYHKIN f.

B pobori [2| pocaimzkeno nuranns romosoridnoi Kiacudi-
Karil dyukniit 3 kaacy C*°(N) i BCTAaHOBIEHO, 110 ICHYE JIH-
e cKiHYeHHe YUCJIO TOTOJIOITYHO HeeKBIBAJICHTHUX (DYHKITIi
3 (pikcoBanuM cuHryIsApHEM TUIOM. [IpoTe HEBIOMO CKilb-
KU TAaKWX KJIACIB eKBIBAJIEHTHOCTI. B 3arajbHOMY BUITAKY st
3a/1ava BUSIBIJIACH JTyZKe CKJIAHOIO 1 3aIUIIAETHCI HEPO3B’d-
3aHOIO JI0 THOT'O Yacy MpobJIeMOIO.

Axio x posmisayTH K1ac Chym(N,) raagkux Gysxmii (3
TPhOMa KPUTUYHUMH 3HAYECHHSIMHU Ha 3aMKHEHill Opi€HTOBa-
uiit mosepxui N, poxy ¢ > 0) y sikux, okpim M JroKajbHEX
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MaKCUMYMIB i m JIOKaJIbHUX MIHIMYMIB, Jutre 00xa (BUPOJIKe-
HAa) iICTOTHO KPUTHYHA TOYKA Xo THILY cijuia, ingekc [Tyankape
akol gopisaoe indf(zg) =1—n, nen =29+ M +m —1, 10
3aj7a49a Ipo MiApaxyHOK YUCJIa TaKAX TOMOJOTIYHO HeeKBiBa-
JIEHTHUX (DYHKIIH JEII0 CIpPOILYEThCS.

Tak, Hanpukiaa, B poboti [1| 6ysro BcTaHOBIEHO MOYATKO-
Bi 3HAYEHHS YHCJa TOMOJOTIYHO HeeKBIBaJeHTHUX (DYHKIIIi 3
kiaacy Ci1(N,) a1s moBepxons poxay g = 1,2, 3.

B poborax [5, 6] gra dyuxuiit 3 kiaacy Cyym,(N,) 6yio mo-
Oy/10BaHO HOBUI iHBapiaHT Ta JIOBEJIEHO, 10 YHUCJIO TOIOJIOTI-
9HO HeekBiBajeHTHHX (yHKIH 3 Kaacy Cyrm(N,) T0piBHIOE
uncaty meisomopdunx Dy, -giarpam 3 n =29 — 1+ M +m
xopiamu. 30kpema, B [6] 3a momoMoron BKkazaHoro iHBapianTy
st dyukuiit 3 kiaacy Cy(N,) mocrasiena 3agada po3s’d3a-
Ha mosHicTO (A1 g € N).

[TuTanHsg Mpo miIpaxyHoOK YUC/IA TOMOJOTIYHO HEeKBiBaICH-
TauxX Gyukiiit 3 kiaacy Chyy,(Ng) npn dikcosanux M, m i g
JTOCI BAJIUIIMAETHCS GL0KPUMUM.

Akmro x posranytu kaac Cuym(No) = Chym(S?), T0 1O-
cTaBJeHa 3a/a9a 3HAYHO CIPOILYETHCSI, TOMY IMO JJIsS BKa3a-
nux (yHKIii Ha cdepi gucao Mirimymis M, MaKCUMyMiB m Ta,
ingeke (1 —n) icToTHO KPUTHYHOT TOYKHM OB s3aHi PIBHICTIO

M+4+m—n=1,

a MUTAHHS PO MAPaxyHOK duciaa O-TomooriqHo (Tomoori-
YHO) HEeeKBIBAJTEHTHHX TAKUX (DYHKIH 3BOJAUTHCS /10 MHTAH-
Hsl PO MiPaXyHOK YUCJIa Hei3oMOpdhHUX (HeeKBiBAJEHTHHUX )
JBOKOLOPOBUX Dy, -miarpam 3 n = M + m — 1 Xopaamu.
B npencrapieniit poboTi HaBeaeHo (DOPMYJIH I MiIpaxyH-
Ky 9HCJIa TOIOJIOITYHO HeeKBiBasieHTHUX (YHKIH 3 KJacy
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Crn—nr+1(S?) st gosiabaOro > 1 Ta MOYATKOBHX 3HA-
yeub M = 1..4. Kpim Toro, ajg mpocToro n i JOBLILHOTO
M € {1,2,...,n} nocrapiena 3ama4a po3B’s3aHa MOBHICTIO.

1. OCHOBHI IMTOHATTA TA 3AYVBAYKEHHS

Oznauennsa 1. Hexatd na naowuni 3adare xoao © 2n mo-
YOK HG HOOMY, AKL € BEPUUHAMU NPGBUADHO20 2N -KYMHUKA.
Poszib’emo ui mouru na n nap i 3’ €dnaemo KodcHy mary na-
py xopdot. OMPUMany KOHCMPYKUIIO — KOAO 3 N LOPOGMU HA
HItl — Ha3usamMsb ropdosoto diazpamoro 3 n ropoamu abo, Ko-
pomko, n-0ia2pamoro.

A

Puc. 1. Xopznosa 4-giarpama

SayBakeutsa 1. Bci n-diaepamu 6ydyromocsa Ha 0cHost 2n.-
WabAOHY — KOAG 3 PIKCOBAHOI HYMEPAULEID 21 MOUOK HA HbO-
MY, AK€ BEPUUHAMU NPABUALHO20 2n-Kymuuka — puc. 1 (B).

Oznauentsa 2. [[uxiom n-diaepamu 6ydemo Ha3u8aMU NO-
CAL008HICTD TOPO . dY2 KO, AKL YMBOPIOIOMY 20MEOMOPPHUL
006pa3 oPIEHMOBAH020 KOAG, PUC. 2.

Ozuauennsa 3. Podom xopdosoi n-diazpamu 3 N\ uuKsaMU
HA3UBAIOMB Utae dodamme YUCAO §, AKE BUSHAUAEMBCA CNIG-

: _ n—=A+1 : _
BIOHOUWEHHAM § = R n—ﬂmepq.my pody g = 0 nasusaromo
NAGHAPHOI0, GO0 2HC 01a2PAMOI0 MIHIMAADLHOZ20 POJY.
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Puc. 2. a) 2-piarpama 3 1 nukmaom; b) 2-jia-
rpaMa 3 3 nuKJIaMu

obpe Bigomo, 10O XOpAOBa JlarpaMa € IJIAHAPHOK TOMI i
TIIBKH TOJ1, KOJIHU 11 XOpAU He IepeTHHAIOThCH.

Oznauenns 4. 2-K04b0p06010 £0pdo6o10 diazpamoro bydemo
HA3UBAMU N-01a2PaMY, YU KoAG AKOL NO wep3t po3dapbosari
y d6a Koavopu (wopnul i Giaud) — puc. 3.

Puc. 3. A—2-konpbopoBa N-giarpama; B —
2-KoJ1bopoBa, O-aiarpamMa,

OzHaueHHS 5. 2-K04%0p08Y n-diazpamy), AKG HE MICMUMD
(Micmums) opd, Wo CnoAYaOmb 6EPULLHY 3 HOMEPAMU 00HA-
k0601 naprocmi, 6ydemo wasusamu O-diazpamoro (N -diazpa-
M010) — puc. 3.

Oznauvennsd 6. b-yukiom (w-yursom) 2-k04boposoi diazpa-
MU HA3UBAOMB NOCAID08HICML Topd ma wopHu (6iauz) dye,
AKL Ymeoproroms 20meomopdruli 0bpaz (opienmosanozo) ko-
A,
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BayBakeHHd 2. HKui0 npoieHopysamu KoAsb0pu, Mo KOHCEH
woprudl (0iaul) yura 2-koavoposoi O-diazpamu (due. nanpu-
kaad puc. 3B) cnienadae 3 6i0N06IOHUM UUKAOM 36UNGTHOT
diazpamu. Tomy npupoorum “UHOM GU3HAYAEMBCA Pid 2-K0-
Av0posoi O-diaepamu, a came

Ozsnauenns 7. Hexatli A — cymapre wucao woprnuxr ma 0i-
AUT YUKME 2-K0Abopo6oi O-diazpamu 3 n xopdamu. Podom
diazpamu, 6Ydemo Ha3uSaMU Uie YUCAO §, AKE BUSHAUAGEMDCA
CNIBEIOHOUEHHAM

_1+n—A

(1.1) :

Mmnootcuny O-diaepam (3 n xopdamu) pody g = 0 nosznawumo
wepes LY.

Osunauenns 8. O-diazpamy (3 n zopdamu) 3 M woprnumu
(Ginumu) ma m Gisumu (woprumy) yurLaMU 6YdeMO NO3HG-
n y ; n

wamu DYy, a mnoscuny eciz maxux diazpam — Ly, .

Osuauennd 9. /J[s6i zopdosi diazpamu (30Kpema 060%0AbOPO-
61) Ha3usaOMb IBOMOPHPHUMU, AKULO IT MOHCHA CYMICTUMU
3a 0onomo2010 NOBOPOMY Ha nesrul Kym (nanpukaad, 3a 20-
QUHHUKOB010 CMPIAKOI0) HABKOAO CNIALHO20 UEHMPY.

Osuauenns 10. /[[si zopdosi diaepamu (30kpema 0680K0AbO-

PO6I) HA3UBAIOMY EKGIBANEHMHUMU, AKUL0 T MOHCHA CYMI-
cmumu 3a donomozoto dzeprasvrozo sidbumma ma (abo) no-
60pOMY HA NESHUT KYM (3G 200UHHUKOB0N CMPIAKONW) HA6-
KOAO CNIALHO20 UEHMPY.

Hexait M — miavuoxRwHA K1acy L, TBOKOJIBOPOBUX XOPJIO-
BUX Jiiarpam, oOYy/I0BAHUX Ha JBOKOJBOPOBOMY 2n-11abJIoHi.
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3 semu BepHcaiiga ta poboru [6] Bunmsae, 1o 4ucyio He-
isoMopdHUX ABOKOJIBOPOBUX JiarpaMm 3 kjacy M mo-
>KHA OOYUCJINTHI 34 JIOIOMOTO0I0 (POpMYJIN

1 =t (Y o(3) plm). ae

i|n,i#n

| M| — xinpkicTsh miarpam muoxuan M; ¢ (q) — dynkuis Eii-
Jepa; p (i,n) — 9UCI0 JTBOKOJBOPOBHUX JiarpaM MHOKHHU N
(mobymoBanux Ha maGJIOHI), AKI CyMIMMAIOTHCA cami 3 cobO0
IIPpY TTOBOPOTI HA KYT W = 3—222’ = 217” (HABKOJIO IIEHTPY 1M1abJ10-
Ha), a MiJICyMOBYBaHHS BeJIEThCsI 33 BCIMa JIIJIbHUKAME YHCJIA,
N 3a BUHATKOM CaMOTO 7.

Osnauvenns 11. Posbummanm my, , MHONCURY
n] ={1,2,....,n—1,n}

(partition of [n] with k blocks) nasuearomo cyrynnicmo k ne-
NOPONCHIT MIOMHONCUN, Ty, Ta, ... T MHOMCUHY [N], AKI nonap-
HO He NePeMmUHAMbCA | 06 €ORaHHA AKUT cMarosums [n.
Hidmnoorcunu m; nasueatomsv 6A0KaMU abO JHC YACTNUHAMY
Tkm- depes NCP, nosnauwumo 6ci posbummasa muodxcuny [n).

Pos6urrs 7y, , Muoxunu [n] = {1,2,...,n} nogawors y BUrIg-
o m = my/my/.../ ) Ta BBaXKAawOTh, 10 BCEPEIUHI KOXKHOTO
6JI0KY €JIeMEHTH DO3TAIOBAHI B MOPSIIKY 3POCTAHHS, a Cami
OJI0KH PO3TAIIOBYIOThCS B MOPSIKY 3POCTAHHS IX MiHIMAJIb-
HUX €eJIeMEeHTIB.

Osnauvenns 12. Posbumma 7y, na3uearoms bes camonepe-
munie (non-crossing partition) abo e NAGHAPHUM, AKULO HE
icnye enemenmis a < b < ¢ < d, 3 Axuxr a i ¢ — 6 00HOMY,

a b id— e imwomy baoyi. Mrosrcuny maxuz T, NO3HAYUMO
wepes NCPy .
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2. BIEKTUBHICTD KJIACIB L%;%m‘l TA NCPyr s im—1

ko 3adikcyBaTn mabIOH — KOJIO Ta 1. TOYOK HA HHOMY
(1Mo € BepIIMHAMHI TPABUIBHOIO N-KYTHHUKA), 3aHYMEpYBaTH
iX, HAIPpUKJIa/l, 32 TOJMHHUKOBOIO CTPLIKOIO YUCcaaMu Bij 1 710
N, TO KOKHOMY, 30KpeMa ILIaHAPHOMY, PO3DUTTIO MOXKHA TIO-
CTABUTH Y BIANOBIIHICTH KPYroBy Jiarpamy — 4-rpady, sKuit
B 3araJibHOMY BUIIJIKY MIiCTHTbH i30JIb0BaHi Beprinuu (mets)
Ta moABifiHI pedpa. 3ayBaxKUMO, 10 ILIAHAPHUM PO3OUTTIM
BIAMOBIAOTH KPYTOBI Jiarpamu, o He MiCTATh XOpJ (Iyr)
gKi mepernHaThcd. He Bakko 6a4uTH, M0 SIKIIO KOXKHY 3

Puc. 1. A— IlpeacrapiieHHs IJIAHAPHOTO PO3-
ourra ™ = (1,2)(3,4,10)(5,6,7,9)(8) ma Kpy-
roBi#t miarpami 3 10 BepmmHAMU;

B — nBoxkoiwopoBa  O-miarpama poxay 0, ska
noby/ioBaHa Ha JIBOKOJILOPOBOMY 2n-111abJI0H1
(n = 10) Ta Bigmosimae po3buTTIO T

N TOYOK Ha KPYTOBiil jpiarpami-mrad/ioHi MpeicTaBIeHHs TLIa-
HAPHOTO PO3OUTTS T, «POIMIUPATHS JI0 TOPHOI JAYTH (TiH04H
B HAIPSAMKY i3 CepeJMHE JI0 30BHINTHOCTI), TO OJEeP:KUMO 2-
KoJIbopoBY O-JiarpaMy came 3 1 XOPJaMH, sSKa Ma€ TOYHO k
YOPHUX NUKJIB, Ta HE Ma€ XOPJ, IO MTepeTHHAIOTHCS.

[ maBmakm, KOXKHi# Jgiarpami 3 Kjaacy L%;@m_l BiJIIIOB1 1€
enuHe mpejcTaBieHHst (Ha Kpyrosiii giarpami-mrabioHi 3

n=M+m-—1
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TOYKAMH) IIAHAPHOTO pOo30uTTS Ty € NC Py,

TakuMm 4MHOM, BCTAHOBJIEHO OIEKIIIIO MiXK ejleMeHTaMU MHO-
KUH L%mel ta NCPrarym—1-
B nogaspimmoMy MHOXKWHY Jiarpam 3 KJIacy L%Lm_l oyaemMo

nosuadara Sy, (0= M +m — 1) abo & Iy .

3. HEIBOMOP®HI O—,ZLIAFPAMI/I MIHIMAJIBHOTO POAY 3
OIKCOBAHUM YUMCJIOM YOPHUX (ABO BIJ'[I/IX) OUKJIIB

BukopucroBytoun pesyabrari pobot [3|, B axiit gocinKy-
BasuCh po3ouTTs 3 mMuokuHU NCP,, HeBayKKO BCTAHOBUTH,
o 4ucsio pl meizomopduux giarpam 3 kiaacy LO moxkHa 00-
YUCJIUTH 3a JOIOMOI'OIO CIIBBLIHOIIEHHS

6 m=a (oGt X oo(h) k).

i#n, in

B saranbHOMy BHNaAKy — ipu dikcoBanux n, M i m (sxi
3aJ10BOJILHAIOTH YMOBY M +m—n = 1) — 3agada npo mijgpaxy-
HOK 4HC/la HeisoMopdrmx miarpam 3 knacy L. iy (San)
€ HepPO3B’A3aHOIO.

AKMo K 0OMeXKUTHCS PO3TJIAIOM JIWIe TTOYATKOBUX 3HA-
genp M € {1,2,3,4} (a6o x M € {n,n—1,n—2,n—3}), 10
pe3yJIbTaTH € IMIJIKOM JIOCHZKHUMU # OjlepzKaHi B JaHiit podoTi.

Beenemo nasi Takl TO3HAUEHHST:
Py, —aucio giarpam 3 kiuacy S, (m00ygoBanunx Ha mabiio-
Hi); hpn — IHCJIO HEI30OMODMHUX Jiarpam 3 Kaacy S .
Ockinpkn icHye Gieknia Mixk enementamu MHOKIH NC P,
Ta S 5, TO MAE MiCIle TBEDIKEHHS.
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Jlema 1. Yucao deokosvoposur diaepam 3 kaacy S, (no-
bydosanur na wabaoni) cnienadac 3 wucrom Hapasna Py,

1
(3.2) Pin = N(k,n) = —Ck.CF1.
n
Hacaigok 1. Cnpasedaiusumu € nacmynmi cni6sioHoULeHHA
(33) Pk,n - Pn—k+1,n>
(34) Pl:,n = P;karl,n'

Binbmr nony indopmaliiio MoxkHa 3HAfTH, HATPUK/IAJ] B
[4].

3.1. HYucso HeizomopdHux ajarpam 3 KiaaciB I, Ta
Qg B pobori [7] BeTamoBieno cnpaBeinBicTh TAKAX TBEP-
JIZKEHb.

Tsepmxenns 1. P7, = 1.

Teepaxxenns 2. Yucao neisomoppruz diazpam 3 xaacy o,
MOAHCHA 00MUCAUMU 3G J0TOMO2010 CTNIAEEI0HOULEHD

S AU _J 0, m#2m
P, == <50n0n+p<2,n)> ,0e p(2,n) { noop=2m.

29
3.2. Yucio HeizoMopdHUX Aiarpam 3 Kjacy SJi,.

JIema 2. Yucao neizomopprux diazpam 3 xaacy s, MONCHA
061UCAUMUY 36 00TOMO2010 HACTNYNHUT CTIBEIOHOULEHD

1 /1

n

de
0, n=>6m+1
(3.5) p(3.n) = mn—2), n=~6m=£2
' ’ %m n=>6m=+3

[~

5n(3n +2), n=6m.

[\
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Jlosedenna. Bei glarpamu 3 kmacy s, BHYEpHYIOTbCH Jia-
rpaMaM¥ JBOX THIIB, MO3HAYEHWX Ha PHC. | 9K mepmmii i
napyruii. [Tepiri xapakTepusyloThcs HassBHICTIO OJTHOTO «3-1Ty-
KHIKa» Ta (n—3)-X IPOCTUX TUKJIB, IPYTi — HASBHICTIO JBOX
«2-JIy’KHUKIB», Kl HE MepeTHHAIOThCSA Ta (n — 4)-X MPOCTUX
IMUKJIB.

Puc. 1. Bci MoXkIHBI THIN giarpam 3 Kaacy s,

[Tozragmmo depes A, i B, KiapKicTh miarpam 3 xaacy s,
(mobymoBanux Ha 1abJI0HI) MEepImoro i Apyroro THITY Biamo-
BiJTHO.

Hexaii gani AY (B)— uucso HeizoMOpdHUX aiarpaM mep-
moro (apyroro) tumy. Toxi ouesnano, mo P, = Ay + B;.

O6YHCINMO OKPEMO YHCI0 Hei3oMOphHHUX JiarpaM KO:KHO-
ro 3 JBOX MOKIMBEX TumiB. HeBaxkko Gauntn, mo A, = C3,
B,, = 2C2. Kpim T0ro, ClpaBIzKyeThCsd PIBHICTh

1
(3.6) A+ B, =C2 +2C) = =C3C2.
n

JliarpaMu mepIoro TUIy, 9Ki CyMilaioThes cami 3 co00010 pu
MTOBOPOTI HA KyT W = g—z 21,1 =1,...,n—1 (32 TOIMHHUKOBOIO
CTPLIKOIO) € TAKMMU, 110 3-/Iy2KHUK TAKOXK [EPEXOUTh y cebe.

[le MOXKIUBO JIUIIE 38 YMOBU KOJIA N JILIUTHCS HA 3, & IOBOPOT

3A1ICHIOETbCA Ha KyT, KDaTHUI KyTy w = 27 (mpm 7 = %).
Tomy 3aranbHa KiJIbKICTh JliarpaM MepIioro TUIY, SKi caMo

CYMITTAIOTHCSA TMPHU TOBOPOTI HA KYT, KPATHHIT %’r, CTAHOBUTH
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An r = ¢(3) *Qp 3, A€

'3

(3.7) s — { 0, n#3k

3n, n=3k.

Toni 3a nemoro Beprcaitna dmciao HeizomMopdHUX giarpam
HEPIIOTO TUIIY MOXKHA OOYHUCJHTHU 33 JOIOMOIOIO CIIBBIIHO-
IIeHb

.1, 103, n # 3k
An:_<Cn+2'an73): 1 3 9

n

JliarpaMu JIpyroro THUIly, siKi CyMIMaOThed caMi 3 coHOI0
IIpH TTOBOPOTI HA KYT W = 3—2-22', 1=1,...,n—1, € TakuMH, 110
2- Iy KHUKW TI€PeXOIaTh OuH B iHmui. e MoxKIuBo Jutie 3a
YMOBH KOJIA 1 ITATHCA Ha 2, & TOBOPOT 3/1CHIOETHCSI HA KYT,

. B T L
Kparuuit Kyry w = 7 (upu i = 5). Tomy 3araubna Kinpxicrs
aiarpam Jpyroro THIy, siKi CyMIIalThCs cami 3 06010 npu
MOBOPOTi HA KyT, KPATHUH T, CTaHOBUTDL By, n = ¢ (2) - by 2, 1€

|0, n # 21
T i(CE-1), n=2

n 2

:{0, n # 2l

n(n—2) _
) =9,

)

(3.8)

I Tomy 3a snemoro Bepucaiina duciio HeizoMopdHUX JTiarpam
JIPYTOr0 THUIIY MOXKHA OOYUCIUTH 3a JTOIMOMOIOI0 CIIiBBiIHO-
IeHb

Bn_5(20”+b"’3) N { gC’fl—i-}l(n—Q)? n =2l
Ockinbku

1
Pj,=Ar+ B = - ((C2+2C3) + (2 ans + byo2))

10, 3 ypaxyBauusam (3.6)—(3.8), maemo (3.5). O
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3.3. Yucso HeizomopdHUX Aiarpam 3 Kjaacy Sy,.

JIema 3. Yucao neisomopdpnuzx diazepam 3 xaacy Sa, MoorcHa
obvucAuUMY 36 00NOMO2010 HACTNYNHUL CNIBGIOHOWEND!

1/1
= (01 Cipam),
p(4,n) =
(3.9)

(0, n=06m=1
%n(n—Q)Q, n=12m=+2
sn(n—3), n=12m=+3

B wn (n—2)*+8), n=12m =+ 4
i (9(n —2)? 4 32(n — 3)) | n=12m =+ 6
| 5 (9(n —2)* +32(n — 3) +72), n=12m.

Jlosedenna. Bei glarpamu 3 kmacy Sy, BHYEpHYIOTbCH Jia-
rpaMaMu 9O0THUPbOX THINB, TO3HAYEHUX HA PHUC. 2 K TEPIIUii,
IpYTHUit, TpeTiii 1 deTBepTHii: mepmwi XapaKTepu3ylThCd Ha-
SBHICTIO OTHOTO «4-1yKHEKAY> Ta (n — 4)-X NPOCTUX TUKIIB;
IPyTri — HAABHICTIO OJIHOTO «3-/Iy’KHHUKA», OTHOTO «2-/1y2KHU-
Ka» Ta (n — 5)-TH OPOCTHUX IUKJIIB; TPeTi — HASIBHICTIO TPHOX
«2-IyKHUKIB» (KOXKHI J[Ba 3 KUX PO3TAIIOBaHI MO pi3Hi 60-
KU BiJl TPeTHOTO), Ta (N — 6)-TH MPOCTUX MUKJIIB; YeTBepTi —
HASBHICTIO TPBOX «2-/1yZKHUKIBY (KOXKHI J1Ba 3 SIKHX PO3TAIIIO-
Bani 110 oguH GiK Bix TpeThoro), Ta (n—6)-TH IPoCTUX NUKJIB.
[Toznaunmo gepe3 A,,, B,, FE,iF, KiipkicTh giarpam 3 Kaacy
Sy,n (mOOyHOBaHUX HA MAGIOH]) MEPIIOTo, APYTOTO, TPETHOTO
1 9eTBepPTOro THUITY BiJITOBIIHO.

Hexait mami A, B}, E* i F— aucyio #eizomopdHux [ia-
rpaM TepIIoro, APYroro, TPeThOro i 9eTBePTOro TUIY BiIMo-
signo. Tomi Py, = A, + B, + E;, + F};.
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@

Puc. 2. Bei 4 moxxusi THIR AiarpaM 3 Kiaacy Sq,

ObuncIUMO OKpeMO JUCI0 Hei30MOPMHUX AiarpaM KOzKHO-
ro 3 YOTUPHOX MOKJIUBHX THIIIB.

Ouesunno, mo A, = C B, =5C?, E, = 3CS, F, = 2C°.
Kpim Toro, cupaB/izKyeThcsd PIBHICTH

1
(3.10) Ot +5C8 +5C8 = ~- cios

JliarpaMu 1epiioro TUily, ki CyMilaloTbcs caMmi 3 coboio
MpH ITOBOPOTI HA KyT W = g—z -2, i=1,...,n—1, (3a rogun-
HUKOBOIO CTPLIKOI) € TAKUMHU, 10 4-1yKHUK TAKOXK MePexo-
auTh y cebe. e MOKJIMBO Jiuie 38 yMOBU KOJIM N JILIUTHCS
Ha 2 abo K Ha 4, a MOBOPOT 3JIICHIOETHCA Ha KYT, KpAaTHU
KyTy w = 7 (npn i = ), abo X Ha KyT, KpaTHHI KyTy w = §
(pum i = %) BiANOBIIHO. 3arajbHa KLIBKICTH Jiarpam Iepimo-
o THUILY, Ki CyMIIIAIOTHCs caMi 3 cOOOI0 IIPU MTOBOPOTI HA KYT,
KpaTHuii § cTanoBuTb Apn = ¢ (4) - a4, me

., n#4l

n, n=4l.

(3.11) (na = { 2
4
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3arajpHa KiJIBKICTD Jiarpam IMepiroro TUIY, siKi CyMilaio-
ThCsl caMi 3 c0D0I0 TIpKU TTOBOPOTI HA KYT, KPaTHHIl 7, CTaHO-

BUTH An’% =0 (2) - ang, e

0, n # 21
Qp2 = 1
1 (C2-12), n=2I
(3.12) 1(Ci3)
0, n # 21

n(n—2) o
s>, n=2L

Tomy uncsio HeI30MOPGHUX JliarpaM HEPIIOrO TUILY MOKHA
O0YHCANTH 38 JOMOMOTOIO CIIBBIIHOIIEHD

A;:%(Cﬁ+2-an,4+an,z)
1o, n # 2l

= 10 +2%(n—2), n=4+2
L0 +2(n+2), n=4l

®|3 0|3

OCKLTBKE cepell JiarpaM JIpYyroro THIIY HEMAaE TaKHX, IO
CyMIIAIOTHCS caMi 3 cODOIO IIPU MOBOPOTI HA MEBHUN KYT W =
g—z +2i,1=1,...,n—1 (32 TOAMHHUKOBOIO CTPLIKOW), TO B} =
Lo

JiarpaMu TpeTbOro THILY, AKi CyMIIMIAIOThCA caMi 3 coboI0
IpY MOBOPOTI HA KYT W = g—g-?i, i=1,..,n—1 (3a roqunuu-
KOBOIO CTPIJIKOIO), € TAKUMH, IO JIBA 2-1yKHUKH TTePeXOsiTh
OJIVH B 1HIIHU, TpeTiit cam y cebde. Lle MoKJIMBO JiuIme 3a yMo-
BH KOJIA N JUIATHCA Ha 2, JIYTH OJHOTO 3 2-TYKHUKIB € Jlia-
MeTpaJbHO MMPOTWIEKHUMU, a TTOBOPOT 3IMCHIOETHCS Ha KYT,
KpaTHmi KyTy w = 7 (npu ¢ = ). Tomy 3arampna KinbkicTs
JiiarpaM TpeThboro THlly, gKi CyMilamThed caMi 3 o000 1pu
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NMOBOPOTi HA KT, KPATHUH T, CTaHOBUTD Fyn = ¢ (2) - en 2, 1€

0, n # 21
€n2 = %0372’ n =2l
=
_ { 0, n # 21

s(n—=2)(n—4), n=2I

(3.13)

Otxke, yucao Hei30MOpHUX JiarpaM TPeThOTro THIY MO-
ZKHa, OOYHCIUTH 34 JOIOMOIOIO CIIBBIIHOIICHD

E;:%(aﬁ+emg
{%aﬁ, n # 21

13CE+ £ (n—2)(n—4), n=2L

JliarpaMu 4eTBEpTOrO TUILY, Ki CyMIIAIOTHCA cami 3 cOB0I0
MpH TOBOPOTI HA KYyT W = 3—2-2@ i=1,...,n—1 (3aroguanu-
KOBOIO CTPLJIKOIO), € TAKUMH, 10 TPH 2-JTyKHUKH MEPEXOISTh
onuH B iHMHH. [le MOXKINBO JTUIIE 38 YMOBHU KOJIU N JLTATHCS

e o _ 2m
Ha 3, a NOBOPOT 3/UHCHIOETBCS Ha KT, KpaTHUi KyTy W =
(mpu i = %). Tomy 3aranpma KimbKicTh giarpaM geTBepTOro

TUIY, SKi CYMIMAOTHCI caMi 3 coDOI0 TIPU HOBOPOTI HA KyT

KPaTHU %’T cTanoBuTL Fjyn = ¢ (3) - fo3, ne
0, n # 31,
Jns = in-(2-1), n=3l
(3.14) R ’
{ 0, n # 3,
- n(n—3) _
=5, n=23lL
I Tomy

- 2C8, n # 3l
208 + 2(n—3), n=3l

F;:%-(202+2fn73):{

Sl= 3=
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3 iumoro 60Ky, OCKLIbKHI
1
Pz,n = ﬁ (Ci + 2an,4 + an,2) +

1

+§C;’; +— (3CF + enp) + 1 (2C8 +2f,5) =
n n n

1

1
= (;CﬁCfQ + (2 apa+ an2+ena+ 2fn,3)> ;

10, 3 ypaxysanuam (3.10) — (3.14), maemo (3.9). O

3.4. Yucjo HeizomopdHUX giarpaM 3 KJjaacy Sy, Yy BU-
naaky npocroro n. Ockimbkn [y, | = Ck - CE~L 1o dop-
myay (1.2) a1t IPOCTOTO N MOYKHA TIOJATH Y BULJISLI
(3.15) P, = 1 (lef CHY 4 (n—1)-p(k,n, 1)) :
’ n\n

ne p(k,n,1) —umcao giarpam 3 Kiaacy S, (M00yI0BaHUX Ha
mabJIoHi), sIKi CyMINAIOThC cami 3 cOGOI0 TPH TTOBOPOTI Ha
KyT W = 27”

dxmo k=1 (abo k =n), To p(k,n,1) = 1, 100y mio icuye
€JIMHa JriarpamMa Ha mabJIoHi, Ka CYMIIIAeThes cama 3 coboIo
[IPU MOBOPOTI HA KYT w = 27 /n — puc. 3.

e

Puc. 3. €guna niarpama 3 kiaacy 3¢, Ka Cy-

MiIIA€ThCs camMa 3 coDOIO P HOBOPOTI HA KYT
w=2
6

B inmux Bunagkax p (k,n,1) = 0. Tomy mae micie Jjema.
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Jlema 4. Jlaa npocmozo n wucso Heizomopdrur diazpam 3
Kaacy Sk, Mosce Oymu obvucaene 36 donomoz2010 cnissioHo-
wWeHb

; LOKCH o=l k=1,
(3.16) o = { ko, k# L,

Hacaimok 2. /laa npocmozo n wucao O-monoaiozivno Hee-
keisasenmuur Gyrnryit 3 xaacy Chpp1-k(S?) moorcna 06vu-
caumu 3a donomozoto cnissionowenms (3.16).

3.5. Huciio HeeKBiBaIeHTHUX JiarpaM 3 KJjacy Sy ,. 32
JieMot0 bepHcaiina unc/io HeeKBiBaJeHTHHX JiarpaM 3 KJacy
Sk,n, MOKe OyTH OOUHCIIEHE 3a JOIOMOTOIO CIiBBITHOIIEHD

1 1
k*k *
Pk,n - §< k,n+ﬁ 'Psym>>
Jie Py, — 3arajbHa KUIBKICTb CUMETPUYHHX JAiarpaM 3 Sy,
TOOTO Aiarpam, sIKi € CUMeTPpUIHUMH BiIHOCHO OJHIET 3 oceil
CcUMeTPil ABOKOJIBLOPOBOTO 2n-11adaony. [Ipuaomy

Psym:{

ae po(n, k) —umcso piarpam 3 Sy, CHMETPUYHHX BLIHOCHO
dikcoBaHoi 0oCi cuMeTpii, MO TPOXOJAUTDH YePe3 CEPEJUHU Jli-
aMeTpasIbHO MPOTUJIEZKHUX YOPHOI Ta 01101 ayr mab/ioHy, a
p1(n, k) (pa(n, k) ) —aucao giarpam 3 Sy, ,,, CHMETPUYHEX Bij-
HOCHO (PiKCOBAHOI OCi CUMETPIl, IO TTPOXOJAUTH Yepe3 Cepe/iu-
HH JIIaMeTpPaTbHO TPOTUJIEKHUX JopHuX (6liux) ayr mrabiro-
HY.

Hobpe Bigomo (nue. Hanp. [4]), mo icuye Giekris Mix eJe-
mentamu MHOXKuHE NCPy,, (a Tomy i $%,,) Ta enementamn
muozkuuT, Bijomumu K «Dyck n-paths with exactly & peakss.

- po(n, k), n=2m=+1
: (pl(n7 k) +p2(n7 k)) , N = 2m7

s 3
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Kpiwm Toro, gk Buminsae 3 po6it |3, 8], Beamdauna
1
T(n,k) = — - Pym
()= Py

CHIBIAJIAE 3 YHCJIOM 00’€KTiB, BioMux sK «symmetric Dyck
paths of semi-length n with k£ peaks». 3okpema B [8] mokasamo,
110

5] A
(3.17) T(n,k)=Cr.% 5 - Cr.2 A,

=] =]
Je -] — nia wactuna yucsa, a |- — QyHKIig «crensy — oKpy-
IJICHHY [0 HaMOJIMKYI0r0 OLIBIIOrO III0r0 IHCJIA.

Takum gynHOM, Ma€ MicIle TBEP/IZKEeHHS.

Jlema 5. Yucno neexsisarenmmuuzx diazpam 3 kaacy S, Mo-
otce bymu obuucaene 3a donomozo10 CniGEIOHOULEHHA

! 2] o]
3.18 == o+ CH2 O .

( ) k.n 9 < k.n [nTl] ( ,21‘|

Hacainok 3. Qucao monosoziuno neexsisarewmmur @ym-

Kyt 3 KAacy Ck7n+1_k(52) MOIHCHA 00MUCAUMY 30 OTOMO2010
cnissidnowerna (3.18).

BucHOBKU

B saniit podoTi BCTAHOBJIEHO KPUTEPiil TONOJIOrIYHOI €KBi-
BasenTaocTi dynkuiii 3 kiaacy Cprm,(S?) B Tepminax JaBoKo-
JpopoBux O-miarpam MiriMaabHOTO poxy 3 n = m + M — 1
xopjgamu, gki Maiors M (abo m) NUK/IB HEBHOTO KOJLODY.
3a J0MOMOTOI0 TAKWX JliarpaM BIAJIOCS BCTAHOBUTH (DOPMYJTH
JUTST MJIPAXyHKY YHUCIA TOMOJIOTTYHO HeeKBiBaJeHTHUX (yH-
kuiit 3 kmacy Cprp,—ar41(5?) g mosiabroro n > 1 ta nova-
TKOoBUX M = 1;2;3;4 abo xk M =n;n—1;n—2;n — 4.

Kpim Toro, mast mpocroro n i gosinsaoro M € {1,2,...,n}
[IOCTaBJ/IEHA 33/la4a PO3B’A3aHa MOBHICTIO.
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n\k[1]2]3 [4 [5 [6 [7]8
2 [1]1

3 J1[1]1

4 J1]2]2 |1

5 |1]2]4 |2 |1

6 [1[3[10]10]3 [1

7 [1]3][15]25]15[3 |1
8 |1[4]26]64]64]26]4]1

Tasbj1. 1. TlouaTkoBi 3HaueHHs uncaa O-TOmo-
JIOTIYHO HeeKBiBaJeHTHUX (DYHKIIH 3 KJacy

Crnt1-k(5?)

n\k[1]2][3 |4 ][5 |6 [7]8
2 |11

3 [1]1]1

4 J1]2]2 |1

5 [1]2]4 |2 |1

6 [1[3[8 [8 [3 |1

7 [1[3]12]17]12]3 |1
8 |[1]4]19[41[41[19]4]1

TABJI. 2. [loyaTKOBI 3HaYEHHA YHUCIA TOMOJIO-
riYHO HeeKBiBaJIeHTHUX (hYHKIiT 3 KJacy

Crnr1-£(5?)

Ha nymKy aBTopa, T0CaiIKEeHHSA B ILOMY HAPAMKY JIOILIb-
HO IIPOJOBXKHUTH, y3araJbHHBIIM OJEPKaHI pPEe3y/IbTaTH JIJIst
JoBibHOTO 1 1 KozxHOTO M € {1,2,...,n}. Ogepxani B pobori
Pe3yJIbTATH MOXKYTH OyTH e(eKTHBHO BHKOPHCTAHI IIPH IIijI-
PAXYHKY YHUCJIa HeeKBIBAJIEHTHHX 00 €KTiB, BIIOMHUX SIK «NON-
crossing partition of [n] with & blocks».
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36ipHuK mpaIhb
Tacruryry maremaruku HAH Ykpainu

2010, .7, Ned, 108-122

Knacudikarig KBaJpaTudHuX Ta KyOidaHUX
KOMILJIEKCHUX ITOJIIHOMIiB

Hpuyx 1.A.

B pobori mpoBenena kiaacudikallis KBAAPATUIHAX Ta, KyOIIHUX KOM-
IJIEKCHUX ITOJIHOMIB 3 TOYHICTIO IO TOIIOJIOIIYHOI €KBiBaJIEHTHOCTI Ta,
CIIPS2KEHOCTI.

Let P: C — C be a complex polynomial degree n (we will consider
cases n = 2,3). We study necessary and sufficient conditions for the
polynomials to be topologically equivalent and conjugate.

Bceryn

Buepiie 3aja4ua Tomosoriynoi Kiaacugikaiii KOMIJIEKCHUX
nostiomiB Gysta copmyasoBana B 19 cr. A. I'ypsunem (1891)
Ta iH. 3 PO3BUTKOM MaTEMaTHKH BWHWKJIO JEKIJIbKA PI3HUX
i/IXOMIB 0 PO3B’d3aHHS JAaHOI 3aJ/1a4i, OCHOBHUMHU €. BHBYe-
HHsI [T IPYIH KiC HA JeIKOMY KOMOGIHATOpHOMY 00’€KTi (Ka-
kryci) [1, 2, 5, 4], knacudikaris posraay:KeHUX HOKPUTTIB
JBOBAUMIDHOI cepH, (JIOBEIEHO, MO MiXK TOJIHOMAMHA Ta MO-
KPUTTSIME 1ICHY€ B3a€MHOOIHO3HAYHA BI/[HOBLIHICTD), 1 TpeTii,
HA JAHOMY eTall HalimepcnekTuBHinmmi, — miaxin B. Apaoss-
Ja 10 Kaacudikallil KOMIJIEKCHUX TOJIIHOMIB 3a JI0MOMOT0I0
Bijjobpazkenns JIgmko-/loienri B Teopii ocobyimBocTeit Ta aJi-
rebpaivuniit reomerpii [7].

B namiit pobori Mu po3B’d3yeMo JIBI 3ajadi: MiIpaxyHOK
YUCJIa TOMOJOTIYHO HeeKBIBaJeHTHUX KBAaJPATUYHUX Ta KY-
OIYHUX KOMILIEKCHHX IOJIIHOMIB 3a iHBapiaHTOM, IO ITOOYI0-
Banuii B pobori O. 3BoHKiHa [2], Ta 3HAXOMIKEHHS HEOOXITHIX
Ta JOCTATHIX YMOB Ha KOeIIIEHTH IPU 3MIHHUX IOJIHOMY,

© Hpuyk L. A., 2010
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3a sIKUX KBajaparudHi (Ky6iuni) KoMmaiekcHi nogiHomu OyiyTh
TOTIOJIOTITHO CIPSIZKEHUMH.

Baysazknumo, mo poborn O. 3BoHKiHa [2, 5| HaTexkaTh J10
IePIIOro 3 BHINE BKa3aHUX MiaxomiB. ABrop ¢ikcye dmcsio
KPUTHYHAX 3HAYeHb IIOJIHOMA i IPOBOINTH KJacHpiKaliio B
MezKax PO3IJISIYBAHOTO KJIacy, MU K (iKCyeMo crerninb (KBa-
aparudhi abo Ky6iuHi) i cepe| HOJTIHOMIB JIAHOTO CTETEHSI TPO-
BOJMMO TOTOJIOTIUHY KJaacHpiKaIriio.

1. OCHOBHI IIOHSATTS

Hexait P : C — C mesgxuii KOMILTEKCHHIi ITOJIIHOM, TOOTO
P(z) = 2"+ a12" ' 4+ ap2" 2 4 ..+ ap,

ne a; € C. Touka z € C Ha3sHBAETHCI KPUMUYHOMN, SKIIO
P'(z) = 0, a 3mauenus w = P(z) nojginoma B KpHTHIHIH TOUI]
2 HA3BEMO KPUTHYHHUM 3HAYCHHSIM.

Cxaxkemo, mo kputudHa Touka z € C Mae nopsaok k, aKImo

P(2)=P'(z)=...=P*V(z) =0, PP(2)#0.

Ockinbku, P'(z) - ne nosinom crenens (n — 1), To nosinom
P(z) mae (n — 1) KpUTHYHY TOYKY Ta CTITBKH K KPUTHIHHX
3HAYEHDb, CEpeJ AKUX MOXKYTh OyTH Taki, 10 CIHiBNaJAI0Th.
Hanpukiasn, posrisinemo Py(z) = 22 ta Py(2) = 25 + 4, na
KOKHOT'O 3 HHX MHOYKHHA KPUTHIHHX TOUOK CKJIATAETHCSI 3
z = 0, mpore, 3pO3yMiJo, MO AJd HEPIIOTO0 BUMAJAKY Kpa-
THiCTb 2 = ( JOpiBHIOE TPhOM, a y JApyromy —i'gatu. /lami
TTOJIIHOMY € PI3HUMU 3 TOYKHU 30PY TOMOJIOTIYHOI eKBiBaJIeH-
THOCTI.

Jsa moxinomu P, Q) : C — C ma3uBaoThes monoaoziuto
EKBIBUACHMHUMY ( CNPAHCEHUMU), SKITO ICHYIOTH TOMEOMOD-
dismu hy : C — Cra hy : C — C (romeomopdizm b : C — C),
Mo 30epiraloTh Opi€HTAIiI0, TaKi, o P = hy LoQoh (Takwuit,
mwo P=h"1toQoh).
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Axmo f(z) — aeska GyHKIIST KOMIJIEKCHOT 3MiHHOI, TO MO-
aynb i1 moxigaoi | f'(2)| reomerpudano o3Havae KoedimieHT po3-
TATY JOBXKUH YT B TOYII 2 TPU BigoOpakensi f.

Hucsi0 zp HA3UBAETHCs HyJIeM ToJaiHOMY, aKmo P(zg) = 0.
Haramaemo dyniamMeHTaIbHY TeopeMy aJjreopu.

Teopema 1. [3, c1.22|. Koorcnuti noainom P(z) = > apz”
k=0

CMENERA N MAE EQUHE NPEICTNABAEHHA Y 6UAADL
n
P(z) = cH(z — 2k),
k=1

de ¢ — KoHCemanma 810MIHHAG 610 HYAA, G YUCAA Z) — HYAL NO-
arnoma P.

2. TOIOJIOI'TYHA EKBIBAJIEHTHICTD

st po3rJIsilyBaHOI'O KJIACY IOJIHOMIB, KIJIbKICTh KPUTH-
YHHUX 3Ha4YeHb He Oijibine 2. HaBeeMo KOHCTPYKILiIO, SIKa JacTh
3MOry KjaacudikyBaTu KBaJpaTu4dHi Ta KyOiuHI KOMILIEKCHI
MOJITHOMH 3 TOYHICTIO JI0 TOTIOJOTTIHOT eKBiBaaeHTHOCTI |2, 3.

Hexait P : Z — W — koMmIIeKCHUT TTOJIIHOM CTeleHsd n, e
Z, W — KOMILJIeKCHI IJIOIWHA. Po3riignemMo JTOBLJIBHI KOMILIE-
KCHIi 9ucya cg,c; € W ta 3’eiHaeMo IX TPSMOJTIHIHHAM BiIpi3-
koM B W, stkwmit mo3uaunmo depes s(cg, ¢;). Skimo npumycruTn,
mo s(co, ¢1) HE MICTUTH YKOJHOTO KPUTHIHOTO 3HAYEHHS TI0-
ainomy P, 1o P71(s(co, 1)) C Z € ness’szuum 06’ Hanusm
N Pi3HUX MHOYKUH IJIONUHU Z, KOXKHA 3 IKUX roMeoMopdHa
BiApi3Ky (HEOGOB’sI3KOBO MpsAMOTiHifiHOMY). Y BUIAJKY, KOJIHI
s(cp, 1) HE MICTHTBH JKOJHOIO KPUTHIHOIO 3HAUEHHS, & OJNH
3 KiHI[IB a00 00u/IBa € KPUTUIHUMU,

P (s(co, 1)) C Z
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Ma€ MEHIIE HiZK 1 KOMIOHEHT 3B’S3HOCTI (BUHHKAIOTH CKJIeH-
K1 Biapizko-noni6aux Muoxuh). [Todapbysasimm Touku ¢y Ta,
c1 y pisui koswopu, muozkuna P~1(s(cg,¢;)) C Z Gyue ro-
MeOMOPGhHOI JBOKOJIPHOMY IJIAHADHOMY JepeBy (iHIIUIeH-
THI BepIIMHYU MaloTh Pi3Hi Koabopu). Teopema 1.1. [2] crBep-
JIZKYE, IO MizK MHOXKHHOIO ILUIOCKHMX JIBOKOJIDHHX JE€pEeB Ta
KJIACaMH TOIOJOTIYHO €KBiBAJIEHTHHUX IIOJIHOMIB, IO MAalOTh
He OLIbIINe HiXK JBa KPUTHIHUX 3HAUYEHHSI, ICHYE B3a€EMHO OTHO-
3HAYHA, BiIIIOBIIHICTD.

Bunadox, 1. P(z) = az*> + bz +c¢, ne a # 01 a,b,c € C.
O6uncanmo P'(z) = 2az + b i 3HaiieM0 TOUKH 2z I SKHX
P'(z2) = 0, orKe 1e €IuHA KPUTUIHA TOYKA 2 = —% Kpa-
taoctl 2. ITokaaneMo ¢y = P(—%), daKe Oy/e €IuHUM KPHUTH-
YHUM 3HAYEeHHSM, & B POJIL ¢; BI3bMEMO JIOBLIbHE PEryJspHe
3HAYEHHs, MO He JopiBHIOE co. P~ 1(s(cy, 1)) romeomopdna
IIAHAPHOMY JEepPEBY 3 JABOMA BEPIIMHAMU BAJCHTHOCTI 1 Ta
ozxHieo BepmmHoO0 BasenrHocri 2 (puc.l).

O @ O

Puc. 2.1. JIpokosipHe jepeBo, IO BiaoBigae
KBaJIPATHIHOMY TOJIHOMY.

Koncrpykiiis, ska 300pazkeHa Ha PUCYHKY 1, €IHHO MOKJIH-
Ba, a IIe O3HAYAE, 0 6CI K6AIPATUYHT KOMNAEKCHT TLOATHOMU
€ MONOAORIYHO €KBIBANEHTHUMU.

Bunadox 2. P(2) = az®+bz*+cz+d, pe a # 0ia,b,c,d € C.
Awnanoriuno, o6uucaumo P'(z) = 3az% + 2bz + ¢ Ta 3naiijemo
z s axux P'(z) = 0, oCKiIbKH MH OTPUMAJH KB/ [pATHIHUI
MTOJIIHOM, TO MOXKJIMBO JIBa BUIIAIKU:

(i) axuo b? — 3ac = 0, To icHy€ €IUHa KPUTHIHA TOUKA
z = —£ xparnocri 3 (P"(z) = 6az+2bi P"(z) = 6a);
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(i) sxmo b* —3ac # 0, To icHy€ JBi PI3HUX KPUTHYHUX TO-
YUKW 212 = % Vabz_&w, KOYKHA 3 IKHX Ma€ KpaTHICTh
2.

[To amaJiorii 3 BHIAJIKOM KBaJIpPaTUIHOIO IOJIHOMY, IOOY-
JIYEMO TOTIOJIOTIYHHI IHBApIaHT — JIBOKOJIIPHE JI€PEeBO IS KY-
OIYHOrO TOJIIHOMY, BPAaXOBYIOUH HACTYIIHI 3ayBasKeHH: y BH-
najaky (i) mokiagemo ¢y = P(—%), a c = 2, ne 2 rake,

3
mo 2 # P(—L), ay sunagxy (i) — ¢y = P(~2-2=3ac),

¢ = P( _2b+23\){1m) .

a

e L e & L J

Puc. 2.2. /IBokomipui aepeBa, IO BiITOBiIA-
I0Tb KyOIYHUM HOJIHOMAM

OrKe, icHYE 064 KAACU MONON0INHO EKBIBALEHMHUT KYOi-
YHUT KOMNAEKCHUTL NOATHOMIG.

3. TOMMOJIOTIUHA CIPSIYKEHICTD

Krnacudikamiro 3 TOYHICTIO 0 TOIOJIOTIYHOI CIPSI?KEHOCTI
KOMIIJIEKCHUX MOJIIHOMIB cTenenst 1 MoxKHa 3HaiTH B [6].

Ksagparununi kommiaekcHi mogiHomu. Hexaii
P(z) = az* + bz +c,
ne a,b,ce C, a#0.

3HaiigemMo yMOBH Ha KoedIi€eHTH MOJTIHOMY 3a SKUX BiH Oy-
Je MaTH Pi3HI TOIIOJIOTIYHI XapaKTepUCTHKH — KiIbKICTH He-
pyxomMux TO4YOK (po3B’si3kiB piBHgHBL P(z) = z) Ta Habopu
KPUTHYHUX TOYOK, BPAXOBAHUX 3 IX MOPSAIKAMHU.
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Ockinbkn P'(z) = 2az + b, To icHye Touka z* = —2- TaKa,
wo P'(z*) =01 P"(z*) # 0.

PosrigHeMo MHOXKHUHY TOYOK |z — 2*| = 1, ge z € C, 1a
3aIUIIEMO

|P'(2)] = |2az + b| = |2a(2+ i)} =

2a
= |2al|z — (=&)| =2Jallz — z*|, a#0.

Tomy, npn |a| < 3 BiaGyBaeThCs CTHCK (0GPA3ZOM OAMHIIHOTO
KoJ1a ByJie KOJIO MEHIIOro pajiyca), a upu |a| > % — po3tar. Y
BHNAJKY, KOIH |a| = 3 — KOO BinmoGpaxaeThes came B cebe.

HacrymHuil KpoK — 116 3HAXO/?KEHHSI HEPYXOMHX TOUYOK B
3aJIe’KHOCTI BiJl KoedilieHTiB mojtinoMy. Po3s’szkeMo piBHAH-
ua P(z) = z. 3amumewmo az® + bz + ¢ = z, 3BinKn

az?+(b—1)z+c=0.
Posriignemo Bumagkm:

Bunadox 1: Slkmo D = (b—1)? —4ac = 1, To y Bijgobpazke-

e . ~ _  _p ~ _ _pt2
nag P(z) € 1Bl pisni HepyXomi TouKm z; = 3 Ta 2y = 5=,
IpuIoOMy 21 = 2% = —%. BigMiTrMO TakoXK, IO JJIsI PiBHIHD

P(z) = Z; ta P(z) = Z; icHYIOTb 11l JIBa PO3B’SI3KH — 21 Ta 2o
Taki, mo z € C, P(z1) =21, P(%) = 221 21 # 21, 22 # 2.

Bunadox 2: dkmo D = (b—1)> —4ac #0i D # 1,10 y
P(z) € nBi pizni HepyXoMi TOUKH 2} 2 = %ﬁ. 3HOBY, JJIsI

KOYKHOTO 3 piBHsiHD P(z) = 21 Ta P(2) = Z3, Kpim 2] Ta 23,

iCHYIOTh 21 Ta Z3 Taki, mo 21, 29 € C, P(Z1) = 21 1 P(Z,) = 2.

Bunadox 3: dxmo D = (b — 1)* — 4ac = 0, T0 icuye eauna

HepyxoMa TouKa Bimobparxkenus P(z), mpudomy 2 = %;rl 3a-

YBayKUMO, 10 2 # 2% = —%, axumMu 0 He Oyu KoedinienTn

a ta b (3a ymosoio a # 0). IIpore, y Bunajaky, ko b — 1 =0
Ta ¢ = 0 HepyxXoMa TOYKa Ma€ KpaTHICTH 2.
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Ky6iuni komniaekcHi nmosiinomu. Hexait
P(2) = az® + b2* + cz + d,
ne a,b,c,d € C, a#0. Toni
P'(z) = 3az* + 2bz +c, P"(z) = 6az + 2b.

IIpu 3uaxoazxenni kpuruauux To49oK (P'(z) = 0) posrigaemo
JIBa BUIIAJIKH:

(3.1) D =4(b* —3ac) =0 abo b* = 3ac,
T2

(3.2) D =4(b* —3ac) #0 abo b* # 3ac.

Bunadox 1. dxmo Bukonyerhes (3.1), To icHye enmHa TO-

uka 2 = — taka, mo P”(z*) = 0, P"”(z%) # 0. Ockinbku

P’'(2) € KBAIPATHIHAM MOJIHOMOM, a z* = —3% € floro HyJem,
To 3rigno Teopemu 1 P'(z) MOXKHA HPEJCTABATH Y BUIJIAIL
P'(z) = 3a(z+£)?. PosrasgneMo MHOXKHHY TOUOK |2 — 2% = 1,

ge z € C, Ta 3anuiremo
2 *
|P'(2)] = [3a(z + £)*| = 3lal|z + Z|" = 3lal|z — z**, a #0.

Tomy, mpu |a| < % BiZIOYBAETHCST CTUCK, |a| > % ~ po3THr, a

npu |a| = 1 — Kon0 BigOGpaKAETHLC Came B cebe.

Bunadox 2. Slkimo Bukomyerncs (3.2), TO iCHYIOTH TOUKH

. —2b+vD  —b=£ Vb —3ac
z = =

12 6a 3a
Taxi, mo P'(2],) # 0. Ockinbku, P'(2) € KBaapaTuaruM mOJTi-
HOMOM, & TOYKH 2] 5 € HOro HyJIsIMH, TO 3TiHO Teopemu 1 P'(z)
MOYKHA TIpeIcTaBuTH ¥ Burasm P'(z) = 3a(z — z7)(z — 25) Ta
PO3LJISIHYBIIA MHOXKHMHH TOYOK |z — 27| = 1 1a |z — 25| = 1,

1o 1

ae z € C, npu |a| < 3 BigGysaerbes cTuck, |a| > 3 — posrar,

_1 -
a mpu |a| = 3 — KoJI0 BimoGparKkaeThes came B cebe.
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Posp’sizkemo piBasinas P(z) = z, 10610
az’ + b2 +cz+d =z,

3pigkm az® + b2 + (¢ — 1)z + d = 0. Bigomo, mo mymi Ky-
OIYHUX PIBHAHBb 3HAXOIATH 3a JdormoMoroo dpopmyn Kapaano.
b

Buxonyioun saminy z = 2’ — 3=, OTPEMAEMO TOHOM
a

az®+ 7 +d =0,

ro_ b2 1 26349b(1—c)+27a%d
ge ¢ =c— g 1,d—. o
3aIMIIEeMO eKBiBaJeHTHe DIBHSIHHS

. 3a ymoBoio a # 0,

(3.3) ' +d =0,
i 3alc—1)—b% 3y 2b34-9b(1—c)+27a%d
ne ¢ = =0—, d" = o . Y BUIAJIKY, KOJIH

s oo (2) (5]

MOJIIHOM MA€ TPH PI3HUX HYyJd. ZAKIIO K

(3.5) D" = <%)3 + (%”)2 =0

Ta
(3.6) &' =d" =0,

TO TOJIIHOM Ma€ €JIMHUI HYJIb KPATHOCTI 3. AKIIO BUKOHYETHCS
Tinbku dopmyra (3.5)— aBa pisHux Hysrd (OTUH 3 AKHX Mag
KPaTHICTD 2).

Hexat sukonyemoca odua 3 dopmya (3.1) abo (3.2). Yu mo-
AHCYMB KOPHIULEHMU NOATHOMY MAKOHC 300080ALHAMU 00HY 3
ymos (3.4)-(3.6)? Hrxwo mak, mo axi monoso2iuni esacmu-
80CMI MGE MAKUT NOAHOM?

[Ipumycrumo, mo b? = 3ac, Toxi ¢’ = —% i piBusiaas (3.3)
nabepe sursgy 2% — 12+ d” = 0. Ockinpkn ¢ # 0, T0
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dbopmyna (3.6) He BUKOHYETHCS TIPH YKOJHOMY HabODi Koedi-
MiEHTIB. A IIe O3HAYaE, IO €IUHA KPUTUIHA TOYKA IIOJIHOMY
He MOzKe OyTH Oro HEpYyXOMOIO TOYKOIO.

Bamurtremo dhopmyay (3.5) gepes koedirienTn:

(3.7) —108a® = (20 + 9b(1 — ¢) + 27a*d)>.

3 inmoro OOKy, e O3HavaE, 10 ICHYE IBa HYJII Zg Ta 21 TaKi,

3 _ 1 " __ I 20 : ;-

mo 2% — 2z +.d = (z ZO.) (z zl) [TpupiBugBm Koedi

MI€EHTY TIpW 3MIHHUX Y TIpaBiil Ta JIiBiil YacTHHAX, OTPHMAEMO
CUCTEMY:

21 = _220 )
2 _ 1
Zy = 307
9.3 _ 203 +9b(1—c)+27a2d
U 27a3 :

[lincTaBuBImE Apyre pPIBHAHHS CUCTEMH B TPeTE€ Ta BUKOPH-
crasmn dopmyny (3.7), orpumaemo piBHicTh 2 = \/—4, 10
He BipHO. 3i CKa3aHOro BUINE CIIAYE, MO HE CYNEePeUINBAM €
JIMTIIE BUTIAIOK, KOJIH OJJHOYACHO BUKOHYIOTHCS bopmyn (3.1)
Ta (3.4), a e o3Hava€, 1O ICHYE TPH Pi3HI HEPYXOMi TOUYKH,
KOYKHA 3 gKUX He € KPUTHIHOK, TOOTO /i KOYKHOI 3 HUX B
mpoobpa3si, KpiM camol cebe, € 11e Bl iHII TOYKH.

3posymiso, mo chiBeignomenus (3.2) Ta (3.4) me € cymepe-
YIUBUMU, & 3 TOYKHW 30pPY TOMOJOTIUYHUX XapPaKTEPUCTUK, TIe
O3Havae, 10 ICHYE TPU PI3HI HEPYXOMI TOYKH, gKi BIAPI3HSIO-
ThCH BiJl JIBOX KPUTHIHHUX. SHANRIEMO yMOBH 33 AKX, OTHA 3
HepyXoMuX Oyjie CIiBOAJATH 3 KPUTHIHOI TOTKO. JAIHIITe-
MO

1" /—}—d/,:(Z/— VbQ—?)CLC

2Pz
3a

)&=l = ),
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n _ 3alc—1)=b% g 2b349b(1—c)+27a%d

Ae c = 302 ) d - 27a3 9 20 7£ Zl, 20
/b2 — . « .

21 # b3a3“°. [TpupiBHIOEMO KOEMDIMIEHTH TPHA OTHAKOBUX IIO-

Ka3HUKAX CTEIEHs Ta OAePXKUMO HACTYIHY YMOBY:

7& vb%2—3ac
3a ’

2(b? — 3ac)? + 9evVb? — 3ac = 2b° + 9(1 — ¢) + 27a%d.

[IepeBipuMo 3a SKUX YMOB Ha KOeMIIi€HTH, CIiBBiIHOIIE-
uHs (3.2) Ta (3.6) BUKOHYIOThCS ofHOYacHO. PiBHsnH: (3.3)
nabepe Buriany 2" = 0, nepeitmosim 10 3MIiHHOT 2 OTpUMa-
€MO, IO 2 = —%. Haranaemo, mo P”(—%) =01z= —3—2 €
HyJIeM KpaTHOCTI 3 11 az® +bz% + (c—1)z+d = 0, abo mp Te
K came, HEPYXOMOK TOYKOMW Jjyist nojainomy P(z). A ckasane

BUITE, PIBHOCUJIBHE YMOBaM

3a(c—1) —=bv*=0
2% 4 9b(1 — ¢) + 27ad = 0.

I ocraune, mepeBipuMo KoM BHKOHYIOThCA (3.2) Ta (3.5).
Cuisinnomenus (3.5) Habupae BUIVIALY

<3a(c —1)— b2>3 _ _<2b3 +95(1 —¢) + 27a2d>2

9a? 54q3

Ta iCHYIOTh 1Bl pi3Hi Hepyxowmi Touku mojinomy P(z), omHa
3 AKX € HyJeM KparHocti 2 qist (3.5). 3Haiigemo ymMoBu 3a

AKUX KPUTUIHA TOUKA (He 0OMEKYIOUH 3araJdbHOCTI, JIJIs IIPH-

_ 2 _
=bEVES34C) Gyje HEPYXOMOIO TOUKOIO

2 __
VI=30C g samm-

KJIQJIy BI3bMEMO 2 =

kparnocri 2 ta 1. Haragaemo, mo Toui 2’ =
eMo

"1 d//: (Z/— Vb2_3a6)2( /

(3.8) 2P+ 5 2 — 2),
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3a(c—1)—b? d' — 203 4+9b(1—c)+27a%d Vb2 —3ac
=g d' = AT T

/N
A= T 274 Ta
Vb2 — 3ac
(39) 213 —l—C”Z/—i-d” — Z/ VYo (2/ o 20)2,
3a
o 3a(c=1)=b> g 20349b(1—c)+27a3d Vb2—3ac .
Ae ¢ = gz A = 2743 , 2o 7 g Mip-

KYIOUH [0 aHAJIOTIl 3 MOMepe HIMHA BHIAJIKAMU, OTPUMAEMO:
ymoBa (3.8) € cynepewnnBoio, ockiabku a # 0, a (3.9) Buko-
HyeThCs Ipu ac — 3b? = 4a.
Hexait C ta W — npi miomuan taki, mo P(C) = W.
[Tobynyemo nacTymauit KOMOIHATOPHU IHBAPiaHT, TKU BiI-
noBila¢ MaOrOwWIeny P(z):

(1) Ha mwromunai W BigmiTuMo BCi KPUTHYHI 3HAYEHHSI
P(z}) = wi Ta P(2z3) = w} ra Bei mepyxomi Toukn. 3’eanaeMo
TOYKHU W] Ta w; NPAMOJIIHIHHUM BLIpizkoMm B 1tomuni W, a 'y
BHIIQJIKY OJHIEl TOUYKH w* — 3’€¢aHaeMo 11 HOIapHO 3 HEPYXO-
MUMH TOUYKAMHE IPAMOJTiHIfTHIME Biapizkamu B W. 3po3yMmio,
mo Ha W mu 1nodyysaiu rpad 31 CKIHY€HHUM YUCJIOM KOM-
HNOHEHT 3B’ A3HOCTI, KMl MMO3HAYUMO 4Yepe3 va(z).

_1/ PRy
(2) Posrasmemo muoxumy P 1(GW(Z)) i noznaunmo ii de-

pe3 G’g(z)). Bnopsinkosany napy rpadis (Gg(z),va(z)), 110
Bianosigae Muorowreny P(z), OyaeMo Ha3uBaTH HOro TOLO-

JIOTTYHUM IHBaApiaHTOM, TKUH HaJIa 11 OYeMO Mo3HAYaTH Yepes

G(P(2)).

(3) Hexait Bepmunam vy, v, € G(P(2)) Bigmosigaoors ge-
sIKl KOMILJIEKCHI 9HcJIa 27 Ta 2 Oyab-To 3 mromuan C an W,
[TodbapGyemo Bepuruau inBapianty G(P(z)) y pisui koabopu
3a HACTYIHUM IPABHJIOM: BEPIIMHH ¥ Ta Vg OJHOTO # TOro K
KOJTbOPY TOMI 1 TIMBKHA TOMI, KON 2z, = Zo. B MPOTHIEKHOMY
BUIIAQ/IKY BEPIIUHA MAIOTh PI3HI KOJBOPH.
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[Moznaunmo depes V' (G) MHOKUHY BEpIIUH JeSKOr0 rpady
G, a gepe3 Vi(G) — MHOXKHHY BepIIUH OJHOTO KOJBODY.

Osznauenns 1. Craoicemo, wo G(P(2)) isomopprut G(Q(z))
(G(P(z)) ~ G(Q(2))), de P(z) ma Q(z) — deaki muozouseru,
AKULO
D) #V(GEY) = tV(GE™) i 1V (Gy) = 1V (GR);
2) WVA(GE) = VA(GED) i Vi(G) = V(G
Teopema 2. Mnozounrenu P(z) ma Q(z) cmenens n, de
n = 2,3, MON0A0IYHO CNPAAHCEHT MODL & MINOGKU MOJL, KOAU

Jas] < 3, jas| > .
G(P(z)) ~ G(Q(2)) ma ab | abo
laz| < o, az| >+,
jas| = laz| = 3.
$GEE 14GE P || P(2) = a2 + bz + ¢
2 2 [b=1c=0
3 2 (b—1)*=4ac,b#1,c#0
4 2 (b—1)? —dac=1
5 3 (b—1)* # 4ac,(b—1)* — dac # 1

TApJ. 3.1. 3anexuicTs Tumy rpady BiI Koe-
GimieHTiB KBaAPATHIHOTO HOJIHOMY.

ITpuxaad: Po3riasHeMo moiHOMEI
P(z) = 2° + z, Q(z) = 2* + 3i.
Mg nepmoro —a =1, b =1, ¢ =0, a aua apyroro — a = 1,
b =0, c= 3i. 3rabumni 1 Bugno, mo G(P(2)) = (2;2),
a G(Q(z)) = (5;3). A me osmauae, mo P(z) ta Q(z) me €

TOIIOJIOTIYHO CHPS?KEHUMH.
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E

)

g

Puc. 3.1. Bunagok 1: gepe3 { mo3naueHo He-
PYXOMY TOYKY, & — KPUTHUYHE 3HAUYEHHS, sKe
OJTHOYACHO € 1 HEPYXOMOIO TOYKOI, ¢ Ta A —
Ipoodpas3u HEPYXOMHUX TOUYOK.

Pla)

Puc. 3.2. Bunagok 2: gepe3 { Ta A mo3HaUe-
HO HEPYXOMi TOUKH, O — KPUTHYHE 3HAYCHHS, ®
- KPDUTUYHY TOYKY, 4 Ta A — npoobpa3u Hepy-
XOMUX TOYOK.

Plz)

AR

Puc. 3.3. Bunagoxk 3: gepe3 () mo3HaYeHO He-
PYXOMY TOYKY, O — KDUTHYHE 3HAYCHHSI, ® - KPH-
THYHY TOYKY, ¢ — IpooOpa3 HEPYXOMOI TOUYKH.

Komenmapi do pucynrie 3.1-3.3: Pisuumu dirypamu 306pa-
JKEHO Pi3Hi TOUKH, KOJIH K TOUKA € HEPYXOMOIO, TO 11 300pazke-
HHY B JIBOX ILIOIIMHAX criBnasae. s HaouHOCT1, 0/JIHAKOBOIO
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dopmoro diryp, ase 3 piznoio 3adapboBaHicTIO, MO3HAYEH] TO-
YKH, sKi € TpoodpazamMu OJHI€ET i Ti€l K TOYKH.

’ ﬁGg(z) ﬂGIVDV(Z) ‘ P(z) =az’+ b2+ cz+d ‘
10 4 b? = 3ac,
a(c—1)—b? 3 —c a2
(PGRT)? (g2
13 ) b? # 3ac,
a(c—1)—b? 3 —c a?
(%)3 4 _(2b +9b(;4a3)+27 d)g,
2(b? — 3ac)? + 9ev/b? — 3ac #
# 2% +9(1 — ¢) + 27a%d
12 5 b’ — 3ac # 0,
a(c—1)—b? 3 —c a2
(3 (9a12) b )3 4 _(2b +9b(;4a3)+27 d>27
2(b — 3ac)? + 9ev/b? — 3ac =
=263+ 9(1 — ¢) + 27a*d
5 3 b> —3ac # 0, 3a(c — 1) — b* = 0,
203 +9b(1 — ¢) + 27a*d =0
9 4 b’ — 3ac # 0,
(3a(0;12)7b2>3 _ _(2b3+9b(;;cg)+27a2d>27
ac — 3b* # 4a
8 3 || —3ac#£0,
(3‘1(0—12)—62)3 _ _(2b3+9b(1—03)+27a2d)2
ac —9%b2 = 4a e ,

TABJ. 3.2. 3anexuicts Tumy rpady Big Koe-
dimienTiB Ky6i4HOTO MOJIHOMY.
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O mMeTpuvecKoil 3KBUBAJIEHTHOCTU (DYHKITHIA,
3aJaHHBIX Ha 11ockocTH; Je Currepa

Konosenxo H. I.

VY niit pobori HaBeAEHO HEOOXiTHI Ta JOCTATHI yMOBU METPUIHOI €KBi-
BaJIeHTHOCTI (DYHKII#, ki 3amani HA mwromuHi ge Citrepa.

B »sroit pabore mnpuBemeHbI HEOOXOAMMBIE W JOCTATOYHBIE YCTOBUS
METPUYECKON SKBUBAJIEHTHOCTH (DYHKIHU, 3aJaHHBIX HA IJIOCKOCTH
ne Currepa.

In this paper we find necessary and sufficient conditions for functions
to be equivalent with respect to the isometry group of the de Sitter
plane.

1. BBEAEHUE. [TOCTAHOBKA 3AJAYU

B srtoit paGore mnpuBeseHbl HEOOXOIUMBIE U JOCTATOYHBIE
YCJIOBHST METPUIECKON 9KBUBAJICHTHOCTHU (DYHKITHIT, 38 TAHHBIX
Ha 1iockocTH Je Currepa. AHAJIOTHYHDBIE DE3YJIBTATHI s
caydas TLTOCKOCTH JIobaueBcKoro OBLIN TOJyYeHBl B pabdoTe
13].

B kagectse mwiockoctn e Currepa Sy paccMaTpuBaeM BepX-
HIOIO TOJIYIIOCKOCTh R? CHAGKEHHYI0 MeTPHKOI:

dx? — dy?
—
Yy
CtpykTypHOoii anredbpoit 11s reomerpun ge CUTTepa sBJsIET-
cs anrebpa JIu mapunnTesuMaabHBIX n30MeTpuil. JTa ajared-

pa uzomopdua anrebpe Ju sly(R) n mopoxieHa BeKTOPHBIME
IMOJAMU

A=0,, B=(2*+y")0,+22y0,, H =210, +2yd,,

('_'):

© Konosenko H. T'., 2010



124 Konosenrxo H. T

KOTOPBIE VIOBJIETBOPAIOT CJIEAYIONNM KOMMYTAITMOHHBIM CO-
OTHOIICHUAM:

[H,A| = —2A, [H,B]=2B, [AB]=H.

OrmeruM, uro jeiicrsue anrebpsl Jlu sly(R) wa mrockocTu
ge Currepa Sy ABJISIETCA CUMILIEKTHIECKUM OTHOCUTE/IBHO 2-
dopmbI
dz N dy

v
Ckaxkem, 9T0 npe ryagakne (QyHKIuH f; u fo, 33/ aHHBIE B
HeKOTOPoii obactu mwiockocTu je Currepa, Mempuyecky k-
BUBAAEHMHYL, €CTU HARJETCS TaKasi COXPAHSIONas OPUeHTa-
IUIO U30METPHU ¢, YTO fo = f10¢ 1, B 06J1aCTH ONpe/le/IeHu.

Omnucanne KJIacCOB METPUYECKH IKBUBATEHTHBIX (DYHKITHI
IpoBeIEM B JBa ITana. BHavate HaliIéM yCI0BHsS MeTpHYe-
CKOii 9KBUBAJICHTHOCTH (DYHKIHA HA (POPMATBLHOM YPOBHE (TO
eCTh HA YPOBHE 00-JIZKETOB QYHKIHU{T). DTO JOCTUraeTCs OlH-
canuem ajredpsl sy (R)-auddepenmajibHbIX HHBAPUAHTOB HA
mockoctu Je Currepa (cwm. [1]). Tocae sroro cBogum 3aa-
4y METPUYECKON SKBUBAJIEHTHOCTU K TPOOJEME PAa3PeruMo-
ctu cucrembl udhepeHInajibHbIX yPABHEHNH KOHETHOTO TH-
a, OTKY/A MOy IUM YCJIOBUsI METPUIECKOH SKBUBAJTEHTHOCTH
JUIST KJIAcca pe2ysaprult OyHKIHI.

O —

2. AJITEBPA METPUYECKUX ANOOPEPEHIINAJIBHBIX
MHBAPUAHTOB

O6osnaunm gepes J*(S,) mmoroobpasme k-mxeros (yHK-
Ui, 33JaHHBIX Ha IIocKocTH ae Currepa So.
Kaxknas uzomerpusi g nponokaercsa (cm. [2]) go auddeo-
Mopdusma

HPOCTPAHCTBA k-J2KETOB.
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AHaJIOFI/I‘{HO, KazKJdad I/IHCI)I/IHI/IT63I/IMaﬂbHaH n3oMeTpud
X € sly (R)

IpoosTzKaeTcs 10 BekToproro mosst X %) ma MuorooGpasun k-
JKeToB (eM. [2]).

[Cnagxyto dbynxnmo [, 3agannyo Ha MEorooopasuu J*(S,),
Ha3bIBaeM MeTpuydeckuM JuddepeHinajibHbiM THBAPUAHTOM
nopsijika < k, ecaun

I=1o g(k),

JITIS BCEX M30METPHUil ¢, COXPAHSIONINX OPUEeHTAIITIO.
[Tocsieinee ycjioBue SKBUBAJEHTHO TOMY, 4TO

A®(1) = BW(1) = H®(I) = 0.
CoO0TBeTCTBEHHO, MOTHYIO MPOU3BOAHYIO (cM. [2])
V e C®(J*(Sy)) ® D(Sy)

HA30BeM WHBAPUAHTHBLIM METPUUYeCKUM JuddepeHnupoBanm-
eM, ecJii V KOMMYTHPYET ¢ HPOJIO0JIZKeHHBIM JIeCTBUEM I'PYII-
IIbl U30METPU UK, ITO IKBUBAJIEHTHO,

[V, A5 = [V, B = [V, H*)] = 0.

OtmernM, 9TO B caaydae miockocTu ge CuTTepa HaJIudue
UHBAPUAHTHON METPUKU U UHBAPUAHTHON CUMILJIEKTUYCCKON
CTPYKTYPBI TIO3BOJISIET COMOCTABUTH KaXKJIOMY METPHIECKO-
My g depeHnuaabHOMy HHBAPUAHTY [ JIBa MHBAPUAHTHBIX
jnucbdepermpoBanus.

NuBapuanthoe jguddepennmpoBanne, 0TBEYAIONee rpa -
enTy [ orHOCHTEIbHO MeTpUKU O, OyaeM 0003HAYATL Yepes
V1, a maBapuanTHoe JudpdepeHInupoBaHre, KOTOPOEe COOTBET-
CTBYeT FaMHJIBTOHOBOMY TIOJIIO C TAaMUJIBTOHUAHOM [ OTHOCH-
TeJIbHO MHBAPHAHTHON CHUMILIEKTHYIECKO dpopMbl ), 0003Ha-
qaeM depes vj.
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Bojtee bopmabuo, KOHCTPYKIHA 3TUX JAud hepeHnupoba-
HUP BBITJISIIAT CJIEIYIOIIUM 00Pa30M.

[Iycrs f € C°°(Sy) —rnaakas GYHKINA HA [IOCKOCTH JIe
Currepa, a S§ C J*((Sz)) — rpadux ee k-azxera.

Ilycrp I — snauenud auddepeHnuajpbHoro nupapuanTa |
Ha yHKIuua f, T0 ecTh

Q:H%EOWSﬂ

ITycts Takxke V;— orpanudenue 1oJHoro auddepeHnupo-
BaHugI V[ Ha SJ‘?O. Toraa V; ; coBnaiaeT ¢ rpajiuenToM QpyHK-
uuu [y OTHOCUTEJBLHO METPHKH O, nin

V|0 =dl,

rie d : C>®(Sy) — Q1 (J>S,) — oneparop nosmoro audbdepen-
nupoBanus [2|.

Amnayiornano, onpeaennm auddepernupoBanue y; Gopmy-
JIOH’

Merpudeckasd MHBApUAHTHOCTH YKa3aHHBLIX JuddepeHiiy-
POBAaHUI HEIMOCPEICTBEHHO BBITEKAET U3 METPUUECKON HHBA-
puaHTHOCTH (bopMEI 2.

Koopnunaraoe npencrapiaenue 3tux anddepennupoBanmii
BBITJISLIAT CJIEYIONIUM 00Pa30M.

[Mycrb (2, Y, U, Uy, -« ., Uy, - . .) — KAHOHHIECKHE KOODTHHATHI
B IPOCTPAHCTBE JI2KeTOB. Torja, ynoMauyTeie Bbiie Judde-
PEHITMPOBAHUST UMEIOT CJIe/IYIONNit BU/I:

dl d dl d dl d dI d
Vz=y2<—————>, 71=y2(—————),

riae depes % n % 0003HAUECHBI COOTBETCTBEHHO IOJIHBIE Ipo-

HU3BOJHbIE OTHOCUTEJIbHO T U Y.
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Ucnonb3ysa nnBapuantubie audepeHimpoBanus y; onpe-
JlesiiM CKOOKHM Ha, anrebpe uddepeHInaj bubIXx HHBaPUAH-
TOB:

[[a J] = 7](‘])7
rie [ u J— Merpuueckue juddepeHiajibuble THBAPUAHTHI.
Ormernm, 910 cKOOKa [/, J] TakzKe SBIAETCS METPHIECKIM
JjubdepeHuaIbHbIM THBAPUAHTOM.
3 npuBeieHHBIX PACCYKICHUI HEIIOCPEICTBEHHO BhITEKa-
€T CJCNVIOIUNA pPe3yabTarT.

Teopema 1. Aizebpa mempuueckux duddepernyuarvrvla uH-
8apUAHMO6 Ha naockocmu de Cummepa ABAAETCA NYACCOHO-
601 an2ebpoti OMHOCUMENLHO CKODOK:

[1,J] =9 (ﬁg — ﬁﬁ)

Hcnonb3yem Tenepb mocTpoeHHbIe MHBapuaHTHbie maudde-
PEHIIMPOBAHUSA /I8 OTTUCAHUS aJIreOphl MeTpuaeckux audde-
PEHIIMATLHBIX WHBAPUAHTOB.

lIpexk e Bcero 3ameTnM, 9T0 DYHKITHSI

u: J2Sy) =Sy x R— R

SABJIeTCI MeTpUIecKuM JuddepeHNnaTbHBIM HHBAPDUAHTOM
MOPSIKA HYTb.
[Tosromy nmeeMm jiBa MHBAPUAHTHBIX JUDDEPEHITUPOBAHMS:

d d d d
.2 _ — a2 _ _
Vu=1 (ux—dx Uy dy)’ Yu =Y (uy Iy s dy)-

[Ipumensias nuddepennupopanue V, K UHBAPHAHTY U, TOJIY-
qaeM MeTpuieckuit auddepeHIuaabublii THBAPUAHT TePBOTO
MOPSIKA:

Ji = Va(u) = y*(ul — uz)
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BoJiee Toro, Kak HeTpy/IHO BUIETh, MeTpuiueckue Juddepen-
nuagbHble WHBaApHaHTH Jo = u u J; = V,(u) nopoxgaor
nudepenimaabable MHBAPUAHTH MTOpsaka < 1.

[Ipumenssa nuBapuanTubie auddepennupoBanusg V., 1 v, K
HHBApPHAHTY 1-r0 nopsijika Ji, MbI IIOJIy4aeM JIBa METPUIECKHAX
JuddepeHnuaabHbIX HHBAPHAHTA 2-T0 HOPAJIKA:

J2(1) = Vi, (1), J2(2) = (1),
e
Jo(1) = 2y (Upatly — Ugytiy) Y* + 20y (Uyytty — Usytiy) Y+
+ 2%y (uy, — uy),
J2(2) = 2upuyy* (Upe + Uyy) — 2ugyy’ (ui + uz) +
+ 2u$y3(u§ —u?).

N3 coobpakenuii pa3MepHOCTH CJEIyeT, YTO JOJTKEH Cy-
IECTBOBATH ellle oJuH jiuddepeHnuaibublii ”HBAPUAHT 2-T0
OpsA/IKA, DYHKIIMOHAIBLHO HE3aBUCHMBIH OTHOCHTEIHHO Jo(1)

Jlsist TOro 9TOOBI HAWTH 3TOT MHBAPUAHT 3aMETHM, 9TO OTIe-
parop Jlammaca A = —y*(02 — 0;) saABIAETCA MHBAPHAHT-

HBIM OTHOCHTEJIbHO I'PYIIIBI H30METPHUIA, H0ITOMY Judppepen-
NMUATBHBIN OllepaTop B MOJHBIX MPOU3BOJIHBIX:

~ d2 d2
2

KOMMYTHUPYET C TPOJOJIKEHHBIM JIeiCTBUEM T'PYHIbI U30MeT-
puil.

B wactHOCTH, 3TOT OllEpAaTOp TaKyKe IMePEeBOIUT MeTphYe-
ckue jquddepennuaababie HHBApUAHTHL B ceds. [ToaTomy dpyHk-
s

T2(3) = Alu) = =y (e — uyy)
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ABJISAETCS MeTpPUYecKuM Jud@epeHnuaj bHbIM HTHBAPUAHTOM
BTOPOTO MOpAAKa, a jauddepeHuaibuble THBAPUAHTHI

Jo, J1, J2(1), J2(2), Jo(3)

MOPOZK,IAIOT Bee iupdepeHIuaIbHble HHBAPUAHTDI /10 MOPS/I-
Ka 2 BKIounTe bHO. [lo/cueT pa3zMepHOCTE TOKA3BIBAELT, YTO
CIIPaBEJINB CJEYIONIUN Pe3yIbTaT.

Teopema 2. Anzebpa mempuneckus Jud@deperyuanrvrnvit ur-
sapuarmos Ha naockocmu de Cummepa nopootcdena ba3uc-

Homu unsapuanmamt, Jo = u, u J2(3) = —y*(Uge — Uyy), @
MaKHce 6CEMU UT UHBAPUGHMHBMU NPOU3EOIHBMU 60046 YV,
U Yy-

Imu obpasyrowue ydosaemeopsatom dsym ouddeperiuuanb-
HOLM CUSULUAM:

Viu(J2(2)) = 7u(J2(1)) + J2(3)J2(2) = 0,
Vu(J(1)) —%(JQ(Z)) + 211V (J2(3)) 4 3J5(3) Jo(1)—
—2J1J2(3) + 2J;7 (J2(2) — J2(1)) — 2J2 = 0.

3. IBOMETPUYECKAS SKBUBAJIEHTHOCTb ®YHKIINI

lnankyio dynkmuio [ € C(Sy), 3a1an0y10 B HEKOTOPOI
obsactu miockoctu e Currepa, OyIeM Ha3bIBaTh pe2yAfp-
noti, ecau 3HadeHud Jy ¢, Ji ¢ auddepennuaibubLIX THBAPH-
anToB Jy u J; Ha 310i HPYHKIUN HE3ABUCUMBbI:

dJos AdJy s # 0

B 3T0i1 obacT.

B nporusnom ciyuae, 1o ecthb ecan dJo s AdJy p = 0, byHK-
st f HA3BIBACTCA CUHZYAAPHOTU.

uade ropops, (byHKIUS f — CHHIYIsIpHA, €CJIH OHA SBJIs-
ercs perrenueM auddepeHnuaibHOro ypaBHEeHUs

2= 12 =y2o(f)
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JIJIS HEKOTOPO# (DYHKIUU .

Ecim dyakmusa f peryagpHa, TO 3HAUYEHHS WHBAPHAHTOB
BTOPOr0O HOpAJKa dABIsgioTca gynxmuamu Jop u Jy p. Takum
obpazoMm, dhyHKIus [ yaoBiaerBopser cucreMme auddepeHIu-
AJIbHBIX YPaBHEHUH 2-T0 MOPsIKA:

Jo(1) = 2a(Jy, J1)JZ,
c(y, Jo, J1) iy 2.

S

—~
(OV]

N—
Il

Brigensasa BTopble TPOU3BOIHBIE U M3 ITON CHCTEMBI ypaBHe-
HUHA, Mbl IPUXOAUM K 3KBUBAJCHTHON cucreMe ypaBHeHuUi

u
Uy = —ux2uy2c + uyla — 2 buyug + auy2 - 44 uy4c,
Yy
2 Ug 3 2 3
(3.2) Uzy =—Uy b+ 2auyu, — ? + UpCly” — Uy “b—uy" Clly,
U
4 2. 2 2 2 Uy
Uyy = —Cly + Uy Uy“C+ Uy~ a — 2 buyu, + au, .

[Tocmeausiss cucreMa SIBASIETCST CHCTEMON KOHEYHOTO THIIA, &
Pa3MepHOCTD IIPOCTPAHCTBA peltenuii ne npesocxoaut 3. [Ipu
9TOM Pa3MEpPHOCTb PaBHA 3, CJIM ITA CUCTEMa SIBJISETCS CH-
cremoii (ppobennycoBa THIIA.

B canyuae, korga peryasipHas dbyHKnus [ yI0BIETBOPSET
cucreme (3.2), neiicrBue Tpynmbl w3oMeTpuii 3MhEKTHBHO U
U3 co0OpazKeHuit pa3MepPHOCTH CJeyeT, 9TO ITO JIeiCTBIE TPaH-
3uTuBHO. MHadue roBops, B 9TOM cjydae JoOble 1Ba PeIleHust
HEePeBOJIATCS IPYT B JIpyra u3oMerpueil miockoctu Jlobades-
ckoro. CyMMupysl CKa3aHHOe, TTPUXOIUM K CJIEAYIONEeMY pe-
3yJIbTATY.
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Teopema 3. (1) Kaacc mempuueckol 9K6UBAAEHMHOCU DE-
2YAAPHOLEL PynKUut Ha naockocmu de Cummepa onpedessem-
cA pynkuuamu a, b, ¢, 360a0UWUMU 3GEUCUMOCTNG MEMPU-
ueckur uneapuanmos 2-20 nopadka Jo(1), J2(2), Jo(3) wepes
unsapuarmos Jy, Ji.

(2) Qynryuu a, b, ¢, 3adarusue KAGCC MEMPUNECKOT IKEU-
BANEHMHOCTIU, HE NPOUSEOALHDL, & YIOBAECMBOPANM 2-M CU-
3U2UAM, KOMOPBIE 2aPAHMUPYIOM, wMo cucmema dugpdepen-
Yuarvhoxr ypasuenud (3.2) aeasemesa cucmemol Ppobenuy-
co8a, MUNG.
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On the extrinsic geometry of contact
structures

Vladimir Krouglov

In the paper we prove, that extrinsic curvature does not impose ad-
ditional restrictions on the topology of a contact structure, except
the obvious ones.

1. INTRODUCTION

One of the natural characteristics of the plane distribution
on a Riemannian manifold is its second fundamental form.
It is known, a foliation on a closed three manifold is taut if
the trace of the second fundamental form (i.e. the mean curva-
ture) vanishes with respect to some Riemannian metric. Tt can
be shown [3|, that vanishing of the second fundamental form
of a distribution with respect to some metric yields topologi-
cal restrictions on the ambient space. In the recent work by
Patrick Massot [9] it was established that all totally geodesic
contact structures on three manifolds are tight. In contrast
with foliations, every contact structure is a minimal distribu-
tion. Therefore it is an interesting question how one can relax
the condition of a contact structure being totally geodesic to
keep the topological restrictions on a contact structure.

In the present paper we study contact structures on 3-
manifolds which have the restrictions on the determinant of
the second fundamental form (i.e. the extrinsic curvature).
There are three natural classes of plane distributions with the
restrictions on the extrinsic curvature. The definition is due
to A. Borisenko.

© Krouglov V., 2010
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Definition 1. The distribution of planes & on a three mani-
fold is called:

(1) parabolic, if there is a Riemannian metric on M such
that the extrinsic curvature of £ 1s equal to zero.

(2) strong saddle (or hyperbolic), if there is a Riemannian
metric on M such that the extrinsic curvature of £ is
strictly less than zero.

(3) elliptic, if there is a Riemannian metric on M such
that the extrinsic curvature of £ is everywhere positive.

The main result of this paper is the following:

Theorem 1. Let £ be a transversally orientable contact struc-
ture on a closed orientable three manifold M. Then,
(1) & is parabolic.
(2) & is hyperbolic if its Euler class vanishes.
(3) There are no elliptic plane distributions on closed three
manifolds.

Remark 1. In [6] and [7] we studied the problem of existence
of foliations with the restrictions on the extrinsic curvature of
the leaves. The main result in 7| is obtained in the present
paper from some different point of view.

This paper is organized as follows. In Section 2 we recall
basic definitions and results in the geometry of plane distri-
butions. Notions and results from the contact topology and
Giroux correspondence between contact structures and open
book decompositions are reviewed in Section 3. Section 4 is
devoted to the proof of the fact, that every foliation by the
fibers of fibration over the circle is parabolic. We also define
a special parabolic foliation associated with the open book
decomposition of M. In Section 5 we give the proof of the
main theorem.
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2. BASIC DEFINITIONS AND NOTATIONS

Throughout this paper M will be a closed orientable 3-
manifold. A distribution on M is a two dimensional subbundle
of the tangent bundle of M. That is, at each point p in M
there is a plane , in the tangent space T, M. A distribution is
called integrable, if there is a foliation on M which is tangent
to it. The following theorem of Frobenius gives necessary and
sufficient conditions for £ to be integrable.

Theorem 2. Let & be a distribution on M. Then £ s inte-
grable if and only if for any two sections S and T of & its Lie
bracket belongs to &.

Definition 2. A distribution & is called a contact structure
if for any linearly independent sections S and T of & and for
any p € M the Lie bracket [S, T at p does not belong to &,.

A distribution £ is called transversally oriented if there is a
globally defined 1-form «, such that

¢ = Ker(a).

This is equivalent to say that there exists a globally defined
vector field n which is transverse to . It is an easy conse-
quence of Frobenius Theorem that ¢ is a contact structure if
and only if

aNda#0

The Euler class e(§) € H*(M,Z) of a plane distribution is the
Euler class of the bundle ¢ — M. Tt is known that if £ is a
2-dimensional plane distribution on M with vanishing Euler
class then ¢ is trivial.

Assume that M is a Riemannian manifold with the met-
ric (-,-) and the Levi-Civita connection V. Let n be a local
unit vector field orthogonal to £&. We are now going to define
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the second fundamental form of £&. The definition is due to
Reinhart [10].

Definition 3. The second fundamental form of & is a sym-
metric bilinear form, which is defined in the following way:

1
B(S,T) = §<V5T + VS, n)
for all sections S and T of €.

Remark 2. If £ is integrable, then B restricted to the leaf of
& agrees with the second fundamental form of the leaf.

Assume that S and T are two linearly independent sections
of &.

Definition 4. A mean curvature function H of a plane dis-
tribution is a trace of the second fundamental form. If S and
T are orthonormal, it may be written as

H = <VSSa Tl> + <VTT7 TL>
Definition 5. We call the function
K, (€) = B(S,S)B(T,T) — B(S,T)?
(S, ST, T) — (S, T)?

an extrinsic curvature of €.

It is easy to verify that K.(£) depends only on &, not on
the actual choice of S, T and n.

3. OPEN BOOK DECOMPOSITIONS AND CONTACT
STRUCTURES

Consider an oriented link L in an oriented three manifold
M. Assume that a complement M\L fibers over the circle
with the projection map

7w M\L — S
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and that 7='(t) = 37 is an interior of a compact surface
bounded by L. Pair (m, L) is called an open book decom-
position of M.

Two open book decompositions (L, ) and (L', 7") are called
isomorphic if there is a diffeomorphism f : M — M such that
o f=m.

There is an alternative description of open book decompo-
sitions through the mapping cylinders. Assume that X2 is
a compact surface (with boundary) and consider a mapping
cylinder

Y2 x4 St =52 x [0,1]/(x,0) ~ (¢z,1),

where ¢ is some diffeomorphism of ¥2 which is an identity in
the neighborhood of 9¥2. Since ¢ is an identity map in the
neighborhood of the boundary the boundary of 32 x, S' is a
union of r tori where r is a number of connected components
of the boundary 9%2.

We may now glue r solid tori D? x S to X% x4 S in such a
way that dD? is glued to S' = [0,1]/ ~ and S! factor in the
solid torus D? x S! corresponds to the boundary component
of X2, As a result we obtain closed manifold

M = (2% x4 8"y u (| JD* x 8.

This manifold has a canonical presentation as an open book
decomposition such that L is a union of r core curves of

D? x S*
that we glued to X2 x4 S* to obtain M.
Definition 6. We say that contact structure & is supported
by the open book decomposition (L, ) of M if there is a one-

form a associated with & such that a(L) > 0 and da|% on each
page Y2 = 771(¢).



On the extrinsic geometry of contact structures 137

In [11] Thurston and Winkelhemper have shown that each
open book decomposition on a closed three manifold supports

some contact structure. It is surprising that converse also
holds.

Theorem 3 (Giroux, |5|). Every contact structure & on a
closed orientable three manifold M is supported by some open
book decomposition.

Using this result Etnyre in [4] proved the following result:

Theorem 4. FEvery contact structure on a closed orientable
three manifold is a C*°-deformation of C*°-foliation.

Consider the diffeomorphism ¢ of a compact surface Y2 that
is an identity in the neighborhood of 9%? (or an arbitrary
diffeomorphism if 3?2 is closed). Throughout the paper F,
will denote the foliation of the mapping cylinder ¥? x4 S by
the surfaces ¥? x {t} for all t € S*.

4. PARABOLIC FOLIATIONS

In |7] we showed that each closed orientable three manifold
admits a parabolic foliation (i.e. the foliation by parabolic
surfaces with respect to some metric). We established this
result using Dehn surgeries on knots in S3. In the present
section we will show how one can obtain this result using open
book decompositions. We will also show that every foliation
by the fibers of fibration over the circle is parabolic.

4.1. Local models of parabolic foliations. The following
lemma was proved in [7]. This lemma allows one to glue two
parabolic foliations together along the common boundary leaf
preserving parabolicity of glued foliation.
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Lemma 1. Let 32 be a compact parallelizable surface (pos-
sibly with the boundary). Consider two metrics G and H on
Y2 that coincide in some neighborhood of the boundary. Let
F be a foliation of M = X% x [0,1] by the surfaces X2 x {t}.
Then, there is a metric g on M such that

(1) In some tubular neighborhood of ¥? x {0},
g =dt* + G(p)

for all p € X2
(2) in some tubular neighborhood of ¥.% x {1},
g =dt* + H(p)
for all p € X2
(3) F is a parabolic foliation on X2 x [0, 1] with respect to
g.
(4) There is a neighborhood U of the boundary 0%* such
that for all t € [0, 1],
9, Oluxgy = G(p)
The next lemma shows that a Reeb foliation inside a solid
torus is parabolic. The result is due to Bolotov [1].
Lemma 2. There is a foliation F and a metric g on D* x S!
such that:
(1) F is parabolic with respect to g.
(2) The foliation
f|D2(%)><Sl
is a foliation by the totally geodesic disks D2(§) x {t}
and the foliation
]:|([§,1]xsl)xsl

is a foliation by the totally geodesic tori {r} x S x S*.
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4.2. Parabolic fibrations. Let (M3, 1) be a fibration over
the circle with a closed fiber $2 and let F,, be the foliation by
the fibers of m. We have the following

Proposition 1. The foliation F, is parabolic.

Proof. Consider the presentation of M as a mapping cylinder
of some ¢ : ¥? — X2, We may assume that ¢ is a composition
of Dehn twists a; along some closed curves ; in X2 and that
support of each «; is contained in some annulus ¢; for each 1.

First, consider the case when ¢ is a Dehn twist by itself.
Pick an arbitrary metric G on ¥2. On a manifold

N =%2 x[0,1]

consider a direct product metric G + dt?. Tt is obvious that
a foliation of N by the surfaces X2 x {t} is parabolic with
respect to this metric.

Denote by H the pullback metric ¢*G. Since the support
of ¢ is contained in some annulus ¢, from Lemma 4.1 we may
obtain that on ¢ x [0, 1] there is a metric g such that

g|c><{0} :dt2+G|c7 g|c><{1} = dt2+H’c

and foliation by ¢ x {t} is parabolic. From condition 4) of
Lemma 4.1 this metric is glued smoothly with the direct prod-
uct metric G + dt* on the complement (32\c) x [0,1]. Conse-
quently, on L = 2 x [0, 1] there is a metric (which will also be
denoted by g) that a foliation by surfaces %% x {¢} is parabolic
with respect to it. We are left to consider the union

M=NU,L

and glue the remaining boundary components of M by the
identity map. It is clear that since g is a direct product metric
in the one-sided neighborhoods of the boundary of L (and %
is a unit normal vector field), it is glued correctly with the
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direct product metric on N and therefore define a smooth
metric on M. The foliation Fy is parabolic with respect to
the introduced metric.

Assume now that

O =Q10Q30...0Q,.

Pick an arbitrary metric G on X2 and for each ¢ consider the
manifold N; = %2 x [0, 1] with the direct product metric

G + dt?.

For each N; consider the corresponding L; that is obtained as
on the previous step. In the (one-sided) neighborhood of the
boundary components of 9(N; Uy, L;) the metric is a direct
product metric G + dt?>. We are left to consider the union

M = (N1 Uq, L) Uig (N3 Uy L) Ug - .. Uig (N, Uy, L)

and glue the remaining boundary components by the identity
map. This finishes the proof of proposition. |

Corollary 1. Let 32 be a compact orientable surface with
boundary and assume that ¢ is a diffeomorphism of X% which
is an identity map in the neighborhood of the boundary 0%2.
On the mapping cylinder ¥* x4 S* the foliation by surfaces
%2 x {t} is parabolic.

Proof. Same as Proposition 1. O

4.3. Parabolic foliations associated with the open book
decomposition. Assume that (L, ) is an open book decom-
position of the closed oriented three manifold M. In this
section we will define a special parabolic foliation on M as-
sociated with this open book decomposition. We will define
this foliation replacing the neighborhoods of the binding by
a foliation which was defined in Lemma 2 and twisting the
pages of the open book around the boundary leaf.
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Denote by N the tubular neighborhood of one component of
the binding (construction for other components of the binding
would be the same). On N define the coordinates (r, ¢, 1) in
such a way that pages of the open book correspond to the con-
stant ¢-annuli and the component of the binding corresponds
to a curve r = 0. Assume that

N={(r,¢,t) : r <14 2¢}

for some small fixed «.
Define a foliation and the metric on

Ny = {(T7¢7t) S ]-}
as in Lemma 2.
Consider the following function f(r) on [1,1 + 2¢]:
(1) f(r) =0, forall r € [1,1+ 5]
2) f(r)y=1,forall r € [1 +¢,1+ 2¢]
3) f is a strictly increasing function on [14 5,1 + €]

(
(
On [1,1 + 2¢] x T? define a foliation using a one-form:

a = f(r)dg + (1= f(r))dr
This foliation when restricted to [14¢, 1+2¢] x T? is a foliation
by the constant ¢-annuli and is therefore smoothly glued to a
foliation of M\ N by the fibers of .
In the neighborhood of the boundary dN; the metric

g = dr® + d¢* + dt*.

Extend this metric to Ni;3.. The foliation in [1,1 + 2¢] x T?
is parabolic with respect to this metric, since in each point of
[1,1+2¢] x T? the plane tangent to the leaf contains principal
geodesic direction %. Moreover, this metric induces some
metric in the neighborhood of one component of the boundary
of X% x4 S'. Making such extensions for each component of

the binding we will obtain some metric that is defined in the
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neighborhood of the boundary 9(¥? x, S'). Note, that this
metric is direct product metric in this neighborhood of the
boundary. It induces some metric in the neighborhood of
0%% x {0}. Arbitrarily extend it to the whole leaf 32 x {0}.
Using the same construction as in Lemma 1 we may define a
metric on a mapping cylinder in such a way that a foliation by
the fibers of 7 is parabolic. Therefore we defined a metric on
32 % ¢ STU(U; Nig2:(7)), where r is a number of components of
the binding in the open book decomposition and the foliation
F4 which is parabolic with respect to it.

5. EXTRINSIC GEOMETRY OF CONTACT STRUCTURES

In this section we will give the proof of Theorem 1.2.

Lemma 3. The function of the mean curvature of any transver-
sally orientable distribution & on a closed orientable three man-
ifold is a divergence.

Proof. Let (X,Y) be two (local) orthonormal sections of £
and n be a unit normal vector field. From the definition of
the mean curvature function we have

H =tr(B) = (VxX,n)+ (VyY,n)
Using the fact that n is orthogonal to £ we obtain that
H=—(Vxn,X)—(Vyn,Y) = div(—n)
since (V,n,n) = 0. O

Corollary 2. On a closed orientable three manifold there are
no transversally orientable elliptic distributions.

Proof. From the Stokes theorem

/MH:/Mdiv(—n):O
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If a distribution is elliptic, then K. > 0. Therefore principal
curvature functions have to be either both positive or nega-
tive. Consequently, [, H # 0. A contradiction. O

Lemma 4. Transversally orientable contact structure & on
a closed orientable three manifold is strong saddle if e(§) = 0

Proof. See Corollary 3.6 in [8] for details. O

We are left to prove that every transversally orientable con-
tact structure on M is parabolic. The following lemma allows
to carry the information about the extrinsic geometry from
one distribution to another.

Lemma 5. [2| Assume that on a Riemannian manifold M
gien two distributions § and 1. Denote by B¢ the second
fundamental form of £&. Assume that a normal vector field to &
15 transverse ton. For all X € &, denote by PX an orthogonal
projection of vector X on n. Then, there is a metric on M
such that a second fundamental form of n satisfies

B, (PX,PY) = B(X,Y), forall X, Y €&.
In particular, if € is parabolic, so is 7).

Lemma 6. Fuvery transversally orientable contact structure
& on a closed orientable three manifold M s parabolic.

Proof: We will follow the construction in [4] to define a
family of contact one-forms that approximate a parabolic fo-
liation associated with the open book decomposition.

For & consider the corresponding open book decomposi-
tion (X2, ¢). It is obvious that foliation associated with this
open book decomposition differs from the one defined in [4]
(cf. Proof of Theorem 1 there) everywhere except some J-
neighborhood of the leaf {r = 1}. It is easy to verify that a
family of one-forms, defined in [4] is an approximation of our
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foliation. So, there is a family of one-forms «y,t > 0 which is
a deformation of F4 and has support (X% ¢). In particular,
& = Ker(ay) are isotopic to &.

Let g denotes a Riemannian metric on M such that F; is
parabolic. It is obvious that we may find such ¢ > 0 that
& will be transverse to a normal vector field to Fy. Using
Lemma 5.5 we see that there is a Riemannian metric on M
such that & is parabolic (for ¢ sufficiently small). But & is
contactomorphic to & and therefore £ is a parabolic contact
structure with respect to a pullback metric. This finishes the
proof of the theorem.
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O rayccoBoii KpuBN3HE rapMOHUYECKUX
dbyHKIMIii

Kase Igpmexapuracab

It is proved that the fundamental group of the space of harmonic
polynomials of degree n > 2 with the same Gaussian curvature is not
trivial. Furthermore, we give an example of topologically nonequiva-
lent conjugate harmonic functions having the same Gaussian curva-
ture.

1. BBEAEHUE

B pabore msyuaercs rayccoBa KpuBH3HA T'PapUKOB Tap-
MoHumndecknx pyukiumit. B gacTtHocTH, M0Ka3aHO, UTO CyIIe-
CTBYIOT TOIIOJIOTHYECKN HeIKBUBAJEHTHBIE COPIKEHHBIE Tap-
MOHHYeCKHEe (PYHKIMH € OJMHAKOBOH IayccOBOil KPUBH3HOM
X IpapuKoB, a TakxKe, 9T0 MyHIaAMEHTAIbHAS IPyIIIa IPO-
CTPAHCTBA TaPMOHUYECKUX MOJUHOMOB CTeIleHW n > 2, I'pa-
GbUKN KOTOPBIX HMEIOT OIHY M Ty K€ raycCOBY KpPUBU3HY,
HEHYJICBA4.

2. TAYCCOBA KPUBU3HA M TOMOJIOTUYECKBAS
SKBUBAJIEHTHOCTb TAPMOHNYECKUX OYHKIINII

[Iyctb w = u(z, y) — rapMoHnYecKas pyHKIHUSA OT JeidCTBH-
TeJIbHBIX TIepeMeHHbIX (,Y), 3aJaHHas B OJHOCBSI3HON obJIa-
cru D. O6osuaunm yepes K = K(x,y) — rayccoBy KpuBH3HY
ee rpaduka. Nssecrno, uro K = K(x,y) MOXKHO BbIYUC/IUTH

© Ddrexapunacad K., 2010
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€ TIOMOIIBIO (POPMYJIBI

2
Ty

(1 +u2 +u2)*

Uy Uyy — U
K(z,y) = -

[TosoxuM z = = + iy u npeacTasuM w = u(x,y) Kax

1 -
u(e.y) = Re f(2) = () + 7))
JII HEKOTOPOil rojiomopduoil dbyukiuu f(2) KOMIJIEKCHOI

nepemenHoi z. Cremayst KIacCuIecKnM 0OD03HATEHUAM

o _1(0 ;0N 0 _1(9 .0
dz 2\ox Oy) 0z 2\0z Oy

u 1paBUJIiaM

af of 8?_ of —
&_f<z>’£—07$— 7£_ (Z)u

€ TOMOIIBIO HECJIOXKHBIX BBIYMCJICHANR MOXKHO IOJIYIHTDH CJIe-
JIVIONMYIO (hOpMYJIY JI/IsT TAYCCOBOM KPUBH3HBI I'papuka (hyHK-
i w = u(x,y)

/" (=)

2 Kew) = gy irery

HanomuuM, 4T0 KpUTHYeCKas TOYKa 2z DVIAJAKON pyHKmm
w = g(x1,22) HA3BIBAETCS HEBUPONHCIeHHOT, eCTH MATPHIA

2
g(z
recce (2) — HEeBBIPOZKJIeHHAas. B IpOTUBHOM Cily4dae Kpu-
axﬁxj
THYeCKas TOYKA Ha3bIBAETCS BBIPOZKIECHHOIM.
Hnmeer mecTo caemytonuit pakt:

Jlemma 1. layccosa wpususna epadura 2apmoHuvecKoli
dynryuu w = u(z,y), 3adannol 6 00HOCEA3HOT 0bAGCMU,
6¢e200 HENOAONHCUMEADHE U 00PAULGEMCA 6 HOAb 6 U30AUPO-
BAHHHLT MOYKAT, CPeOU KOMOPHLL MO2Ym 0BG MOADKO Gbl-
poocdenmvie Kpumuueckue mouky gyrkyuu w = u(x,y).
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Jlokasamenvemso. ycrs f(z+1y) — romomopduas GyHk-
mast, ¥ w = u(z,y) —ee mefiCTBHTEIBHAST YACTb. [ayccoBa
KpuBHu3Ha rpaduka rapmMorndeckoil dbyukmun w = u(z,y),
3aJJaHHOI B OJIHOCBSI3HO# 00/1aCTH 0OpaIaeTcs B HOJIb, KOT/Ia,
f"(xz +1iy) = 0. [ockonbky dbynknus f(z + iy) roaomopd-
Hast, To dyukmusa f’(x + iy) —rakxke romomopduas. Hymun
rosioMopdHoit (byHKIMK Beera n3oanposanubie. lanee, Kpu-
tudeckue Touku pyukmun f(r +iy) u byuknun w = u(z,y)
cosrayaor. Ecau cpeju nyseit dyuxmuu f7(x +1iy) = 0 ecrb
KpuTHdeckne To9kn GyHknuu f(z + iy), TO 0UYEeBHIHO, YTO
OHU Oy/JIyT M KPUTHYECKUMH TOUKaMu (DyHKImu w = u(x,y).

2
UggUyy — ny

2 212
(1+u2+ uy)
Uy Uy — uiy = 0, T.e. 9TH KPUTHYECKHE TOUYKH BBIPOKIECH-
wore. [

U3 pasencrBa K(z,y) = = 0 caexyer, 4TO

Bameuanne 1. Fcau w = u(x,y) — 2apmonuneckut noau-
HOM CTENEHU N > 2, MO 04e8UIHO, UMO MOUHOCTIVD MHOMHCE-
cmeo mouek ', 2de 2ayccosa kpususna epagure w = u(x,y)
pasHa Hyaro, He npusviuaem n — 2. Ilo meopeme [aycca-JTo-
ka, [1], mouru us muoncecmea I' npunadaesrcam ewnykiomy
MHO020y204bHUKY A, codeparcausemy HYiu 20A0MoPpPHot dyHk-
yuu f(x+1iy) = u(z,y) +iv(z,y). Ecau kpamnocmo nyaet
dynwyuy f(x+iy) ne npusvwaem 2, mo mowru u3 I’ aesrcam
BHYMPYU BBINYKA020 MHo20y2oabHuKa 0 C A, codepocaweeo

nyau gynkyuy f(x+1iy).

Bameuanune 2. [osomoppryio dynruuto f(x +iy) moorcro
npedcmasums 6 sude f(x+iy) = u(z,y)+iv(z,y). Hockorvky
v(x,y) — 2apmonuneckan PYHKBUA, MO HECAONHCHO NOKAZAMD,
wmo 2ayccosa kpususna 2paduros gynkuyud u(r,y) u v(x,y)
00UHAK08aA CM. TO IMOMY N060dY pabomy |2].
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Hanomuum, 4T0 riajakue QyHKIUT

w = q(z,y), v=r(z,y),

3alaHHbIC B objacTu D7 Ha3bIBalOTCAd TOIIOJOI'MYCCKH 3KBHUBa-
JIECHTHBIMHU, €CJIM CYHIECTBYIOT TaKHeE I‘OMeOMOp(bI/ISMI)I

k:D — D, [:R—R,
YTO UMEeT MEeCTO PaBeHCTBO q o k =1 o l.

ITpennoxkennme 1. Cywecmsytom monoso2uvecky HEIKEU-
BANCHMHBLE CONPANCEHHDLE 2APMOHUMECKUE PYHKUUL, | KOO~
PUT 2aYCCOBA KPUBUSHG 2PAPUK08 00UHAKOBAA.

Joxazamenvcmeo. PaccMoTpuM compsizKeHHbIe TapMOHTYe-
cKue pYHKITH

u(z,y) = 2° — 3xy* — 3z, v(x,y) = —y* + 32%y — 3y.

OHI MMEIOT TI0 JIBe HeBBIPOXK/IeHHbIe KPUTHIECKHEe TOUKH, KO-
opauHaThl KOTOpeix (£1,0). Tns dynkunu u(z, y) 9T KpUTH-
YeCKHe TOUKH JIeXKAT HA PA3HDLIX JTHHHUIX YPOBHS, a it (DYyHK-
uu v(x, y) KpETHIECKHEe TOYKH J€ZKAT Ha OJJHOMN JTHHUU YPOB-
uda. CrenoBarensno, dbyskmmun u(z,y) u v(r,y) TOHOJIOrHYe-
CKH HEIKBUBAJICHTHBIEC, XOTs (DYHKIHS TayCCOBOH KPUBHU3HBI
y HOX B CHJIY 3aMedanus 2 ofna u Ta xe. [

Sameuanue 3. ['paduru dynruud u(x,y) u v(z,y) He uso-
MEMPUUHDL, Y HUT PA3HVLE NEPEULE KEAIPATUHBLE POPMDL.

Bamernm, uro nosunoMbl P = 22 4+ 9% u Q = 2* + y* Tono-
JIOTHYECKN SKBUBAJIECHTHDIE.

B. B. Illapxko moka3aJji, 9T0 rapMOHHYECKHE MOJHHOMBI Pa3-
HBIX CTeleHeil OT JBYX JefiCTBUTEJbHBIX II€DEMEHHBIX BCe-
/I3 TOIOJIOTHYECKH HedKBUBaJeHTHble. [y KaxKaoro n cy-
IMECTBYET KOHETHOE YUCJIO TOMOJOTUIECKH HEYKBUBAICHTHBIX
PapMOHUYECKUX HOJMHOMOB P(z,y) crenenun n.
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3. O TAYCCOBOW KPUBU3HE TAPMOHUYECKUX
IMOJINMHOMOB

JlemMma 2. Tayccosa kpususta 2paduros 2apmMoHUNECKUT No-
aunomos w = (x,y) u w' = v(x,y) pasnwx cmenenell ecezda
PA3HAA.

Jlokasameavcmso. Ilycers P(z) u Q(z) — KOMILTEKCHbBIE TOJTH-
HOMBI CTelleHell 1 U M COOTBETCTBEHHO, Y KOTODPBIX JefiCTBH-
TeJIbHBIE YaCTH ecTh moauHoMbl u(x,y) u v(z,y). Lo ycro-
B0 JeMMbl 1. # m. [loBenenne dyuxmmii |P(2)| u |Q(z)|mpu
z — 00 oupejesercs MoHoMaMu 2" 1 |2™| cooTBeTCTBEHHO.
[Ipumenus sror dakr mag Gopmyiabl 2.1, HECIOKHO TOJLY-
YHTh, YTO

|P"(2)]? Q" (2)[?
—(1+[P'(2)P)? 7 -1+ |Q(=)?)*
CrenoBaTebHO, TaycCcoBa KPUBH3HA MOJHHOMOB u(Z,y) W
v(x,y) pasHas. O

3 7

Teopema 1. [Ipednoaoscum, wmo P(z) u Q(z) — womnaerc-
Hule noauromo. Toeda mostcdecmeso

P Q")
—(I+ P22 -1 +[Q(2)))

603MONCHO 6 THOM U TMHOADKO 6 TMOM CAYYAE, Ko20a

P(2) = kQ(z) + const,

ede |k| = 1.
lokaszameavcmao. ocmamounocmo. Ecin
P(2) = kQ(z) + const,

TO HEeImoCpeAcTBeHO u3 (opMyabl 2.1 BBITEKAeT CIpaBe]ITH-
BOCTh 3aKJIIOUYEHUS TEOPEMBI.
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Heobzodumocme. Ham nocrarodHo j10Ka3arh, 4TO COBIIAIA-
POl 1@
L+ |P(2))? " 1+1Q (=)
P'(z) = n(z), rme oueBuano n(z) — momunom. Iycrs ~(t) —
nyTh B 061acTH OfHOMUCTHOCTH (hyHKIUK n(2) ¢ HAYAJIOM B

TOYKE 2o U KOHIIOM B TOYKe z. PaccMoTpnM MHTErpast

/’lW@HW@H
w1+ n(2)>
Nnmeem

M = d(n(z)) arctan |n(z cons
Lw]ﬂWM@P__/ TH (o)~ etanin(z)] + const.

AnanornynsiM obpasoM, monoxkus (' (z) = m(z) u nposens
TaKue K€ PACCYXJICHUA MOy UM

|m’(z)||d(z)| — d(|m—(z)|) = arctan |m(z cons
/W—_/% — arctan |m(z)|+ const.

) 1+ [m(2)]? n L+ |m(2)?

10T PYHKIUH JLy1s1 TOr0 1MOJIOKUM

Takum obpaszom arctg|n(z)| = arctan |m(z)| + const u cie-
ngosarensto n(z)| = |m(z)| + const. Teneps Hecs0KHO MOKA-
3arh, at0 P(2) = kQ(2) + const, tne |k| = 1. O

ameuanue 4. 44 nPou3sosLHBLT 20A0MOPHHOLL HYHKEUUT
f(2) u g(2), s3adannviz 6 odnoceasnoti obaacmu D meopema 1
nesepra, cm. [2|. Ho owna, no-eudumomy, eepna O0af UGeAbiT

byrryul.

[Mycts w = P(x,y) u w' = Q(z,y) — CONpszKeHHBIE rapMO-
HUYeCKUe NOaMHOMBI. OQUeBUIHO, 9TO €CJau napamerp t mpu-
HAJIJIE?KUAT €JIMHIIHONR OKPY?KHOCTH Ha KOMILJIEKCHOI ILIOCKO-
CTH, TO OJHOIIAPAMETPHYECKOE CEMEHCTBO MOJMHOMOB

cos(t) u(z,y) — sin(t) v(x,y)
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0OpasyeT HeT/Iio B IPOCTPAHCTBE FaPMOHUYECKUX HOJIUHOMOB,
rpauKu KOTOPHIX UMEIOT OJHY U Ty K€ rayCCOBY KPHUBH3-
Hy. Jlerko BujieTh, 4TO 3TOH TeTae TpUHAIEKAT (DYHKIUU
w = £P(z,y),w = £Q(z,y). Takum obpaszom, u3 JgeMmbl 1
1 TeopeMbl 1 BBITeKaeT caeayromuil pakt:

Ilpennoxkenue 2. Qyndamenmanrvhas 2pynna npoCmpat-
CMBG 20PMOHUNECKULT NOAUHOMOE CMeneHy n > 2, epaduru
KOMOPHLT UMEOM 00HY U MY JHCe 2GYCCO8Y KPUBUIHY, HEHY-
NEBAA.
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O moBenenun F-pyHKOWiT HA 3aMbIKAHUN
MHOYKECTBa, CBOUX S-OT/IEJICHHBLIX TOYeK*

IToayasx E. A.

We present an example of Peano-interior function f defined on the
square M = [0,1] x [0,1] such that the set D(S,0M) of all S-
separated points of M has connected closure D(S,0M), and f is
not constant on this closure.

1. BBEAEHUE.

[lycts M — nByMepHasi OpHEHTHpPYEMast TOBEPXHOCTH € Kpa-
em OM. O6osnaumv M = M \ OM.

[lycts f : M — R —mnHekoropas dhyukmua u x € A C M.
Beenem coeyoniue o603HAUEHNS 111 MHOYKECTB yPOBHS f:

M?* = Moy ={y € M|f(y) = f(2)},
AT = Apy = ANMT.

Onpenenenune 1. Qynkuyusa f : M — R nasweaemesa F-
dbyukIueit, ecau
(i) f menpepwiena;
(ii) f omxrpwma na M;
(iii) daa xascdoeo x € M mmoocecmeo M® aokanvro-ceas-
HO 6 ToYKe .

4 Pabotra mamucana mpu 9aCTUIHON MO Aep:KKe rpanTa [ocyaapcTeeH-
HOT'O KOMUTETA, IT0 BOITPOCAM HAYKW, MHHOBAIWi 1 mHpOpMaTu3aIuu, No.
M /150-2009.

© INoaynax E. A., 2010



154 Houymsix E. A.

F-dynknnu seea Y. Qoke B pabore [1] xak o6obrenune
ncesio-rapMonnydeckux ¢gyukmuii. Tam on mx naswiBaer Pe-
ano-interior functions.

B pab6otre [2] @okc crpout mnpomposzKenune F-byHKImI, 3a-
Jannoil Ha mosepxuoctu M, jo F-dyHKiuu, 3agaHHONR HaA
Goapeii nosepxuoctu C(M) D M, 1 JOKAIBHO TOCTOSHHOMN
na kpae 0C'(M). Ou gaer ciemyioriee ompeeaeHue.

Onpenenenune 2. QPynxyus f : M — R naswsaemea om-
deaenHnoti ceepry om M 6 mowke © € oM, uau S-om-
deaennoli 6 mouke T, ecau cywecmeyem oxpecmuocms U
mouku x 6 M, maxaz wmo f(y) < f(x) dan ecexy € UNM.

[Iycts J — komnonenTa Kpas noepxuoctu M. O6o3HAUNM
depe3 D(S, J) MHOXKeCTBO BCeX S-OTIETEHHBIX TOUEK, JIeXKA-
mux B J. VI3 HenpepwiBHOCTH f CjeyeT, 910 OHA HOCTOSHHA,
Ha KaxKJOfl KOMIIOHEHTe CBsi3HOCTH MHOXKecTBa D(S) J).

Boobrme rosopst, muO)kectBo D(S,.J) He sIBJAsIeTCST HU OT-
KPBITBIM HH 3aMKHYTHIM MOAMHOKECTBOM J. C IEJIbI0 yMeHb-
MIATH KOJIMYECTBO KOMIIOHEHT ¢Bsi3HOocTH, DOKe B [2| mpera-
raeT paccMaTpHBaTh 3aMKHYTOe MHOKecTBO D(S,.J) BMeECTO
D(S,J). Ero meros nocrpoenust mpojposKenus F-byHkunu
pabotaet, ec/n 3Ta (PYHKIHSA MOCTOIHHA HA KaXKJI0H KOMIIO-
Hente MHOXKecTBa D(S, J).

B 10 ke Bpems, B [2] Pokce hopMyIupyeT Kak HepeleHHy o
upobJieMy caeayromnuii Boupoc: ecezda au F-dynrxyua f no-
CTNOAHHE HA KOMNOHEHMAT c6a3Hocmu muoscecmea D(S, J) ¢

Hwuke mbr crpouMm pumep F-pyHKImN, 3a/1aHH0il HA KBaJI-
pare M = [0,1] x [0, 1], koTOpBIii maeT Ha TOT BOMPOC OT-
punare bHbIi oTBeT. Tem caMbIM OyIeT JTOKA3aHO CJIeIyIomee
yTBep:K/IeHHe.

Teopema 1. ITycmov M = [0,1] x [0,1]. Cywecmeyem F -
dynkyus [ M — R, maxas wmo mmuoocecmso D(S,0M)
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CBA3HO U

f(D(S’ J)) = [07 1] :

2. OIIPEJEJIEHUSI 1 OBO3HAYEHUSI.

HanoMHuM HEKOTOPbBIE ONPEIEJCHUs U KOHCTPYKIIUH.

[Myckait I' C [0, 1] — crangapraoe muoxkectBo Kanropa u
go : [0,1] - R —KanropoBa jlecTHHIIA — HEPepPbIBHAS HETIO-
cTossHHas HeyObIBalomas PYHKIU Ha OTPe3Ke, JIOKAJIHHO T0-
crostnuas ma muoxecrse [0, 1]\ T

BeejieM cieyiomue 0603HaAUEHMS.

[Iycrb i € N, k € {1,...,271}. CymecTByer e uHCTBEHHOE
paznoxenne yucaa (2k — 1)/2° B cymmy Brga

%

2k—1 Fl@ 1

e Os € {0,1}, s € {1,... ,i}. Bamerum, uro [3; = 1, rak Kak
unco (2k — 1) medernoe.
ObozraTIM

i1
7‘2161—225S 2268 _»7 ;k1zz23€8+%;

s=1

5%-1 = (l;k—lv Ték—l)'
B gacrHocTn,
= (1/3,2/3), I} =1(1/9,2/9), I3=(7/9,8/9),....

[Io onpenenenwnio,

I'=[0,1]\ U 21 -

ieN, ke{l,...,2:71}
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Hanmomuum, ato Ha MuOKkectBe [0, 1]\ I' dyuKIus gy onpe-
JIEJISETCA TIPU TIOMOIIU COOTHOIIEHU I

2k — 1
==
a na I’ ara (pyHKIMS OJHO3HAYHO MPOJOJIZKAETCI 110 Herpe-
PBIBHOCTH.

gol) Cecmn € Iy,

3. IIOCTPOEHUE F-®OYVHKIIUN, 3AJAHHOU HA
KBAJIPATE, KOTOPAS HE SBJIAETCH IIOCTOSAHHOII HA
KOMIIOHEHTAX CBA3HOCTU 3AMBIKAHUST CBOETO
MHOYKECTBA S-OT/JIEJJEHHBIX TOYEK.

[Tycrs M = [0, 1] x [0, 1]. Paccmorpum dyaKIIIO
f() :OM — R,

OIIpeIeICHHYIO CJIeYIONIM 00pa30M:

go(z), ecomy =0,
fO(xay): 0< )

x, ecoin y = 1w z € {0, 1}.

Dra GyHKIUA JUHEHA HA BEDXHEM OCHOBAHHM KBAJIPATA, AB-
astercst ectHuneiil KanTopa HA HUJKHEM OCHOBAHWHM M TOCTO-
JHHA HA KaxKIOi u3 GOKOBBIX CTOPOH. $IcHO, 4TO fo Hempe-
poiBaa na OM = ({0,1} x [0,1]) U ([0, 1] x {0,1}).

Obo3naunm yepes
o1 = (r3,_1,0) € M

npasbrii konen uarepsana [, x{0},i € N, k€ {1,...,271}
U 1yCTh
B'=1[0,1] x [1/2",1/2"""], i€N.
Torma, ogesnano, aro M = ([0,1] x {0}) U,y B
Byznem nocienosaTebHO TPOIOIKATH (DYHKIIIO fo 0 HH-
JYKIMHE Ha 10J0CHh B,
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0Ob603Ha4nM
D;=0Mu | ) B*, ieN.

s€{l,...,i}

VeaosuMes 11 TI00BIX TOUEK 21, 2o € R? 0603HaUATH Uepes
21, 22] UpAMOTHHEHHBIH OTPE30K, COETUHSIONMMUI STH TOUKH.

Baza maayknuu. [Iycts @ = 1.

Pacemorpum toukn af = (0,1), a3 = (1,1). Ilycrs Takke
a} = (1/2,1) — cepennna orpeska [a}, a3]. Pacemorpum oTpe-
30K J] = [ai, ail.

O6osuaunm by = (0,1/2), by = (1,1/2). Tlycrs b} — rou-
Ka Tepecevenus orpeskos [by, byl m J1, a S} u S3 — uerbipex-
yroibuuky ¢ Bepiunamu (ap, al, b, bh) u (al, al, bl al), coor-
BETCTBEHHO.

Onpenenum dyukmuio f; : D — R caexyiomum obpaszom.

[Iycrs fi(z) = fo(z), ecmu z € M. Torpa fi(ay) = 1/2.
[Monoxum f1(2) = go(ai) = 1/2, ecn z € B! N D!, Torma

fi(by) =1/2.

[Iycrs [af, 4, @l ] —uepecedenue ropusoHTasbHOIO OTpPE3-
ka [0,1] x {y}, vy € [1/2,1], ¢ Tpanenueit S, m = 1,2. B

Toukax ai(y) € ({0} x [0,1))UJf U ({1} x [0,1]) byukmusa f
yxe onpegenena, fi(ai(y)) = k/2, k = 0,1,2. Ipomonxkum
f1 mumeitno Ha orpesok [al | (y),al (y)], m=1,2.

Jlerko Buzerh, uro fi(x,1) = fo(z,1), x € [0, 1].

113 mocTpoennst TaKzKe SICHO, ITO OTPAHIIeHNe f|g1 Hempe-
poiBaO st m = 1,2. Kpome toro, byakuus filon = folom
TO)Ke HempepbiBHA. Tak Kak MuoxkectBa Si, S u OM obpa-
3yI0T KOHEYHOe 3aMKHYTOe TOKpBITHE npocTpancTBa DI, To

dbynkrnug fi; mempepwisra HA D' (CMm. [3]).

ITar magyknun. llycts ¢ > 1.
O6oznaunM uepes pi, ps : R? — R KoopauHaTHbIE TPOEK-

nnu pl(xvy) =7z, p2(xay) =Y, (I,y) € Rz'
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[Ipeamonokum, 9T0 yzKe MOCTpoeH HAOOP MOMapHO He Ie-
PeCceKaromnxcss OTPe3KOB

‘]2Sk71 - [agkfhd;kfl]v s € {17 ce 7i - 1}7 k € {17 cee 728_1}7

taknx uto py(ay, ) € (0,1), pa(as, ;) = 1/2°7! nnga Beex s u
k.

[IycTh yzKe TakzKe IMOCTPOEHA TaKzKe HelpepbhIiBHAA (hyHK-
mug fi_i : D' — R, yaoBaeTBopgiomasa CIeAyONHM YeI0-
BUSIM:

o fi-ilonr = fo;
e fi1(-,y):[0,1] — R monoronno Bozpacraer or 0 10
1 npu xaxkaom dukcuposannom y € [1/2071 1];
o J5, ND™'C fL((2k—1)/2%),s € {1,...,i—1}, k €
{1,...,2571} (B wactnocrn, f;_1(as, ;) = go(as, 1))
[lycre k = (2m — 1)27571 € {1,...,2"" '}, O6osnaumm
qepes b ! Touxy mepecedenus orpeskon [0,1] x {1/271} u
Jy 1. Ormernm, uro (2m — 1)/2% = k/271. Ilycrs rakxe
by = (0,1/271), bih = (1,1/2'71). U3 ceoiicrs dyHKuun
fi_1 cnemyer, 9To

fi—l(b;g_l) = ke {07 17 . '72i_1}'

2@'—1’

[TpeamomoxkumM, 9TO, B JOMOJHEHUE K ITPEILIIYIINM CBOM-
crBaM, (DYHKIHA f;_1 YIOBIETBOPSET €IIe TAKOMY YCJIOBHIO:

e bynkuusa f;_; muneiina Ha Kaxiom orpeske [by Y, bl '],

ke{l,...,271.
Hama miesib — noctpouTth HAOOP HONAPHO HE TePECeKAIOUX-
cst OTPE3KOB Jyy 1 = [ay;,_1, a5y, k € {1,...,2"7} u nempe-

puiBHYIO (bynknuio f; : D* — R Takue, 4T00BI

a) fi|Di—1 = fi-1;
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b) uabop orpeskos Jy, ,,s € {1,...,i}, ke {1,... 2571},
u QYHKIWUSA f; YIO0BIETBOPSLIN YCJIOBUSIM, KOTOPHIE aHAa~
JIOTUYHBI HAIIIUM TIPEANOJOXKEHUAM, MepeuInCJICHHBIM
BBIIIIE.

OGosnaumy ay, = bit, ke {0,..., 271} Tlyers ay,_; —
cepejimHa oTpesKa [ab, o, ab] = [bi L, b, ke {1,..., 207}
U3 numeiitrocTn byHKIUM f;_ | HA 9TUX OTPE3KAX CJIELYET, 4TO

, k
61 fila) =
[ycers k= (2m — 1)27% € {1,...,2" — 1}. O6o3naunm

ke{0,1,...,2'}.

~

T __ ~S
A = Qo1+

lemo, w10 go(@}) = go(@,,_1) = (2m — 1)/2° = /2.

O6osuaunm J;, = [a},at], k € {1,...,2" — 1}. U3 mocrpoe-
HHUS JIETKO BHJETD, 9TO €CaH 9ucao k = (2m — 1)2°% gernoe,
to Ji C J5. 1. Ilosromy

(3.2) ([0,1] x [0, 55]) N <O 5m1> = |J Ji-

s=1 m=1
Oyuknuu go, fi_1(-,1/2°71) : [0,1] — R MmoHOTOHHO HEYOHI-
BAIOT 110 MOCTPOEHHIO. [Py 9TOM BBITIOJHEHBI PABEHCTBA
0< fi,l(a’i) < < fifl(aéi_ﬁ < 1,
0< go(CALZl) <0 <K g()(déi_l) <1.
[TosTOMYy, KaK JIeTKO ¢006pa3uTh, OTPE3KH
Ji, ke{l,...,2"—1},

HOIIAPHO HE MepeceKaroTe.

CaenoBaresibHO, (cM. paBeHCTBO (3.2)), OTpe3KH u3 Habopa

seo1s s €{1,... i} ke {1,...,2°7 !}, nomapuo me mepece-
KaIOTCs.
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pi-1 = fi_1 : D! - R, B wacrnoctn

fi(2) = {O, ecmu pi(z) =0,

[Monoxum f;

1, ecmu pi(z) =1.
[Mycrs eme fi(z) = k/2 ecm z € JLNB', k€ {1,...,20—1}.
Iycrs by = (0,1/27), b, = (1,1/2"). O6o3na4nm uepes by,
TOUKy mepecedenns orpeskos by, bh,] = [0,1] x {1/2'} u J},
ke{l,... 2 —1}.
Otpeskn Ji pazbmBaioT NPsSMOYTOJbHAK

B'=[0,1] x [1/2',1/2"]

na Tpamenun S, ..., Sh, (cv. Puc. 1). Bepmunamu dersipex-
yrosibHuka S) cayxar Toukm ai_q, ak, bi b ke {1,...,2'}
(Puc. 2).

Mycrs [} (y), ok (y)] — nepecevenne Topu30HTAIBHOTO OT-
peska [0,1] x {y}, y € [1/2",1/2"7Y], ¢ geTHIpexyrombHIKOM
Si. B Toukax

2i-1
ai(y) € ({0} x [0, 1)) u ({1} x [0, 1)U [ J T,
m=1
dgyukus f; yxKe onpeaeneHa,
(33) Fled () = 5,
Tax:xke dpyuknus f; ompejesiena u JuHEHHA 110 HAILUM TIpe-
JBIAYIIAM IIPEIIOA0KEHNSM Ha Bepxueil cropoue [a_,,a}]
kaxaoit Tpanemuu S, k € {1,...,2'}. Ilpogomknm f; mu-
HEUHO Ha OTPE3KH
[ (), (v)], ye[1/25,1/271, ke {l,...,2}.

OrMerum OTIeaBHO, YTO, B YACTHOCTH, f; TUHEHHA HA KaZKIOM
i
orpeske [b}_, b}].

ke{l,...,2'}.



O nosenennn F-ynrrmii 161

3 ~2 3
5 az ay

Qg ay ay
Si S5
o2 a2
St S3 S3 St
af a3 a3 a3
st/ s3 | si /st \ se| s \s2\sg
o — i A

Puc. 1. MnoxecrBa J;,, | U 4eTbIPEXYT0JIb-
HUKHX S}, HA KOTOPBIe OHU JIEIAT HOJOCH 5.

Jlerko BuaeTs, 94TO f; HempepblBHA Ha KaxkaoM ;. Taxike
HEIPEPBIBHA 0 HAIMEMY TIPeIIIOMI0KEHNIO U (DYHKIHS

filpi-1 = fi-1.

Tak kax muoxkecrsa D' Si k€ {1,...,2'}, obpasyior Ko-
HEYHOE 3aMKHYTO€ TOKpbITHE TTpocTpancTsa D, To dyHKus
fi nenpepuisHa Ha, D
deno, uro filoamr = fioilom, Tax kaxk OM C D71, Tlosromy
filor = fo. '
[To mocTpoeHuto f; MOHOTOHHO Bo3pacTaet ot (k — 1)/2" 1o
k /2" Ha KazKIOM W3 OTPE3KOB

o1 (), ak(w)],  y € [1/27,1/271],
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A
% %
a1 ag, 1
1 ] 9i—1
k—1 k
fi =t 5 fi=k
) k) ,
\ : \ 1
- e v : 27
i _ i+l 1+1 i i+l
k—1 = Qp—1)  G2k—1 k= Qo

Puc. 2. Yerbpexyroabauk Si.

eM. (3.3). O6benunsst 9TO ¢ HAIMMUMHU TPEIBIIYIIHMA TIPE/I-
IIOJIOZKEHUSIMI OTHOCHTEJILHO (DYHKITMH f; 1 3aKJII0YAeM, 4TO
dbyuxuus f;(-,y) : [0,1] — R monoronuo Bozpacraer or 0 10
1 upu kaxaoM Qukcuposannom y € [1/2%1].

Jlns kazkgoro k € {1,...,2°—1} cyuiecTByer e JuHCTBEHHOE
pazoxkenue k = (2m — 1)2:7%. Tlo nocTpoenuto

JiNnB' =J; NB.

CrienoBaTebHO,

2m—1

‘]Smfl nB’ C fzil(f) = fz’il( 2s )7
sef{l,... i},

m e {1,...,25}.

N3 mpeapiaymux TpernoIoXKeHni Tenepb BHAHO, ITO

2m—1

; —1
omo1 N D" C fi ( 2

), se€{l,...,i},

m e {1,...,2571}.
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B uacrroctu, fi(a3, 1) = go(a3,_1)-

[loBTOpHM mpHBEIeHHOE NOCTPOEHHEe s Kaxkaoro ¢ € N.
[Tonyuum Habop HenpepbBHBIX dyHKIul f; : D' — R, Takux
910 fi|ps = fs ipu s < i.

Ouesnmno, M = |J,cy D', mosTomy onpezenena dbyHKIus

f:M—R,
f(z) = fi(z), ecim z € D",

Tak Kak /s KakJI0ro z, TAaKoro 491o po(z) > 0, cymecry-
er s € N, mia koroporo z € IntD?® B npocrpanctee M, 10
dbynknus f wenpepwiBaa Ha MHOXKecTBe [0, 1] X (0, 1]. Hempe-
PBIBHOCTH [ Ha HUYKHEM OCHOBAHUU KBaJpaTa MbI TTPOBEPUM
HUZKE.

[Tapamieabno ¢ dyHKIHAMHA f; MBI IOCTPOUJIH HAOOP TO-
ek aby, , 1 € N, k€ {1,...,2"7 1}, KoTOopbIe YAOBIETBOPAIOT
yeaosusam py(ab, ) € (0,1), pa(ab, ;) = 1/271. Taxxe mbr
HOCTPOMIH HAGOD IIOIIAPHO HEIEPeCeKAONIMXCS OTPE3KOB

Jék—l = [a;k—lvdék—l]v
TaKHUX YTO
el CFHER), ieN, ked{l,..., 27"},

[To nmocrpoenuto st modoro dbukcuposanroro y € (0,1]
byunknus f(-,y) : [0,1] — R monoronno Bospacraer or 0 10
1 ma orpeske [0, 1].

®ukcupyem s € Num € {1,...,2°"'}. Paccmorpum orpe-

s — [8 ~S
30K Jopm—1 = [a’2m717 a2m71] A IPpAMOYTOJIbHUKHA

R*=[0,1] x [0, 5], R;=1[0,1] x (0, 5:&5).

[lyckait o, ,(y) — TouKa mepecedenus OTPE3KOB J5, | U
0.1] % {y}, y € [0,1/2]
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Orpesok J3,,_, pazbusaer nosocy R} na e yacTu

Q51 (=) ={z € By [ p1(2) < pr(@s,, 1 (p2(2)))}
@om—1(+) = {2z € Ry | p1(a5n,_1(p2(2))) <p1(2)},

JIeZKallye JieBee U 1mpasee 3TOro 0Tpe3Ka, coorsercrsenno. [1o
HOCTPOEHUIO

(35) f(@n1(=)) C10,257)  f(Q5p () © (3571

JHokazxewm, aro f menpepbiBHa Bo Beex Toukax z € [0, 1] x {0}.
[Tycrs cnavana z € (0,1) x {0}. Torna

f(z) = go(z) = € (0,1).

Qukcupyem ¢ > 0. Tak kak uncna (2k — 1)/2, i € N,
ke {1,...,271}, Bee pasubie u npu dpukcupoannoM i € N
pasz6usaror [0, 1] Ha oTpeskn aauubl 1/2°, TO CyMECTBYIOT S €
Nume{l,...,25 '}, nna koropbx

2m — 1 2m+1
5 <<

Henepecexaromuecs orpesku J,,, | u Js,, | pa3duBaioT nps-

MOYTOJIbHUK [° na Tpm yactu. PaccMorpuMm MHOXKECTBO

T'={z € R [ pi(azy-1(p2(2))) < P1(2) < pr(@541(P2(2)))}

S S S
Todek [R°, mexkamux Mexkay orpeskamu Jy. o u Jy. . Ono
= S S
NpeJCTABIAeT OO0l TPANeNuio ¢ BePIIHHAME a3, 1, A5, 1,

(3.4)

a—e < <a+e€.

NS NS
A2m+1> A2m—1-

[Io mocTpoeHWI0 TOYKA 2 JIE)KUT HA HUYKHEM OCHOBAHHH
9TO# Tpamenun, npuieM z ¢ {a3,, ,as,,.,}. CremoBareabHo
HalimeTcsa okpecTHocTh U TOUYKHM z B mpocTpancTse M, mexKa-
masa B 1.

Oyukims f|jo1)x{0} = o MOHOTOHHO HeyObIBAET, HOSTOMY

FO N0, x {0})) € [f(@3 1), F(a310)] = 257, 255
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O6beunss 910 3aMedanue u coorHomrenns (3.4) u (3.5) 3a-
KJI09aeM, 9TO

FU) C F(T) = [2ml 2m8]  (a—e,a+ ).

Tak kak € > 0 MoxkeT ObITH BEIOPAHO POU3BOJILHO, TO (PYHK-
nus f HempepbIBHA B TOUKeE Z.

Ecnu z —oana u3 touek {(0,0), (1,0)}, To HempepsIBHOCTD
f B TOUKe z /IOKA3BIBAETCS AHAJIOTUIHO, C OUEBU/THBIMU H3Me-
HEHUSIMU.

Urak, byukmus [ nenpepuiBua na M.

Haiizem renepnr muokectBo D(S,0M) S-0T/ie/IeHHBIX TO-
4ek u ero 3ambikanue D(S,0M).

Jlerko Bujers (cum. (3.4)), 9T0 1/ KazKAOTO

z € (0,75, 1) = [0, p1(a3,,—1))
CYIIECTBYeT OTKphITasg oKpectHocTh U(z) Toukn z = (z,0)
B M, takas aro U(z) N M C Q5,_,. Ciaegosareanno, s
m060ro y € U(z) N M BHIIONHEHO HEPABEHCTBO

fly) < (2m —1)/2°.

Takum obpa3oM, Bce TOUKH MOJTyUHTEPBAIA

s 178 s - s ~S
As1 = [Be15 75 —1) X {0} = (15,21 x {0}) \ {a3,,_4
ABJIAIOTCA S-OTﬂeﬂeHHbIMI/I, TaK KaK IPpUHAIJIEZKAT I10 TTOCTPO-
eHnto MHOZKecTBY yposHusa f~1((2m — 1)/2%). Touka a3,, | He
saBJIsgeTcd S-OTIE/JeHHOR, OTOMY YTO JJisd JII0OO# OKpecTHO-
ctu V 3TOlt TOUKHN

VMOl () svaMnJg,  £0.

2.5

3ameTum enie, 9To BCe TOYKU MHOXKeCTBa

{1} < [0,1] = f7(1)

TAKKE ABJIAIOTCH S- OTJC/JICHHbIMU.
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B pabore [2| nokazaHo cieayioriee IpocToe yTBEPKICHHUE:
ecom Touka 2z € OM gamaserca S-OTHeJI€HHON, TO 2 SBJISIET-
sl TOYKO#T JIoKabHOrO Makcumyma dyukmun f|gy. 13 sToro
CJIeJIYET, UTO JIJIS HAIIEro IpHMepa

ieN, ke{l,...,2¢—1}

B T0 e BpeMmsd J1erKo BHIETDH, 9TO

D(S,0M) = ([0,1] x {0}) U ({1} x [0,1]).

DTO MHOYKECTBO CBSA3HOE U f\W % Const.

JInst 3aBepIIennst HOCTPOCHHA MpUMepa HaM OCTAeTCA TPO-
BEpUTDH, 4TO [ apiagerca F-pyHKmueii.

HenpepbIBHOCTD [ MBI yzKe JTOKA3aJIM.

IIpoBepuMm, uTo f OTKpBITA HA M= (0,1) x (0,1).

[ycrb z = (z,y) € M. Tlo nocrpoenuto byHKIHs

fCy) 0,1 =R

CTPOTO MOHOTOHHA, MMO3TOMY JJIs JTIOOOTO JOCTATOYHO MAJIoro
€ > 0 cupaBeIMBBI HEPpABEHCTBA

fle—ey) < f(z) < flz+ey)
n oOpa3 MHOXKEeCTBaA
Lz)={weM|z—c<p(w) <z+e, p(w) =y}

cofpepxutcs B unrepsase (f(x—e,y), f(x+e,y)) 3 f(2). Tak
kKak (pyHKIHS [ HEIPEPBHIBHA, TO OHA IPUHUMAET HA HHTEPBA-
ne I.(z) Bce MPOMEKYTOUHBIE 3HAYCHUSI U

f(IE(Z)) = (f(flf - €,y),f(:)3 + an)) :

dcHo, uTo maa KaxKkmoit okpectHocTn U TOYKHM 2z Haiijercs
e > 0, rakoe uro I.(z) C U. ITosromy f(U) comepkur Bmecre
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¢ T09KOi f(2) U ee OTKPBITYIO OKPECTHOCTh

(flz—ey), [z +ey)).

Takum obpazom, orobpazkenue f OTKPBITO B TOUKE 2 € M.
13 npoussosia B BeIOOpE 2 3aKJI09aeM, 9TO [ OTKPBITO HA M.

Jlokazkem Ternepb JOKAJBHYIO CBSI3HOCTH MHOXKECTB YPOBHSI
f B TOUKax MHOZKECTBA M.

[Mycrs 2z = (z,y) € M. Torna cymectsyer i € N, Taxoe 4T0

2 (0,1) x (5,1 c| B
s=1

[To mocTpoenuto i Kazkaoro s € N MHOXKeCTBO
M*NB* = [ (f(z)) N B
npeacTaBasger coboil MPAMOJIUHERHBI OTPe30K, TaKOi 9To
po(M* N B%) = [1/2°,1/2°71].

[TosTromy MHOXKECTBO

M0 <U1 Bs>

SIBJISIETCSl KOHEIHOH JIOMAaHHO# JIMHUEH U JIOKATBHO-CBI3HO. A
Tak kak (0,1) x (1/2%,1) — orkprrtoe moamuozkectso | J!_, B®
B upocrpancrse M, 10 M? jIOKaJIbHO-CBA3HO B KaxKJI0UH TOUYKE
muozxkecrsa (0,1) x (1/2%,1). B wacruocru, u B TOUKe 2.
113 npoussoa B BeGOpE 2 € M CTIeTYeT, UTO KazKI0e MHO-
JKeCTBO YPOBHS (DYHKIUH [ JIOKATBHO-CBSI3HO B TOUKAX M.
Takum obpazom, dyukius f asiaserca F-dynxnueit.
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Stringy Approach to the Minimal
Supersymmetric Standard Model

Yu.M. Malyuta, T.V. Obikhod

Superstring theory is applied to construct the Minimal Supersym-
metric Standard Model. The mass spectrum, partial widths and
production cross sections of superpartners are calculated. This ap-

proach gives concrete predictions for superpartner searches at the
LHC.

1. INTRODUCTION

The purpose of the present work is to construct the Min-
imal Supersymmetric Standard Model [1] from superstring
theory [2]. This aim is achieved by using the notion of de-
rived category [3]. Such approach allows to determine the
mass spectrum, partial widths and production cross sections
of superpartners.

These predictions are important from experimental point
of view as they are connected with searches for new physics
at the LHC.

2. DERIVED CATEGORY

Derived categories are the mathematical foundation of su-
perstring theory. We consider the derived category over the
abelian category of McKay quivers. Objects of this cate-
gory are McKay quivers [3]. (numbers a, b, ¢ denote orbifold
charges [4]), morphisms of this category are Ext’ groups [4].

© Yu.M. Malyuta, T.V. Obikhod, 2010
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b

/@\ B {a/\c : a/g\\;/

a

In this approach D-branes are described by quivers, and
superstrings are described by Ext’ groups. The interaction
between D-branes mediated by the superstring is described
by the following diagram

b
P
AN
FOR
Y /4 W
O==0
a c

Ext'(Q. Q)

3. PARTICLE CONTENT

It was shown in [5] that the moduli space of the superstring
has the form

EXtO(Q, Q’) _ Caa/-i—bb/-‘rcc/
Eth(Q Q’) _ C3ab/+3bc/+3ca/
Substituting in (1) orbifold charges

(1)

a=b=c=d =V ==4

and using the Langlands hypothesis [6], we obtain the real-
ization of (1) in terms of SU(5) multiplets

3% (24455 4+ 55 + 5ar + 5ar + 104 + 104) .



Minimal supersymmetric standard model 171

This result determines the particle content of the MSSM.

4. SUPERPOTENTIAL
The gauge invariant MSSM superpotential takes the form
W) = AL -5 x 5y x 109+
+ AL -5y x 108) % 109) + - 5 x By,
where 55 and 5y are Higgs multiplets, 55\? and 105\? are mul-

tiplets of quark and lepton superpartners, )\fj7 Aj; are Yukawa

coupling constants and p is the Higgs mixing parameter.

(2)

5. MASS SPECTRUM

The analysis of Yukawa coupling constants, based on obser-
vational hints and theoretical considerations, allows to restrict
the parameter space in (2) to five free parameters [7]:

Mo = 0.01 GeV, M, /, =600 GeV, Ay =0,
tans = 35, sgn(p) = +1.

Using this restricted parameter set it is possible to calcu-

late the mass spectrum of superpartners by application of the

computer program SOFTSUSY [8]. This MSSM spectrum is
shown in Table 1.

(3)

Table 1

GeV GeV GeV
g | 1187 g | 1354
arp [ 1232 7. | 391 || X7 | 249
dp | 1182 | ép | 224 || XY | 471
dr | 1235 | &, | 398 || Xy | 727
¢r | 1187 X9 | 738
ér [ 1232 ] 7, | 391 || x7 | 470
Sp | 1182 | ig | 224 || x5 | 738
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5r 11235 [ g, | 398
t1 | 958 RO | 116
to | 1155 || & | 379 || A° | 671
by | 1095 || 7 | 127 || HO | 671
by | 1148 || 75 | 408 || H* | 676

6. PARTIAL WIDTHS

Using the parameter set (3) it is possible to calculate partial
widths of superpartners by application of the computer pro-
gram SDECAY [9]. These partial widths are shown in Tables

2,3,4,5.
Table 2
channel BR channel BR
Te Wve 1.000
ér e 1.000
v vy 1.000
AL X1 1.000
A v, 0.072 Wt 0.928
T Or 0.107 HZ 0.527
71h0 0.365
iR Ju 0.997 XJu 0.002
iy, Vu 0.013 Gd 0.646
XJu 0.320 X4d 0.012
Ju 0.008
dr Wd 0.997 X9d 0.002
dr, \d 0.016 LU 0.628
9d 0.317 Xo U 0.027
Xid 0.011
CR Ve 0.997 Xic 0.002
ér e 0.013 X1 s 0.646
e 0.320 s 0.012
e 0.008
ir s 0.997 Js 0.002
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5L Os 0.016 X c 0.628
s 0.317 pexe 0.027

X9 0.011
t 0t 0.216 X0t 0.032
ot 0.105 o 0.249
X5t 0.171 X3 b 0.227

Table 3

channel BR channel BR
t Ot 0.025 b 0.247
ot 0.111 X3 b 0.165
X5t 0.114 t1h0 0.045
Nt 0.213 thZ 0.080
by Wb 0.055 it 0.390
X9b 0.220 Gt 0.183
b 0.063 HW- 0.047

X9b 0.041
bo Wb 0.023 X1t 0.161
X9b 0.091 Xot 0.425
btz 0.079 HW- 0.125

b 0.095
g drd* 0.019 érc’ 0.020
did 0.019 &e 0.020
dpd* 0.038 Erct 0.036
did 0.038 Fhe 0.036
aru* 0.020 by b* 0.078
s u 0.020 bib 0.078
Gpu* 0.036 bob* 0.054
Whu 0.036 b5b 0.054
§ps* 0.019 tyt* 0.097
5%s 0.019 tit 0.097
Sps* 0.038 tot* 0.043
§hs 0.038 tit 0.043
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Table 4
channel BR channel BR
AP bb* 0.858 T Ty 0.004
e 0.130 Y 0.004

tt* 0.002

HY bb* 0.859 T 0.003
Tt 0.130 oA 0.002
tt* 0.002 Y 0.002
HT cb* 0.001 tb* 0.818
rtu, 0.169 o, 0.010
X épe’ 0.032 fhp~  0.032
éhe 0.032 Fort 0436
frpt 0.032 e 0.436
O N7z 0.001 iyt 0.037
RO 0.010 T 0.037
e et 0.056 Ve 0.064
éfe” 0.056 UiV, 0.064
prpt 0.056 D, 0.064
Afu 0.056 UV, 0.064
Tt 0.135 Uk 0.081
e 0.135 v, 0.081
3 N7z 0.080 X9h? 0.007
5z 0.193 ot 0.088
Yw- 0211 e 0.088
LWt o211 7yt 0.051
x9n° 0.016 e 0.051

Table 5

channel BR channel BR
Xi| xZ 0.016 | jzpu™  0.001

X932 0.009 fhu 0.001
KTWT o 0.208 Tt 0.061
LWt 0.208 i 0.061

9n° 0.069 Fyrt 0.058

SR 0.171 T 0.058
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érer 0.005 A% 0.009
éfe 0.005 Uive 0.009
épe’ 0.001 v, 0.009
éhe” 0.001 Uiy 0.009
pppt  0.005 vk 0.010
s 0.005 77 0.010

5 veet 0.135 Afv, 0.108
Dypt 0.135 v, 0.261
vt 0.176 T v, 0.067
Efve 0.108 | x!W*  0.010

Xa veet 0.009 Ty Uy 0.051
Dt 0.009 X3z 0.206
et 0.105 Ww+ 0.079
Efve 0.020 | xSW* 0214
Arvy 0.020 X1 h° 0.183
v, 0.104

7. CROSS SECTIONS

Using the parameter set (3) it is possible to calculate pro-
duction cross sections of superpartners by application of the

computer program PYTHIA [10].

These cross sections at

center-of-mass energy /s = 14 TeV are shown in Table 6.

Table 6
channel cross section
g9 — §gg 055 = 0.307 pb
gu — gu osa = 0.891 pb
du — dii 0, = 0.466 pb
= XX 0yrgr = 0.157 pb
du — X7 % 0¢+g9 = 0.208 pb

8. COMPARISON WITH EXPERIMENTS

Comparison of the predicted MSSM spectrum with experi-
mental data obtained at the LEP and TEVATRON [11] (see
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Table 7) shows, that the calculated masses exceed the lower

limits on masses reached at colliders.
N arxrr cnavrchac fAar crimavrnarébnana «xill ha vmada a+ +ha T T

1]
2]
3]
[4]

particle Condition Lower limit (GeV/c?) Source
b gaugino M > 200 GeV/c? 103 LEP 2
M;> M 85 LEP 2
any M 45 Z width
Higgsino M <1 TeV/e? 99 LEP 2
GMSB 150 D@ isolated photons
RPV LLE worst case 87 LEP 2
LQD my > 500 GeV/e? 88 LEP 2
2 indirect any tan 3, My > 500 GeV/é 39 LEP 2
any tan 3, any mg 36 LEP 2
any tan 8, any mq, SUGRA Higgs 59 LEP 2 combined
GMSB 93 LEP 2 combined
RPV LLE worst case 23 LEP 2
€n et AM > 10 GeV/¢? 99 LEP 2 combined
g i AM > 10 GeV/c? 95 LEP 2 combined
TR 53t M <20 GeV/e 80 LEP 2 combined
1
v 43 Z width
Br, TR stable &6 LEP 2 combined
i i3 any Omix, AM > 10 GeV/c? 95 LEP 2 combined
any fruix, Mip ~ %MF; 115 CDF
any Omix and any AM 59 ALEPH
e any fpix, AM > 7 GeV/e 96 LEP 2 combined
g aay M 195 CDF jets+Er
7 My=M; 300 CDF jets+Er
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Sl-dpysaknun BorTa n HecHHTYJISpHBIE
nmotoku Mopca-Cwmeiijta Ha MHOT0O0Opa3usax

B. B. Illapxo

Busuarorsea S'-dyrkmii Mopca-BoTTa Ha TIa KIX MHOTOBHIaX. Bu-
kopucToByioun S'-pynkiii Mopca-BorTa, ax dyukmii JIamyHosa qys
mecuHryasgpanx morokis Mopca-Cueiina Ha MHOroBHIax 3HaiIeHO
KpuTepii BiACYyTHOCTI y HUX 3aKPyIE€HNX 3aMKHEHUX OpOiT.

Investigate S'-Morse-Bott functions on smooth manifolds. Using S'-
Morse-Bott functions as Lyapunov functions for non-singular Morse-
Smale flows on manifolds were found criteria absence they of twisted
closed orbits.

1. BBEAEHUE

O603naunm vepes X" (M™) mpocrpancTBo C"-BEKTOPHBIX MO~
Jieil Ha TIaJKOM 3aMKHYTOM MHOrooopasum M™. Ilpocrpan-
crBo X" (M™) cofep:KUT OTKPBITOE MHOYKECTBO, COCTOSIIEE 13
BeKTOpHBLIX mosieit Mopca-Cwmeitia. Kak u3BecTHO, UWHBApH-
AHTHBIE MHOYKECTBA, IOTOKOB, MOPOKIEHHBIX BEKTOPHBIMHE T10-
agmu Mopca-Cwmeitia, cocToar u3 runepooJnIecKuX TOYeK U
3aMKHYTBIX OpouT. OKPEeCTHOCTH 3aMKHYTHIX OPOUT OBIBAIOT
JBYX THUIOB: 3aKPYUYEHHBIMI U HE3AKPYYEHHBIME (CM. OIpejie-
JeHust B paszzesie 4).

B sroit pabote MBI paccMaTpuBaeM BONPOC, KOTAAa Y HECUH-
ryJasgpHoro BeKTopHoro moJjsa Mopca-Cwmeiiia Bce 3a-
MKHYThIE OPOUTHI ABJISIOTCA HE3AKPYYIE€HHBIMU.

Jlnst 9TOrO HMCCaeyloTes, TaK HasbiBaeMble, S'-dynknueit
Borra na MmuOoTOOOpasuu M™, T.e. (pyHKIHH, ¥ KOTOPBIX KPH-
TUYECKUE TOYKU 00Pa3yloT HEBbIPOZKJEHHbBIE OKPYZKHOCTH.

(© IIlapko B. B., 2010
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Paccmorpenne takux yHknuii 06ycjaoBaeHo TeM 06cTod-
TEJILCTBOM, UTO JIjIsT JTIOOOT0 HECHHTY/ISIPHOTO BEKTOPHOTO TIO-
a1 Mopca-Cwmeiista Becerma cymectByer (byHkmusa JIsmyHOBa,
KoTopad apiagerca S'-pynknueit Borra.

C Sl-pynxnuamu Borra Ha MHOrooGpasuu M™ TecHO cBd-
3aH Gojtee TUOKU 00BEKT — pasJjiozKeHre MHoTroobpasmsa M"
Ha KpYTJble DYYKU. B cBOIO 0Uepeib, 71 UCCaeI0BaHUS Pa3-
JIozKeHust MHOTooOpaszus M™ Ha KpyTiIble pYYKU HCIOTb3YeTCs
JimarpamMmma, T.€. HeKOTOpblil rpad, KOTopblit HeceT uudopma-
U0 O KPYTJIBIX PyYIKaX.

[Ipemnoxkenue 4.2 jpaer JIOKaJbHBIN KPUTEPHUii, KOrja BCe
OpOUTH HECHHTYJIAPHOTO BeKTOpHOTO oyt Mopca-Cwmeiina Ha
IPOW3BOJIBHOM 3aMKHYTOM MHOTO00pa3nuu OYIyT He3aKPYIeH-
HBIMU.

B npenioxkenue 4.3 mpuBejieH Apyroit KpUTEPUl OTCYTCTBUS
y BeKTOpHOTO 1O Mopca-CMmeiina Ha 3aMKHYTOM OJTHOCBSI3-
HOM MHOrooOpasuu M"™ HezakpydeHHbix opbur (n > 5).

2. Sl-oyHKUMU BOTTA

[Iycte M™—raagkoe mMuOrooGpasume, f : M™ — [0,1]—
riaaKas GyHKIug u r € M"™ —ee kpurudeckas Touka. Pac-
emorpum reccuan [, (f) @ T, x T, — R B 910it Touke. Ha-
IIOMHUM, YTO UHAECKCOM IreCCiaHa Ha3blBAaCTCA MaKCHUMaJIbHAA
pasmepHocTh moganpoctpancTsa 1, Ha Koropom [';(f) orpu-
narenpHo onpenenen. Uugeke ', (f) HasbiBaercss wHIEKCOM
KPUTHYECKOH TOYKN =, a KopaHr ', (f) — eé kopanrom. [Tpes-
[OJIOZKHM, 9YTO MHOXKECTBO KPUTHYECKHX TOYeK (pyHKuuu [
obpasyeTr HecBa3HOE OObeIUHEHHE IVIAJIKUX TTOIMHOI000pa3uii
K]’: pasmepHocTeil He mpeBbimalonieii n— 1. CBsi3HOe KpuTHde-

CKOe TTOIMHOT000pasne Kj’g Ha3bIBAETCA HEBBIPOXKIEHHBIM,
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eCJIM recCuaH HeBLIPOXKJEH Ha MOANPOCTPAHCTBAX HOPMAaJIhb-
HbIM K K (T.e. mMeeT KOpaHr paBHbIf n—ip) B KaK101 TOUKe

10
:ceKjO.

Ounpepenenne 1. Qyuxyua f : M™ — [0,1] nasweaemes
dynryuet Bomma, ecau ece ee kpumuseckue mouku obpasy-
10 HEBLIPONCOCHHDLE KPUMUYECKUE 2400KUE NOOMHO2006Da-
3uAa menepecexaoujuecs ¢ kpaem M™.

Pacemorpum onun BaxkubIH caydail dyukiuit borra.

Omnpenenenne 2. Qyuxyua f : M™ — [0,1] nasweaemes
SL-pynwyueti Bomma, ecau 6ce ee kpumuseckue movwkl 06-
PA3YIOM HEGBPOHCIEHHDLE KPUMUMECKUE OKDYHCHOCTIU.

BamernM, 9ro S'-pynxnum BorTta cymecTsytoT He Ha Bes-
KOM ragkoM MEOrooOpasun [12]. S'-bynknun Borra nzyva-
JIM ¥ UCTIOJIB30BaIN MHOTHE aBTopel [1-7, 9, 11, 14]. Crexyro-
Y10 TeOpeMy MoxKHa HailTu B [8,11].

Teopema 1. Ilycmo M"™ — 2aadkoe 3amrHymoe mHo2000pa-
aue, [+ M™ — [0,1] — S'-$ynxyus Bomma u v C M™ — ee
Kpumuseckas okpyscrocms. Cyuecmsyem cucmema Koopou-
HAM 8 OKPECTNHOCTU 7Y 00H020 U3 08YL MUNOE:

1) mpueuaavnas v : St x D" Y(e) = M™ | 20e D" !(e) —
duck paduyca €, V(ST x 0) =~ u

f(0,2) = —af — ... =23 +af +. Fan g,
ons (0,2) € ST x D" (e),
2) ckpyuennasn 7 1 ([0,1] x D" 1(e)/ ~) — M", 20e T —
enadroe saosicerue, maxoe, wmo (7([0,1]) x 0/ ~) =~ u
flrt,@)) = —af — ... —aX + a3+ + gy,

ona (t,x) € (1 :[0,1] x D" (g)/ ~). 3decv npocmpancmeo
[0,1] x D" Y(g)/ ~ dugppeomopgpro S* x D"~ 1(g) ¢ nomousvio
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omooicdecmenenus 0 x D" H(e) u 1 x D" Y(g) nocpedecmeom
omobpasicenus

(0,21, o, TXy Tag1s -, Tno1) & (1, =21, oy TN, —TAg1y .- o) Tne1)-

Hucao A Ha3vsaemces uH0eKCOM KPUmMu%eckotl 0KPYHCHO-
cmu 7.

[ycre M™ — ragkoe muoroobpasue u f @ M™ — [0,n] —
Sl-pynknusa Borra. Tosopar, uto f — npaBuabHas S'-pynk-
mus Borra, ecan nommmoroobpasue M;(f) = f710,i + 3]
COJIEP>KUT BCE 3aMKHYTBbIE OPOMTHI MHIAEKCOB A < 1. Kax-
nag npasuwibHag S'-pynknus Borrta onpejesnder dpuabTpa-
o MHOroobpasus M"™

Mo(f) C My(f)C...C M, 4(f) C M"™.

UsBectHo, [11], uTo cymecTBOBaHWe HA MHOrOOOpA3WM Mpa-
BILHBIX S -pyuknmit BoTTa 9KBUBAIEATHO PA3JIOKEHHIO 3TO-
ro MHOrooOpasus Ha KPYIrJble pydyku. Hamomuum HeoOxo1n-
MBble OIpeJeTeHusI.

Onpeaenenne 3. n-meprot kpyenoli pywkolt Ry undekxca A
HA3bIBAECTNCA
Ry = S' x D* x D",
2de D' — duck pasmeprocmu 1.
Crpyuennotls (twisted) n-meproti kpyenot pyuxotd T Ry un-
dexca N (0 < A < n—1) naswsaemesa gaxmop-npocmpancmaeo

TRy, =1[0,1] x D* x D"/ ~,
2de omootcdecmenerue 3a0aemces nocpedcmeom omobPaHCeHU:
(Oal'l’ ce TXy T, - - 'axn—l) A4 (]-7 TLLy e TNy TN - - '7xn—1)~
[Mo-Bunumomy, TepcroH, [15], mepBBIM OTMETHJ, YTO CY-
ImecTBOBaHle Ha MHoroobpasun S'-dpynkuuii BorTa sxBuBa-

JIEHTHO PA3JIOKEHUIO 3TOTO MHOTOOOPA3UsI HA KPYTJIbIe PYUKH.
Omnumem 3tor dakT noapoduee.
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Onpenenenne 4. Tosopam, wmo mnozoobpasue My noary-
YEHO U3 2000%K020 MHo02000pasus M™ ¢ nomowvro npukrsetixu
Kpyesol pyuKy undexca A\, eciu

M = MnUSI « D)\ % ‘Dn—)\—l7
©
2de ¢ : ST x OD* x D" 21— OM™ — zaadkoe eaooicenue.
Mmnozoobpasue M} noayvero us 2aadxozo mrozoobpasus M"
C NOMOWDBIO NPUKACUBIHUA CKPYUEHHOT KPY2A0T PYUKU UH-
dexca N\, ecau

M =M"J[0,1] x D* x D"/ ~,
@
2de o 1 [0,1] x OD* x D" 271/ ~—s OM™ — 2aadK0e 6.a001ce-
Hue.

Omnpenenenne 5. Pasaoocernuem 2aa0k020 MH02000pa3UA
M™ na xpyesvie pYwKU HA3BBAEMCSA GUALMPGUUS

OM"™ x [0,1] = M}(R) Cc M{'(R) C ...C M ,(R) = M",

2de mrozoobpasue M (R) noayueno us mrozoobpasus M | (R)
¢ NOMOULLIO NPUKACUBAHUA KPY2ADT U CKPYMEHHOLT KPYLADLT
pyuex undekca i. B cayuae, Kozda M™ — zamrnymoe mro2o-
0bpasue PuALMPAUUA HAYUNGEMCA C KPYLABIT PYUEr UHOeKca
0.

HanomuuM cBsasb mexkay S'-pynknusvu Borta m pasio-
JKeHHEeM Ha KpyrJble pydkd, [11].

Teopema 2. ITycmo M"™ — 2aadkoe 3amrHymoe mHo2000pa-
aue. Caedyroujue 064 Ycr08uA IKEUBAACHMHDL:

1) mpusuaavnas v : S* x D" Ye) — M™ , 20e D" 1(g) —
duck paduyca g, V(ST x 0) =~ u

f(l/(e,fﬁ)):—ZE%—...—$§\+ZL’§+1—|—...—|—[E721_1,
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ons (0,2) € ST x D" 1(e),
2) cxpyuennan T 1 ([0,1] x D" 1(eg)/
enadkoe enooicenue, maroe, wmo (7([0, 1]

~) = M™, 2de T —
) X0/ ~)=7u

flr(t,@)) = =21 — ... —al + a2l +.. F 2y,

ons (t,x) € (1 :]0,1] x D""Y(e)/ ~). Bdecv Parxmop-npo-
cmpancmeo [0,1] x D"71(e)/ ~ dugpeomopgno ST x D"~ (g)
¢ nomowwto omostcdecmenenus 0 x D" 1(eg) u 1 x D" 1(g)
nocpedcmeom omobpastcenus

(07.’171, cey TNy T4y - - .71'774,1) e (17 IS PRREPE S Pt SR P -axnfl)-

TaxkuM 06pa3oM Kazkjad npasumibHag S'-pynknus Borra
Ha MHOrooOpasun M", mopoxkaaeT pazaoxenue M" Ha KpyT-
Jible PYYKU U HAOOOPOT.

. AsumoBy npuHa UIeXKUT caepyonuii pesyasrar |5

Teopema 3. ITycmov M"™ — 2nadkoe 3amMKEHYMOE MH02000Da-
sue (n > 3) u ataeposa sapaxmepucmura x(M™) = 0. Tozda
M™ donyckaem pasroscerue Ha Kpy2ave PYwKu.

Mg 3-muHOroobpasuit curyarys 3HAYUTEJbHO CJIOKHEE —
CYIIECTBYIOT 3aMKHYTble TPEXMEpPHble MHOroobpasus He J10-
[yCKAaoIne Pa3jIoKeHne Ha Kpyriabie pydku, [1,12].

[TocKOIBKY HAC MHTEPECYIOT YCJA0BHd, Koraa Sl'-bpynkmnms
Borra ma muorooopasuun M"™ obJsagaer TeM CBOHCTBOM, 9TO
BCe ee KPUTUYECKHWE OKDPYKHOCTH WUMEIOT TPUBHAJIbHBIE CH-
CTeMBI KOOD/IMHAT, HAIIOMHHUM HeobxoanMbre hakTol, [4].

[Io omnpenenenuio n-MepHoit pydukoii H), uHIeKkca \ Ha3bI-
BaeTCs MTPOU3BeEIeHTE

Hy, = D x D",

loBopsT, uTo rmaakoe Muoroobpasue M MOTy4YeHO U3 TIal-
KOro MHOrooopasusi M"™ ¢ 1HOMOIIBIO NPUKJIEUBAHUS PYyUKU
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MHJIEKCA A, eCJIi

My = M"| JD* x D",
)
rae ¢ : 0D x D" —s OM™ — rnanxoe Biaoxenue. 0D x 0
(D* x 0) naswiBaercs cpesneit cdepoit (uckom), a 9D x 0
(D" x 0) — xocpesneit cdepoit (auckom) pyuaxu DA x D,
Pazjioxkenne riajgkoro muoroodpasus M™ na pydku Ha3bl-
BaeTcs pubTpanus

OM"™ x [0,1] =My C M C...C M) =M",

rjie MHOroobpasme N' momydeno m3 MHOTOOOpasms M, ¢
HOMOIIBIO NIPUKJIENBAHUS Py4eK mHiaeKca ¢. B caydae, xormaa
M™—3amMKHyTOE MHOrooOpasue (bujibTpanus HAUYUHACTCS C
py4ek unjekca 0.

Mexkmy paziokeHeM MHOr00OOpasns Ha KPYTIJIble PYIKU H
OOBIYHBIE DYYKU CYNIECTBYET TeCHasl CBsi3b, B [5| mokazamHa
CJIEJIYIONIAS JIEMMa

Jlemma 1. Ilyemo M™ = M7 + Hy + Hyy1 — 2nadkoe mro-
2000pasue noayuernHoe u3 MHo2000pasua ¢ kpaem M ¢ no-
MOULBLIO NPUKACUBAHUA PYHeK undercos X u A + 1, xomopuwie
ne nepecexatomen (n > 2). Tozda, ecau A > 0, muozo06pasue
M™ npedcmasumo 6 sude M™ = M{'+ Ry, 2de Ry obosnawaem
Kpyeayro pyuKy unoexca .

Hmeer MecTO yTBEpXKIeHNTE.

JIemma 2. ITycmv M™ — zaadkoe muozoobpasue (n > 2),
NOAYUEHO U3 MH02000pa3us ¢ kpaem M ¢ nomowvro npu-
KACUBAGHUA KPY2A0T (UAU CKPYNEHHOT KPY2A0T) PYYKU UH-
dexca A > 0. Tozda mrozoobpasue M™ npedcmasumo 6 eude
M"™ = M} + Hyx+ Hyy1.

Ecau npurseusanracy xpyeran pyura Ry, mo undexc nepe-
cevenus Hy u Hyyy 6ydem pasen 0.
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Ecau npuxaeusaraco cxkpyuennan pyuka TRy, mo undexc
nepecevenus Hy u Hy 1 b6ydem pasen +2.

Aoxasamenrvemeo. Caydail, KOTJa NIPUKIEUBACTCA KPYTJIad PYyU-
ka jgokasan B [4] (memma VIIL.2). Ecin k mHOroo6pasuio M
NPUKJIENBaeTCd CKpydeHHas pydka TRy, TO paccyKiaeHusd,
dakTuyecku, anajgoruyunie. IlycTnb

@ :[0,1] x D x D71/ ~ — OMD

LPUKJIEUBAIOIIEe OTOOpazKeHue.
[pencrasum p([0,1] x 0 x 0/ ~)—B BHIe CyMMBbI ABYX
oTpe3koB [ u Iy Takux, 9TO

]1ﬂ12:8]1:812, ]1U12:§0([0, ]_] XOXO/ N)

PacemorpuM nonmuoroobpasue Hy = I} x D* x D" 21, oye-
BHJIHO €0 MOXKHO CYMTATh PYYKON MHIEKCA A\, KOTOpast Mpu-
kiensaercs K OMP o muoxkecrsy OD* x D"~ x [} ¢ no-
MOIIbIO OrpaHuYeHust 0ToOparkenust . OYeBHIHO, YTO MHO-
roobpasue

Hyo = TR\ (5 X DV X D) = Iy x DA x Do
ABJISCTCA PYYKON MHIEKCA A + 1, KOTopas IPHUK/IenBAeTCS K
O(MP U Hy) o muoxkectBy (0Iy x DA U Iy x DY) x DAL,

[To mocTpoeHno HHAEKC TTepecevdeHnss STUX JBYX PyUYeK paBeH

£2. U

CupaBeJI/IiBa CJIEAYIONAST JIEMMA.

Jlemma 3. ITycmo M™ — 2a00%0€e 3amrHymoe mHo2000pasue,
f oM™ — [0,1] — S*-¢pynryus Bomma, ¢ — ee xpumumeckoe
gnavenue u nycmo € > 0, makoe, wmo Ha ompesxe [c—e, c+€]
Opyeur Kpumureckur anaverut nem. Ipednoroscum, umo Ha
nosepxrocmu yposha [ 1(c) aescam wpumuneckue okpydic-
HOCU Y1, .« ., Vi UHOCKCOB A1,...,A\p C MPUBUALOHOIMU CU-
CMEMAMYU KOOPOUHAM, U KPUMUNECKUE OKPYHCHOCTNY V1, - - -,V
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UHOEKCO8 [i1, . . ., [l CO CKDYYEHHBIMU CUCTNEMAMYU KOOPOUHAM.
Tozda 2pynnvl 20mon02ull

H.(f '[c—e,c+el, fHc—e),Z)

NOPOHCIEHBL 8 TROYHOCNYU PYUKAMU, KOMOPBIE COOMBEMCMBY-
10M KPUMULECKUM OKPYHCHOCTILAM

717 ° '7’}/]?76/17 i 7;5/l

A umenrno: Kaxcdas oKpyHcHOCMY Y; noposcdaem dee noo-
epynnovt u3omoppuvie L, 00Ha BLLOEAAEMCA NPAMBIM CAA2AE-
MOLM 8 2PYNNE 20MOA02UT

H/\i(fil[c —&,c+ 8]7 f71<C - 5)7 Z)u
a dpyaas — 6 epynne 20mon02ull
H)\Hl(fil[c —&cC + 6]7 fﬁl(c - 8)7 Z)

Kaoicdas oxpystcrocms y; noposcdaem nodepynny Zo, evide-
ASOULYIOCA NPAMBM CAG2AEMBILM 6 2DYNNe

H, (fe—ec+e], [ (c—e),Z).

Zoxazameavemaso. PaceMoTpum acconuupoBanubie ¢ hyHKIU-
eit f pasnoxkenue mMuoroobpasus (f~[c — e,c¢ + €] Ha Kpyr-
JIbl€ U CKpY4eHHble KpyrJible pyduku. [JocKo/IbKY KpuTnieckue
OKPY?KHOCTH JIeXKAT HA OJHOM YPOBHE DA3JIOXKEHUE HA KPYT-
JIbI€ U CKPYYEeHHbIE KPYTJIble PYYKH MOYXKHA BBIOPATH TAK, 4TO-
OBl 3T PYYKH HE MEPECEKAJUCh MexKJy coboii. Ecim 3ame-
HUTH KPYTJIble PYYKN OOBIYHBIMU PYyYKaAMH, TO U3 MPEJIbIILY-
TIei JIeMMBI CJIEJIYeT, IYTO KazK 1asd CKpYyYeHHAs KPYT/iasi pyIKa
UHJICKCA A MOPOXKJIAET B MOMOJIOTHSAX HOJATIPYIIY H30MOPGh-
HYI0 Zy B Pa3MEPHOCTH A, & KayKJ1ad KPyTJas pydKa HHIEKCA
A TIOPOKTAET B TOMOJIOTHAX JIBE TOATPYIIBI H30MOpMhHbIE Z
B pa3MepHoCTsX A u A + 1. O
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Caenctsue 1. [fycmv M™ — 2aa0k0e 3amKEHyMOE MH02000-

pasue, [ @ M" — [0,1] — S'-pynxyua Bomma, cy,...,c, —
ee kpumuueckue 3naverus u nyemo g; > 0(1 < i < k), ma-
Kue, wmo Ha ompeske [¢; — &;,¢; + &;] dpyeux Kpumuueckux
ananenut nem. Toeda na noseprnocmu yposwna f~1(c;) ae-
2§HCATN, MOABKO KPUMUYECKUE OKPYHCHOCTNY ¢ MPUSUAAOHDLMU
CUCTNEMAMU KOOPAUHAM M020a U MOoAbKO M020a, K0206 HeHY-
AEBBLE 2DYNNBL 20MOA02UL

H*(f_l[ci —&i,C + 5i]7 f_l(ci - Ei)v Z)
— €80000HDLE ADENEGHL 2PYNNbL.

Takum 06pa3oM MBI IMeeM TOMOJIOTHYECKH KpUTEPHil, KO-
raa y Sl-pynkuun Borra orcyTerByoT Kpurnieckue OKpyz-
HOCTHU CO CKPYYEHHBIMU CUCTEMaMK KOOpUHAT. B ciie/ytomniei
raBe MBI YKazkeM emne oauH Kiaace S'-pyuxuns Borra, y xo-
TOPBIX OTCYTCTBYIOT KPUTHUYECKHE OKPYYKHOCTH CO CKPY4eH-
HBIMU CUCTEMAMHU KOODJWHAT.

3. JIMATPAMMBI S'-©YHKLMII BOTTA 1 X
[IPUMEHEHUE

B sT0it TnaBe m1a mzyudenua S'-pynkmoumit Borra Mbl Ha-
TOMHUM OTpeJiefienne pazbuenuii muarpamwm, [4]. Pas6ue-
HUS JUArPAMM XOPOIIO OTPAYKAIOT apXuTeKTypy S'-dbynxunii
Borra, ocobenHo st 0JTHOCBSI3HBIX MHOT'000OPa3Hii.

Paccmorpum pasiiokenue 3aMKHYTOT'O TJIAIKOTO MHOTO00-
pasusg M"™ na pydku

McM»C...Cc M!=M",

rae MHOroobpasme M momydeno m3 MHOroodOpasmss M, c
MOMOIIBIO TPUKJIEHKN pydeK uHiekca ¢. [looxum

Ci=H(M! M|\ Z)~Z&...DZ,
kA
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rjie k; — aucyio pydek mugekca . CpejHue JTUCKU PydeK WH-
Jekca i 3a1at0T 6asuc rpymnsl romosoruit H; (M, M |, Z).

Wcnoab3yst TOYHYIO TOMOJIOTHYECKYIO MTOC/Ie0BATETHHOCTD
Tpoiiku M;'; C M* C M} | MOXKHO IIOCTPOUTD IICIIHOH KOM-
nJeKCe cBOOOTHBIX abesieBbIX TPYIIL:

(C,0): Cp e tm Oy &0 & Oy L

TOMOJIOTHH, KOTOPOTO COBIAIAIOT C TOMOJTOTHSIMUA MHOTOOOPAa-
3usg M™.

[Ipenosioxkum, 4ro Mmuoroodpasue M"™ — OpueHTHPOBAHHOE.
Bwibop opuenTalinu 1mo3Bo/isieT OPUEHTUPOBATH CPEJIHIE U KO-
cpegame chepbl pydeK, 9TO TO3BOJISIET OMPeIeIaTh TOMOJIO-
IUYeCKUe UHJICKCHI ITepeceueHnil CpeTHUX U KOCPeIHUX cep
py4eK HHAEKCOB A H A + 1 B mogMHOrooopasuu OMY. Takum
obpazoMm romMomMopdusM 0y 3amaeTcsa MAaTpPUIEd TOMOIoTHYIe-
CKUX MHJIEKCOB IIepecevdeHnil CpeTHUX U KOCPEIHHX cep co-
OTBETCTBYIOIINX PyYeK B MOoAMHOTooOpasnu OMY.

Ecin kaxk10it pydke mMoCTaBUTHb B COOTBETCTBUE BEPIIHHY, &
pebpamMu COeIeHNTh Te€ BEPIIUHBL, JJIsi KOTOPBIX COOTBETCTBY-
I0IIHe PYYKW UMEOT HeHYJIeBOW WHJIEKC TepPecedeHusi, TO MbI
noJiyanM HeKoTOpeiit rpad. Omrako crpoennst 3Toro rpada
OyIeT CJI0XKHBIM M €r0 MOYKHO YIIPOCTHUTD.

3BecTHO, [4], 9TO ¢ TOMOIIBIO OMEPAIMH CJIOKEHUS PYUeK
Bce mMaTpuibl romoMopdmamos J; (0 < i < n) MOKHO CIEIAThH
JMArOHAJIHHBIME ITPUHALIEKAITIAME OJHOMY U3 CJACIYIONUX 7
BHJIOB:

1) (0) — myseBoi,
2) (F)— enuHn9HOIA,
an 0 - 0
3) A= ( - az - 0 ),F,ZLG lagi| > 1m|ay;| nenar |a; 11541

Akk

(1<i<k—1),
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5) (0) & (A4),
6) (E)® (4),
7) (0) & (E) & (A).

[Ipeanonoxkum, aro M"™ — OIHOCBA3HO, . > 5 U OTCYTCTBY-
10T pyukd uHgekco 1 u n — 1. Torma MOKHO T0OUTHCS, ITO-
OB TOMOJIOTUYECKHE HHIEKCHI TePeceIeHn COOTBETCTBYIONIUX
CPeJIHUX U KOCPEIHHuX cdep COBIAIATN C UX TeOMETPUUCCKH-
MU UHJICKCAMU lIepeceyeHui.

Takum oOpa3oM mapa CoCeHUX Py4eK MHIEKCOB A u A + 1
MOXKeT JIT00 He MepeceKaThed, JU00 UMeTh MHIEKCHI Tepece-
wenust £1, £2 win £m, tae |m| > 2. [ockonbky sitaeposa xa-
PAKTEePHUCTUKA 3aMKHYTOI'O IJIAJKOrO MHOTroobpaszus M", Ko-
TOpOE JIOIYCKAeT pa3JjoyKeHue Ha KPYIVIble PYYKH paBHa HYy-
JIIO, TO JId pasJiokenue M™ Ha PpydKH MOMXKHO BBECTU BBe-
CTH cJIeayiomuii o0bekT — aumarpammy. Jluarpamma mpej-
cTaBasgeT coboil HecBSI3HBINA rpad, BEPIINHBI, KOTOPOTO COOT-
BETCTBYIOT pydkKaMm, a pedpa COeJIuHSIOT BEPINHHbI B TOM U
TOJILKO TOM CJIydae, eCJii MHEKC MePeCceYeHnsi COOTBETCTBY-
IOIUX PyYeK HeHyJeBoii. bojiee TouHO,

Onpenenenue 6. (), Haszvieaemca oua2pammoti 0AuUHBL
n, ecau Ha naockocmu 3adana n + 1 cosokynnocms mouer

1 1.1 1. N ) n
ao,...,ako,al,...,akl,...7al,...,akn,

Komopuie YodosAEMEOPAIOM CACOYULUM YCAOBUAM:

1) das mexomopoir i mroscecmeo (al, . . ., ay ) moscem Gvimo
nYCcmolM,

2) ko — ki + ko — ...+ (=1)"k, =0,

3) mouxa us mmoscecmsa (ai,...,a,) (1 <i < n—1)

moorcem bvmo coedurena Aubo Moavko ¢ 00Hot moukol u3
mnosicecmea (ai™ 1) aubo moavko ¢ 0dnoti moukof

i
N
uz (ait ... altt) odnum us mpex cnocobos:
1 » Ykt
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CoBOKYIHOCTD TOYEK Y, ..., a5 ;...;ai,...,aj, OyieM Ha-

3BIBATh -M OCTOBOM AMArpaMMbI ().

Touka, KoTOpas Ha AUATPAMME He COeJIUHEeHA ¢ KaKoii 1o
JPYToit TOUKOi, Ha3bIBaeTCd CBOOOAHOIM. Eciiu B jinarpamme
nMeercs pparMenT

i i+l

aj e ,
TO a! Ha3bIBAETCS MOJIyCBOGOMHOM TOUYKON (MHIEKC mepece-
YeHHsI COOTBETCTBYIONINX Py4ek pasen +2). Eciu cymectByer

dparmenT
+1
2

TO @) HA3BIBAETCS 3ABUCUMOI TOUKOIl (MHIEKC MepecedeHust
COOTBETCTBYIONIAX PyUeK paBeH +m). PparMent

i i+1
. a
a/]’——_‘ t

i

i
i — — — —eq

a

Ha3bIBAETCsl BCTABKOH B PaA3MEPHOCTH i (MHJEKC Iepecede-
HHUsI COOTBETCTBYIONIUX PyYeK paBeH +1).

Omnpenenenune 7. [lapa mouex u3 pazmeprocmu t u i+ 1 Ha-
3bL8AEMCA HEZABUCUMOT 8 PAZMEPHOCTNU T, ECAU MENHCIY
HUMU HEM, COCOUHEHUT UAU €CAU OHU 00DA3YIOM. PPa2MEHM.

[ — ]

B panbreitiem OyaeM pa3buBarh JuarpaMMy Ha Helepece-
KaIoIHecs Maphl He3aBUCUMBIX ToueK. CiesiaeM 0JIHO OTPaHHU-
JeHne 11 (pparMeHToB IuarpaMMbl BHIA

aje- — — — —eaiM!

i i+l i.=- i+l
,0—oq a; a,

) i . i1 it
a}c._ L _.a;Jr (L}C.—.aﬁ (IZ’=’”¢

Banperaercss oJHOBpeMeHHO pa3buBarh Jir0oboi 3 ¢dpar-

i ALy (i itl
MEHTOB Ha mapel Buma (aj,a;" ), (ay, a;™).
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Onpenenenue 8. Fcau duazpammy €2, moxrcra npedcma-
sumMb 6 sude 006eOUHEHUA HENEPECERKANULULCA HESABUCUMDBLT
nap mouex, mo bydem cuumamsv, ¥mo ona donycraem pas-
buerue. [lapv, mouex (aé,aﬁjl) 9M020 PasbueHus HaA308eM
8EPUWUHAMU PA3OUECHUA 6 PA3SMEPHOCTIU 1.

B snasbueiimem dpukcupoBannoe paszouenue jpuarpaMmmbl €2,
Oyaem obosnadarh uepes 2,(0). Moxker okazarbes, 4TO jiua-
rpamma (), He gomyckaer pa3bueHusi, TOCKOJBbKY B HEKOTO-
PBIX Pa3MepPHOCTSIX He Oy/1eT XBaTaTh TOUYEK JJId 00PA30BaHUS
HE3aBUCUMBIX TIap.

Onpepenenune 9. Cmabuausdavuedi duazpammo, (), 6 pas-
. Sz
MEPHOCTNU T HA3BIBAEMNCA QUAZPAMMA 8UIG Q5 = Q. UA;,
(2

2de A; — HoBblE BCMABKYU 6 PA3MEPHOCTNU 1.
Caemyromuit dakr qokazan B [4].

Jlemma 4. Jlaa xaocdoti duazpammo, ), cywecmeyem ee
CMAbUNUSAUUA 8 PASMEPHOCTNAL 11, . . ., 1, 0003HAMUM €€ ye-

i1yeeis)

pes 03 , Komopas donyckaem pasbuenue Qf(“"”’is)(a).

Omnpenenenne 10. Tucao x;(2,) = ki—k;_1+. . .+(=1)" kg
Ha3bleaemces 1-mot 3tuaeposoti rapaxmepucmurot dua-
epammut €1,,.

OueBmIHO, YTO BCTABKA B PA3MEPHOCTH { YBEJIHYHBACT i-
. S(i
10 3i11epOBYy XapaKTepPUCTHKY Qn() Ha eJIMHUIY W He MeHsSeT

3HaYeHUN OCTAJbHBIX j-X 3HIEPOBBIX XapPAKTEPUCTUK
"
X () = x;(Q)
SISt j - i
JIemma 5. [4] Ecau duazpamma Q, donyckaem pasbuenue,

mo wucao sepwun pazbuenus S, (o) 6 xascdot pazmeprocmu
0010 U MO 2ice OAf BCET €€ BO3MONCHBLEL PA30OUEHUT].
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Onpenenenune 11. I[Tycms duazpamma ), donyckaem pas-
buenue. Tozda i-mum wucaom Mopca M;(2,) naswsaemes
YUCAO 6EPUWUH PA3OUEHUA.

B cuny jsieMMBI 9TO 9HCI0 HE 3aBHCUT OT BBIOOpa KOHKPET-
HOTO pa30ueHust JuarpaMmbl §2,,.

Onpenenenne 12. /laa duazpammoi (2, €€ i-mMvtm HUCAOM
Mopca Hazvieaemea murnumym i-mux wuces Mopca, 63amuii

no ecem cmabuLU3AUUAM Juazpammot 2, , Komopwvie AONYcra-
1om pasbueHue.

B sTom onpenenennn nuarpamma (2, He 00s13aTEIBHO ABJIsI-
ercs pazdouenueM. BeisicHum, KOT/1a JIJIs pa3buenHus guarpam-
MBI {2, Ha Tapbl HE3aBUCUMBIX BEDPIIHH HEOOXOIUMO J1eJ1aTh

BCTaBKH. OK&BI)IB&GTC}L nMeercd JBa KadeCTBEHHO pPa3Ind-
HBIX CJIy4ad.

Onpenenenune 13. Pasmeprocmsv \ y duaepammol ), Ha-
3v8aemcesa 0cobot, eca

XA—I(Qn) = X)\—l—l(Qn) = 07 X)\(Qn) =k > 07

a duazpamma §2, 6 pasmeprocmaxr A u A\+1 umeem eud 0dnozo
U3 CACOYOUUT WECTNU BAPUAHMOB.

e—— 906900 —9 &---90 ©---0 &6 —0

° ee—00——0 ©---0 o---9 &0
.

. . . : : .

- - - - . -
e—egC— ¢ —© & - —-0 o---9 o—+o

— ¢--9¢ —

——> e - — ——

b . H .

: . : .

—D e--¢ — M
—
*---o
*-_--o

:

H

:
*---o

B mportecce pazbuenns puarpaMmel (), Ha Iapbl HE3aBUCH-
MBIX TOYEK B ITOH CHTYAIMH HEOOXOTUMO JIeJIaTh OJHY BCTAB-
Ky B pa3MepHOCTH A\ — 1 WK B pa3zMepHOCTH A + 1 , 9To TpHu-
BOJIUT K HEOJIHO3HAYHOCTHU. B urore Oyjer pa3HbiM 9HUCIO0 AP
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B pa3MmepHocTH A — 1 mwiu B pazMepHOCTH A + 1, B 3aBHCHMO-
CTH OT TOTO, B KaKOi pa3MepHOCTH cjesaHa BcTaBKa. Vmeer
MecTo JleMMa, [4].

JlemMa 6. J[uazpamma 2, saessemca pazbuenuem mozda
U MOALKO mo2da, K020 Y Hee Hem OMPUUGMENOHLT L-TOLT
IUAEPOBLIT TAPAKMEPUCNUK U 0coObX padmeprocmeli. Hucao
Mopca duaepammuot ), Komopas donyckaem pasbuenue, pasHo

Mz<Qn> = Xz(Qn)

Onpenenenue 14. Cmabdusrusayus duazpammo, €, Ha3bi-
8aeMCH IKOHOMHOU, ecal

1) 6 cayuae, koeda x;(,) = k < 0, cdeaano k scmasox
8 PASMEPHOCTIU 1,

2) i — ocobas pasmeprocmyv, Mo COCAGHA 00HA BCMABKG
uau 8 pasmeprocmu i — 1, uau 6 pasmeprocmu i+ 1.

B nanbreiiiiem pazbuenne quarpaMMbl Ha HE3aBUCUMbIE 1a-
pBI TOYEK Oy/ieM NPOU3BOIUTD, J[BUTASICH C JIEBOTO KOHIA Ha-
npaBo, ecam 310 neobxoaumo. Homoxmm p(N) = (N + |NJ).

Teopema 4. [4]. ITyemsv Q, — npouseosvhas duazpamma.
Tozda

M;(€) = p(xi(En))-

Ecrm QY — crabmmmsamus guarpavmbt §2,, o M;(Q) >
M;(2)

Onpenenenue 15. Ba3sot duazpammoi (), nasvieaemes 0ua-
epamma S, noayuennas us ), omobpacvleaHUEM BCET 6CMa-
80K.

Onpenenenne 16. /[uazpamma €1, Haswveaemces mouwHo,
ecau cyutecmeyem cmabusuzayu Sy, ¢ UMEHHO Q5™ donyc-
Katowas pazbuenue ¢ i-vm wucaom Mopca, pasnvim M;(€2,)
05 8CEX T 0OHOBPEMEHHO.
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Teopema 5. [4]. /las mozo wmobw, duaepamma Sy, Gviaa mosw-
HOT HeobToduMO U docnamouHo, 4mobv, Yy HEE He ObLA0 0CO-
ovix pazmeprocmed.

OmuieM Kak M0 pPas3jiozKeHUIo IVIaIKOTO0 3aMKHYTOTO MHO-
roobpaszus M" Ha KpyTJible pyIKU TOCTPOUTH AUarpamMmy §2,,.
ITycth

My (R)C M{(R)C ...C M (R)=M",

pazyoxkenue M™ na Kpyriabie pydyku. Ha ocHoBaHHEM JIeMMbI
2.2 3aMeHIM KazKIyI0 KPYIJIYIO0 PYUKY HHIEKCa A Ha JIBe OObII-
Hble DYYKHN UHIEeKCOB A 1 A + 1. B urore Mpl mosyanm pazio-
JKeHne MHOTOOOpasus M"™ Ha pydku:

My CcM'C...C M}=M".

Wcnonn3yst, 310 pasiaoxenune M"™ Ha pydKH, TOCTPOUM HEITHOM
KOMILJIEKC CBOOOJIHBIX a0esIeBbIX I'PYIIIL:

(C,@)Cg(—%C’,lgCl@CzH%eCn

[Mpuseng marpunsr auddepeniumanio J; K AHATOHATLHOMY
Buy, moctpoum guarpammy 2,. Vmeer mecto cireayronimit
daxr:

Ilpennmoxxenune 1. Ilycmo
MY (R)Cc M{(R)C ...C M {(R)=M",

pazaooicerue mnozoobpasus M™ na kpyaavie pyuru, €, — dua-
2PAMMA, GCCOUUUPOBAHHAA C IMUM padsodiceruem. ITpedno-
AOACUM, Mo Y duazpammos (), 0MCymMemeyom nosyceoboo-
noe sepwuns. Ecau duazpamma 2, Asaiemces 3K0HoMHOT
emabuauzayuet ceoeti 6asvi Q,, MO Y UCTOOH020 PA3A0dHCE-
HUA HO KDY2ADE PYUKU OMCYMCMBOBANY CKPYUEHHBLE KPY2AbLE
PYUKU.
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Joxazameavcmeo. JlelicTBUTEIBHO, B 9TOM CJy4ae Juarpam-
MBI ), HE TTO3BOJISIET U3 BCTABOK COOPYINTH CKPYIEHHY O KPYyT-
JIVIO pyuKy. Bce TOYkM u3 BCTaBOK 3aJIefCTBOBAHBI JIsd 00-
pa3oBaHUs BEpIIUH C JAPYTHMU TOYKAMH Juarpammbl. VM 1mo
YCJIOBHIO OTCYTCTBYIOT ITOJTyCBOOOJIbIE BEPIIHHDI. 0

3ameuanne 1. Hecaooicno nocmpoums npumep pasaodice-

HuA MH02000pasus M™ wa kpyesvie pyuwku, cpedu KOMOPvLT
OYyodym cKpyueHHbLE KDPY2ABLE PYUKU, HO BMECTE C MEM Y GCCO-
YUUPOBAHHOT € IMUM PA3A0ACEHUEM QUaZPaMMbL OYIYm om-
CYMCmMBE08amsd NoaYc8ob00HbIE GEPULLHDL.

Onpenenenue 17. [Tycmv M"™ — 2aa0k0€e 3a.MKEHYMOE MHO-
2006pasue. Hucao

Xi(M™) = w(H;(M"™,Z)) — w(H; 1 (M",Z)) + ...
() u(H(M", )

Ha3veaemcs 1-mot 20seposoti rapaxmepucmukrol MH02000-
pasus M™. 3deco p(H) — MUHuUMaAbHOE “UCAO 06PA3YOULUT
epynnvt H.

Onpenenenne 18. Pazmeprocmb \ Y 3aMEHYMO20 MHO20-
obpasua M"™ nazweaemca ocobotl, ecau Hy(M", Z) — neny-
ACBAA KOHEUHAA 2PYNNG 0MAuuHas om Lo & ... B Zo u

Xa—1(M™) = xpp1(M™) = 0.

Onpenenenune 19. [Tycmv M™ — 2aa0k0€e 3amEHYMOE MHO-
2000pasue. Pasnooicenue wa kpyaavie pyury HG3b8GEMCA KEa-
BUMUHUMAABHBIM, CCAU BHINOAHACINCA 00HA U3 08YT 603-
MootcHocmet:

1) wucao xpyeawx pyuex undekca i paswo p(x;(M™)) + &;,
2de g; = 0, ecau pasmeprocmsd i+ 1 — neocobas u e; = 1, ecau
pasmeprocmy © + 1 — ocobas,
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2) Koauuecmeo Kpyeanx pyuek undekca i pasno p(x;(M™)),
U ecau pasmeprocms i + 1 — ocobas, mo umeemcs mosvko
odna pyuka undexca i + 2.

B oboux cayuaax wucro xpyesox pyuer undexca 1+ 1 paero

p(Xir1 (M™)).

Mcnonb3ysa pasaokeHne MHOTOOOpasus Ha PYYKH W AHa-
IPAMMHYIO TEXHUKY, JIETKO J0Ka3aTh cuaenyomuii dakr [4].

IMpennoxxenue 2. Ilycmv M"™ — 2aadkoe 3amrnymoe 0dHo-
ceaznoe mnozoobpasue (n > 5). Toeda M™ donycraem xeasu-
MUHUMAADHOE PASAOHCEHUE HA KPY2ABLE PYUKU.

4. TToTOKN MOPCA-CMEMJIA

[Iycts M™ — rytajikoe KOMIAKTHOE MHOrooOpasue, X — I1a/I-
Koe BeKTOpHOe moJie Ha M". Ilpeanonoxum, uyro X dBiser-
¢ BeKTOpHBIM mojieM Mopca-Cwmeitna. HamomanMm, 9T0 Bek-
topaoe nojie X HasbiBaercs nosem Mopca-Cwmeilsa, ecin y
HOTOKA (P, TOPOKJICHHOTO 1MoJieM X, MHOYKECTBO HEOIy K a-
forux To9ek (X) COCTOMT W3 KOHEYHOrO YHCJIA TOYEK W
OKDYZKHOCTEl (3aMKHYTHIX OPOHT), HMEIOIHX Iuiepbosnde-
CKYIO CTPYKTYPY U UX YCTOHYMBBIC MU HEYCTOWYUBBIE MHOIO-
o0pas3us MepeceKaroTcss TPAHCBEPCATbHO.

SaMKHyTast OpOUTa 7y HA3BIBAETCA THIEPOOIUIECcKOii, ec-
JIM KacaTeJabHoe paccaoenue T'M™, 6ynydu orpaHuIeHHBIM Ha

Y, UMEEeT BUJ
M} = B EI D B3

rae B¢, mopoxKIeHo BeKTOPHBIM IoJjieM X, & IOAPACCI0eHU
ES w EY. muBapuanTHbl OTHOCHTENbHO D Kpome Toro, cy-
mecTBYOT KoHCTaHTH C' > 0 m A > 0 Takue, 9T0

1D (&)l = Ce™[i€)], € € ES,t =0
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IDe(m)l < Ce™™ )]l n € Byt >0,

rae || ||, Gepercs B HEKOTOPO# puMaHOBOil MeTpuke p Ha M.
Touka moKOsT T /s (o; Ha3bIBAETCS TUMEPOOJTMYIECKOId,
ecJIl KacaTeJabHoe IpocTpaHcTBO 1'M mmeer BH

TM; = E (P E;,

U BBITIOJIHAIOTCA TPeIbIAyIue HePAaBEHCTBA 1S BEKTOPOB U3
oJIpocTpancTs B u E7.

YcroiiunBbie 1 HEYCTOMYNBBIE MHOTO0OPA3MS 3aMKHY-
TOM ruepboInIecKoil OpOUTHI Y OLPEIESIOTCS TOCPEICTBOM

We(y) = : p(ew, pry) — 0,

Korjga t — 00 JIAd HEKOTOPOro Yy € Y |

W () = : p(¢ix, ory) — 0,

Korga t — —00 JIJ1 HEKOTOPOIo Yy € 7.

Jng runepbomyueckoil TOUYKHM MOKOS & IOTOKA (o; yCTOM-
qmuBbIe U HeycToiiuumBbie MHOroo6pasus W¥(z) u W (x)
OTIPEIE/TSIIOTCST AHAJIOTHIHO.

3BecTHo, 9TO 3TH YCJIOBHSA HE 3aBUCAT OT BhIOOpa puMa-
HOBOI MeTpHUKH Ha MHOrooopasuum M™.

MuaekcoM 3aMKHYTOH TUIepOoandeckoii opoursl v (ru-
epOOINIECKON TOUKH TIOKOsT) TIOTOKA 0y HA3BIBAETCS PA3Mep-
HOCTB €TI0 PacCIoeHus LY (pasMepHOCTDb MOAMPOCTPAHCTBA
EY).

BamkHyTas opbuTa 7 Ha3blBaeTCsd He3aKPy4eHHO# (un-
twisted), ecan ee neycroftansoe MEOTOOOpazue LY — opuenTu-
pyeMo M Ha3bIBaeTCs 3aKpydeHHOU (twisted) B mpoTuBHOM
caydae.

[Tone wu morok Mopca-Cwmeitia Ha3bIBaeTCsI HECUHTYJIAP-
HBIM, €CJIM TOYKHU IIOKOsI OTCYTCTBYIOT. B 310l pabore Mmbl
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COCPEJIOTOYUM HAIlle BHUMAHHE HA HECUHIYJIAPHBIX MOTOKAX
Mopca-Cweitna.
[Ipegnonoxkum B panbueiiem, aro M™ — opueHTHPYEMO.

Onpenenenne 20. [Iycmv v — He36KPYUEHHAA 3AMEHYMAA
opbuma undexca X eexkmoprozo noss Mopca-Cmetinag X na
mnoz2000pasuu M™. Tosopsam, umo v umeem cmandapmmyio
PhopMmy, ecau cYWEecmeyem makas €€ KoopOUHAMHAA OKPECM-

nocmo U = (0 € S, wy, .. 20, U1, s Ynor_1), 6 Komopoti X
umeem eud
X — 0 0 0 0 0

= %—l—xla—xl—i—...—I—mAa—x/\—yla—yl—...—yn_)\_lm.

s 3aKkpydeHHO# 3aMKHYTON OPOMTHI MHJEKCA A BEKTOP-
Horo nosist Mopca-CwMmeitna Ha M™ TakyKe CYIIECTBYET OIpe-
JieJIeHre CTaHIAPTHONR (POPMBI.

OKpecTHOCTDb 3aKpyUeHHOi 3aMKHYTOI OpOUTHI HHIEKCA A
BekTOpHOrO 10151 Mopca-Cmeilna siByisieTcss ABOMHBIM HAKPbBI-
THEM Ha/JI IpeJiblayiieit okpectHocTbio U. Bosiee TouHO, IyCTh
U =S'x D" (e), rme

D"(e) = ((x.y) e R*x R*M o x* + |y[* < ¢)

U IIyCTh IPOBEJIEHO OTOXKecTBIeHe U/ ~ ¢ TIOMOIIBIO 0TO0-
paKeHus

(97$17 eI Y1, - ->yn—>\71) <~
S O+, =21, o, Tx, =YL, Y2, -+ oy YnA—1)-
3aMeTHuM, 4TO 9TO OTOXKJIECTBJIEHIE COIJIACOBAHO C CYyKEHH-
eM BeKTOpHOrO 110J1si X Ha U 1 3ajaeT HOBOE BEKTOPHOE 110JIe
XuaU/~.
Onpenenenue 21. [lyecmv 5 — 3aKpyuennas 3aMEHYMAA
opouma undexca A eexkmoprozo noas Mopca-Cmeting X na
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MmHo2000pazuu, M"™. Tosopam, wmo opbuma v umeem CIMar-
dapmnyro Popmy, ecau cyuecmeyem makai ee Koopounam-
naa oxpecmuocmv Vou dudgeomoppusm h 2V o— U/ ~,
Komopwil nepesodum cyoscerue noas X na V e nose X wa

0/ ~.

Crenyromuii pe3ysIbTaT Mo CyIecTBY MPpUHAITEKAT Hbio-
xaycy u [leiikcoro [13] cm. Takxe [7].

Ilpengnoxkenne 3. [Tycmov Xy — Hecun2ysaproe 6eKmopHoe
noae Mopca-Cmetina va mrozoobpasuu M™. Tozda cywecmesy-
em nymv X, (0 <t < 1) 6 npocmparcmee 2nadkuz 6exmop-
nor noaeti wa M™, maxoti wmo

1) X; — necuneyasproe sexmoproe nose Mopca-Cmetina wa
M"™ dns scex 0 <t <1,

2) samrnymoe opbumuve noss Xi uMem cmandapmmyio
dopmy u cosnadarom ¢ 3aMEHYMBLMU 0pOUMaMU 1oAA Xq.

[Iycre X — mecunryaspraoe BekTopHoe moJsie Mopca-Cwmeii-
Jla Ha MHOTOOOpazun M".

Ounpepenenne 22. Inadkas pynxyus f: M™ — [0,n]| na-
aweaemca pynkyueds Jlanyrnosa daa noas Mopca-Cmetina X,
ECAU OHG YOOBAEMBOPAEN, YCAOBUAM:

1) X(f), = 0 moeda u mosavko mozda, koeda mowka p npu-
Hadaeoncum samknymot opbume noas X |

2) X(f)p < 0 daa scex mouer p ne NPUHGONEAHCAUUT 30~
MEHYMBIM opbumam noas X,

3) f asaaemca npasuavnoti S*-pynxyuet Bomma,

4) ecau damrHYMas 0pouma vy — Heaakpysernas, mo f ume-
EM MPUBUAALHYI CUCTEMY KOOPOUHAM, 68 OKPECTHOCTU Y, 6
NPOMUBHOM CAYHaAE [ UMEEM CKPYUEHHYIO CUCTIEMY KOOPIU-
HAM 8 OKPECTHOCTNU 7.
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OueBnyno, uTo hbyHKINE JISTyHOBA /JTsT OTHOTO U TOTO 7K€
HECHHTYJIAPHOTO BeKTOPHOTrO 1o st Mopca-Cwmeitra Ha MHOTO-
obpasuu M™ mMoryT OBITH pa3HbIMH.

[Iycts f,g : M™ — [0,n] dyukimuu JIganyHoBa 1Jis HECHH-
IyJasgpHOro BekTopHoro mnojs Mopca-Cwmeitsia X Ha MHOrooo-
pazun M". O6osnaunm uepes M;(X, f) = f71[0,i+1]. Vmeer
MECTO CJIeJYIONIas JeMMa.

Jlemma 7. Ilyecmo f u g —dee dynuxyuu Jlanynosa 0irs
HECUH2YAAPHO20 8exmopH020 noas Mopca-Cmetina X Ha mHo-
2000pasuu M™. Tozda cyuecmeyem makot uaomonnviii moostc-
decmeenrnomy duppeomopdusm h : M™ — M™, umo

ona ecex 0 <i<n—1.

Joxazameavcmeo. PaceMOTpuM accomumpoBaHHOe ¢ DYHKITH-
amu JIgmyHoBa f u g paziaoxkenue MHOToOOpasus M "™ Ha KPyT-
Jble W CKPYYeHHBIe KPYTyible PydKu. OYeBUIHO, UTO THUMBI
KPYIJIBIX Py4eK Jijid 006enX pas3/iozKeHuil Oy/IyT OJHU U Te ZKe.
bBe3 orpannyenus oOIIHOCTH MOYXKHO CHHTATDH, YTO

MO(X7 f) - MU(ng)

Paccyxenung Oy/iyT HOCUTH MHIYKTHUBHBIH XapakTep.

[penmonoxum, M; (X, f) = M;_1X,g), i > 0, u noka-
JKeM, 9To ¢ nomotibio gauddeomopduszm h; : M™ — M™, uzo-
TOIMHOT'O TOYKJIECTBEHHOMY MOYKHA JOOUTHCS, ITOOLI

Mj(X7f):hi(Mj(ng))7 2]

OueBUIHO, 9TO CyIECTBYeT Takoe £ > () 4TO HA ITPOMEKYT-
ke [i — 1,7 — ¢] kpurnueckux 3uavenuit Her. Ciie10BATEIBHO,
MHOroobpasusi

Ni(va):f_l[O’i_E]v Ni(Xag):g_l[Ovi_g]
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oynyt muddeomopdubiMu. C TOMOIIBIO H30TOMNN MOXKHO J0-
OUTHCH, YTOOBI TH MHOT'000pa3us coBna/iann. [ JocKoIbKyY Kpu-
THYECKUe OKPYXKHOCTH y (DYHKIWI [ U g OJIHU U Te JKe, TO Jier-
KO BUJETb, MCIONb3ysd YACTHIHBINA MOPSIOK, KOTOPBIN CyTie-
CTBYeT Ha 3aMKHYTBIX OKPYZKHOCTsIX 1oJist X, [7], 9To mocie
MPUKJIEUBAHUS KPYIJIBIX pYyUYeK UCXOId U3 00ouxX OyHKIWIT,
oIy dYeHHbIe MHOrooOpasus o6yayT mauddeomopdubivu. Eime
pa3 UCMOIb3Ys U30TOMNIO, MOYKHO JOOUTHCS, YTOOBI STU MHO-
roodpas3usi COBIAIAIN. DTO 3aBEPINAET J0KA3ATETbCTBO JIEM-
MBI. U

Ucnons3ys dyHKIAIO JIAmyHOBA /17151 HECUHTYISPHOTO BEK-
topuoro noJyist Mopca-CwMmeitsia X na MaHorooopasun M" u cie-
crBue 2.1 MOXKHA JIaTh CJjeyIomuil JIOKaJbHbI!l Kpurepuii oT-
CYyTCTBUS 3aKPYUYEHHBIX OpouT y mojis X.

IMpennoxxeuue 4. ITycmo M"™ — 2aa0k0e 3aMEHYMOE MHO-
eoobpasue, f: M™ — [0,1] — dynryua Jlanynosa das necumn-
2ynaprozo sexmoprozo noas Mopca-Cmetina X na M™. [Ipeo-
NOAOHCUM, UMO C1, . . ., Ckp — KPUMUBECKUE 3HAYEHUS GYHKUUL
[ unyemov wucaa g; > 0 makue, wmo na ompeske [c;—e;, ¢;+¢;]
dpyeuzr wpumuseckur snavenuts nem (1 < 1 < k). Samrny-
muie opbumbl, Aedcauyue ha noseprrocmu yposua [ (c;), 6y-
oYym HE3AKPYUEHHBLMU MO0200 U MOALKO M020a, K020a HeHYAe-
avie epynnv, 2omonoeuti H,(f e —ei, cite), fHei—¢&i), Z)
ABAANOMCA CB000OHVMU GOEAEEHMU 2DYNNAMU.

IMpennoxkeunne 5. Iycmo M"™ — 2aadkoe 3amrrymoe 00HO-
C8A3HOE MH02000pasue n > 5, Ha KOMOPOM 3G0GHO HECUH2Y-
aapnoe sexmopnoe nose Mopca-Cmetina X . Ilpednonrootcum,
wmo epynna Zip He ABAACNCA NPAMBIM CAGZGEMBIM G 2PYNNAT
eomonoeuts H,(M™,Z). Ecau f : M™ — [0,1] — dynryua Jla-
nYynosa 0as noas X ABAAECMCA KEASUMUHUMANOHOUT, MO GCE
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aamrHymoie opoumor noas X 6ydym uesakpyuernvimu. JIpy-
2UMU CAOBAMU, €CAU OAA NOAA X BNOAHAEMCA 00HA U3 08YX
803MoHCHOCTEU:

1) wucao samrrymox opbum undexca © pasno p(x;(M™)) +
g;, 2de ; = 0, ecau pazmeprocmo © + 1 — neocobas u €; = 1,
ecAl pasmeprocmo © + 1 — ocobas,

2) wucao samrnymoz opbum undexca i pasro p(x;(M™)), u
ecau pazmeprocmo i+ 1 — ocobas, mo umeemcsa moavko 00Ha
3aMEHYMAs opouma undexca i + 2.

B oboux cayuasx wucao aamrHymox opbum undexca i + 1

pasho p(xis1(M™)).
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