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KacaresbHble IIPOCTPAHCTBA K
METPUYECKIM IIPOCTPAHCTBAM.
CekBeHITIAJAbHBINA MOAXO0/T

B pabote uccaemayiorcs cBoiicTBa KaCATEIbHBIX MPOCTPAHCTB K 00-
UM METPUYIECKUM IIpocTpancTBaM. IIpegcraBienbl HEKOTOPbIE KPH-
Tepu¥r KOHEYHOCTHU, KOMIAKTHOCTH W OTPAHUYEHHOCTH TAKUX KaCa-
TEJIbHBIX MPOCTPAHCTB. AHAJIU3UPYETCS CBA3L MEXKIY KaCATeIbHbI-
MU TPOCTPAHCTBAMHU, TIOJTYIEHHBIMU TTPU MOMOIIM CEKBEHITMATBHOTO
MOJIX0/Ia U TPU TIOMOIIH YIBTPACXOIUMOCTH.

In this paper we study the properties of the tangent spaces to general
metric spaces. Some criteria related to the boundedness, the com-
pactness and the finiteness of such tangent spaces are presented. The
connections between tangent spaces which obtained with the help of
the sequential approach and with the ultraconvergence are analyzed.

© @. Abaysutaes, A. A. osroweii, M. KyuykacJiau
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1. BBEJIEHUE

Haburonarorieecst B nocsie/iHue jgecsaTuyieruss OypHOe pa3BUTHE
aHaJIM3a HA METPUYECKUX [POCTPAHCTBAX TECHO CBS3aHO C HEKO-
TOopBIMHU 0000IeHnsAME qudbepennupoBanns. KoHIennnm «Bepx-
Hero» mwian «ciaaboro» rpaguentos |11, 14|, npemroxennoe Yure-
poum (Cheeger) norstue muddepeHIIpYeMOCTH /ISt HCCIEI0BAHUS
aHaJIoroB TeopeMbl Pajiemaxepa B METPUYECKHUX ITPOCTPAHCTBAX C
Mepoii [6], Merpuueckast TPON3BOIHAST B UCCIIEI0BAHUAX (DYHKIHIT
OTPAHUYEHHO! Bapwaluy, TPUHUMAIOINX 3HAYEHUT B MeTpUde-
ckux mpocrpaHcTBax (24, 26|, nznoxennsiit B [12] noaxoz k xud-
depeHIMPOBAHNIO HA, OCHOBE TEOPWH JUMIIUATIEBHIX (DYHKIIH — WH-
TEPECHBIE U BAXKHBIE TPUMEPhI Takux 0006mennit. nnynuposanue
JIMHEHHOW CTPYKTYPHI, & CJieIoBaTeibuo, n nuddepeHiimpoBanns,
Ha cemapabebHBIX METPUIECKUX MPOCTPAHCTBAX IIYTEM WX BJIO-
JKEeHWs B JBOWCTBEHHBIE K cemapabebHBIM TPOCTpancTBaM Banaxa
BB1JI0 UCIIOIB30BAHO B [2] [/ N3y YeHUs CIPSMIIAEMbIX MHOKECTB B
METPpUYICCKUX IIPOCTPAHCTBAX. KaK IIPaBUJIO, IMEPEInC/JICHHbIC MEe-
TOJbI JA0T HETPUBHAJIbHBIE PE3YIbTATHI TOJBKO B CIIydae, €Cjiu
TTPOCTPAHCTBO COMEPKUT «TOCTATOUHO MHOTO» CITPAMJISIEMBIX KPH-
BbIX.

JpyruM «eCcTeCTBEHHBIMS IIyTEM OLPEIEJICHUS «METPUIECKOrO
nuddepenimaniay B JaHHONR TOUKe SABJSETCS MTOCTPOeHUe HUHOU-
HATE3UMAJIBHOTO METPUIECKOTO MTPOCTPAHCTBA B 9TON TOYKE C IM0-
caenyomuM 3aganuem gudeperimaia Kak orobpaKeHus, omnpe-
JIeJIEHHOTO Ha, TaKOM MH(MUHUTE3NMATBLHOM TpocTpaHcTse. Tako-
0 pOJia MOCTPOEHUS MOTYT OBITH TPOJIEJIaHBl BHYTPEHHUM Obpa-
30M, Oe3 BJIOXKEHHd B 00beMJIIOIIee JIMHEHHOEe MpocTpaHcTso. U
XOTsl BO3HUKAIOIUE NH(OUHUTEZUMATBHBIE TTPOCTPAHCTBA JIUITEHBI
JIMHEHHOU CTPYKTYPBI, OCHOBHOM JJIsl KJACCUYECKUX KaCaTeIbHbIX
npocTpancTB JudepeHnnaabHoil reOMETpPUN, OJHAKO [0 aHAJIO0-
UM C KJACCHYECKUM CJydaeM OyeM Ha3blBaTh TaKUE ITPOCTPAH-
CTBa KacaTeJIbHBIME (B JaHHOH TOYKE K JAHHOMY METPHIECKOMY
mpocTpaHcTBy). Takoe Ha3BaHWE OTYACTH OMPABIAHO XOPOIIHMU
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GYHKTOPHAILHBIMA CBOMCTBaMH AU HEpEeHINPOBAHNASA Ha, WHMU-
HUTE3UMAJIbHBIX MPOCTPAHCTBAX U IIPUMEPAME TIOKA3BIBAIOIIUMH,
9TO B MPOCTEHIINX CAyUIasix TAKUE TMPOCTPAHCTBA «COBIATAIOTS C
OOBIYHBIMHU KaCATEbHBIME MPIMBIMU U ILJIOCKOCTSIMHU.

B macrosiiee BpeMsi B KauecTBe IIPOCTPAHCTBA, KACATEJBHOIO K
Merpuaeckomy mpocrpancTBy (X, d) B Touke a € X, 9acTO MPUHU-
MaOT YJIbTPAIlPOU3Be/IeHNE TI0CIEI0BATEIFHOCTH Pa3ILy THi

(X7 ld? a)iGNa ri 40
T
(cm., Hampumep, [4, 13]). Emne ogauM «ecTeCTBEHHBIMY TPETEH/TeH-
TOM Ha POJIb KACATEIBLHOTO MPOCTPAHCTBA K METPHUIECKOMY MPO-
CTPAHCTBY siBJIsteTCst ipeiest o I'pomosy—Xaycnopdy [5], HO Takoii
TTO/TXOT TIPEJCTABISETCST HE CAUITKOM YIOOHBIM JJIsT TOCTPOECHUS
TEOPUN «METPUIECKUX AU DEepeHITHaTOBy, 3aMETaHnsT TI0 STOMY
HOBOJLy MOYKHO HaiiTu B [13].

B 2008 roay B pabore [10]| 6611 mpe/I0sKeH HOBBIi, TAK HA3BIBA-
eMBIH Cex6eHUUANbHBIT TIOXOT K TIOCTPOSHUI0 KacaTeTbHBIX MPO-
CTPAHCTB K MPOW3BOJILHBIM METPUIECKUM MPOCTPAHCTBAM, TECHO
CBI3AHHBIN C YKA3AHHBIM BBIIE CIOCOOOM 33TAHUS KACATETLHBIX
uepes yabTPATPOU3BEACHIE TTOCIEN0BATEIHHOCTH PA3IY Tl MCXOI-
HOTO MeTpudeckoro mpoctpancTsa. C TOYKM 3PEHWsT aBTOPOB Ce-
KBEHIMAIBHBIN TIOAX0 ] €CTh He 9TO WHOE KaK HeoOXOaMMOoe TOT0JI-
HEHWE K WUCIIOJB30BAHWIO YJIBTPAPEIEIOB, 1 Homee KOHCTPYKTH-
BEH TI0 CPpaBHEHWIO C TIOCJICIHWM. HpI/I CEKBCHIMAJILHOM IIOAXOOIe
KaCATENbHBIE MPOCTPAHCTEA, K METPUIECKOMY MPOCTPAHCTBY X B
OTMEYeHHON TouKe a € X 3aJat0Tcd Kak (PaKTOP-TIPOCTPAHCTBA
HEKOTOPBIX CEMENCTB TOCAe0BATEIBHOCTEH TOUeK M3 X, CXO/s-
mM1XCAd K TOYKE a.

B macrogmeit pabore mar0Tcd KpuTEpUH KOHEUHOCTH, KOMITAKT-
HOCTU " OFpaHI/IquHOﬁ KOMIIAKTHOCTH CEeKBCHIMAJILHLIX KaCa-
TEJIbHBIX IIPOCTPAHCTB K O6H_H/IM METPpHUYICCKUM MTIPOCTPAHCTBAM.
PaCCManI/IBaIOTCH IpruMeEpPbl CCKBCHIIMAJIBHBIX KaCaTC/JIbHBIX I1PO-
CTPaHCTB U O6CY7K,ZI;&6TCH X B3aMMOCBA3b C KaCaTe€/JIbHbIMU IIDO-
CTPAHCTBAMH, TOCTPOSHHBIMHU TIPH TIOMOIITH YABTPATPON3BEICHIUI.
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2. OCHOBHLIE OIIPEJEJIEHN

[Iycts (X,d) ecTh MeTpHYeCKOe TMPOCTPAHCTBO € OTMEYEHHOI
TOYKON a. 3ahUKCUpPyeM MOCTEI0BATEIBHOCTD T MOJOKHUTENbHBIX,
CTPEMSIIIUXCA K HYJIIO YHCE Ty, KOTOPYI0 OyleM B JiajibHeem
HazBIBATE Hopmupyloweti. O603HaMMM Yepe3 X COBOKYIHOCTH BCEX
nocaemoBaTebHOCTEN Touek n3 X. Byaem roBoputh, 9T0 mocie-
nosarenbaocTd Z, § € X, & = {Tptnen 4 § = {Un}nen, 630uM-
HO cmabusbrb, (OTHOCUTETHEHO HOPMUPYIOMIEH MOCTe0BATETHHO-
CTH T), €C/TH CYINECTBYET KOHEUHBIH mpesie

lim WEn2¥n) G o, (2.1)

n—oo Tn
1 910 cemeiictBo F C X camocmabunvro (OTHOCHTENBLHO 7)), ecm
JIFOOBIE T, 9 € F SBJISIOTCS B3AUMHO CTAOU/IbHBIMU. CranjgaprHoe
npumenenve jemmbl [lopra mokaswiBaer, 4ro Ay Jit0b0it HOpMU-
pyHoIei 7 CylmecTByeT MakCUMaJbHOE (110 BKJIOYEHUIO) CaMOCTa-
6uTbHOe cemeiicTBO X, = X, 7 TaKOe, YTO TOCTOSHHAS MOCIeI0BA-
TenpHOCTb @ = {a,a,...} € X,.

D yHKITNA di + Xox X, — R, 3rauenne KoTOpoii Ha mape (Z,y) €
X, x X, onpegensiercs popMyoit (2.1), sIBISETCS MCEBIOMETPH-
KOif Ha MHOXKECTBe X,, a OMHADHOE OTHOUIEHHE & A §j TOrJA M
TOJBKO TOT/IA, KOT/A ci;(:i, g) = 0, ecTb OTHOIIIEHIE YKBUBAJICHTHO-
cTy Ha 3ToM MHO)kecTBe. O60o3HAYUM Yepe3

Qp = Qi = Q5

MHOKECTBO KJIACCOB 3KBUBAJIEHTHOCTH, HA, KOTOPBIE & pa3buBaer
Xo 7. Onpenesum dynkmmio p : Q, xQ, — Ruo npasuy p(a, §) =
di(Z,9), tne & € o, § € B. Toraa p— KOPPEKTHO ONpe/[e/IeHHAs
MeTpuka Ha {,.

Onpenenenue 1. Mempuueckoe npocmparcmso (g5, p) Ha3vi-
6aeMCA NPedKACAMEAbHBLM NPOCTNPAHCTIEOM K MEMPUHECKOMY TPO-
cmpancmsy (X, d) 6 mouxe a € X (ommuocumenvrno nopmupyrowet
nocaedosamenvrocmu 7).
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Mt 3amaHAbIX @ € X W T MOXKET CYIEeCTBOBATh HECKOJBKO
HEH30MEeTPUYHBIX [PeIKACATeNbHbIX IPOCTPAHCTB (), 7 B 3aBHCH-
MocTn oT BbIOOpa X 7.

[Iycts {ng}nen €CTb GeCKOHEUHAST, CTPOTO BO3PACTAOIIAS I1O-
CJIEJIOBATEILHOCTD HATYPAJIbHBIX 4uces. s HopMupyrormeit mo-
CJIeZI0BATEILHOCTH T TMOJMOKUM 7 := {ry, }reN U HyCTH

o
= {xnk }kEN
upn T = {Zp}nen € X.
Onpegenenne 2. Ilpedkacamenvrioe npocmpancmeo Qg7 Ha30-
sem Kacamesvnolm (K X 6 mouke a), ecau dasn a106010 nocaedosa-

o ~! . =~ v .
meavrocmu {ng}ren cemetcmeo {&' : & € X,57} bydem makcu-
MANDHOLM CAMOCTNABUALHOM OTHOCUMEALHO T .

Hycrs X u Y — MeTpuvecKue NPOCTPAHCTBA C OTMEYEHHBIME
rToukamu @ € X u b € Y, ¥ u £ — HOPMUPYIOIIIE OC/IeI0BATEIb-
HOCTH, Xa 7 C Xu th - Y — MaKCUMaJIhHBIE CAMOCTAOMIHLHBIE Ce-
MelicTBa C COOTBETCTBYIOIIMMU TPEAKACATECIIBHBIMU ITPOCTPAHCTBA-
MH QX o i QY Hnsg pyaxumit f: X — Y onpegesnm orobparkenns

f:X =Y xax f(2) := {f(x:) }ien, ecmn & = {2 }ien € X.
Onpenesienune 3. Craocicem, umo dynkyus f : X — Y —pu-
dudpdepenyupyema 6 moyke a OMHOCUMEALHO TLADL
(Xaia Y/b,i')a
ECAU BUMOAHENDL YCAOBUA!
G) f(& )eY})td/m ecer i € X,z

(i) (de(@,9) = 0) = (d(f(@), f( ) = 0) dan scex I,j
Xor.

Ormernm, uro (i) Brneger pasenctso f(a) = b, a ecam st 0~
6oro X, Hafizierca Y, z, 114 kotoporo (i) BbIIoJHEHO, TO f Henpe-
PBIBHA B TOUKE d.

O6o3ra9nM 4Yepe3 p; U P; €CTECTBEHHBIC NPOCKIUA X, 7 U Y 7

7 a,r b

Ha QX 1, COOTBETCTBEHHO, Ha ngt
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Onpepnesenne 4. Iycmo f: X — Y — p-dudgepenyupyema 6
mouxke a omuocumenvro napwv (Xq 7, Yy 7). Hasosem omobpasicenue
* . X Y
Dy = Q¢

mempuueckum Jupdepenyuanom dynkyuu f (6 mouke a ommuocu-
meavto (Xa7, Yy, 7)), ecau

D (pi(%)) = pi(f(2))
oA ecexr T € Xaf.

Omnpejenenublit TakuM obpaszoM Merpudecknii auddepeHniuas
CYIECTBYET W eJIMHCTBeHeH Jiist jiioboit f, p-nuddepennnpyemoit
OTHOCHUTENBHO (Xa,;.,Yl')f). Kpowme toro, ecnn f — p-mudpdepentim-
pyeMa OTHOCHTEIBHO (Xai7 l?}) 7), Z — MeTPUYEeCKOe [IPOCTPAHCTBO,
ag:Y — Z— dyuknus, p-nuddepennupyemas 0THOCUTENTHEHO
(Yo7 Z,. 1), 0 ux cynepnosuuus 1) = g o f— p-pucdepennupy-
ema orHocHTenbHO (Xgf, Z,7) M MMET MeCTO IEeIHOe IIPABUIIO
Dy, = Dy o Dj.

3. KOHEUYHOCTb, KOMITAKTHOCTb, OTPAHUYEHHOCTD

[Iycts (X, d) —MeTpudeckoe TPOCTPAHCTBO ¢ OTMEYEHHON TOU-
Kott a € X. JInad KaykJI0To HATypaJabHOTO N > 2 Ha JIeKapTOBOM
npousseerun X" onpejeauM (DYHKIHIO F), 110 TpaBuiy

Fo(a,...,a):=0

d(zg,x min d(xg,a
<1§k1;[l§n (T l)) <1<k’<n (zk )>
n(n2—1)+1
(max d(azk,a)>

1<k<n

Fn(:vl, cee ,xn) =

ecan (T1,...,%n) # (a,...,a).
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Teopema 1. Hepasencmeo card(Q, 7) < n swnoanaemea 0aa a1o-
6020 X, 7 mozda u moavko moezda, xkoeda I, nenpepvisna 6 moure
(a,...,a).

Otmernm, uto HepasencTso card (2 -) < 1 paBHOCHIBHO paBeH-
K
X

X\
crBy card(§; ) = 1, Koropoe umeer mMecTo Jis Beex §U ;, ecim u
TOJIBKO €CJIN @ ABJISIeTCH W30JIUPOBAHHON TOUKON B X.

Iz mo06oro A C R u Touku t € A nomoxum

A
p(A,t) := limsup m,
h—0 h

rae [(t, h, A) ectb quHA HAUOOJIBIIETO WHTEPBAJIA B
[t,t + h)\A.

Benmuuny p(A,t) wHOrIa HA3BIBAIOT NPAGOCMOPONHET NOPUCMO-
cmvio Mmuoxkecrsa A B Touke t.

Teopema 2. Caedyrousue ymeepocienus sK6UEAACHMHDL.

(i) Cywecmsyem nopmupyowsas nociedo8amesbHOCMyd T, A
KOMOpot HexoTopoe Qéff ABAACTNCA KACAMEALHBIM U OOHO-
MOYEUHBIM.

(il) Cywecmeyem HopMUPYIOWAA NOCAEOOBEMEALHOCTND T, OAA
Komopot ce fo Obydym KacaMeALHOUMY U KOMNAKMHDL-
MU.

(iii) Cywecmeyem HOPMUPYIOWAA NOCAEIOBAMEALHOCTND T Ma-
Kas, wmo oas 1060t ee nodnocaedosamenvrocmu T 6ce
npedracamesbubie NPoCmpPaHcmea fo, 02PAHUMEHDL.

(iv) IIpasocmoponmas nopucmocmo MHONCECTEA

{d(z,a) : z € X}
PaBHG eQUHUYE 6 HYe.

[Iycrs (Y, p) — Merpuueckoe IpocTpatcTBo u mycrs € > 0. Obo-
suaanm epes N (Y, p) HaUMEHBITYI0 M3 MOIHOCTEH MHOKECTB
W CY, obpasyiomux e-cetb mig Y. Ecau

Y ={(Yi,pi):i €1}
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— ceMefiCTBO METPUIECKUX TTPOCTPAHCTB, TO OyIeM TOBOPHTH, 9TO
Y pasromepro npedkomnarmmo, ecan

sup Nz (Yi, p;) < 00

i€l
mig giioboro € > 0. Hamomuwm, 9T0 MeTpUUIECKOe MPOCTPAHCTBO
HA3LIBACTCS 02PAHUYEHHO KOMNGKMHbIM, eCITH TI000e ero 3aMKHY-
TOE OTPAHWYEHHOE MTOJAMHOKECTEO OY/IET KOMITAKTHBIM.

[Mycts (X, d) — MeTpuyeckoe IPOCTPAHCTBO ¢ OTMEYEHHON TOY-

KOW a, a T = {7 }ieNy — HOPMUPYIOIIAsI 0CJIeJI0BATENbHOCT. [Tpn
t > 0 mra xkaxkgoro ¢ € N mosoxxum d; 1= T%d u

Bi(t) :=={z € X : d(z,a) < tr;},

T.e. B;(t) — OTKpBITHIH Mmap pajuyca ¢ ¢ IEHTPOM B TOYKE @ B IIPO-
crparctie (X, d;). Paccmorpum cemeiicTBO IpOCTpPaHCTB

O(t,7, X, a) := {(B;(t),d;) : i € N}.

Teopema 3. Ilycms Q47 — KacCaMeEALHOE NPOCMPAHCMEO & 02Pa-
HUMEHHO KOMNAKMHOMY MEMPUECKomy npocmpancmey X 6 moy-
ke a. Tozda Qg 7 bydem 02panUYEHHO KOMNAKMHOIM, €CAU U MONL-
KO ecau cemeticmeo

O(t,7, X, a)
PABHOMEPHO NPedKomMNaKmmo npu kastcoom t > 0.
HanomMH#M, 94TO METpHYeCKOe MPOCTPAHCTBO X YIOBIETBOPSAET
ycaosuto ydeoenua [11, c. 81], ecnm cymecrsyer N € N rakoe, 9aro

npu jroboM 7 > 0 s Kaxkaoro mapa B(z,r) HalIyTCs mapbl
B(xi,5), i =1,..., N, nokpesaomue B(z,7),

N r
B(z,r) C U B(l‘i, 5)
=1

Cnencreue 1. Ilycmov X — mempuueckoe npocmpancmso, yoo-
saemeoparouee ycaosur yosoenua. Toeda xascdoe xacameavroe
npocmparcmeo x X 6ydem 02paHUMEHHO KOMNAKIMHBIM.

OTCIOI];&, B 9aCTHOCTH, BBITEKaET CJICICTBHE.
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Cuiencrsue 2. [lycmos mempuveckoe npocmparcmeo X u3omen-
PUHHO 8KAQGIBIBAETNCA 68 KOHEYHOMEPHOE AURETHOE HOPMUPOBAHHOE
npocmparcmeo. Tozda arwboe xacamesvroe npocmparncmeso £ X 0y-
dem 02paruento KOMNAKIMHbLM.

Ucnoneays Teopembl 2 u 3 MOXKHO TOJYIUTH HEODXOIUMBIE U
JIOCTATOYHBIE YCIOBUA KOMIIAKTHOCTH KACATETHLHOTO TTPOCTPAHCTBA
I7IsT danHotli HODMUPYIOIIEH mocaeoBaTepHocTH [8, Teopema 6].

JloKaz3aTeIbCTBO TEOPEMEI 3 ONMUPAETCs Ha CIAEIVIONINNA Moje3-
HBIH (PaKT.

Teopema 4 ([10]). Tycmo (X, d) — mempuueckoe npocmparcmeo
¢ ommeuennoti mouxotl a, a T — HOPMUPYIOWAH TNOCACO0EAMEND-
nocmo. Tozda awboe kacamenvroe Qg i ABAACMCA TOAHVIM.

4. IIPUMEPBI KACATEJILHLIX MTPOCTPAHCTB. KACATEJILHBIE
INPOCTPAHCTBA K IIOAIIPOCTPAHCTBAM

[Iycts X copmamaer ¢ R,R? mmm Rt = [0,00), koTophle pac-
CMATPUBAIOTCA KAK METPWYECKHE MPOCTPAHCTBA ¢ OOBIYHON MeT-
pukoit d(z,y) = |z — y| u ormedennoit Toukoit 0.

Teopema 5. Zlasa 110600 nopmupyroweti nocaedos8amesbHoCmuy
T u aobozo X7 wasrcdoe npedkacamenvroe npocmparicmeso ()7
USOMeMPUYHO X U AGAAETCA KACAMEALHDIM.

CdopmymupoBanHas TeopeMa JaeT MPOCTEHINNe «MOJebHbIE>
MIPUMEPBI KACATEIbHBIX MTPOCTPAHCTB. JIjis TOro, 9Tobbl HANTH Ka-
caTesIbHBIE IPOCTPAHCTBA B MEHEee TPUBHAJBLHBIX, C TOUYKH 3PEHUSI
reOMeTPUH, CATYAIUIX BBEJIEM HeOOXOMMbIE OTHOIIEHNS] SKBUBA-
JIEHTHOCTH.

[Iycts (X, d) —MeTpudeckoe TPOCTPAHCTBO ¢ OTMEYEHHON TOU-
Koit a m Y, Z — TaKue MOAIIPOCTPAHCTBa X, 9To ¢ € Y N Z.

Onpenenenue 5. Hazosem nodnpocmparcmea Y u Z xacamenn-
HO IKBUBAAEHTNHBLMU 6 MOYKE A OMHOCUMENDHO HOPMUPYIOWET
nocaedosamenvnocmu 7 = {rp }nen, €cau 0aa 4106

n={yMene?, H={z"}eneZ
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C KOHEYHBIMU npe@eﬂamu

(1) (1)
lim Lyn @) U lim LG ,0)
n—o0 Tn n—o00 T

~ 1 ” ~ 2 >
cyweemeyrom Go = {y5 bnen € V u 5 = {27 }nen € Z, dua
Kromopuvlr

(1) _(2) (2 (1)
lim 761('% ) = lim 7d(yn o)

n—00 Tn n—o0 Tn

=0.

Hodnpocmpancmea Y u Z cuavho KGCAMEABHO FKEUBAAEHITIHDL 6
MOoYwKe G, ECAU OHU KACAMEABHO IKEUBAACHMHBL 6 a 0A4A 10600
HOPMUPYOULET NOCAEIOBAMEABHOCTIU.

[Tycts Y — moanpocTpancTBo MeTpuaeckoro npocrpanctsa (X, d).
Hnsga €Y ut >0 oboznayum vepes

SY(a,t) :={y €Y :d(a,t) =t}
cdepy pajauyca t ¢ IEHTPOM B a. AHAJOTMYHO,

SZ%(a,t) :=={z € Z : d(a,t) =t}
miga € Z C X ut>0. Ilycrs

eq.t,Z,Y):= su inf d(z,
(t.2,Y) zeszi,t)@ey (2,9))

ca(t) = max{ea(t, Z,Y), a(t, Y, Z)}.

Teopema 6 (|7]). Hycmv Y u Z — nodnpocmpancmea mempu-
yeckozo npocmpanemea X u a € Y N Z. Toeda Y u Z cuavho
KACAMENbHO IKGUBAAEHMHLL 8 MOUKE G, eCAU U MOALKO ECAU

. Eqlt
lim €a(t)

e—0 t

=0.

CaencrBue 3. I[lycmv Y — naommuoe nooMHoiMCeCNEo Mempue-
cxozo npocmpancmea X. Tozda X u'Y cuabHo KGCAMEABHO IKGU-
sanenmubl 6 A0boli mouke a €Y.



Kacarenpapre mpocTpaHCTBa K METPHIECKUM OpOCTpaHcTBaM 15

Moxkno mokazaTh, 9TO ecan Z U Y CHJIBHO KacaTeTbHO dKBU-
BaJIEHTHBI B TOUKE @ € Z MY | TO jjisd JIFOOOT0 TIPeIKAcATEIBHOTO

IIPOCTPAHCTBA Qf # K Z HaiiJleTcs IpeJKacaTe/bHOe IPOCTPAHCTBO
bl
Z

Y
Q7 x Y, msomerpuuecku uzomopduoe U7,

a,r
ABJIAETCA KaCaTeJIbHBIM, TO QZF TOZKE 6y,ZLeT KaCaTe/JIbHBIM.
k)

OpHYIEM, eCJIn QQZF
b

Ncnonb3ya Teopemsbr 5 u 6, MOXKHO TIOCTPOUTD TAJTHHENIIIHE TTPH-
Mephbl KaCaTETbHBIX TTPOCTPAHCTB.

Hpumep 1. ycmo Yi,...,Y,, n > 1, — koneunoe wucao 24a0-
KUL 08YMEPHBIL NOGEPTHOCTEY 8 EKAUIOBOM NPOCTPAHCINEE, NPO-
TOOAUUL HEPE3 MOUKY A, HEGBIPOHCIEHHBIT 8 MO MOUKE U UMe-
WUL 6 Hell 00UYI0 KACAMEALHYI NAOCKOCTL, o200 0Af 410001
HOpMUPYrOWET nociedosamervHocmu 7 060 NPedKacamesbHoe
NpPOCMPAHCMBE0 Qz:i % npocmpancmey Y =Y, U---UY, usomem-
puuro R2.

[Tpumep 1 nokaszbiBaeT, B 9aCTHOCTH, 9TO JJjs TJIAJKNAX TIOBEPX-
HOCTEl 0ObIYHbIE KACATEIbHbBIE IJIOCKOCTU U PACCMATPUBAEMbIE Ha~
MU KacaTeJbHble MIPOCTPAHCTBA K METPHUYECKUM IIPOCTPAHCTBAM
«COBIAJAIOT.

IIpumep 2. IIycmov maxue gynrxyuu f,g:[—1,1] = R, wmo
f(0)=g(0)=0b,  f(0)=g'0).

Ob6osnaqum wepes X nodmmosicecmso naockocmu R?, cocmosawee
u3 mosex « + iy, daa komopwx x € [—1,1] u

min(f(z),g(x)) <y < max(f(z),g(x)),

m.e. mouex, AerHcauuxr mexcdy epaduramu Pynruuld y = f(x) u

y = g(v). Hadeaum X mempuroti, undyyuposannoti us R2. Tozda

6 mouke a = (0,b) dan arwboli T moboe npedkacamenvroe npo-
X

CMMPaHCINeo Qa 7 USOMEMPUHO R u asasemca xacameavHvM.
’

Ipumep 3. Ilycmos Y — nodnpocmparcmeo esxaudosa npocmpat-
emesa R3, obpaszosannoe epausenuem poza

{(z,y) 2" <y<a™P 0<a <1}, >8>0,
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sokpye ocu Ox. Tozda arwboe npedkacamesvbroe NPOCMParHcmeo
Y 6 mouxe 0 = (0,0,0) 6ydem xacameavnvim u usomempuuno RT .

Boaprmoit maTEpEC TPEACTABAAIOT KACATEIbHBIE TTPOCTPAHCTBA
K (bpaxTaabHBIM HoAMHEOKECTBaM R2. B aroM cirydae, Kak moka-
3bIBAET TEOPeMa 2, KaCaTe/IbHbIE TPOCTPAHCTBA HE Oy/yT OrpaHu-
YEeHHBIMU, & TeM 0oJiee KOMIAKTHBIMU, HO MOXKHO PaCUUTHIBATH,
9TO TPU TOAXOJSINEM BbIOOpPE HOPMUPYIONIEH MTOC/TIEI0BATETHHO-
CTH CBOMCTBO CaMOIIOmO0msI OyIeT COXPaHEeHo.

[Ipocrefimmuit mpuMep — KacaTeJbHOEe MPOCTPAHCTBO K MHOXKe-
crBy Kanropa — MoxHO HaiiTh B [9)].

He Bce npenkacarenbHble TPOCTPAHCTBA ABIAIOTCS KACATETbHBI-
mu. Hampumep, eciim X — 3aMKHYTOE, BBITYKJIOE TOIMHOXKECTBO
wrockoctH, Int (X) # @ u a € Fr(X), To maa moboit 7 Hadigercs
MaKCHMATbHOE CAMOCTAOMILHOE )N(a,;, JIJIsT KOTOPOTO COOTBETCTBY-
I0LLee IIPEAKACATE/IbHOE IIPOCTPAHCTBO {1, - HE SBJIAETCs KacaTe b
ubiM. Ormerum, uro Kacameavuvie {2, ; B 9TOM Clydae H30MeT-
PHUYHBl HAaUMeHbIIeMYy ([0 BKJIIOUEHHUIO) 3aMKHYTOMY BBIMTYKJIOMY
KOHYCY C BEPIIMHON B TOYKE a, BKJOUaIemMy X.

5. YJILTPAIIPOU3BEJIEHVS U NPEAKACATEJLHBIE
[NPOCTPAHCTBA METPUYECKHUX IIPOCTPAHCTB

[Tycrs (X, d) —Mmerpuueckoe MPOCTPAHCTBO C OTMEYEHHON TOU-
KOW a, T = {r;}icNy — HOPMUDYIOIIAsI MMOCJIEJI0BATEIBHOCTD, W —
HeTpUBHAIBLHE yibTpaduibrp Ha N. OfosnadnM uepes X <7
MHOYKECTBO BCEX TAKHUX TOCTIET0BATEILHOCTEH

T={zi}ien € X,
JUIST KOTOPBIX

1
sup {—d(:ci,a) RS N} < 0.
T
s iobbix T,y € Xwar CyIecTBYeT KOHEYHBIH yabTpanpeaesnt
~ d(xi, i
d“"(&,7) := lim Ma
w Ti



KacarenpHple mpocTpaHCTBa K METPUYECKHM IIpOCcTpaHcTBaM 17

ABJISIONINIC 11ceBoMeTpuroit Ha X", Merpudeckyo uaeHTH-
dburaryo mcepmoMeTpuyeckKoro npocrpancTsa (X9 %" d¥") Hazo-
BEM YIBTPAIPOU3IBEIEHIEM IPOCTPAHCTB

1
(X, *d, a), 1 E N,

u obozHaunmM uepes Q%" OgeBuHO, UTO

Xor C X9y dp(Z,7) = d°7(Z, )

JLIS JTI000T0 MaKCHIMAJILHOTO CaMOCTabUIbHOTO X 7 M JTIOOBIX T, § €

Xq,7- O603HAUNM 757 TO H30METPHIECKOE BIOKEHHE [IPEIKACATETb-
N w,a,r

HOT'O IPOCTpaHCTBa (), 7 B yabTpanpounssegenne %" m1aga KoTo-

pOro KOMMYTaTHBHA JHATPAMMAE,

id ~ -

K Fwar

pr J p‘*”F
s .

Qur T Qu-aiF

rie id(Z) = T nuist Beex T € Xaﬂ:, a pr 1 p*" — COOTBETCTBYIOIIHE
METPUIECKIE TTPOEKITHH.

[Iycts Temeps A —moamuokectBo N, mpuaamexarnee w. O6o-
sHaYUM 4Yepe3 w = w4 caen yabrpaduibrpa w Ha A,

Ww:={BNA:Becw}

u nycrs 7 = 7lg = {r;}icA — COOTBETCTBYIOIIAS TIOIOCIEN0BA-
TEILHOCTD MOCAeI0BATeILHOCTH 7. Torma w’ — HeTpUBHAILHLIHA YiIb-
TpaduneTp Ha A M, 3aMeHdas w Ha W' WM T Ha 7/, MOXKHO OIpe-
JIeJIUTh LPOCTPAHCTBA )N("J,7a’7:/,ﬂw,7a7f/ u oTOOpaXKEHUST p‘”/”:,,is;/
AHAJIOTHYHO TOMY, KaK 3TO ObLIO chesaHo Beime. OTMeTrmM, 4To
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/ =/ =~
npoctpaacrea Y% u QW% uzomerpuanbl. 'TouHee roBOps, Cy-
mecTByeT m3oMeTpus IS,/ , Ao KOTOPOi KOMMYTATUBHA ArarpaM-
Ma

~ ems -
XCL,T Xa,'r
pwf pw/,F/
~ Is P
QWa,™ QW' sasT

rme emi (X) = X|a = {x; }iea s Becex & € X7,

Craenyromee yTBepzK/IeHNE MOKA3BIBAET, ITO METPHIECKOE PO~
crpancTBo Q%" gisercs (GDUHAIBHON CTPYKTYPO# OTHOCUTETBHO
ceMelicTBa 0TOOPaKeHNMi

18,1 r o~ Is =
Qai’ r Q' w Qw,a,r’
W' =wla, ™ = 7|4, ecim A npoberaer Kakyio-HuOyaH 6azy bub-

Tpa w. ObozraumM s,y 7 =I5, 0 isj.

Teopema 7. IIycmv A — 6aza Pusvmpa w. Tozda daa awboz0
MEMPUYBECKO20 NPOCMPAHCMBG Z U 4106020 0MOOPAHCEHUA

Qe -7

cAedyouue YMEEPHCOCHUA IKEUBAACHITVHDL:
(i) f asasemca usomempuyuHviM (HENPEPLIEHBIM ),
(ii) omobpascenusn

Is, i

~, -
Qaﬂ:l w—’r> Qwar *f_) Z’

W = |a, ¥ = F|la usomempuunv (nenpepuishvy) oaa 6cex
npedwacamervuus Qg 5, A € A.

Dra Teopema BepHA /I JIOOOr0 METPUYECKOTO ITPOCTPAHCTBA
X . Tlorpeboras oT X BBITIOJIHEHUS YCIOBUA YIBOEHU S, MOXKHO <TI0~
CTPOWUTH» WHIYKTHBHBIN CTIEKTP

{Qai’a PF T 7= 7la, = 7lp, A,B €w, A< B},
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MPSIMBIM IIPEIEIOM KOTOPOT'O SIBAAETCA METPHIECKOEe IIPOCTPAH-
cTrBo QST
111 9TOTO OIpeaeIuM MPEAIOPII0K < Ha W TAKAM 0Opa30M:

(A< B) < (B)\ A KoHeTHO).

Torna B (w, X) Haiimercs KouduHaILHOE MHOXKeCTBO A C W BrIOJIHE
VIIOPAZ0YEHHOE OTHOIICHAEM <5.

Teopema 8. Ilycmv X ydosaemeopsaem ycaosuto yosoeHus u
nycmov A — enoane ynopadovennoe KonGuHaAsbHOE NOOMHONCECTNEO
(w,x). Tozda umeem mecmo meopema 7. Kpome mozo, dan a106vix
A < B u3 A natidemca u3omMempuseckoe 8A0MCEHUE

. ~/ p— v = r
(p;,/i,// : Qa,f’ — (2(177://7 r = Y"A, r = T‘B

maxKoe, 41mo KOMMYmamueHa (9U(IZpG,MMG

0 [SW/7
a,r’!

7

Qw,ai

Pt 7t

Qa,f'”

u daa amwoboeo C = B, C € A, sbinoanenvt yca06ui co2AaCO8aHUA
g07:/7:/// = (pfllf/// O gpf/f//} 2()6 ’F”/ = f‘c

B uactooCcTH, Teopema 8 moOKazwpIBaET, UTO JIO00E KACAMEALHOE
MPOCTPAHCTBO K METPUYECKOMY HPOCTPAHCTBY X, YJOBJIETBOPHAIO-
IEMY YCJIOBHIO Y/IBOEHWS, SABJISETCH YIbTPAIPON3BEIEHNEM Da3-
aytait X. 3aMeTuM TakxKe, 9TO YCIOBWE YABOEHWS B Teopeme 8
MOYKHO 3aMEHHUTE CenapabebHoCTh0 Y% 1n e [MHCTBEHHOCTHIO

X7 15 1I000T0 JIAHHOTO T.

BaaromapuocTu. Muorue pesyabrarsbl npeiCcTaBICHHBIE B Ha-
crosimeit pabore ObLIU IOJ/IYYE€HBI BO BPEMS BUBUTOB BTOPOTO U3 aB-
Topos B yausepcurer 1. Mepcun (Typuus) u yausepcurer r. Xejib-
cubku (Qunnsinaus). ABTOPBI G1arogapsT 3a 10/JIEPKKY ITUX BU-
suros TUBITAK un Axagemuto Quurangun.
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30epexeHHSI reOMeTPUIHIX
BJIACTUBOCTEl JUHAMIUHUX CUCTEM
ITPU TOMOJIOTIYHOMY CHpPSAKeHHI

In this article we investigated the preserving some geometrical prop-
erties of dynamical systems under the action of topological conjuga-
tions.

3a Teopemoro Mapremieua [1| 6yab-akuii MeTpudHUlT 3B A3HUIT
KOMMAKT (KOHTHHYYM ) MOYKHA [OJATH K PPAHUITO JESTKOTO 3BOPO-
THOTO CHEKTpa (I 3BOPOTHOI CHCTEMHE, KOJU MHOXKHHOIO 1H/IEKCIB
e N). Tomy mocmizKenHs reOMEeTPIUIHIX BIACTUBOCTENH 3BOPOTHIX
CHCTEM TPOJIMBAE CBITJIO HA TEOMETPUYHI BIACTHUBOCTI CAMUX Me-
TPUYHUX KOMTIAKTIB. 3 OHOTO BOKY, Tie# miIxi HaJIeKUTh 10 TO-
moJIoriuHOT AuHAMIKHA. 3 iHITOro 60Ky, AMHAMIYHI cucTeMu OyBatOTh
HenepepsHi (Ko iHgeKC o € A) Ta amckperHi (KOIM MHOKUHA
inmekcie gopisaoe N). Ko posrisgaTh TiNbKU JUCKPETHI Ju-
HAMIYHI CHCTEMMU, SKi ITe i 3BOPOTHI, TO BOHW TOYHO CHIBIA I0TH
i3 3BOPOTHUMU CIEKTPaMu 3 TOMOJOTidHOl aunamiku. Jlunamiani
cucteMu OYBarOTh ABTOHOMHI — KOJIM MiK pisamMmu 0b’€eKTamu i€
OHA 1 Ta caMa MPOEKIIisd, Ta HeaBTOHOMHI, KO MIPOEKIIil Pi3Hi.

Mu gocaigzKyeMo TUCKPETHI HEABTOHOMHI CHCTEME, KOJIU TPOe-
Kl pi3ai, 8 TOMy HaIr 00’€KT JOC/I/2KEeHb 3HAXOAUTHCI HA CTUKY
TOMOJIOT YHOT AuHAMIKY 1 Teopil aunHamigaunx cucrem. Jlai, sKino B
TEOPil 3BOPOTHUX CIEKTPIB €JIEMEHTAMU [PAHUIIL 3BOPOTHOIO CIIe-
KTPY € HUTKHU, sIKi 33J0BOJBHSIIOTE YMOBY TPAH3UTUBHOCTI Vi <

© O. B. Aramaniok, B. B. Aramanok
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J < k, pji © Pkj = Pki, TO B T€OPil JUCKPETHUX 3BOPOTHHUX HeEaB-
TOHOMHWX JWHAMITHAX CHCTEM IIi caMi HUTKH sIK TPAeKTopil To-
9KH B30BK [TOCTITOBHOCTI BiIOOpaskeHb 3 TIi€l0 K CaMOI0 YMOBOIO
TPAH3UTUBHOCTI HA3HBAIOTHCA OPOITAMHE.

[lIocTamoBka 3aJat BUTJISAIAE TaK:

1) 6ynp-ska opbiTa CKIATACTHCS 3 TPOEKIIiil, 0 OB’ 3aHl MixK
co6010 YMOBOIO TPaH3UTUBHOCTI;

2) pO3BTAAMAIOTHCS Bl TUHAMIYHI CHCTEMU

{ X pij}, {Yj. 4}
sKi moB’si3aHi MixK 006010 abo YMOBOIO TOTOJIOTIYHOT CHIPSI?KEHOCT]
(sixmo icaye romeomopdism h = {h;}), Ko BignosigHi giarpavn
JUUTst TIPOEKIIi HA BCIX PIBHAX KOMyTaTHBHI, T06T0 hjop; = gioh;iq,
ab0 yMOBOTO HAIMIBCIPSIZKEHOCT] (AKIO KOMYTATHBHICTh YCIX TAKUX

Jiarpam 3ajuiaeThbcsd, ajue 3amicts romeomopdismis h; bepyrbes
CFOP’€KTUBHI Bi0OparKeHHsT

@i+ Xi = Y,
AKI e HA3UBAKOTHC (HhAKTOP-BiMOOPAKEHHIMN).

HocmiazKyemo, fKi TeoMeTpUdHi BIACTHBOCTI IPOeKIiil p;; 30e-
piraroThCd TPH MEPEXOl 3a JOTOMOTOI0 BKa3aHOTO TOMOJIOTIIHOTO
CIIPSIYKEHHS Bij| POl JUHAMIUHOT CUCTEMH 70 APYTOi, TOOTO uun
Oy/e TPOEKIis ¢; MATH TAKy CaMy T'€OMETPUYHY BJIACTUBICTD, Ky
MaJia poekilis p;. IlepeBipdarorbes pisni reoMeTpruyHi BJIACTUBOCTI
MPOEKITiH JUHAMIYHUX CHUCTEM, HANPUKIAM], PI3HI BUIU M IKOCTI
ITPOEKIIiA.

Teopema 1. IIpu monoaoziunomy cnpasceris 30epi2aemvesa anpo-
KCUMAMUCHEG M AKICMS NPoexyil.

Hosedenns. Haranaemo oznauenns: wexait T @ X;41 — X; npoe-
KIlig 3B0poTHOI cucreMu {Xj,p;;}, TYT MH HO3HA4aeMO p;; = 1T’
Ut 3pyd9HOCTi 3ammcy. 1ol ampokcmMmaruBHa M gKicTs 1 o3Ha-
qag, Mo At 6y/1b-g9Koro mokpuTTda w € Cov(X;), A 6y/Ib-aKOro
zamkuyTOoro A C B, Ta 11t Oyab-IKUX JBOX BimoGparkKeHb

g:A—)XiJrl, hB—)Xl
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3 ymoBu 1" o g = h o4 BHILINBAE, IO icHye Bigobpaxkennsa ¢ : B —
Xiy1 Taxe, 110

1) poi=yg,

2) (Toy,h)<w,
TOOTO BifoOpazkeHud Y OINTH JiarpaMy Ha ABa KOMYTATUBHI TPU-
KYTHUKW, OfWH 3 9KUX CTPOr0 KOMYTATUBHUI, a IHITHHN - KBa3iKO-
MyTaTUBHUAMN.

Hexait renep S : Y;11 — Y; —mpoekiiist iHIIOT 3BOPOTHOI CH-
cremu {Yj, q;j}, TYT M# 7 3DYIHOCT] HEPEMO3HAYNMO ITPOEKIIIEO
gij = S, Takol cmcTemm, fKa TOIOJIOTIYHO CHPSIKEHa 3 IIomepe-
AHBOIO cucTeMoro { X, pij}, To6To icHye romeomopdism m = {my 2}
MiK cucremamu Takwit, mo m : X; — Y, w0 X1 — Y —
obuipa romeomMopdizMu i BUKOHYETHCS PIBHICTH

Somg=moT. (%)

Tpeba moBeCTH aPOKCHMATHBHY M AKICTH Tpoektiit S. /g mboro
CTPOro 3a O3HAYEHHSM 3aMiKCyeMO JOBIIBHE BiIKPUTE MOKPUTTS
U € Cou(Y;) Ta bynb-gKy 3avMkHeHy migamuokuay A C B i asa
JIOBiIBHI BimoOparkeHHsT

G:A— Y, H:B =Y,

JUTsT IKUX BUKOHYEThCs yMoBa S o G = H o1,

Hoeenemo, 1o Toji icaye Binobpaxkenust ¥ : B — Y, Take, 1110

BUKOHYIOTHCS TaKl PiBHOCTI:

1) Voi=G,

2) (SoV,H) < U,
10610 U MOBMHHE JIJTUTH BEJAWKY JiarpaMy Ha JIBa KOMYTaTHBHI
TPUKYTHUKU — OJUH CTPOTO KOMYTATUBHWH, & IHINIT — KBA3IKOMY-
TATUBHUN.

Bynyemo ¥ B rtakwmit cnoci6. Hexait w = ﬂfl(U)—HOKpMTTﬂ
npoctpopy X;, dKe omep:kaHe 3 BiAnoBigmoro mokpurTa U mpo-
cTOpy Y; MIIAXOM 3aCTOCYBaHHA 00epHEHOTO ToMeoMopdizMy T, L
Hauti, 3amaemo BigobpaskeHHs

g:ﬂ';lOG, h:ﬂ'floH,
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Tomi Tog=Tomy 1o G. Bacrocysasum pismicts (*) orpuMyemo
m5'0S0G=m'oHoi=hoi,

orxke, 1T'o g = h oi. Jlam, ockibku Mae Micrie KOMyTaTUBHICTH
BEJIUKOI JliarpaMu, 3aCTOCOBYEMO aIPOKCUMATUBHY M 9KICTb IIPOe-
kil 7', sika JaHa 3a YMOBOK. 30KpeMa, JJIsd W = 7r1_1(U) 3 yMOBU
T o g = h ot BummBae, mo icaye Bifgobpaxkensas ¢ : B — X1,
JUISL IKOT'O BUKOHYIOTBCSI PIBHOCTI:

1) Yoi=yg,

2) (Tor,h) < w.

Bacrocyemo Tomosoriuny cupsizkenicTs (*): Somg =m0 T, —Toxi
mi(w) = 71 (7 H(U)) = U, Tomy mo 711 — romeomopdizm. 3amaemo
U dbopmynoro: ¥ = m(1)). a mobyaosoro g Ta h Mmaemo: ma(g) = G
ta me(h) = H. Bagumuiocss mepeBipuTH, 10 MOOYI0BaHA Jiaro-
"asb VU IIIUTE BEJUKY JiarpaMy Ha JIBa KOMYTATUBHI TPUKYTHUKH.
JLIst TIHOT0 3aCTOCYEMO T Ta 7 /IO JABOX TPUKYTHUKIB:

(1) komyTarusHOrO 1 01 = g,

(2) kBazikomyrarusHoro Tpukyrauka (T o, h) < w.
Onepxxmmvo ma (1) 0 i) = ma(g). 3Bimcu Bunmsae, mo Voi = G, a
TAKOXK

T (T o, h) < m(w),
(m1 0T o, m(h)) < m(m ' (U)),
Hauni sacrocosyemo pisnicrs (*) (S o U, H) < U. Ii gsi ymoBun —
(1) Woi=Gra (2) (So¥,H) < U— na0Th HAM CTPOTY KOMY-
TATUBHICTH OMHOTO Ta KBA31KOMYTaTWBHICTH IHITIOTO TPUKYTHUKA,
a e 03HAYaE, 110 S — AIPOKCUMATUBHO M’dKe BiiOparkKeHHs. [

Teopema 2. dxwo f: X =Y mag:Y — Z — anpokcumamus-
HO M Akt eidobpaoicens, mo iz xomnosuuis go f 1 X — Z meow
byde anpokcuMamueHo M AKUM 81000PAHCERHAM.

Jlosedenns. Hexait w € Cov(Z), v+ > w— 3ipuaro Boucane, y €
Cov(Z). Hexait A — 3amknyTa nijgmuoxuna B. Bubepemo asa jo-
Binbni BigoOpazkennsa h : A — X Ta »x : B — Z, 9Ki 3aMUKaIOTb
JI0 KOMYTaTUBHOCTI miarpamy s ot = g o f o h. [lorpibuo mosectn,
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o icaye Bimobpaxkenus ¢ : B — X Take, II0 BUKOHYIOTBCH JBI
YMOBH:

1) poi=nh,

2) (gofop,») <w.
Posrasaemo Binobpaxentst § = f o h. Tosi, 3a 00y 10BOI0, MaeMO
KOMYTQTUBHICTD JiarpaMu: g 0 d = s 0 4. ToMy 3 yMOBU alpOKCH-
MaTuBHOI M’gKoCTi ¢ : Y — Z Bunauag, 1o icuye BinobparkeHHsi
¥ : B — Y, ake AiauTh JaHy glarpaMy Ha JBa KOMYTATUBHI TPU-
KYTHUKUA:

1) poi=24,
2) (goth, ) <n.
[Meprry koMyTaTUBHICTH MOXKHA 3AMUCATH MTHPIIIE:
Yoi=foh.
Jlasi, BUKOPUCTOBYEMO APOKCUMATUBHY M dKICTh BiJ0OparKeHHsT

f: X—=Y,

3a dKOI0 icHye Bimobpaxewus ¢ : B — X Take, mo poi = h
ta (f o) < a, nge a = g~ H(y) € Cov(Y). Bacrocosyemo 110
OCTAaHHBLOI HEPIBHOCTI BiTOOPAXKEHHA ¢ i OTPUMYEMO

(gofow,gorh) <gla)=1.

3 inmmoro 6oky y Hac O6yiaa HepiBHICTE (g o ¥, ) < 7, & TAKOXK 3a
o6y 08010 -y Oy/1a 3ipYacTa BIUCAHICTD V¥ = w. Tomy, 00’ eamnyodn
JIaH1 BI HEPIBHOCTI, MU OJIEPXKUMO

(gofop,x) <(gofop,goh)+(gorh,s) <y+7<w.
Cupasni, ockisibku icaye Wi € v, sike MicTuTh

{go fop(d),go(b)}

, Ta Wa € v, gKe MicTuTh

{gow(b), (b))},
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TO 13 3ipYacTol BOMCAHOCTI Y* > W BUILINBAE, IO icHye oKin W,
skuit micturs W1 UWs, orzke, W mictuth obunsa obpasu go fop(b)
ta (D), me 1 1ae HaM OGJIM3BKICTH

(go fow,x) <w.

HuM caMuM TeopeMy Ipo KOMIIO3UINI0 AlpOKCHMATHBHO M’SKHX
BimobparkeHb JTOBEIEHO. O

Teopema 3. fxwo dei dunamiuni cucmemu (X,T) ma (Y,S)
HANIGCNPAANCENT HEPOIMALYIOUUM PaAKMOP-6i006PAANCEHHAM T, MO
3 ymosu T' € Helder(a) sunausae S € Helder(a).

Zosedenns. Haramaemo o3HaUEHHST:
(1) Cmenenem nenepepenocmi sinobpazxenss f: X — X wasu-
BaETHCA

wr(t) = sup{d(f(z), f(y)) : (z,y) € X ma d(z,y) < t}.

(2) dxmo wy(t) < Ct* nna geskoro a > 0, To f Ha3UBAETHCA
sidobpasicennam voavdepa 1 nosnagaeroes f € Helder(a). [pu
a = 1 maemo Bimobpaxkenna Jlimmmirs.

Hexait T € Helder(«). 3siacn Bummmsae, mo wr(t) < Ct* ais
nmestkoro o > 0 ta C > 0.

3a O3HAYEHHSIM HAMNIBCHPS2KEHOCT] JTUHAMIYHUX CHCTEM ICHYE
Binobpaxenns m : X — Y rake, mo Sonwm = woT, ne m — He-
posTaryiode ¢gakTop-Bigobpaxkennd. Tomi

ws(t) = sup{d(S(u),S(v)) : (u,v) € Y,d(u,v) < t}.
Hexait u = w(z), v = 7(y). Toxi
S(u) = S(m(x)) =moT(x), S(v)=5(r(y)) =moT(y),
a ToMy

d(S(u), S(v)) = d(w o T'(x), 7o T(y)) < d(T(x),T(y)) < wr(t).

3BiJICH BUILIMBAE, 1110

wg(t) = sup{d(S(u), S(v)) < wr(t) < Ct*}.
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Orke, wg(t) < Ct, a 3uaunts S € Helder(a). Teopema mosese-
Ha. 4

Teopema 4. Baacmusicms SCU 36epieaembea npu monoaoziumo-
MY CRPANCEHHT FUCKDETNHUL HEABTNOHOMHUL OUHGMIYHUT CUCTNEM.

Zosedenns. Hexait 1aHo a8l TOMOJIOTIYHO CHPSI?KEH] TUHAMIYHI CH-
cremu (X, T) ra (Y, S). Haramaemo, mpo Binobpaxenus T : X — X'
3a/10B0oJIbHsi€ yMOBY SCU, sKIo Jijist 6y/ib-9KOTO TOKPUTTS W €
Cov(X"), nnst 6ynp-sikoro samuyToro A C B, mjist 6yab-sKoro Z-
Braagenus g : A C Y, ana 6yab-axoro simobpaxkennsg h: B — X'
3 KOMYTaTHBHOCTI BejuKol jgiarpamu 1 o g = h o ¢ BUILIUBAE, IO
icuye Z-Briyagenns ¢ : B — X Take, 1110

(1) poi=g,

(2) (Top,h) <w.
Tpeb6a gosecru, mo S : Y — Y’/ zanoponbuse ymosy SCU.

Badikcyemo 6yab-sike mokpurta U € Cov(Y'). Brnagenna A C

B yxe subpano. adikcyemo Oyab-ske Z-raagenas G : A C Y
Ta Oyap-aKke Bimobpaxkennsa H : B — Y'. Hexait Bennka KBajapa-
THa Jiarpama komyTtatusHa: S o G = H o ¢. Tpeba mobynysatu
Binobpaxkentus @ : B — Y, gke 6 3a0BOJIbHSAIO TPU TaKi YMOBH:

1) ®oi =G,

2) (Sop,H) <U,

3) ® mae OyTu Z-BKJIAJEHHSAM.
Bamaemo Bimobpawenns g : A — B 3a dbopuytoo g = mi(G).
Beigcn Bummsae, mo G = ma(g), MU ONEPKUMO, MO ¢ TAKOK
Z-BKJIQIEHHH, OCKIIbKM 7o — roMeoMopdismM, a mpu romeomMopdi-
3Mi BAACTHBICTH Z 30epiraeThea. Tak camo 33,1a€M0 BiobparkeHHs
h=n7 (H) <= H = m(H), ockinpkm g — romeoMopdizm.

Hexait w = Wfl(U). JloBeemo, 1Mo mpaBa KBaIpaTHa Jiarpama

xomyTaTuBHa: 1 o g = h oi. Copasni,

Tog=Torm (G)=n108(G)=n;'oHoi=hoi.

3a ymosorw, T 3ajoBosibasie ymoBy SCU. 3 komyraruBHOCTI 1pa-
Boro kBajzparta 1 o g = h o1 BUILINBAE, IO iCHYE Z-BKJIAJEHHS
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¢ : B — X, dke JiATL KBaJIpaTHY JiarpaMy Ha JIBa KOMYTaTHBHL
TPUKYTHUKH: @ 01 = ¢ (cTpora KomyTarusHicTh) Ta (T op, h) < w,
Ie w BHOpaHo 3a MOOYIOBOIO TAK: W = 7r1_1(U) ToAi 1 TIALKH TOXI,
kosn U = 71 (w). Bagaemo Binobpaxkenus ® = ma(p). Ockinprn
© — Z-BKJIaJIEHHS, a T — romeoMopdizm, 1o @ TakoxK Z-BKJIaJEH-
HS.

Hosenemo, mo ¢ giauTh KOMyTaTHBHUN KBapaT

SoG=Hoi
Ha jBa KoMmyrarusHi TpukyTHUKN: P oi = G ra (So®, H) < U.
Cupasgi, ®oi = ma(p)oi = ma(g) = G. laui, kBazikomyrarusHicTb
(So®, H) < U orpumyemo i3 kBasikomyrarusrocri (T o g, h) < w

MIJISTXOM 3aCTOCYBaHHd 70 060X gactul BigoOpakensus . Omep-
ZKUMO

(m1(T) o, mi(h)) = (S oma(p), H) =
=(So®, H) <m(w)=U € Cov(Y').
Orxke, npoekiisi S Takox 3a0BosbHse ymoBy SCU. Teopema, jo-
BeIeHA. O
JIITEPATYPA

[1] Anekcarapos II.C., IlaceiukoB B.A. Bsedenue 6 meoput pasmepro-
cmu. — M.: Hayka, 1973. —c. 576.
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PakTop-romeoMopdu3M BHYTPEHHETO
smmMopdu3Ma.

B poboti mokazaHo, 1m0 3 KOXKHAM emiMopdi3MoM, BHYTPIIIHIM 110
TpoxumuyKy, IPUPOTHUM GHHOM ACOMIIOETHCHA JIOMOMIKHA JTHHAMI-
9HA CHCTEMA, SKa IHAYKYy€ pa3bWTTs TMPOCTOPY Ha 3aMKHEHI MHO-
JKWHHU, M0 He nepernHarTbesd. e po3burTs € iHBapianTHUM BimHO-
CHO BHYTPIIITHBOTO BiJOOPAXKEHHS 1 € TOMOJOTIIHAM iHBAPIaHTOM BiI-
obpazkennsi. Ha paxTop-mpocTopi BiIHOCHO 1THOr0 po30UTTS BHYTPi-
IIHE BifgoOpakeHHs iHAyKye romeomopdizm. Takum amHOM, muHAMI-
Ky BHYTPINIHBOTO BiMOOpayKeHHST MOYKHA PO3KJIACTH HA, IBi CKJIAIOBI:
«HEeHTpaJbHY» AWHAMIKY 1 IWHAMIKY, III0 OMUCYEThCA IHITYKOBAHUM
romeoMopdizmom.

B pabore mokazaHo, 4TO C KaXKIbIM 3MUMOPGU3IMOM, BHYTPEHHUM
mo TpoxuM4ayKy, eCTeCTBEHHO ACCOIUUPYETCsT BCIOMOTATEbHAS JTH-
HAMWYECKasi CHCTeMa, UHYIUPYIOas pa3bueHne mpoCTPaHCTBA HA
3aMKHYTBIE HEIEPECEKAIOIUEeCss MHOKECTBA. ITO pa3dreHne HHBAPU-
AHTHO OTHOCUTEIHLHO BHYTPEHHETO OTOOPAYKEHUSI W SIBJISIETCS TOIMO-
JIOTMYECKAM WHBApUAHTOM oToOpaxkenus. Ha dpakTop-mpocTpancTse
OTHOCHUTEIFHO ITOr0 pa30HeHus BHYTPEHHEE OTOOPAYKEHUE WHITYIH-
pyer romeomopdusm. Takum 00pa3oM, IMHAMUKY BHYTPEHHETO OTOO-
PazKeHusi MOXKHO PA3JIOXKHUTD HA JIBE COCTABJISIONINE: « HEHTPATIHLHYIO>
JANHAMUKY U JIMHAMUWKY, KOTOPpas ONMMUChIBACTCA MHAYHIUPOBAHHBIM I'O-
MeOMOP(U3MOM.

It is shown that an inner Trokhymchuk mapping allows a natural
invariant splitting of its space onto closed mutually disjoint sets such
that a dynamical system induced on a factor space is a homeomor-
phism.

© MNU. I0. Biacenko
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KiroueBsle ciioBa: Buympennue 0mobpascenus, Helimpaivhole cenenus, 0u-

HAMUKA BHYMPEHHUL 0MOOPAHCEHUT.

1. TIPEABAPUTE/IbHBIE CBEJIEHMS.

[Mycts M — KOMOAKTHOE METPUYECKOe TOMOIOTHIECKOe MPOCTPAH-
ctBo u f : M — M — HenmpepbIBHBINH STTUMOPMU3M.

Onpenesenune 1. Omobpasicerue [ HA3BIBAEMCA OMEPHINDIM,
ecal 06pas 2106020 OMEPLINO20 MHOHCECTNEG OMKEDHIM,.

Onpenesienue 2. Omobpascerue f HA3BI6AEMCA HYLOMEPHDIM,
ecau npoobpas 106020 HYAbMEPHOZ0 MHONCECNEG HYADMEPEH.

Onpenenenue 3. Omobpasicenue f HA3bIBAEMCA BHYMPEHHUM
(inner) no Cmouaosy, ecau OHO HYALMEDHO U OMKEDBIMO.

ObozuaunM yepes O;{ () MOJIOKUTEIBHYTO TTOJTY TPACKTOPHE) TOU-
Ku z, 1. e. MHOKecTBO {f"(x)| n > 0}.

ObozuaunM yepes 0]7 () oTpHUIATENBHYIO Oy TPACKTOPUEO TOU-
kn z, . e. muoxecrso {f"(z)| n < 0}. Oupenenenne O (x) kop-
PEKTHO, TaK KAK MBI TPENOIaraeM, 9To f — 3muMopdu3M.

OTmernm, 4TO 110 ONPE/IETEHUTO O}|r (z) cocrout u3 TOUEK, B TO
BpeMs Kak B obmewm cayqae yxe { f~1(z)} mpeacrasaser coboit He
UTO WHOE, KaK 3aMKHyTOe MHOXKecTBO. OiHaKO, ecyin f — HyIbMep-
HOE 0TOOPAXKEHME, TO B TAKOM CJIy9ae €CTECTBEHHO BOCIPUHUMATE
OTPUIIATETHHYIO TTOJIyTPAEKTOPHUIO TOYKH & KaK HAOOD PA3JIUIHBIX
TOYEK.

Omnpegenenne 4. IToarnot mpaexmopuet Of(x) mouwsu & Hazo-
BEM MHOIHCECTEO UyeO}L(z)O;(«y)'
Onpenesienne 5. Yacmmuot mpaexmopuets 0f(x) mouky T Ha30-
BEM NPOUBBONLHOE MHONCECTNEO 68U

{zilf(2:) = ziy1,i € Z, 3o = x}.

Onpenenenue 6. Omobpasicenue [ Ha3b6aeMCA U3OAUPOBAH-
HbLM, €CAU NPOobPa3 MOYKYU COCTNOUM, U3 USOAUPOSAHHBLT MOUEK.
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3ameuanue 1. Hzoauposartoe omobpasicenue HYAbMEDHO.

Ounpenenenue 7. Omobpasicenue f Ha3bi8aemcs 6HYmMpenHum
(inner) no Tporum«yky, ecau oo OMEPLIMO U U3OAUPOCAHHO.

3aMeTnM, 9TO Ha KOMITAKTHOM MHOYKECTBE KJIACC 0TOOPaKEe M,
BHYTpeHHUX M0 CTOMIOBY, COBMAIAeT C KJIACCOM OTOOpaKeHMil,
BHyTperaux 1o Tpoxumuyky. ITostomy B mammoit pabore MbI ro-
BOPHUM TTPOCTO O BHYTPEHHUX OTOOPAKEHWAX.

Ompenenum mig KaxXJA0H TOUKU T W-TIPEIETHHOE MHOXKECTBO
w(z) u a-npejeapHOe MHOKECTBO (X):

o Yo
wr)= UM o= UFr"@
NeN N NeN N

BaMeTI/IM7 YTO IO OTPEACJIEHNUIO 3TN MHO?KECTBa 3aMKHYTHI.

Omnpenenenune 8. Hazosem mouky & w- (-) PeKyPPEHTHOM, ecau
x € w(x) (coomeememesenno, x € a(x)).

B ciyuae romeomopdu3MoB CyIiecTByeT HeCKOIbKO S9KBUBAIECHT-
HBIX ONPEIEIEHUIT TOHATUS PEKYPPEHTHBIX TOUEK, KOTOPHIE, O/THA~
KO, 71 3muMOpPGU3MOB OKA3BIBAIOTCA HE KBUBaJIeHTHbIMU. Jla-
JIUM OJIHO 110JIE3HOE aJIbTEPHATUBHOE OIIPEJIe/IeHE PEKYPPEHTHBIX
Touek. OnpesesnM st TOYKA & Q-TIPEJICTHHOE MHOXKECTBO €€ TPa-
ekropun o (x):

+o0o
ot@) = | a (@)
n=0
3aMeTnM, 9TO 10 OTPETETEHU0 9TO MHOKECTBO BaMKHYTO.

Onpenenenue 9. Haszosem mouky T a-ciabo pPEeKypPpPEeHTHON,
ecau x € at(x).

1.1. HeiiTrpasnbHble ceUeHUsl TpaeKTopumu. B oriu4ne oT 10-
MeOMOPGU3IMOB, JJIsi KOTOPBHIX TPACKTOPHUS TOUKKA B TOYHOCTU CO-
CTOUT U3 €€ LOJIOKUTE/JbHON U OTPULATE/IbHONA 1101y TPAeKTOpUil,
V BHYTPEHHUX OTOOpaKeHWil TO/THAS TPACKTOPUS TOUYKU UMEeT U
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JIpyTue TOUYKH. BBesieM ernne 0HO eCTECTBEHHOE TTOAMHOXKECTBO T10J1-
HOI TPAeKTOPUH TOYKH, KOTOPOE HE HUTJIE HE TIEPECEKACTCH C ee TO-
JIOZKUTEJIbHOU U OTPULIATEIbHON MOy TPACKTOPUAMU, KPOME KaK B
CaMOIl TOYKe.

Onpepesiernne 10. Hetllmparvuvim cevernuem mpaexmopus moy-
ku x naszosem mmoocecmeo {f~" (f"(x))| n > 0}. Obosnawum ee
uepes OJJ{(IE)

Kak jierko BujieTh U3 Olpejie/ieHusi, eCi T — He W-11ePUoIrye-
CKas TOYKA, a [ MMeeT B TOUKaX OpOUTHI DOMBIIE OIHOIO IPoobpa-
3a, TO MOJIHASI TPAGKTOPUS TOUKHU & PACIATAETCA HA HECKOHEUHOEe
YUCJI0 HEUTPAJIbHBIX CEUYCHUM, IpUYEM KazKI0e HeliTpaabHoe ceve-
HIE COCTOUT U3 OHECKOHEYHOT'O YUC/IA TOUEK.

3aMeruM, 9TO HeUTpaJibHbIE CEYeHUs eCTECTBEHHO yIOpsiove-
HBI mof geficrBueM f. DTO MOXKET OBITh NMUKJIMIECKHH MOPAIOK,
€CJI TPAEKTOPHS TOYKHM & PACIAIAETCsl HA KOHEYHOE YHUCJIO Hell-
TPATBHBIX CEUICHU (TOJBKO JIsl W-TEPUOJINIECKON TPACKTOPHUH ),
Jinbo NUHEHHBIN nopsaok. TakuM o6pa3zoM, Mbl MOXKEM I'OBOPUTH
0 HPEIBIIYINUX JUO0 MOCJEIYIONINX CeUEHUSIX.

2. Z[I/IHAMI/IKA HENTPAJIbBHBIX NNPEAEJIBHBIX MHO>KECTB.

[Iycts x He aBAZETCS W-TIEPUOAUIECKOH TOUKOH, PaccMoTpuum ee
HefiTpaTbHOe cedenne — MuoxecTBo O (x) (cm. ompemenenme 10).
[MpeamomoxkuM TaksKe, 9TO ITO HEATpATBHOE CEUEHWE COCTOUT U3
HECKOHEYHOr0 YHUC/Ia TOUEK. DTO TaK, HAPUMED, KOTIA CYKEHUE
f~! Ha TOUKM TOJTHON OPGUTE! ABJIAETCS MHOIO3HAYHBIM OTOGDA-
keaneM. Torma y HeATpaJbHOTO cedenust OyIyT MpeaebHbIe TOY-
k. 3yunm HEKOTOPBIE CBOMCTBA 9TUX MPEIETBHBIX TOUEK.

Jdemma 1. Ecau OL(x) codeporcum mouxu us f~(O*(x)) dan
nexomopozo n > 0, Mo T — w-PeKYPPenmHaA MPALKMOPUA.

Jloxasameavcmeo. Ilycts B O+ (x) mra mekoroporo n > 0 comep-
warcs Toukn u3 f~(O+(z)). CrexoBaTebHO, 1S TPON3BOIBHOM
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OKPEeCTHOCTH HeKoTopoit Touku m3 f (O (x)) maiizerca cxongmia-
fcsA TIOCTEI0BATeILHOCTh Todek 13 O+ (z). B ey KOMIakTHOCTH
(mocTaTouno TOKATBHON KoMmakTHOCTH) X, orobpaskenus fFo fF
MEePEBOJIAT CXOMSIIYIOCS TIOCTIEI0BATEIPHOCTh TOUEK B OJHY HJIN
BoJtee CXOASAIIXCS TocTetoBarenbHocTeil. Iloaromy B oOKpecTHOCTH
Kazk10# Touxku m3 O (f~"(z)) Hailizercsa cXooAmAsCs MOC/IeN0Ba-
TeMbHOCT Touex m3 O+ ().

[Ipumensist orobpazkenue f™ ) MOayIaeM, YT0 B OKPECTHOCTH KazK-
noit Toukn w3 O (z) Haiiercsa cXoaAIasacs TOCIe[0BATENHHOCTD
togex m3 f(O+(x)), B okpecTHOCTH Kaxkaoit Toukn u3 f*(O+(z))
HalIeTC CXOAMASCS TOCTeI0BATeTBHOCTD Touek u3 f27(O+(z))
u tak jgasee. OTCIONA U CI€AyeT NCKOMasi w-PeKyPPeHTHOCTh. [

[ToTHOCTHIO AHATOTHYIHO TOKABBIBAETCS W CJIEIVIONIEE Y TBEPIK e~
HIUE.

Jlemma 2. Ecau Ot (z) codeporcum mouwu us f7(O+(x)), n > 0,
mo x — ot -pexyppenmuas mpaexmopua (cm. onpedeaenue 9).

2.1. TIpenenpHOEe MHOXKECTBO HENTPAJbHOT'O CeYeHUus Tpa-
ekropun. Onpenenum i KaxKJ0i TOYKU T HEATpaIbHOE IIpe-
nenbroe Muozkectso 19(z):

“+o0o
@)= U fmoria

NeN N

Io onpenenenmo 1.°(z) — samxmryToe MEOKecTBO. HemocpeacTaen-
HO M3 ONIPEJIEIEHNs CIEAYET, YTO HEHTPAJbHOE IPEeIbHOE MHOKE-
crBo 10(x) —oamo m To e y Beex TOUEK HEHTPATLHOTO CedeHwst
O*(z). Tax:xe, IOCKOIBKY BCe oTobpaxenud f~™ o f™ mepeBogsr
CXOJISAIILYIOCST TTOCIEIOBATENBHOCTE TOYEK B OJHY WM HECKOJIBKO
exogaIxcs nocenosarensaocteit, 10(x) ¢ ka0t cBoeit ToUKOI
CONIEPKAT U COOTBETCTBYIOIIEE HEHTPAILHOE CEIECHHNE €€ TPACKTO-
pum.
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2.2. HefiTpasipbHasi KOMIOHEHTA TOYKH.

Onpenenenue 11. Hetdmpaavrot xomnonenmot mouky X Ha30-
sem nepecenenue npoobpaszos @1 (0) no ecem nenpepvirvMm Py
yuam p(p) maxum, wmo p(z) =0 u p(x) Ha Kasrcdom Hetmpano-
HOM CEYEHUU NPUHUMAET, NOCTNOAHHBIE 3HAYEHUA.

HeiiTpa bHyI0 KOMIOHEHTY TOYKH & 0603HaunM Kak Z~ ().

3aMeTnuM, 9TO MO ONpeeIeHnI0 HelTpaJibHas KOMIOHEHTa $B-
JISIETCS 3aMKHYTBIM MHOYKECTBOM ¥ TIPEJCTABISAET 000 00be -
HEHUE HEUTpaJIbHBIX CEUYCHUM.

Jlemma 3. Hetdimpaavnaa KoMnonenma He 3a6ucum om eubopa
MoK T.

Joxasameavcmeo. Tlposenem mokazarenbCTBO OT npoTuBHOTO. [IycTh
HaJyTCd TOYKM T U Y TAKUE, 4TO Y LHPUHAJICIKUT HEATPAJILHONI
KOMIIOHEHTE TOYKM &, HO T HE IPUHAIJICIKUT HEHTPaJIbHON KOMIIO-
HenTe Touku y. Ilo ompenenennto, HaiiAyTca HETPEPBIBHBIE (DYHK-

unn ¢1(p) u ¢2(p) Takue, UTO
p1(z) = ¢1(y) = P2(y) =0, do(x) = c3 # 0.

Pacemorpum dbyukImo ¢3(p) = ¢2(p) —c2. DT0 pa3HOCTH Hempe-
PBIBHBLIX (DYHKITHUIT, IPUHUMAIOIINX IIOCTOSTHHBIE 3HATCHHA Ha Kayk-
JIOM HeHTpaJbHOM CEeYeHHH, CJIeJJOBATE]LHO, TOYKe HENpEepbIBHAs
byHKIMS, TpUHAMAIOIIAs TOCTOSHHABIE 3HAYEHN Ha KasKI0M Heii-
TpaabHOM cedennn. Ho Torma, mo Ompenesennio, y He MOKET IIpHh-
HA/[JIEKATh HEHTPAIbHON KOMIIOHEHTE TOYKH T, TIOCKOJIBKY ¢3(T) =
0, HO ¢3(y) = —co. llomyunnm nporuBopeqne. O

Cuencrsue 1. Jlobue dee netimpanvrvie KOMNORERMDL AUOO CO6-
nadaiom, Aubo He nepecexaromecs.

Jlemma 4. Ob6pas u npoobpas HetmparbHol KOMBOHEHITIbL TONCE
ABAAIOMCA HEUMPANDHHMY KOMNOHEHMAMU.

Llokxazameavcmeo. Tlokaxkem, uTo 00pa3 HeHATPAJILHON KOMIIOHEH-
THI SIBJISIETCS HEeHTpaabHOU KoMToHeHTOH. CHAaYA A TOKAXKEM, UTO
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obpa3 HeHTpaIbHON KOMIIOHEHTHI JIEXKUT B HEHTPAIBHON KOMIIO-
meraTe. [IpeamosoXkKuM OT TPOTUBHOTO, UTO HAMIyTCAd TOUKH T U
Y, NpUHA/IIezKalllue OHON HeHTpaJbHOR KOMIIOHEHTe, TaKue, 4TO
HelTpaabable KoMnoHeHTs! f(z) u f(y) pasauaner. Torga naiimer-
Csl HETIPEPBIBHAS [TOCTOSIHHAS HA HEUTPAJIBbHBIX CeUeHUAX (PYHKITUS
1)1 TakKas, ITO

Ui(f(2) =0,  i(f(y)) =c1 #0.

Pacemorpum dyuknuio 1 o f. MMeem, gTo

Yrof(z) =0, Yrofly)=c#0.
[Toyunm IpoTUBOpeYre, TaK KaK I10 ITPEJIONOKEHUTO & U Y TPH-
Ha IIeKaT OHOM HEATpaIbHOU KOMIIOHEHTE.

[ToxaxkeMm Temeps, 9TO MPoodpa3 HENTPAILHON KOMIIOHEHTHI Jie-
KUT B HEATPAIBLHOM KOMITOHEHTE. [IpenmomoKuM 0T TPOTUBHOTO,
4TO HAWAYyTCd TOYKHU T U Y, NPUHAJICKAINUE OLHONW HeATpaib-
HOI KOMTIOHEHTE, TaKue, 9YTO HEeHTpaJbHbIE KOMIIOHEHTHI f *1(35) u
f~H(y) pasmmant,

3aMeTuM, UTO, MOCKOJIBKY HeHTpajbHAas KOMIOHEHTa COCTOWUT
U3 HEHTPaJIbHBLIX CEYCHUH, & [AJId [IPOU3BOJIBHON TOYKU BCE TOY-
K# ee mpoobpasa MPUHAIEKAT OJHOMY HEHTPAILHOMY CEUCHUIO,
TO BCE TOYKHU ee mpoodpasza 3aai0T OJHY W TY YK€ HeHTPATbHYIO
KOMIIOHEHTY.

CorytacHo TPEANOIOKEHWI0, HAMIeTCsl HempepbIBHAS TOCTOSH-
Hasd HA HEUTPAJTBHBIX CEYCHUAX (DYHKIMSA 1P Takas, ITO

-1 —1
Ui(f7 (@) =0,  hi(f(y) = #0.
Paccmorpum dyskimio 1) o f 1. Hecmorps na To, uro f~!1—
MHOTO3HAUHOE 0TOOpazkeHne, 11 o f 1 onpesenena KOPPEKTHO, TAK
Kak 11 — QyHKIHA, IOCTOsIHHAS Ha HeWTPaJIbHBIX cedenusax. Mme-
€M, 4TO

-1 _ -1 _

Yrof () =0, Prof (y)=c1 #0.
[ojtyumim npoTuBopedre, TaK KaK 10 IIPEIIOJIOKEHUIO T U Y IIPU-
Ha L1e2Ka T O4HOI HeATpa/lbHON KOMIIOHEHTE.

DTO U JOKA3LIBAET JEMMY. O
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Caencrsue 2. Buympennee omobpascenue f: M — M nopooic-
daem paszbuenue M 1A 3aMENHYMBIC HENEDECEKAIOULUECA MHONCE-
CMBa — HETMPAALHDIE KOMNOHEHTTID.

Caencreue 3. Ilo nocmpoenuro, omobpasicenue [ undyuupyem
20MmeOMOpPusm Ha darmop-npocmparcmee no pazbuenuio Ha Hed-
MPAADHBIE KOMNOHEHTVbL.

IIpumep 4. [pumep undyyuposanHo2o 20meomophusma na dak-
MOP-NPOCMPAHCMEe NO PA3OGUEHUI) HE HETMPAADHBIE KOMNOHEH-
mot.

ITocTpoenune. PaccMmorpum aHAIUTHYIECKYIO (DYHKITATO
22 8% 5 52

Y aroit (byHKIUN OKPYKHOCTH C IEHTPOM B () ABJISFOTCS HERTPAJIb-
HbIME KOMIoHeHTaMu. PakTop-IpOCTPAHCTBO IO pa3OUEHUI0 Ha
HeATpaJbHble KOMIIOHEHTBI ToMeoMopdHo oTpe3ky [0,8]. ¥V ummy-
nupoBaHHOro romeoMopduama Touku 0 U 8 — HENOIBUKHBIE TIPU-
TATUBaIOIMMe, TOYKa 1*H€HO£LBI/I}KH&H OTTAaJIKNUBAIONIAA. OCTaB-
Mrecs TOYKU OJIy K TATOIIHeE. O

ITpumep 5. Baccelin npumascenua cynepnpumazusaroweti moy-
KU 20a0M0pPHo20 omobpasicenua Pumanosot noseprrnocmu.

ITocTrpoenune. 3amerum, uT0 HACCEHH TPUTIKEHUS CYITEPIPUTS-
I‘I/IBaIOH_[eﬁ TOYKHN O6J'[a,,ZLaeT MHBAPUAHTHBIM CJIOCHUEM Ha 9KBUIIO-
TeHITHAIbHBIE KPUBBIE cOOTBeTcTBYIOMEeH hynkimu ['puna. ITosTo-
My pa36I/IeHI/Ie Ha HeﬁTpaﬂbeIe KOMIIOHEHTBI MOZXKET 6bITb TOJIBKO
noapaszomennem 3Toro paccaoernns. Ho cormacuo Teopeme Bexrepa
B OKPECTHOCTH CYIEPIPUTATUBAIONIEH TOUYKHM roioMopdHOE 0TO0-
pakerune rosjoMOpGHO CcOmpsKeno ¢ pyHKmmed w', mosToMy pas3-
OueHune Ha HERTPAJIBHBIE KOMIIOHEHTHI COBIIQJIAET C Pa3dueHneM Ha
9KBUIIOTEHIINAJIbHBIE KPUBBIE cooTBeTCTBYIONEH pyHkimu ['puna,
M COOTBETCTBYIIEE (PAKTOP-IPOCTPAHCTBO IPeCcTaBisierT cob0# or-
PE30K. U
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TakuMm 06pa3oM, ¢ KazKIBIM BHYTPEHHIM OTOOPAYKEHNEM MOYKHO
CBsI3aTHh HelTpaJibHOE 0TobpakeHue u roMmeoMopdu3M Ha hakTop-
MTPOCTPAHCTBE HEHTPATBHBIX KOMITOHEHT.

DTu 0TobpaKeHus JIAI0T JEKOMIIO3UIINIO AUHAMUKY BHYTPEHHE-
T0 OTOOpaKEHWsT B TOM CMBICJIE, UTO HEHTpaIbHOe OTOOpaKeHme
HHIYTUPYeT Ha (PaKTOP-TIPOCTPAHCTBE TOXKICCTBEHHOE 0TOOPaKe-
mue. I1o mocTpoennto oHM SBISIOTCS TOMOJMOTHICCKIMY WHBAPUAH-
TaM¥ BHYTPEHHETO OTOOPAYKEHWUSI.
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ToYHOCTH OIIEHOK INMUPUHBI OIIOPHOTO
CJIOd M30IMEePUMETPUKCA reoMeTpun
MMuUHKOBCKOTrO

JloBeneno HeOOXiaHI Ta JOCTATHI yMOBU, SKUM TIOBUHHA, 33, T0BOJIHHSI-
TU OAUHUYHA KyJs B mpoctopy Minkoscekoro M ™ 3a I'. Byzemanowm,
00 OIIHKHA

4Un—1
)

4Un—1

Ap(Qr(w)) > JAp(I) >

nuy, nuy,

dvp 1 v, 1

Ap(Qr(u)) < ,Dp(I) <

TepeTBOPIOBAJINCA B piBHOCTI. /Ij1g KOXKHOI 13 OmMiHOK Take B icHye,
orke BCl oninku Touni. B nanux oninkax Ap(Q;(w))-mupuna omnop-
HOI'O 1LIaPY, OPTOIOHAJILHOIO BEKTOPY U, i3ouepumerpukca [, Ag(I)-
mmpnuna I, Dg(I)-giaverp I B M™.

)

Jlokazanbl HEOOXOAMMBbIE U JIOCTATOYHBbIE YCJIOBHS, KAKUM JIOJI?KEH
VAOBJETBOPATEH eIMHUYHBIN 1Tap B mpoctpancTBa MunkoBckoro M™

mo I'. Bysemany, 4To0bI OIIeHKHN
4v,— 4u,_
Ap (Qi(@) =~ Ap (1) 2 0=,

Un nuy,
4Un—1

4Un—1

)

Ap (Qr(u)) < .Dp(I) < .

obpamaJnch B paBeHCTBa. st KaXKI0# U3 OIEHOK Takoe B cyiie-
CTBYET, W 3HAYNT, BCE OIEHKHM TOYHBL. B atux onenkax Ap (Qr(@))-
HIPHHA OIIOPHOTO CJIOS, OPTOrOHATBHOTO BEKTOPY U, W30MEPUMET-
pukca I, Apg (I)-mupuna I, Dg (I)-puamerp I 8 M™.

© B. . Ouckaut
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Proved necessary and sufficient condition, which must satisfy unit
ball B of Minkowski space M™ by G. Bussemann, in oder estimations

Ap(Qi(@) = Wt Ay (1) > ot

nuy, nuy,

4Un—1

_ Y -1 4v —1
Ap (Qr(a)) < ——,Dp (I) < ——,
U’I’L n
covert in equalities. For each of estimations such B exist, it means

all estimations are exact. In these estimations Apg (Q;(@))-width of
the support layer, perpendicular @, of the isoperimetrix I, Ap (I) —
width I, Dp (I') —diameter I on M™.

KunrodeBrie cioBa: usonepumempurc, 2eomempus Murkosckozo

[Mox BBIMyKABIM TEIOM B N-MepHOM A(DMUHHOM TPOCTPAHCTBE
(n > 2) BysieM OHUMATE BBIMYKJIBIH KOMITAKT, MO BHY TDEH-
HIE TOYKH.

[Tyckait B — 1ieHTpaibHO-CUMMETPUYHOE BBITYKJIOE TEI0, TOTKA,
o —uenTp cuMmmerpun B. st Touku & # 0 TPOCTPAHCTBA Pac-
CMOTPHUM JIy4, BBIXOJANINNA U3 0 U npoxoadamuii uepes r. ObozHa-
9UM 9epe3 T TOUYKY [IePECeYeHUs ITOr0 JIyda ¢ rpanuneir B.

Monoxum g(z) = %, g(0) =0, rue T — pajnyc-BEKTOP TOUKH T
OTHOCHUTETHHO TOUKH 0. DyHKINIO ¢(T) HA3BIBAIOT JUCTAHITNOHHOM
dbyuknumeit Muakosckoro |1, ¢. 26].

[Mpu momommmn pucrannuonnoit dynknun ¢(x) T. Munkosckuii
BBeJ B paccrosiine pp(z, y) MKy TOYKAMU X U Y, TTOJOKHUB

pB(z, y) = 9(y — T).

I. Munkosckuit gokasan, uro pp(z, y) aBiasgerca Merpukoii B |2,
c. 114].

Addunnoe nmpocrpatncreo A", B KOTOPOM MpH TTOMOIIH Tejia B
BBeJIeHA MeTpukKa MUHKOBCKOTO pp, HA3BIBAETCS 7-MEPHBIM IIPO-
crpauncrBoM Munakosckoro M™. Temo B HA3BIBAIOT HOPMUPY IOTITHM
resom M™ [2, c. 114].

Tak kak gyt Touek B 1 TOJMBKO st To9eK B paccrosiHue oT o
HE IPEBOCXOJUT EJIUHUIIBI, 4 PACCTOSHAE OT JI0 TOYEK rpaHuiisl B
PaBHO €IWHUIIE, TO TEJO B HA3BIBAIOT TAKXKE eTUHUIHBIM IITAPOM .
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Paccmorpum cucremy koopaunat, Beibpas 0 3a ee Havaso. Bee-
JgeM B M" ckaJisipHOe MMPOU3BE/IEHUE TPU TOMOIIU HEKOTOPOM 110-
JIOXKUTEJBHO OIIPEJIEJIEHHON CUMMeTPUIHON OunHeliHo#i hOopMBI.
Ecyiu 8 M™ BBejieHO CKaJIIpHOE TPOU3BEEHIE, TO Oy/1IEM IOBOPUTH,
aro B M™ 3amaHa BCIOMOraTebHAsd €BKINI0BA METPHUKA.

Jlst BRITYKJIOTO KOMIaKTa A, JIeXKAIero B m-MepHOit ILI0CKO-
ctu M™ (1 < m < n), nonoxum, creaya I'. Bysemany |2, c¢. 27§],
ero m-mepusiii o6nem V.B(A) papmbiv

Vin(A) "
Vo (B W

rie Vi, — m-MepHas Mepa Jlebera oTHOCHTEIBHO BCIIOMOTATE/BHON
eBKJINJI0BOM MeTpuKH, M — IIOCKOCTD, Tapajieabaas M™, npo-
XOJSAIIAs YEPE3 0, Up, — 00beM eIMHUTHOTO MIapa M-MEPHOTO €B-
KJU0Ba mpocTpancTea R™.

U3 (1) crenyer, aro V,B(B) = v,. Ecn BenomoraTemsaas es-
KJUJI0Ba MeTpuka B M™ HOpMHUpOBaHa TaK, UTO

Vn(B) = Un, (2)

Vi (A) =

TO B 9TOI MeTpuKe eBK/u10B obbem Vi, (A) pasen obnemy V.B(A)
JUist JIFOO0r0 BIYKJI0r0 Komnakta A B M™.

Jl1s1 pernenust Bonpoca o Bejmarne mwiomasiu mosepxuoctu S5 (A)
BeinykJioro Kommakta A 8 M™ I'. Byzeman paccmorpen 8 M™ BbI-
nykyoe teno I—m3onepumerpukc M™. I'. Byseman 3anman [ mpu
TIOMOIIH €10 ONOpHO# (byHKINU A7 (%) BO BCIOMOTATEIFHOM €BKIIN-
JOBOI METpUKe ¢ ycaoBueM (2), paBHOI

)= A (3)
Va1 (BN To(w))’

rae u € Q, ) — equauunas cepa R™ ¢ HeHTPOM B TOYKE O B 3TOi
merprke, T(@) — rUNEPIIIOCKOCTD, TIPOXO/AINAsA Yepe3 O MepIeH-
JUKyIspHo U [2, ¢.280).

I. Byseman nokasasn |2, ¢.282], aro u3 (1) npu m =n — 1 jua
wiromagu nosepxuoctu S (A) siiykiioro komuakta A s M™ B jito-
6oit BcmoMoraTe bHON eBKINI0BOM METPHKE ¢ YCIOBHEM (2) nmeeT

hr(a
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MECTO PaBEHCTBO
S(A) =nVi (4, 1) (4)

B KoTOpoM Vi (A, I) — nepseiit cMentanuelii obbem tex A u I Bo
BCIIOMOTaTeIbHOM eBK/INI0BON MeTpuke ¢ yciaosmeM (2). Orcro-
Jla CJIEJIYET, YTO PeIlleHueM U30IEePUMEeTPUIECKON 33/1adu BO MHO-
JKeCTBE BBIMYKJIBIX T M'™ saBagercs Teso, MOJ0KUTETHHO TOMO-
rernaroe uzonepumerpukcy I [2, ¢.282]. dror dakr obbsicHseT
KaK CaMO Ha3BaHWe W30MepUMEeTPUKCa, TaK ¥ WHTEPEC K U3YUEHUIO
ero reOMeTPUYECKIX XapaKTePUCTUK. Tesio, MoJI0KUTEJBHO TOMO-
TEeTUYHOE eANHUIHOMY Tapy B, B 00Iem ciaydae He aBasgeTcd pe-
MeHneM W30TepuMeTpuIeckoit 3agasu B M.

B [2, ¢.279] nokazano, uro I 3aBUCHT TOJIHKO OT eJMHUIHOIO 112~
pa B mpoctpanctsa M™ u He 3aBUCHT OT BBIOOPA BCIIOMOTATETHHOT
eBKJIMJI0BOIl MeTPUKH C yciaoBueM (2).

[ycts A —Buimykimoe Temo B mpoctpanctse M™, T4 — npouns-
BOJIBHAs OLOPHAas TUIEpIIocKocTs Tena A, T — napajuienbuas
Ty m owmanas or Ty omopHas runepiiockoctsk Tema A. Omnop-
HBIM CJIOEM, OTBeYAromuM 14, HA30BEM MHOYKECTBO TOUYEK

Q(Ta) =Ta[ T4

, oe T4 — 3aMKHYTOe OIOPHOEe IOJIYIIPOCTPAHCTBO Teja A, orpa-
anaenoe 14. Ilupunoit omoproro cimost Q) (T4) HazOBEM BEJHINHY

Ap(Q(Ta)) =2q¢(Q(Ta), B),

rie q(Q(Ta), B) — xoeddurment smectumoctn tena B B cioit

Q (T4), T.e. HAMOOIBITICE U3 UHCEN (v TAKUX, UTO TeI0 aB mapas-

JICJTBHBIM CABUTOM moMertaercs B coit () (T4). Ecoin B M™ BBeena

BCIIOMOTATE/IbHAs €BKJIMI0BA METPHUKA, TO OmopHbIil cioit @ (14)

Oyaem obosnauarh uepes Q4(u), rie 4 € ) — eTMHUIHBIH BEKTOD,

OPTOrOHAJIBHBIHA K OLOPHBIM runepiiockoctam 14 u 1% rena A.
B [3, ¢.390,391] 6b1n mosy9eHbl Coielyolne yTBePIK IEH ST

Teopema 1. Ecau @, U € ) — edunuunvili 6eKmMop 6 Npou3eosb-
HOT 86CNOMO2AMENbHOT €6KAUI0GOT Mempure npocmparcmea M™,
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mo das wupunot Apg (Qa(w)) onoproeo caosa Qo (w) umeem mecmo
pasencmeo

_ 5 a(@) + ha(-a)

hp(w) + hp(—u)’
2de h g () — onoproe wucao meaa A, omeeuarowee U 6 2mol mem-
puke.

Ap(Qa(u)) =2¢(Qa(u), B)

()

3ameuwanue 1. B |3, ¢.390] mokazano, aro npasast 9acTh B (5)
He[PePLIBHA ¥ IPHHUMAET Ha () MAKCHMAJbHOE U MHHHMAJIHHOE
sHaveHns. MakcnmaspHOe 3HaUeHne npaBoil dacTu (5) ObLIO Ha-
sBano quamerpom Dp(A) rera A B M", a MUHUMAIBHOE — IITHPU-
Hoit Ap(A) rena A s M". B |4, ¢.220| 65110 gokazano, aro Dp(A)
COBIAJIAET C MAKCUMYMOM PACCTOAHUI MEK /Ly JABYMsI TOUKAMU Te-

aa As M™.

3ameuanue 2. Tak kak B u I — neHTpabHO-CUMMETPUYHbIE
BRITyKJIbIe Testa B M™, Touka 0 —ux oOmInii MEHTP CUMMETPHUH,
TO W3 TeopeMbl 1 cjemyer, 9TO B MPOU3BOJIBHON BCIIOMOTATETLHOM
eBKJIMJIOBOY MeTpuKe mpocTpatncTBa M'™ st TMIUPUHBI OTIOPHOTO
cjos u3onepuMeTprukca I CripaBejjIiBO PaBEHCTBO

o hi(@)
Ap (Qr(w) = QhB(ﬂ)'

Teopema 2. Tas wupunoe Ap (Qr(w)) onoprozo caos uzonepu-
mempurca I ¢ M™ umerom mecmo caedyrouyue oueHKy

; (6)

dv,_1 < 2hj(ﬂ) < 4v,_1

nuv, — hp(a) T vy
2de u € ) — edunuunsil 6eKMOP 8 NPOU3BOALHOT E6KAUIOBOT, MET-
puke.

Teopema 3. Jaa wupunve Ap (I) u duamempa Dp (I) usone-
pumempurca I ¢ M™ umerom mecmo oyenru:

< Ap(I) < Dp(I) < 2on=t. (7)

nuy Un

dv,
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B nacrosmieit pabore 6yayT JI0Ka3aHBI CJIEIYIONIUE YTBEPIKIE-
HUS.

Teopema 4. I[Iycmv 6 M™ ssedena scnomozamervhas e6xaudo-
6a mempuka ¢ ycarosuem (2). B nepasencmee

2Up-1 < h[(ﬂ)7
nu, ~ hp(a)

3HAK PAGEHCINEA UMEEI, MECTNO OAH MAK020 eOUHUYHO20 wapa B u
MaKo20 eexmopa g, tg € ), npocmpancmsa M™, moeda v moavro
mozda pesyavmamom cummempusayuy Lleapuya |2, ¢.224] edunuy-
Hno20 wapa B omuocumenvno npamot, napasieavnol g, 6ydem
NPAMOT UWAPOGOT GUKOHIYC.

(8)

]

Teopema 5. Ilycmov 6 M" g6edena 6cnomozamenvtan eeriudo-

6a mempuka ¢ ycaosuem (2). B nepaserncmee

4Un—1

—— < Ap(I) (9)

nuy

3HAK PABEHCTNBA UMEEM, MECTO OAA eOUHUYH020 wapa B npocmpa-
cmea M™, ecau u moavko ecau cywecmsyem eexmop g € ) 6 M™
makot, 4mo pesyabmamonm cummempusayuy lsapua edurnuyunozo
wapa B omuocumenvro npamotd, napaisesvnot ug, bydem npamod
waposots buroHycC.

Teopema 6. ITycmov 6 M" 66edena 6cnomozamenvtan eeriudo-
6a mempuka ¢ yeaosuem (2). B nepaserncmee

h[(ﬂ) < 2Up_1
hB< -

) Un
3HAK PABEHCMEA UMEEM MECTO OAf euRUWH020 waps B u eex-
mopa Uy €  npocmpancmea M™, mozda u moavko moeda, Kozda
pesyavmamom cummempuu llsapya edunuurnozo wapa B omuocu-
MEALHO NPAMOT, NAPGALEALHOT Uy, OYdem nPamol waposoti yu-
AUHOP.

, (10)

N
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Teopema 7. Ilycmv 6 M™ ssedena scnomozamervhasn e6xaudo-
6a mempuka ¢ ycarosuem (2). B nepaserncmae

dv, 1

Dp(I) < (11)
3HAK PABEHCNGA UMEEM MECTNO OAf edunuwHo20 wapa B npocmpar-
cmea M"™, ecau u moavko ecau cyuiecmeyem eexmop g € 2 6 M"
makot, 4mo peaysbmamom cummempusaavyuy Llsapya edunuyrozo
wapa B omuocumenvro npamots, napairesvnoti g, bydem npamoti
wWaposoti UusUHIP.

Un,

Teopema 8. ITycmv 6 M" 6eedena 6cnomozamensvtan eekAudo-
6a mempuxa ¢ ycaosuem (2) u A — swnyxaoe meao 6 M™. Tozda
UMEIOM MECMO OUEHKU

Vi(4, B) < 5%(4) < 2" viAB), (12)

Un Un

20,1 < SB(B) < 2nv,_1. (13)

Joka3zaTeabcTBO TeopeMbl 4. Beegem B M"™ BcrmomoraTesnb-
HYI0 €BKJIUJIOBY METDHKY, YIOBJETBOpsionLyto ycaosuio (2). Ile-
peiizeM or 6a3nca 3TONM METPUKNA K OPTOHOPMHUPOBAHHOMY Oa3MCy.
[Iycrs cucrema KOOpAUHAT X1, ..., T, HOPOMKIEHA OPTOHOPMHPO-
BaHHBIM 6asmcoM. I'mmepmnockocts x, = 0 geaut B Ha ABe dacTh
B1 n By, Tne

BIZBH((BHZO), B2:Bm($n§0)a

V(B1) =V(B) = %L
[Iycts oTpesok [—b, b, b > 0, aBasieTcst mpoexiueii Tesa B Ha 0Cb
oxy, Toraa hp(d) = hp, (@) = b, rne @ € ) uMeer HampaBJIeHHE
OCH OXp,.
[Moneepraem B cummerpusarn [sapia [2, ¢.224] oTHOCHTEB-
HO OCHU 0Zy,. Pesynbrar cuvMmerpusanum 0003HaATHM qepesNB . ITpo-

ekrueii B Ha ock oy, Oymer orpe3ok [—b, b], a ceuennem BN (x, =
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¢), —=b < ¢ < b, 6yner (n — 1)-MepHBIi AP ¢ MEHTPOM B TOUKE €
HA OCH 0Zy, (n — 1)-MepHBIH 06beM KOTOPOTO
Vie1(BN (2 =¢)) = Vi1 (BN (2, = €)).
Tema
By = B(\(zn > 0)

Bg = B ﬂ(.%'n < O)

OyayT pesysibraTamu cuMmMerpusaiuu tes By u By, llpu stom
. . Up
V(B) =V (B) = vy, V(B1) =V(By) = 5

hp(d) = hp, (1) = hg, (@) = hz(u) = 0.

B [3, ¢.392] 6b110 HOKa3aHO, 4TO

Vac1(BN(zp =) = V1 (BN (2, = —a)) <

<Vp1(BN(x, = 0)),

0 < o < b. 3HaunT, B — CHMMETPIYHO OTHOCHTEIHHO THIIEPILIOC-
KocTHu T, = 0.

Kpowme ten By n Bl, paccMoTpuM Tejgo K — mpaMoit mapoBoit
KoHyC ¢ ocHoBaumeM By ()(z, = 0), BBICOTOil KOTOPOro SB/ISCTCS
orpesok [0, b] HA ocH 0Ty,

[TokazkeM CIIpaBeJIHBOCTE PABEHCTBA

h[(ﬁ) _ Un—1
hB(U)V(K)_ — (14)

Bocnosaszosasimcs (3), seipasum V(K) gepes }f;; ((Zi)).

Nneem

V(K) = %an_l(Bl A (2 = 0)

_ hp(i) - vp—1 _ hp (@) vp—1
Vn71(n§g(_$1n=0)) nhy(4)

oTKyTa u cremyer (14).
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Ecyu remeps B (8) mMeer MecTo 3HAK paBeHCTBA NpU U = i,
h[(ﬂo) 2’Un71

= , To u3 (14) cremyer V(K) = %+ Orciona

hp(do) nuvp
V(K) = V(B)). Tak xkax K C B u teno K uveer BHyTpeHHUE
roukn, 1o K = By, T.e. B — npsmoii maposoii OUKOHYC.
Haobopot, eciim pesynbratrom cummerpusanuu [IIsapia mapa
B oTHOCHTENHHO TIPAMOIl, apauie/ibHON BEKTOPY U = g, Oymer
buromnyc, o V(K) = %, u u3 (14) Beirekaer obpamenue (8) B
PaBEHCTBO TIPY U = Up.
Hoxka3zarenscTBo Teopems! 5. [Mupuna Ap(]) usonepumer-
pukca I mo ompee/ieHnIO PaBHA

T. €

S ha(w)
Ap(l) =min2; o

hp (i)

N3 3ameuanns 1 caemyer, 9To hp(@) OTPeJIesIena i HermpephiBHa

Ha, 2. 3HaunT, MUHUMYM 3TOH (byHKINN Ha ) JOCTUKUM, HATIPU-
Mep, B Touke Uy € €. Torga paBeHCTBO

4Un— 1

= Ag(I)

nuy,

PaBHOCUJIBHO TOMY, 4TO

2Un_1 . h[(_’g)

NUp, hB(_b) ’

W smauuT, 1715 mapsl B, Uy BBITOJHSIIOTCS YCAOBUS TeopeMmbl 4, a
JIJ7IsT TEOPEMBI b — YCJIOBUST PABEHCTBA, B HepaseHcTBe (8).
HokazaTesbcTBO Teopembl 6. Kpome tesr By u Bl,~paCCMOT—
pum rejio 11— npsmoit maposoit mummaap ¢ ocaosaauem By ()(z, =
0), BbicOTOI KOTOpOIO siBysiercst orpe3ok [0, b] ocu oxy,. Tax kax II
u K nmeror opuHakosbie Bbicorbl 1 ocHoBanusi, To V (II) = nV (K),

n u3 (14) caeayer paBeHCTBO

))V(H) = Up—1- (15)
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Ecimu B (10) mMeer MecTo 3HAK paBeHCTBa Ipu U = iy, Uy € €2,

TO €CTh

hi(dp)  2vp_1

hp(io) v
to m3 (15) BeITekaer V(II) = 4. Ozcroma, V(1) = V(B;). Tak
KaK Biclln le nMeeT BHYTPEHHWE TOYKH, TO By =TI, 10 ectn

Bi, a 3aaunt u B — npaMoii mapoBoil IHIHHIP.
Haobopot, eciiu By — npsiMoii mapoBoiil NHAMHID, TO

V(B;y) = V(I).
Torpa us V(By) = V(II) = @ u (15) crenyer us Toro, uro

h[(ﬁo) . 21)”_1
hB(ﬁﬂ) Un
Jloka3aTeJbCTBO TEOPEeMbl 7 aHAJOTMIHO JOKA3ATEIHCTBY
TEOPEMBI 5.
HokazareanctBo Teopemsbr 8. Ilepenumem nepasercTso (6)

B BHUJIE

2Up_1 2up1

" hB('fL) < h[(ﬂ) < U hB(ﬂ)

Ocroma u 3 cBoiicTs omnopuoit dyukmuu |1, ¢.30]
2Up— 2V,
Inlp e 2ot

Ny, Un

B. (16)

N3 ommopoaHocT W MOHOTOHHOCTH CMETTAHHOTO 00heMa, TT0 KarK-
oMy n3 cBoux aprymenTos |1, c.49] w uz (16) st BbIyK/I0TO TEJIA
A s M"™ nonygaem, 9To

2051 2Up—1

. o Vi(A, B). (17)
Ecmu B M™ BBejena BcrioMoraTeabHas eBKANI0Ba METpPUKA YIIO-
BJIETBODAIONIAs YCAOBHIO (2), TO IOC/TE YMHOMKEHNS BCEX TacTeit
Hepasencrsa (17) Ha n u u3 (4) npmreM K HepaseHcTBy (12).
[Tonoxkum rereps B (12) A = B. Torga (12) 3anumercs B Bue

2051 2nvp—1

Vi (B, B) < S8%(B) <

n Un

Vi (B, B), (18)
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rne SB(B) — mromaas mopepxHOCTH euEWYHOTO mapa B B M™,
Vi(B, B) = V(B) = vy,. 1 3nauaut, HepaBencrsa (18) paBHOCHIBHBI
M3BECTHBIM OreHKaM (13)

20,1 < SB(B) < 2nv,_1

ans SB(B), npunajnnesxanmx Bysemany-Teru [5, ¢.242].
[TpaBas n3 3TUX OMEHOK 0OPAIIAETCS B PABEHCTBO, TOT/A W TOJIb-
KO Torja, Korga B —mapastenoron |5, ¢.242).
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IIpoekTnBHBIE CTPYKTYPHI 1
ypaBHenud IlIpemunrepa

B pmamiit crarTi BCTAHOBIEHO 3B’S30K MiXK MPOEKTHUBHUMHU CTPYKTY-
pamvu Ha mpawmiit i piBagaaavu [lpeninrepa. Bukopucrosyoun mei
3B’5130K, MU (DOPMYJIIOEMO KPUTEPiil HEEKBIBAJEHTHOCTI TTPOEKTUBHOL
CTPYKTYpHU cTaHAapTHii. [ BCiX KjIaciB MPOEKTUBHUX TE€OMETPHU-
YHUX BEJIMYUH OMUCAHO ajaredpu ix audepeHIiagspHuX iHBapianTiB.

B sroit pabore Mbl ycTaHABIMBAEM CBs3b MEXK/ly MNPOEKTHBHBIMU
CcTpyKTypamu Ha npsmMoit u ypasaenusimu Ipeaunrepa. Vcnosb3ys
9Ty CBsi3b, MbI (DOPMYIUPYEM KPUTEPU HEIKBUBAJIEHTHOCTHU TTPOEK-
TUBHOM CTPYKTYPbI CTaHAAPTHOU. JIJIg BCEX KJTACCOB MPOEKTHUBHBIX
TeOMETPUIECKUX BEJIUINH HANIEHbI anreOphl ux guddepeHmaib-
HBIX UHBAPUAHTOB.

In this paper we describe a connection between projective struc-
tures on the line and the Schrédinger equations. Using this con-
nection we find a condition when a projective structure is equivalent
or nonequivalent to the standard one. For all projective structures
algebras of differential invariants are found.

KarougeBrble cioBa: IIpoexmushoe cmpykmypss, ouddepenyuarvroe uHea-

PUGHMDL.

© H. I'KoHoBeHko
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1. IIPOEKTUBHBIE CTPYKTYPHI U slp(R)-AENCTBUA

Pacemorpum anrebpy JIn uH(MUHATE3UMATBHBIX TPOEKTHBHLIX
npeobpazoBanuil npsiMoii. Jra ajnredbpa uzomopdra aarebpe Jlu
sla(R) u MoxkeT OBITH peanm3oBaHa Kak ajrebpa JIum BEKTOPHBIX
noJteit Ha mpaAMoit § = (O, 20, 120,).

[Iycres mudpdeomopdpusm ¢ : R — R mepesogur anrebpy Jlu
g B cebs, 10 ecThb: ¢4(g) = g. Torma, Kak HETPYJHO BHUIETH, STOT
muddeomopdusm aBageTcs APOOHO-AMHEHHBIM TPE0OPAZOBAHUEM.
N obpartmo, Bcsikoe aApobHO-INHEITHOe TTpeodPa30oBaHNe TEPEBOINT
(B obnactu onpenenenus) anrebpy Jlu g B cebs.

Hamomuum, 910 mpoekTwBHAA CTPYKTYpPa Ha TPAMON 3a1aeT-
ca armacom (U, t), B KOTOPOM JIOKAJIBHBIE KOOPIMHATHI { CBA3AHBI
JIpobHO-mHeHbIME TTpeobpasoBanusamu. [Tycrs Terneps (U, t) — kap-
Ta u3 31oro arnaca. Onpegenum anarebpy JIu gy BEKTOPHBIX 1OI€i
ma U — Kak anrebpy, IOPOK IEHHYI0 BEKTOPHBIMH 110J1siMu Oy, 10y, t20;.
Torna B mepeceuennn nByx Takux kapt, ckaxkem (U, t) u (V) s), an-
rebpol Jlu gy m gy COBIAMAIOT, TAK KAaK MEPEX0i] OT KOOPINHATHI
t K KoOp/uHaTe § 3aaeTCsi JIPOOHO-TMHENHBIM IPe0OPA30BAHNEM.
CrnemoBarensHo, cemeiicTso anredbp {gy} onpegenser aarebpy Jln
g C D(R), koropas siBisiercsa nogaare6poit JIu B anrebpe Jlu D(R)
BEKTOPHBIX OJIEH HA HNPAMOI, U OrPAHUYEHUE KOTOPOH Ha JIFOOYIO
npoekTusHyto Kapry (U, t) coBmamaer ¢ gy .

C npyroii cropomsl, ecau 3ajgana mogaarebpa Ju g C D(R),
uzomopduas sla(R), To mmst kaxmoit Tourn a € R, corsacHo Teo-
peme Codyca Jlu (em. [11, 10]), naiigercss takas xkapra (U,t), B
KOTOpPO#i orpanmvenus g OyayT coBmajaTh ¢ gy. Bosee Toro, ape
TaKue KapThbl OYIyT CBsA3aHbl JPOOHO-JTUHEHHBIM Tpeodpa3zoBaHM-
eMm. TakuM 06pazoM, MBI TOJIydaeM CJIEAYIONINI Pe3yIbTaT.

Teopema 1. 3adanue npoexmusHot CmpyKmyps: 1o NPAMOT %-
susaaenmmno 3adanuro nodaseebpu Ju g C D(R), usomoppnot

E[Q(R),
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2. DOOEKTUBHBIE JEACTBUSA AJITEBPHL JIN sla(R) HA
MPAMON

Bamanue ogaarebpsl JIu g C D(R), msomopduoii aarebpe Jlu
sla(R), MOKHO TIpeICTaBUTh KAk 3a/laHNe HETPUBUAIHLHOTO TOMO-
Mopuzma aaredbp Jlu

p:sla(R) = D(R).

[Mockoapky anrebpa Jlu sly(R) npocra, To mist 060ro roMoMop-
dbusma p mubo ker p = 0, mmbo ker p = sla(R). Ilosromy addek-
TUBHOCTD JeHCTBUS, TO CTh ker p = 0, 3KBUBATCHTHA HETPUBUAb-
HocTH romomMopduama p. s rakux romomopdusmos aiarebpa Jln
p(sl2(R)) = g m3omopdua sly(R).

Takum 0b6pa3oM, 3ajaHue TPOEKTUBHON CTPYKTYPBI HA TPIMOLt
SKBUBAJEHTHO 33JaHNI0 HETPUBUAILHOTO ToMOMOpdU3Ma aaredp
JIu p, wian, 9to Toxke camoe, 3pPHEeKTUBHOCTH AEHCTBU AaredpPhI
JIn sl (R) ma mpamoii.

Iycrn

1= 0) m=( %) m= (%))

— 6asuc Hlesamte B anrebpe JIu slp(R), ymosaerBopstromnmit cie-
JYIOIIAM KOMMYTAIMOHHBIM COOTHOIIEHUSIM:

[H,A] = —2A, [H,B]=2B, [A,B]=H.

PacemorpuM Temeph HETPUBHAMBLHBIN roMoMopduaM p. UTobbI
HE YCIOXKHATH 00o3HaueHwust, obpasbl BekTopos A, B, H B sly(R)
mpu 3ToM romoMopdusMe Mbl OyaeMm oboszHadars depes A, B, H.
Urak, mycTh

A=a(x)0;, B=0bzx)0,, H=h(zx)o,

— IpencTaBIeHns BeKTOpHLIX moseit A, B, H, rne v — adbdpunnasa
KOOPJAVWHATA HA IIPAMOM.
Torma KoMMyTanuoHHable cooTHOIeHUs B anrebpe Jlu sly(R):

[H,A] = —2A, [H,B|=2B, [A,Bl=H
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IPUBOJST K c/eaytoreii cucreMe uddepeHInagibHbIX ypaBHEeHH
Ha dyuxiun a(x), b(z), h(zx):

h=ab —ba', —2a=ha —ah', 2b=hd —bhH. (2.1)

Orcroma cieayer, 410
h? = 4ab, (2.2)

a Takke TO, 9T0 (PYHKIUA ¢ ¥ b He 0OPAIAIOTCS B HOIb OHOBPE-
MEHHO.

[Mostomy, dbyukimu a u b TuHO MOTOKUTENHHBI, TUOO OTPHUIA-
TeabHBI Ha BCeil mpsamoii. Ecaum, mampumep, a > 0 u b > 0, 10,
npejacraBus a = f2, b = g%, noayuaem, uro h = +2fg. Uzmenssa
gHaK y GyHKIWE [ WK g MBI MOXKeM MepeiiTh K Cayda, KOrjia
h=2fg.

Cnyuaaii, Korja a u b OTPUIATESBHBI CBOIUTCA K TPEIBIAYIIE-
My 3aMenoit r Ha —zx. Ilokaxkem Temepsb, uro ¢yHKIUU f 1 g B
IPeCTaBICHUN

a=f% b=g’ h=2fg

SIBJISTIOTCSA TJTATKAMU.
HeiicTBuTensHo, ecyiv B HeKoTopoit obnactu b > 0,a > 0, To b =

g%, tine g — rmagkaa dynxmus. M3 coornomennsa (2.2) momydaen,

_ h® _ (h)? _ h
UTO @ = o5 = (@) , mosTomy f = oy TAKIKE riajKas byuKIHUS.
[IpeobpazoseiBas cucremy auddepeHnuaabHbIX ypasaenuii (2.1),

IIPpU30JUM K €IUHCTBEHHOMY COOTHOIICHUIO:
fd—gf =1 (2.3)

Juddepennupys 3ro coornomenue noaydaem fg” = gf”.
[Tonoxum W = T = %ﬁ. IMockonbky dpyrrmmm f n g He obpa-
MIAIOTCH B HYJIb OJHOBpeMeHHO, T0 dbyHKus W daBjsercs riajkoi.
Yunrbisas (2.3) 3akaogaeM, 910 DYHKIAN f U g ABIAOTCS DyH-
JTaMeHTaJbHOM cucTemoit permenntt ypapaenus tuna llpeamarepa:

y' — Wy =0. (2.4)
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OrmernM TakzKe, uTo GyHKIME f2, g% n fg naor QyHIaMEHTAIb-
HYIO CHCTEMY PENTeHuH s yPABHEHUST TPETHET0 TOPSIKA

y" — AWy —2W'y = 0. (2.5)

D10 ypaBHEHHE — CUMMETPHUYECKHil KBaapar ypasHenust [IIpenn-
repa (|8, 10]). CymMupyst ckazaHHOE, MPUXOIUM K CJIEIYIOMIEMY
pe3yJIbTaTy:

Teopema 2. (1) Kaoicdoe nempusuasvroe npedcmasienue ai-
eebpve JIu p : sla(R) — D(R) 6 aseebpe sexmopnviz no-
aell na npamot 3adaemca (¢ MmouHOCM®bI0 00 UHGOMOUUY
x = —x) Pyndamenmanrvnol cucmemots pewenut ypasHe-

! _
nua lpedunzepa y"' — Wy =0 u umeem eud

A= f%9,, H=2f¢d,, B=g°0,, (2.6)

2de [ u g obpasyrom GyndamenmasdvHyo Cucmemy peuie-
nutd ypasnenus (2.4) ¢ eponckuanom, pashuim edunuye (2.3).

(2) Ob6pasz g 2omomopdusma p cocmoum u3 6Cer GEKMOPHHLL
noaet suda z(x)0y, 2de z(x) — pewenusa duddeperyuant-
HO20 YPABHEHUA:

N — AW —2W' 2 = 0.

Jasnee, obo3HauaeM depes p% npeacrasnenue (2.6), oreevaro-
1iee TaHHOMY BbIOODY yHIAMEeHTANBHOM cCHCTeMBl perenuit f u g,
Toraa, ecan f, g — aApyrag Takas ke (pyHJaMeHTaIbHAs CHCTEMa,
perenwii, o (f,g) = A(f, g), tne A € SLa(R). IIpu sTom

w _ W
PFg = Prg©ada,

e ady : slo(R) — slo(R) — mpucoequuentoe neficTBre TPyNIIbI
Jlm SLy(R) ma amxrebpe Jlu sly(R).

O603uaunm Teneps uepes gV C D(R) obpa3 mpejcrabienus
p%, a gepe3 PV — cooTBETCTBYIONIYIO TPOEKTHBHYIO CTPYKTYY.
Tornma norennman W ypasrnenus Illpeaunrepa, orseuaroruil mo-
nasre6pe Jlu g"" € D(R), ceazan ¢ upoexrusuoii crpyxrypoit BV
7 MOXKeT ObITh HalIeH CAeayIonuM 06pa3oM.
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[lycts eq, e, e3 — mpou3BosbHEIL Gasuc B anrebpe Ju gV, n
nycte e; = f1(2)0,, ez = fa(x)0,, e3 = f3(x)0y, roe z— ad-
pUHHAST KOOPJAWHATA Ha, TTPIMOL.

O6osuaunm gepes (fi,. .., fr) BpoHCKHAaH DyHKIHIT

flw--vfr

U IyCThb

w1:<f1>7 w2:<f17f2>7 w3:<f1>f27f3>7

TorIa
1
W= (L)), 2.7
rie L — nuddepennnanbabiit oneparop 3-ro nopsjka (eM. [2, crp. 96]):
2 2
L:%oal,o 2 o@xoﬂoaxoi.
w9 w3wq w2 w1

[IpmBenemM HECKOTBLKO TPUMEPOB HCIIOIB30BAHUSA STOW TEOPEMBI.

IIpumep 6. Cmandapmuvim Juddepenyuasbnvim YypasHeHUAM
6MOP020 NOPAJKG OMEEHAIOM, CACOYIOULUE NPOCKTNUBHBLE CTNPYKINY-

1) y" =0:
A=20,, B = 220, H = 220,.
2) y" + w?y = 0:
A = cos?(wx)0,, B =sin*(wz)d,, H = sin(2wr)d,.
3)y" — k?y =0:
A =ch®(kx)0,, B =sh®(kx)d,, H = sh(2kx)0,.
4) ' + 4y =0:
2

A= % sin?(\/z)0,, B = 2% cos*(\/x) 0,

22
H = Y sin(2\/x) 0.
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3. ,HEIZCTBI/IE ANPOEOMOPON3MOB HA ITPOEKTHUBHDBIX
CTPYKTYPAX

[TycTb NpOEKTHBHAS CTPYKTYPa ONPEeJIeSsieTcsl peajn3aueil a-
rebpet Jlu sly(R) kax moganredper g C D(R) anrebpor Jlu BekTOp-
HbIX ToJieii. Torna nuddepennualn @, nuddeomopduzma p : R —
R ompegenser moByio peanusanuio sly(R):

1 COOTBETCTBEHHO HOBYIO IIPOEKTUBHYIO CIPYKTYDY.
Huddepennmnan ¢, nepesogur Bekropuoe noie V = a(r)d, B

BeKTOpHOE T0J1e i (V) = aq(ﬁ((;)))(‘)x, Y = o~ L. Ilpeamonaras, 4To

mnddeomopdusm ¢ coxpanser opuenTanyio, ¢’ > 0, MbI 3aMeda-
em, uTO BeKTOpHOE Tosie f2(x)0, mepexomut B mose Buga f2(z)0;,

rie ]?(JJ) = % Monoxunm v(zx) = \/’% Tora
7 (W) /
O f = @) + f( () (2),
U COOTBETCTBEHHO,
27 " f//

[osromy, ecin dynkuust f ynosaersopser ypasnennto HIpeun-
repa f”" — W f =0, o dbynknus f rakzKe yJ0BJETBOPAET aHAJI0-
ruanomy ypasaenuo f/ — W f =0, rae

o V//(.f)

W(x) = ()

[Mocmennee coorHomenune npu 3amaHubix Gyaxmuax W u W
MOXKHO PACCMaTpUBaTh Kak AudPepeHiinaibHoe ypaBHEHHE 3-T10-
paaka orrOocuTenbHO dyukiun 1(z). B passepryToM Buge 310
YPaBHEHWE BBITJISIUT CJACIYIONIMM 00Pa3oM:

1 1

U@ (@) = S (@"(@))* = (W (@) = W (@) (@' ()%,

+ W ((z)). (3.1)
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[TosTOMY B OKPECTHOCTH JIFOOOH TOUKH T = T 9TO yPABHEHUE MMe-
er JIOKaJIbHOe perenre ¢ () ¢ 3aJaHHbIMI HaYa bHBIMH JTAHHBIMU:
¥(zo), ¥ (x0) > 0, ¥ (x0). OKOHYATETBHO HOTYIAEM CJIELYIONTHIT
pe3yJIbTar:

Teopema 3. Paccmompum caedyrousue deticmeus epyninve COXpa-
HANWUT OPUEHMAUUI JUuPPeomophusmos

o' f(z) = () (@)v()

Ha pewerusax ypasnenut Illpedunzepa, a maxoce Ha uT nomenyu-
anax:

o W(a) = 9" (W) (@) +

D=

edep = =t uv(z) = (¢’(x))

1) arobwe dsa ypasnenua Llpedunzepa

, moeda

y' =Wy, o =Wy

AOKAADHO IKGUBAACHMHDL OMHOCUMENDHO YKA3AHH020 Jeti-
CMBUA. .

2) dsa ypasnenus Ilpedunzepa c nomenyuaramu W u W ox-
suBaAEHMNYL Ha 6cell npamotl, ecau ypasnenue (3.1) ume-
em pewenue Y(x) ¢ nososcumesbrol nPoudeoonots dan
B8CET 3HAYEHUT apeyMenma x.

Mycte rereps mpoekTnsmbie crpykrypel LBV u PV ompenere-
bl Ha uaTepBaaax U n V u nycts t u s cyTh orpanuvenus ad-
dunnoit koopmuuarel ¢ Ha U u V, coorBercrBenno. Ilycts masee
@ : U — V —coxpangiomnmuii opuentanuio nuddeomopdusm, u
T = (¢ H)*(t) € C®°(V). U3 npeapiiymieii TeOpeMbl BHITEKAET
CACAYIOIUNA PE3YJILTAT.

Teopema 4. Jlugdeomoppusm ¢ : U — V nepesodum npoex-
muenyro cmpyxmypy B 6 LW, mo ecmv gV = . (g"), mozda
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1
U MoAvKO mozda, Kozda Pynryus v(s) = (T’(s)) 2 ydosaemeops-

em YypacrHeHUN

W=vt ()W) +v 1, (3.2)
Ha unmepsaae V.

DTa TeopeMa IMO3BOJISIET YCTAHOBUTH SKBUBAJIEHTHOCTH MPOEK-
TUBHON CTPYKTYPBI CTAHAAPTHON, & UMEHHO:

Teopema 5. Kaowcdoe pewenue v(s) ypasnenus Hlpedunzepa V' —
W.v= 0, ne obpawarouseecs 6 nyav na unmepsase V, onpedeas-
em IKEUBAICHHOCTIL Meoicdy npoexmuenot cmpyrmypots BV u
Ccmandapmuot NpPoexmueHot cmpyxmypot ‘BO.

Caremytorue pe3yabTaThl TOIydaeM IIyTEM IPUMEHEHUs TeOPHH
[MIrypma 06 ocumaasiiiuu pemnienuil ypaBHEHUN 2-TO MOPATKA K
ypasuennto IIIpeaunrepa (cm, nanpumep, (2, crp 151], [7, 9]) n
npeablayIeil TeopeMsl.

Teopema 6. Ecau W > 0 na samxnymom unmepsase [a,b], mo
npoexmuenas cmpyrmypa BV sxeusarenmmua cmandapmmoti na
omxpwumom urnmepsane (a,b).

ITpumep 7. Ilpoexmusnas cmpyrmypa
A = ch®(kz)dy, B =sh*(kx)d,, H = sh(2kx)d,,
¢ nomenyuaiom W = k? sxeusasenmmua cmandapmmot.

2

s

Teopema 7. Fcau W < _(b—a) HG 3GMEHYMOM UHMEPSAAE
[a,b], mo npoexmusnas cmpyxmypa BV ne sxeusasernmmna cman-
dapmmnot na omrpvimom urwmepsane (a,b).

ITpumep 8. Ilpoexmusnas cmpyrmypa
A = cos}(wz)d,, B =sin®(wz)d,, H =sin(2wz)d,,
He aksusasenmua cmandapmmuot na unmepsase (a,b), ecau (b —

a) > Z.

w
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Ipumep 9. Ipoexmuenvie cmpyxsmypu BV, 20e
W=-Xxx"% X>0,

Ha ar0bom Kax yeoono masom unmepsaae (0,a) a > 0, ne sxeusa-
AEHMHBL CMAHIGDMHOT.

4. TIPOEKTHUBHBIE TEOMETPUYECKUE BEJUYWHBI

Bri6epem nokpbiTre npsiMoii kapramu asyx sugos (U, t) u (V) s).
B xapre (U, t) Mbl npemonaraeM, 9T0 BEKTOPHOE TIOJIe

A= f?9,
OTJIMYHO OT HYyJisd, & KoopauHaTa ¢t BeIOpaHa CaeAyIomuM 00pa3om:
t= % B stux koopanHarax anrebpa gV npurmMaer cramzapTHLIf
BUL:
A=29, H=2td, B=1td,.
B xapre (V, s) npeamomaraercst, 9T0 BEKTOPHOE TIOJIE
B = ¢%0,

OTJIMYHO OT HYJIsl, & KOOPAMHATA S BEIOpAHA C/IEAYIONUM 00Pa30M:
s = %. B srux koopaumarax aareGpa g" mmeer Bu:

A=—s%, H=-250,, B=—0s,

B KoTopoM mosigd A, B, H 110 CpaBHEHHIO CO CTAHJApPTHBIM TIPe/i-
CTABJIEHHEM U3MEHUIN 3HaK, a Moyt A u B oMeHsInCh MeCTaMHu.
B o6onx ciyuasix, KOOpAUHATHI t U § MAI0T PEATU3ANNIO AJTeOphI
JIu " xax crampapruoit. Bosee Toro, B nepecedyennu kapt (U, ) u
(V, $) KOOpMHATHI CBSI3aHBI POOHO-TMHEHHBIM IPe0OpPa30BaAHIEM:
t=1
Takum obpasowm, ariac {(U,t), (V, s)} 3a1aer npoeKTUBHYIO CTPYK-

rypy BV wa npsmoit. Harrommmm [4], uro upoekruBHblE reomerpu-
JeCKHe BEeJTHUNHBI SBJISIOTCH CEUeHNSAME OJHOPOTHBIX g"Y -pacciio-
ennit. OQnucanne TaKuX 7-pPacCJOeHMi

7 R™ SR
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BMeCTe C ONUCAHUEM IOAHATHHI ﬁW neticruit anarebper Jlu gW Ja-
€TCd CAeAYIOeil TeopeMoit.

Teopema 8. (1) Hycems pasmeprocmsb "V -op6um pasra mpem,
mozda nodnamue g" -deticmeus A0KAALHO UMeem caedyio-
wutl eud:

A= f2aza H= 2fgax — 2u0, +ava
B _ 2 g
B=g"0,+ 0y + ?(81,—2u8u)

6 kapme (U,t) u

A= 120, - %(av — 2udy) + Oy,

H =2fg0, — 2udy + Oy, B = ¢%0,

6 kapme (V,s).
(2) ITycmo paszmeprocmo " -opGum paena deym, mozda nood-
namue g" -deticmeua AokarvHo umeem caedyrowuts uo:

A= f?0,, H = 2fg0, — 2u0,,

B=g%0,+0,+(1- 2%)@

6 kapme (U,t) u

A= f20, + (2ugf —1)0y,

H = 2fg0, — 2u0,, B = 4%,

6 kapme (V,s).

(3) ITycmo pasmeprocms g -opbum pasna edunuue, mozda noo-
namue g" -deticmeua 6 wapmazx (U,t) u (V,s) soxaavno
umeem caedyrousuti 6ud:

Z:]ﬂax’ FZQf.gaxa EZQQa:p
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5. IIPOEKTUBHBIE JNOPEPEHIINAJIBHBIE MHBAPUAHTHI

Hamommmym (cm. [1]), aro dyskmusa f € C®(J*7), sagannas na
[IPOCTPAHCTBE k-CTPYil pACCIOeHUsI IPOEKTHBHBIX T€OMETPUIECKIX
pesmun 7 : R — R, maseiBaercs npoexmuenvim duddeperuu-
AABHOIM UHBAPUAHMOM, €CJIA OHA WHBAPUAHTHA OTHOCUTEILHO K-
ro mpojoiKenus Aeiicteust aare6per sly(R), To ects

AN =B =a%() =0, (5.1)

rie A, B, H npunajiie:Rar g -TOJHATHASM, KOTOPBIE 33 al0TCs
KJIACCOM TEOMETPUIECKUX BETUIIH.

Ob6o3uaunM uepes A u B nommse mucbdepeHImpoBaHus BIOIb
BEKTODHBIX moJieii A u B coorBercrBenHo. [T0oCKOIBKY B Kaprax
(U, t) u (V,s) anre6pa Jlu gV umeer ug crammapraoro sly(R)-
LIPE/ICTABJICHNS] BEKTOPHBIMU LIOJISIMU, TO Pe3y/ibrarbl pabors! [4]
MPUBOAAT K CJACAYIOIIEMY OIUCAHUIO 0a3ucHbIX pudpdepenimaib-
HBIX MHBAPUAHTOB g -IPOEKTUBHBIX CTPYKTYD:

(A) g"-opbuTs pazmeprocTH 3.
3aech bazucubie nuapapuantol B kKapre (U, t) numetor Bu:

0) MHBAPUAHTHI HYJIEBOTO MOPAIKA:

1) nHBapUAHTHI TIEPBOTO TOPSIJIKA:

Ji(1) = A(uz);'“a J1(2) = A(UZ}‘;QM?
Ji(3) = A(w3)7  m) = A(wm)7
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2) WHBApHUAHTHI BTOPOTO MOPSIKA:

 A2(u) + 2uA(u) + 40P

J2(1) 3 ,
1p(2) = A%(v) + 61:2(’0) + 6uQv7
h3) = ) F 2]
2(w™ uA(w™
Jg(m):A ( )—1—22 A(w™)

B kapre (V) s) 6azucubie quddepeHnuaabHble THBAPHAHTH IMEIOT
BYI:
0) WHBAPWAHTHI HYJIEBOTO MOPSI/IKA:

3 m,
wo, .. ,w

1) UHBapHAHTHI TIEPBOTO TOPSIJIKA:

Jl(l) = W’ JI(Q) _ _B(’UB};‘ 2uv’
T(3) = B(71)U3)7 ey Ti(m) = B(l:m);

2) MHBAPUAHTHI BTOPOTO MOPSIKA!

B B2(u) — 2uB(u) + 4u3

Ja(1) 3 ,
Ja(2) = B%(v) — 6’LLUB;(U) + 6u2v7
(3 = 20 ;f“é G}
Jo(m) = B?(w™) — 2uB(w™)
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(B) g"-op6utsr pasmeprocTH 2.
Basucueie uaBapuante B kapre (U, t) nmeror Bu:
0) MHBAPWAHTHI HYJIE€BOTO MOPSIIKA:

2 m.
wo.L,w

1) MHBAPMAHTHI IEPBOTO TOPAJIKA
A(w?
Ji1(2) = (72, ey J1(m) = T
u? + A(u) u? + A(u)
a TaKKe R R
J A%(u) + 6uA(u) + du?
2 = =
(A(u) + u2)2
7 A3(u) 4 12uA2(u) + 36u2A(u) + 18u*
3= = :
(A(u) + u?)?
CoorsercreenHo, B kapre (V, s) 6a3ucHble HHBADUAHTHI UMEHOT BUJT:
0) MHBAPMAHTHI HYJIEBOTO MOPAIKA:

2 m.
w, ., w

1) UHBAPUAHTHI TIEPBOTO MOPSIIKA:
B(w? B(w™
J1(2) = (72, ceey Ji(m) = (7/\);
u? — B(u) u? — B(u)
a TaKXe WHBAPUAHTHI BTOPOTO W TPETHEr0 MOPSIKOR:
B B2(u) — 6uB(u) 4 4u?

Jo — 3
(u? — B(u))?

—B3(u) + 12uB%(u) — 36u>B(u) + 18u?
Js = = .
(u® = B(u))?
(C) g"-op6urs pasmepuoctn 1.
B srom caayuae B kapre (U, t) 6asucubie auddepeHimaibHbe nH-
BApPUAHTHI UMEIOT BU/I:
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0) WHBAPWAHTHI HYJIEBOTO MOPSIIKA:

A(w? A(w™
J1(2):§Ew1;, Jl(m):i%((wl));

2) WHBAPUAHTHI BTOPOTO MOPSIIKA:

Jo(a,b) =

a TakxKe
_ 24%(w)A(u) — 3(A%(u))
(A(u))?
Cootreercreento, B kapre (V, s) 6a3ucHble HHBAPUAHTHI UMEIOT BUI:
0) UHBAPHAHTEI HYJIEBOIO MOPSIKA:

3

1) nuHBapHAHTHI TIEPBOTO TOPSIJIKA:

B w2 o) w™

2) WHBAPUAHTHI BTOPOTO MOPSIIKA:

Jo(a,b) =

a Tak»Ke
L 2B Bw) - 3(B(w)
(B(u))*
Ormerum, 9410 HHBAPUAHT J3 gBJISeTCS 0000IEHNEM IPOU3BO/IHOM
[Ipapra na cayuait g TPOEKTHBHBIX TeOMETPHUCCKUX BEJIHUHH.




64

H. I''Konosenko

1]

[2

Bl

[4]

[5]

[6]

7

18]

[9

[10]

[11]

CIIHCOK JIMTEPATYPHI

Anekceesckmii /1. B., Bunorpagos A. M., Jlerwarue B. B. Ochoswoie
udeu u nonamua dugpdepenvyuasvroti zeomempuu. Cospemenroie npoobae-
Mo mamemamuky. Pyndamenmanvhuoe nanpasaenus // Deomerpma-1. —
1988. — T. 28. — 297 c.

Kamke 9. Cnpasounur no 06vkHoBeHHUM JuPPepenHyuanvrvim ypacHe-
nuam // Mocksa: Hayxka, 1976. — 589 c.

Konosenko H. I, JIsrwarua B. B. Jlugdeperyuarvroe uH8apuaHmoL
necmandapmuos npoexmuenus cmpykmyp // Honosimi HAH VYkpal-
umu. — 2008. —T. 11. — C. 10-13.

Komosenko H. T'. Asnzebpu dupepenyiasvhus in6apianmic 2e0MEMPUIHUT
seaunur Ha npoekmushil npamiti // Deomerpis, Tomosoris Ta Ix 3acro-
cyBanns. 36. npanp Iu-ry maremaruku HAH Vkpaiau. —2009. —T. 6,
Ne 2. —C. 10-34.

Konosenko H. I Vpasuenus LIlpedumzepa u Hecmandapmmwvie npoex-
muensie cmpykmyps, // Tesucer noknanos Mexnynapoauoii koudepen-
mmm “Teomerpus B Omecce — 2008” (Ogecca, 19-24 mas 2008r). — 2008. —
C. 83-87.

Kpacumpmuk U. C., JIbruarun B. B., Bunorpamos A. B. Bsedenue 6 2eo-
mempuro HeauneUnns Jduddepenyuaronnr ypasnernuli. — Mocksa: Hay-
Ka, 1986. — 336 c.

Xaprmaua @. Ob6wknosennvie Jdupdepenyuarvuse ypasnerua. — 3.
Muwup, 1970. — 720 c.

Jensen C. V. Linear ODEs and D-modules, solving and decomposing
equations wusing symmetry methods // Lobachevskii Journal of
Mathematics. — 2005. — Vol. 17. —P. 147-210.

Hill E. Ordinary differential equations in compler domain. — Jonh Willey,
New York: 1976. — P. 484.

Kushner A., Lychagin V., Roubtsov V. Contact geometry and non-linear
differential equations // Cambridge University Press. —2007. —P. 516.
Lie S. Klassifikation und Integration von gewdhnlichen z,y,die eine Gruppe
von Transformationen gestatten I,II // Math. Ann. —1888. — Vol. 32. —
P. 213-281.



Vkpaincekunin Matematuunuii Konrpec — 2009. Cekuis 2 65—-79

M. II. Xomenxo

Inemumym mamemamuru HAH Yipainu, Kuie

T. M. Buspom
LJAHIH im. I'M./lo6posa HAH Yxpainu, Kuis

CrpykTrypa rpadiB oKpeMux KJIaciB
MoBiIbHOI k-kKiIacudikarii rpadiB

3amnpornonosana B 1972-73 pp. M. I1. Xomenkom cim’st kiracudi-
Kariit Bcix mpocrux ckindennux rpadis (k-kaacudikamnii rpadis,
0 < k < n, n—mnopsnok rpada), 3 MONJISTY ICHyBaHHS UM HEICHY-
BaHHs 1-cbakTopa B camoMmy rpadi 4u B CAymIHUX #oro miarpadax
[1-3], sirpasa BazK/IMBY DOJIb IPU TOC/IIPKEHHI BJIACTHBOCTEH Ta
CTPYKTYPHU HMPOCTUX CKiHIeHHHX rpadis.

So-rpacdu (rpacdu 6e3 1-daxropis, mpumituphi rpadu) ckia-
maroTh oamH 3 kuaciB 0-xsracudikarii rpadis 3ragamol ciMm’l Kia-
cudikariit BCix mpocTux ckindeHHuX rpadis, Apyruit Kjaac el x
kacudikamii rpadis ckaagaors K,-rpadm (renpumitusi rpadmu,
rpacdum 3 1-dakropammu).

Inest aBTopie 1iel poboTu JOCTIIKEHHST CTPYKTYpu So-Tpadin
Oepe mouaTok 3 Tomosioriunmx nutanb modbymosu M. I1. Xomenkom
3arajbHOI Teopil yk/aayBaHOCTel Ta yKJaaeHb rpadis B opien-
TOBHI 2-0araToBUIM HOTO METOJOM Y-TIEPETBOPEHB TOIOJIOTITHUX
mpoctopie. [le B 1971 p. aBTOPYM MOMITHIN, IO AKITO Tpad HE Mi-
CcTUTH K0HOrO 1-hakTopa, TO HOTO MOMOBHIOIOUMI TPAd HE MOXKe
OyTu rpadom iHmMAEHIH Y-TOMEOMOPGHUX 2-KIITOK KIITKOBOTO
BKJIQJCHHS TBIPHOrO rpada npejCcTaBAeHHs B OPIEHTOBHUN 2-MHO-
rosu/y [4]. Bragana ijes Gysia MpoBiIHOO, KOJIM ABTOPH TOJL BIIEp-
me 1mo0yayBain MiHIMAJIbHE BKJIQJIEHHH IOBHOTO Irpada MOPamKy
13 B opienroBuuii 2-6ararosu) poay 8 [5] Ta Buepiie jocsijguin
cTpyKTypy So-rpadis [4].

© M. II. Xomenko, T. M. Buspor
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TyT g0cTiIXKYIOTBCA BAACTHBOCTI Ta CTPYKTYPa MPOCTHX CKiH-
vepnmx rpadis G = (GY,GY), mo micrars S-k-Tkm, cTBOpeHMM
aBTOpaM Iiel pobOTH METO/IOM JIOKAJI30BAHUX MEPEMIKHUX JIAH-
IFOTiB, OCHOBH SIKOTO 3aKJIaJICHO HUMHU I1ie B poboTax [6, 7].

Yepes G\ ({ay, }¥_,) mosmagarmvemo rpad, oxep:Kammii BuIae-
HHAM 3 3a7aH0ro Tpada G, k ioro Bepuun ay,, t = 1(1)k, pisaux,
sakio k > 1, robro k-Tku, pazom 3 iHnunenTanMu im B G pebpamu.
k-txy {a;,}5_;, 0 < k < n, n = |G°, rpada G masmpaTmmemo S-
k-Troto rpacda G, axmo rpad G\ ({a;, }<_,) € So-rpadom, B Tpo-
THIeXKHOMY BuIaIKy — K-k-Tkoto rpada G. Beazkaemo, mo GO €
K-n-koto.

B 1nux gocsimKeHHSIX IUILIHAM BUSBUJIOCS BUIIJIEHHS CIIEIialIb-
HUX MiJKAACiB TpadiB, BIACTUBOCTI SKUX BUTIJIHO BUKOPUCTAJIN
JUTsE JIOCJIJIKEHHS BJIACTUBOCTEN Ta CTPYKTYypH BCix rpadis pos-
TVISTYBAHUX KJIACIB.

Jlyke miKaBUM i KOPUCHUM BUSIBUBCS BBEJIEHHUI aBTOPaMU i€l
poboru kiac Tak 3saux N-rpadis Ny, i ({1, fife) HOPAIKY T 3
k,0 <k < n—1, neHTpajbHUMHU BEPITHHAMHU TTOPSIKY 3ipUacTocTi
k + 2, miIKJIacOM SIKOT'O € BBEJEHWI MUMU K aBTOPAMU KJaC Tak
3BaHUX CKAAMHAX 3ipok St, 1 ({a;}¥) 3 k mentpamu a;, i = 1(1)k,
1 < k < n—1, nopanky sipuacrocti n — k |4,2,8|. N-rpadu Bi-
JiTpaju iICTOTHY POJIb B JOCTIIKEHHI BJACTUBOCTEN Ta CTPYKTYPH
BCiX rpadiB KOXKHOTO KJIacy MOBLIBHOI k-kKaacuikariii BCix mpo-
ctux ckinvenaux rpadis — amke Bci HXy-rpadm — makcnmanbii
eJIEMEHTH YaCTKOBO BIIOPSIKOBAHOT 32 BKJIFOYEHHAM MHOXKWHU I'Pa-
diB KoxkHOTO KIacy Xy A0BiIbHOI k-kmacudikarii, 0 < k < n, gk
noBesm aBTopwu tiel poboru, € N-rpadamu.

Crouatky posrisiaeMo kjac rpadis 3 S-k-Tkamu, 1m0 MicTSITH i
K-k-tku. B kiaci rakux rpadie posrasgaeMo miakaac rpadis G,
KOXKEH 3 9dKUX MICTUTH X04 6U OfHY mapy HECYMIXKHWX BEpIITUH
aj,, aj, Taky, mo upu upuesHanui 10 rpada G pebpa (a,,ar,)
onepxkumo rpad G + (aj,,a;,) 3 ycima K-k-rkamu. Baactusocti
X rpadiB BUKOPUCTOBYEMO JJis JAOC/IIIKEHHS BJIACTUBOCTEH Ta
crpykTypu BCix rpadis, mo micrarh i S-k-Tkn i K-k-Tku.
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Osnauenns 1. Pebpo (aj,,a;,) epaga G nasusaemo k-gaxmo-
pusyrowum pebpom, a muosicuny {a;, }2_, tioz0 eepuun — k-nova-
mxom 2pada G.

OueBuiHO, 110 TOPsAI0K N Ipada G 33J0BOJILHSIE YMOBH:

n —k = 0(mod2)

in > k+ 2. Makcnmanbao Hacuaeruit pebpavu rpad 3 S-k-Tkamu
i K-k-Tkamvu € posragaysauum rpagom G, 60 KoKHE pedPO T0TOB-
urowuoro rpada G e k-bakTopusyounm pebpom 3agan0oro rpada
G.

Hexait {a;, }X_; — nosinbma S-k-txa rpacda G. Tomi mo mMHO-
xwuHy k Bepmme rpacda G mo3HAYATHMEMO Yepes Aii’2, k-mogarok
{a;,}2_; rpacda G — wepes By, a 1-daxrop

fiy(G\ Ai 2 + By o)

—uepe3 fi 0. Caix BigMiTuTH, MO

S (G + (ary, a1,)) \ Ak 2) = fiez + (aiy, aiy).
I'pad G MicTuTh HE3ATEKHY MHOXKWHY BEPITTHH TOTYKHOCTI > 2 i
;2 N B[:’2 = J.

TBepmxkenuus 1. Koowna k-mxa 2paga G 3 k-nowamrom B[f’2,
wo micmume sepuuny ay,, a, € By 5 € K-k-mxoto zpaga G.

Hacainok 1. I'pagp G nopadky n, n > k + 2, micmums npu-
natimmi 061 K-k-mxu.

Hacaigok 2. dxuo G — makcumasvto Hacuseruti pebpamu epagp
3 S-k-muxamu i K-k-mxamu nopadxy n, a; € G° i p(aj,G) <n-—2,
de p(a;, G) — cmenine sepwunu a;j 6 epagi G, mo k-mxa zpaga G,
wo micmumos eepuuny aj, € tioeo K-k-mxoro.

Hacaimok 3. B z2pagi G auvwe odna k-mxa eepwun epaga G
[Af 2 N By o] € S-k-mxoro epagpa G.

3 Hacaiaky 2 TBepkeHHsT 1 BUILIMBAE CIIPABEJIMBICTD HACTY-
IIHOTO TBEPIKEHHSI.
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TBepaxkenuns 2. fkmo G — MakCcUMaIbHO HACUIeHU pebpamMu
rpad 3 S-k-txamu i K-k-Tkamu mopsiaky n i a;. € Aﬁ,zv T € Ny, 10
pla;, ,G)=n—1.

Hacaimok. Makcumanbao Hacuuennit pebpamu rpad 3 S-k-Tka-
mu 1 K-k-Tkamm 3B’ si3HMIA.

[Mepemixkuaum antrorom rpada G HA3UBAEMO TPOCTHUI HOTO JIaH-
Hior ¢pq = ¢(ap, ag; G) Mixk Bepmmnamu a,, a, rpada, sci pebpa
AKOTO CKJIQIAal0Th JBa Kjaacu pebep 1 po3TarmoBaHi Tak, IO KO-
JiHe pebpo 0JIHOIO Kjacy He CyMiKHe Ha Cp g 3 IHIIIM PedpoM TOro
K Kiacy. Ilepemizkanit manmor ¢, , rpada G HazuBaTIMeMO 1-Tre-
peMixkunM BigHocHo 1-pakTopa F i mosmavarmMmemo uepes c;,q =
d(ap,aq; G, F), saxmo pebpa ogaoro 3 kiaacis pebep, siki BU3HATA-
F0TB HOro IepeMizKHICTh, € pebpamu 1-dakTopa F camoro rpada G,
abo nesxoro itoro miarpada. llepemizkamit Janiior ¢, rpada G
Ha3UBATHMEMO 2-TIepeMiKHNM BigHocHO 1-dakTopis Fi, Fo 1 mozua-
"aTuEMeMo epes ¢, , = ¢ (ayp, ag; G, F1, F2), axmo BusHagaroumMu
iioro mepeMixKHicTb KJjacamu pebep € pebpa asox 1-chakropis Fi i
Fo camoro rpacda G am caymunx #oro migarpadis. 1-mepeMixuuit
BigHocHo 1-dakTopa fi o JaHIOr c;,q = d(ap, aq; G, fk2) Ha3uBa-
TUMEMO A0KAAL306GHUM, AKIITO KIHIIAMHA MOTO € €JIEMEHTHU MHOXKWHN
BE’Q; HANIBAOKAAIZ08QHUM, STKIIIO JIUITE OOWH HOTO KiHeIh € ejle-
MEHTOM MHOXKWHU B;Q. IIpo Taki JaHIIOrT HILTOCA B¥KE, 30KpeMa,
B poborax [6, 9-11]. 3 TeBepKenHs 1 BUIUIMBAE CHPaBEIIMBICTH
TaKOI'O TBEPAKCHHA.

Teepmxkenns 3. B zpagi G 3 k-nowamrom By o 1 S-k-mxoro
Aﬁ,z ICHYIOMb HATIBAOKAAI306aHT 1-nepemioicti sidnocto 1-darmo-
pa fi o AaHUI02U HENapHOi JO8HCUNY, KOMHCEH 3 AKUT 3 'cdnye ep-
wuny muodcunu By o 3 6epuunoro mrosrcuny Ay 5.

Jlema 1. B zpagpi G 3 k-nowamkom By o ne icnye a0karizo6a-
noz20 1-nepemioicrnozo eidnocro 1-gaxmopa fi o sanuyroza cglle
Cl(all y Ay G’ fk,Q)? B:Q = {alt }%:1'

Cupasai, sxk6u B rpadi G 3 k-nmouarkom B;Q i S-k-Tkor0 AE:,2
icHyBaB Jiokasi3oBanuit 1-mepemizkuuii BigHoCHO 1-bakTopa fk72
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/ / . _ 2 :
manmor ¢ = c(ay,, a3 G, fe2), Bio = {a, }i=y, 10 icnysas On
i 1-cbaxTop

(G \ (Ak2)) = fiy(G\ ({ef) 1} + Ak2)) + finy(cly )

IO CYyTEPEIUTh YMOBI.
3BiAcH, 9K HACIIIKH, BUILIABAIOTL TAKI 1B TBEPIKEHHSI.
Tsepaxkenus 4. Axuwo 6 epadi G 3 k-nowamxom B:,z 1ICHYIOMD
MUMOBLICHT HaNiBA0KaANI308aHT 1-nepemioicti eidnocho 1-darmopa
f.2 aanyrozu naproi dossrcuny (QoNYcKaomMvbea AGHYI02U HYALOBOT
dosorcuru)

C;t,lgt = Cl(alt’ a’lgt ; G7 fk,Q)a

ai, € By, |cﬁ’l<tl >0,t=1,2, mo (a ) € G*.

TsBepmaxkenusa 5. Hxuwo ¢ epagi G nopadky n, n > k+4, 3 k-
NOYAMKOM Bf("2 ICHYE HANIBA0KAAI306aHUT 1-nepemiscnul 610H0-
cro 1-daxmopa fy 2 aamyroe C;t’lCt = (a3 G, fe2), @, € Bio,
mo p(ay,,G) <n —2.

Jladl mepekoHaeEMOCd B CIIPaBEJINBOCTI HACTYITHOTO TBEPIKEH-
HS.

Teepaxkenus 6. dxwo ¢ epadi G 3 k-novamxrom Bz,z i S-k-
MK AT;Q ICHYIOMb MUMODIIHCHT HANIBA0KANIZ08aHT 1-NepemidicHl
sidnocro 1-paxmopa fi o aanyrozu napnoi dosocuny

/ /
Clz,lgt =c (Cth ) al(t ; G7 fk,?)a
* /1
ai, € By, ‘Clt,lgt
G+ (al<1 , al<2).
Cupagjii, npy BUKOHAHHI YMOB TBepJzKeHHs icHye 1-dakTop

f[l] ((G + (algl ) al(2)> \ Ai,2) =
= fiy(G\ ({CE?,JQ Yoo + Ag2)) + fi (621712)’

/ o /
Aty = o (g @)+,

Lle osnauae, mo k-rxa Af , € K-k-rxoto rpacda G + (ay, a, ).
3 ILOro BUILIMBAE CIPABEIABICTE HACTYIHOTO TBEPIZKEHHS.

| >0,t=1,2, mo k-mxa A?Q e K-k-mxo1o epagpa
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: .

TBepaxkenus 7. Hxwo 6 epagi G 3 k-novwamxom By 5 icnyromo
MUMOBIIHCHT HANIBA0KAAI3066HT 1 -nepemiocni sidnocho 1-Parxmopa
fk2 nanyroeu napnoi dosorcuriu

C;t,lgt = C/(alt ) Qe s G, fk,2);

1
tle
pebpo epaga G.

3 1ILOTO TBEPKEHHS 1 TBEPXKEHHs 1 BUIIMBAE CIIPABEIINBICTD
HACTYITHUX ABOX TBEPAZKECHD.
. .
Teepmxenns 8. fxwo 6 epadi G 3 k-novamxom By 5 icnyromo
MUMODIICHT HANIBA0KAAIZ060HT 1-nepemiochi eidnocho 1-daxmopa
fr2 nanyroeu naproi dosoicunu

a, € By, lgt, | >0,t=1,2, mo (al<1 GZCQ) — k-gpaxmopusyroue

C;t’lct = Cl(alt ) alct ) G? fk,?)a

* /1
ai, € By, ’Clt,lgt

mxom epagda G.

Teepaxkenas 9. Sxwo 6 epagpi G 3 k-nowamxom Bf("z 1ICHYE
Hanie.Aoxai306anul 1-nepemiocnutl 6idnocno 1-gdaxmopa fi 2 ran-
4102 napnoi doescuny Cgt,lgt = (ay,, alct;G’ fr2), a, € Bf;Q, |Cﬁvlct‘ >
0, t € No, mo xooicna k-mxa 2paga G, wo micmumod eePUUHY aic,

e K-k-mxoro epaga G.

Hexaii 8 rpadi G nopstaky n, n > k+4, 3 k-pakropusywoanm pe-
opom (a, ap,) i S-k-TxoTO A} o icHye Takox k-chakTopusyrote peGpo
(ai,.a;,) rpada G. Beejgemo nosHadeHHs:

’
B[:Q = {al,,., ap, }a

fea = fu(G\ (A2 + BLy)),

| >0,¢t=1,2, mo {algt }2_, — mawooic € k-noua-

* *
]._.[k72 = Bk,2 N Bk,?’ |Hk72 =DP.
JlaJii, HEBAXKKO [TEPEKOHATHUCH B TOMY, 1110 B rpadi G icaye 2 —p,
2 — p = ¢, HeNepeTUHHUX HEHYJILOBOI JTOBXKWHW HAIiBJIOKATIZ0-

BaHuX l-mepemikuux BignocHo l-axTopa fio JaHIIOrB mapHOI
JIOBXKUHA

C;hle = C/(alt ; Alg; G7 fk,2)7
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¢  _ px g _ p¥
{ai, Yoy = Bep \ iz, {a gy = Bip \ k2
i p TaK¥WX JIAHITIOTIB HYJIOBOT HOBXKUHW. QUEBHUIHO, IO [IJIsT 3ra1a-
HUX JIAHITIOTIB TTapHOT JOBXKWHU MA€ MICIle PIBHICTH

/ _ _ . /
Clt,l(; - Clg7lt =cC (alg7alt7 G7 fk,Q)a

t = 1,2. Ile o3naqvage, M0 JAHIOTH, sIKi PO3TIAAAIOTEHC, € 2-TIepe-
MiXKHAME BiZHOCHO 1-dakTopiB fi o i fli,2'

Hapeneni MipKyBaHHS € JOBEIEHHIM HEOOXITHOCTI HACTYIITHOTO
TBEPJKEHHS, JOCTATHICTh KOO BUILIUBAE 3 TBED/XKEHHS 7.

Jlema 2. Pe6po (alCl alC2), (alc1 al<2> e G, ¢ k-paxmopusyro-
wum pebpom zpada G 3 k-nowamrom B:Q = {ai,,ai,} modi i auwe
modi, xKoau 6 epadi G icHyOMb MUMOGINCHT HANIBA0KAAI306aHT -
nepemivici eidnocro 1-gpaxmopa fi 2 nanytoeu naproi dosscunu

C;t,l(t = C’(alwalgt ; G, fk72),

a;, € By, |cﬁ,l<tl >0,t=1,2.

3ayBazkenHsi. Kinri qoBiipHux n1Box k-haxkTopuzyiounx pebep
rpada G 3’exHani MUMODIXKHUMUI HAIIBIOKAIIZ0BAHUMHA 2-11€peMi-
KHUMM JIAHIOIIOTaMU HapHO.l. JOBXKWHH.

3 JjieMy 2 BUILIMBAE TaKa JIEMA.

Jlema 3. Muoxuna {a, Y24, (@, @,) € G, Bepuun rpada
G 3 k-mouarkom {a;, }?_, € Takox fioro k-mowaTkom Toi i JmIIe
Toji, Kot B rpadi G icHyooTh MUMOOIKHI HaIiBJIOKai30BaHl 1-
HepeMizKHI BITHOCHO 1-axTopa fi o JaHIIOTH HapHOI JOBKUHN

1
Cgt,lct = Cl(altvalgt;Gv fk,2>7 ‘Czt7lCt’ Z O, t = 1,2

3 BUKJIAIEHOTO BUIIE BUTIJINBAE CIIPABEIMBICTD HACTYITHOTO TBEP-
JIXKEHHS.

TBepmaxkenua 10. k-tka rpada G 3 k-mogarkom By 5 € fioro
K-k-Tk010 TOAI 1 sTHITIIE TOMI, KO BOHA MICTUTH BEPITHHY a, €
G°, g sxol B rpadi G icHye HamiBioKasi3oBaHuil 1-nepeMizKumii
BigHOCHO 1-pakTopa fi o JAHIIOr HAPHOI JTOBXKUHA

/ / *
i, = ay, a3 G, fea), @y, € Bey, t€ N
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Pisnocunpanm tBepazkenHio 10 € TBepmxenna 11.

Teepmkenns 11. Bepwuna a,, epaga G 3 k-nowammxom B;Q
He HaaeHcums do ocodnoi tioeo K-k-mxu modi 1 auwe modi, xoau
a,; 3HaTO0UMbBCA NG J0GIALHOMY HATIEAOKANL306aHOMY 1-nepemi-
sicromy ei0nocno 1-axmopa fi 2 sanyroey nenaproi dossicunu

/ / . *
Clu; — € (almabia G? fk72)a ay, € Bk,2'

, .

Jlema 4. frwo 6 zpagi G 3 k-nowamrom By 5 icnyromo ma-
ki dea nanisaokanizosans l-nepemivicni eidnocno 1-gaxmopa fi 2
AGHUIO2U

/ / *
Cloy, — € (alta Q3 G7 fk,2)7 ap, € Bk727 t=1,2,

/ / _ 0
wo ¢, N¢,, =y, G, € f g, MO 6EPUWUHG Q); SHATOOUMBCA
HG JOBIADHOMY HANIBAOKAGAIZ08GHOMY 1-nepemiochomy 610HocHO 1-
axmopa fi 2 ranyrozy nenaproi dosoicunu

.., = (a,,a,;G, fi2), ai, € By,

Cupagji, 9K6U Ha OJIHOMY 3 HAIIBJIOKAJII30BAHUX 1-TIepeMiKHUX
BiHOCHO 1-pakTopa fi o JaHIFOrB ngi’ t = 1,2, mo po3srasmaio-
TBCs B YMOBI JIEMU, BEPIIUHA @,, 3HAXOAUIACH HA HEIIAPHIN Biggasi
Big k-mouarky By, rpada G, a ma Apyromy — Ha HapHiil Bigga-
Jii, T0 Mau O deTHpiqu 3 JemMor 1; HasiBHICTH B rpadi G aBox
HalBIOKaII30BaHuX 1-nepemizkuux signocuo 1-daxropa fi o 1an-
IFOTiB Cit,w t = 1,2, Ha 9KUX BepIINHA @,, 3HAXOAWIACH OU Ha
mapuiit Biggasi Big k-mouarky By , rpada G oznauaso 6 innugen-
THICTH BEPIIMHHU @,; JBOM pe6paM7 1-baxTopa fi 2, MO Cymepednio
6 o3nauennio 1-gaxropa rpada. Orke, BepiIMHA @, 3HAXOLUTHCS
Ha HelapHIN BiAmasi 1 Ha HANIBIOKATII30BAHOMY l-TlepeMi:KHOMY
Bignocuo 1-dakTopa fi o JaHIEOry C;mi’ i H& HaIIBJIOKAJI30BAHO-
My l-nepemizkHOMY BinHOCHO 1-bakTopa fi 2 JIaHIIO3] ngﬂ a TOMY
3rigHo 3 gemoro 1 Bepmmua a,, 3HaXOAUTELCA Ha HeMapHil Biamai 1
Ha JOBLIBHOMY HAIIBJIOKAJII30BAHOMY l-TlepeMi>KHOMY BITHOCHO 1-

dakropa fi o nanmory C;e,u = d(a,,a,;G, fk2), a, € By ,.
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Teepaxkenus 12. fHrxwo 6 epadhi G 3 k-novamrom Blf,z 1CHY-
10Mmb Mmaki dea Hanieaokasizosant 1-nepemioicni 6idnocno 1-ga-
wmopa fi 2 aanyozu ¢, = c(ay,, a5 G, f2), @, € By, t=1,2,
wo ¢, N¢p,, =y, @, € fy, mo eepuuna a,; pasom 3 do6inv-
numu k — 1 inwumu sepuwunamu 3 Ay 5 cxaadae S-k-mky epada
G.

e TBepIKEHHS BUTLIUBAE 3 TIOMTEPENHIX TBEPIKEHD 1 TBepIKe-
mag 11.

ChopMyTLOBAHOMY TBEPKEHHIO 5 MOMKHA HAJATH HACTYIHY
dopmy.

TBepaxkenus 13. Hxwo 6 epadi G nopadxy n 3 k-nowamxom

;72 0AA BEPUUNHL Gy, MAE MICUE PIEHICMD

p(aL“G) =n-—- ]-7

Mo 6epuuna a,; Ha 006IAbHOMY HANIEA0KAAL306aHOMY 1-nepemi-
srcnomy sidnocro 1-daxmopa fi o aanyrozy

/ / . *
Clyu; = C (aluabm G, fk,2)7 ay, € Bk,27

3HATOOUTNDCA HG HENAPHIT 6100a.41.

Jlema 5. fxwo 6 mMakcumasvro nacuvenomy pebpamu epadi G 3
S-k-mxamu i K-k-mxamu nopadky n, n > k+4, 3 k-nonammsom By,
sepwuna a,;, € G°, mo p(a,,,G) =n —1 modi i avwe modi, xoru
M J0BIALHOMY HATIBAOKANIZ06aHOMY 1-nepemischomy eidHocHo 1-
paxmopa fi 2 nanyrozy

C;‘,—,Li = c’(alT, a; G, fk,2)7 ap, € B;,%

6EPUWUNHA Q;; 3HATOOUMDCA NA HeNapHit 6100a.nl.

Zosedenns. HeobximuicTh yMOB JIEeMH BHUILINBAE 3 TBEPIKEHHS
13.

[lepekonaemocsd B TOMY, IO KO Ha JOBLILHOMY HAIIBJIOKAJI-
30BaHOMY l-TlepeMizKHOMY BiHOCHO 1-bakTopa fi 2 JaHIIOIY cgﬁ y =
d(ar,, a3 G, fi2); ai, € By, MaKCHMaJIbHO HACHYeHOro pebpamu
rpada G 3 S-k-rkamn i K-k-rkamu nopsaaxy n, n > k + 4, sepumn-
Ha a,; 'pada G 3HAXOAUTLCs HA HenapHii Biajadd, To p(a,,, G) =
n — 1. Cupasgi, ak6u B rpacdi G icHyBaja TaKa BEPIIMHA G, IO
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(a,;ap) € G, To pebpo (a,,ap) 6yn0 6 k-pakropuzyrounm pebpom
rpada G, a orxe, k-tka A} , Oyma 6 K-k-roro rpada G + (a,;ap).
. . 3
Toni 3 icaysanus 1-daxropa fj1)((G + (a,,ap)) \ Af 5) BumMBaIO 6
icaysanng B rpadi G HAIIBIOKAJI30BAHOIO 1-IEPEMIzKHOTO BiaHO-
/ _ al . *
cHo 1-pakTopa fi o manIiora iy =C (ar,a.,;G, fe2), ar. € Bk72,
3TiHO 3 JIEMOIO 2, Ha SIKOMY BepIINHA a,, 3HAXOANIach 61 Ha nap-
Hi#t Bigmasi, woro me moxe 6yTu.
Jlas mBoX TIMHOXKWH MHOKUHU BepinuH rpada G mopsaky n,
n > k + 4, BBeeM0O TO3HATEHHS:
sk 0 Ta o3 H
Ay = {GL; € fio | Bepimna @, JIEKUTDH HA HemapHiil Bijcrani
Ha ’ZLOBIJ_[]:)HOMY HaHlBﬂOKaﬂlSOBaHOMy 1-HepeMl?KHOMy B1JHOCHO 1—
daxropa fi o TanIory

CET?’/i/ - C/((ll,r, abi/;Gv fk,2)7
a,, € Bl o, ' =(k+1)(1)k, 0< k—k < (n—k—2)/2};
Ake = Ao + Ay Axa = {a, }ioy s

B;,*Q = {G’Lk+i’ |(aL;aLk+,L-/) € fk,27 aLé € Aiva
=k )Ok0 <k —K< (n—k+2)/2};
Bip =By + Bih:  Bre={a, )15

BpaxoByioun B3ae€MHO OJHO3HAYHY BIAMOBIIHICTDL MIiXK €JleMeH-
TaMU MHOYKUH Aﬁj‘z i Bf;*z rpacda G, a Takoxk Te, 1o JJsd rpada
G mopsaxy k + 2 mae micue piBricTs | Ak 2| = K, mepekoryemocs B
CIPABETMBOCTI HACTYITHOTO TBEPI2KEHHSI.

Tepmxkenuusa 14. Jlas epaga G nopadky n, n > k+ 2 cnpase-
dauso |Ax| € NF, = (n+k—2)/2.

Teeprkenns 15. Bepwuna a,;,

/ *
a; € Bxa, v # v, Aa,,a,} =By
epada G Ha d06IABHOMY HANIBAOKANL308aHOMY 1-nEpemincHomy 610-
nocro 1-daxmopa fi o saruyrozy

0, = Ca, a3 G, fiz)
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3HATOOUBCA HA NAPHIT 6100041,

3 1BOr0 TBEP/IKEHHS, TBEP/KEHHSA 2 1 JIeMU 5 BUILIMBAE CIPa-
BEJJTUBICTH HACTYITHOTO TBEP/2KEHHS.

Tepmkenas 16. Bepuura Ay, Gy € By 2, maxcumasvro wa-
cunenozo pebpamu epaga G 3 S-k-mramu i K-k-mxamu pasom 3 do-
siavnumu k — 1 tnwumu o020 eepuwunamu ckaadac K-k-mxy epaga
G.

Teepmaxkents 17. B Makcumaisvho Hacuveromy pebpamu 2pagi
G 3 S-k-mxamu i K-k-mrxamu He ichye HANIBAOKANIZ060H020 1-
nepemigicrozo eidnocno 1-gharmopa fi o sanyroza

/
Cujr ot
’Cgr,bjs‘ > 1; a’Lje € Bk,2z (anga’lpg) € fk172? 0= r,s.

e TBep:KeHHna BUNINUBAE 3 JeM D 1 1.

Hacuinok. Mnooicura By o sepuun MaKCUMAALHO HACUMEHO20
pebpamu epaga G 3 S-k-mramu i K-k-mxamu nesanescra 6 G.

Jlema 6. Sxwo 6 epaghi G 3 k-nouwamxom Bf;Q ICHYIOMb Ha-
nieaokanizosani 1-nepemiocii eidrnocro 1-gaxmopa fi o aanyrozu
HeNnapHoi 1 naproi dosocunU

/
=cC (aLjT’alpT7 cees A,y aLjsan fk,?)a

Cg il = Cl(alTHalp;Gv fk,?)v

TP
/ / .
CZT//,lp =c (al.r// ) alp7 Ga fk,2)7
a_,,ai_, € By,y, mo 6 epai G icnye eepwuna aj, € By, uepes
AKY NPOLOOUMDb J0GLALHUT HANIBA0KAAIZ06aHUT 1 -NnepemiscHutl 6i0-
HoCHO fi o AaHUI02
/ / . *
Clog, =€ (%,alw G, fx2), a, € Bk,?

a pebpo (ay,ar,) nasescums abo do G, abo do Gl ineec k-garmo-
pusyrovwum pebpom epapa G.
Josedennsa. Hexalt ymMOBH JieMHU BUKOHYIOTHCS 1

I = c’(alT,,alp N CET//,ZP) \ ap.

Toui IT # @ 6o upu 7" = 7" maemo, mo I > a; , a upn 77 # 7/
3riaHo 3 JeMoro 1.
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. koK
Hexait {a,, CLLk_H}Z_k,_,’_l NI =11, a, € AkQ, .y, € By, Armo
T
Hl{(abiq aLk+iq)}q:1’
. /
d(alt y Qg y i G clt ) > d(alt7 aLk-qu ’ G? Clt,lp)v
1<q <r—1,t=1",7" 10 pebpo (a,, a,,, ) HANEKATHL JOBi/Ib-
HOMY HAIliBJIOKaJi30BaHOMY l-miepemikHoMmy BijHOCHO 1-hbakTopa
/ / .
fk,2 manmory g, =C (ar,,a1,; G, fuz), ai, € B;Q, Jepes Te, II0

AKOW 3HANIIOBCA TaKmii HAIIBJIOKAII30BaHU 1-mepemiKHuil Biji-
HOCHO 1-daxTopa fi o JaHIOr

/ / . *
clt*,lp =C (alt*v alpa G) fk,?)? ag,, € Bk,2

wo (a,,, ., ) € d. , 1O Ha HAIiB/IOKaIi30BaHOMY 1-nepeMixHo-
b
My BinHOCHO l-daxTopa fi o ranmory

C;t*,lp U C;t,,lp (alp7 aLiT)7 ¢ € {7—/7 7_//}7

BEpIINHA @,; 3HAXOJWTach OM Ha MapHifl BiATaI BCyIeped ToMmy,
)k

mo a,; € k,2°
— * 3

Otxe, "epe3 BepmuHy a7, = Gy € Bk,27 HPOXOJINTh JIOBL/Ib-
HEI HaIiBIOKaIi30Banuit 1-mepemizkanil Bignocno 1-dakTopa fi o
JTAHITIOT

/ / . *
g, = ¢ (a,, a,; G, fz2), a, € Byo.

Pebpo (ay,a,) nanexurs abo 10 G, abo no G, a Tomy 3rigHo
3 jgemoro 2 He € k-darTopusyrwunm pebpom rpada G.

dxmo x II; = @, To HamiBIoKagi30BaHi 1-TIepeMiXKHI BITHO-
cHo 1-akropa, fi o MaHIoOM €] I, i q., 1, 3A0BONBHSIOTE yMOBH:

] ]
alT// = alT/7
/
a0, = ta,,a,}.

Towmy 3riguo 3 siemoro 1 B rpadi G He icHye KOIHOTO HAIIBJIO-
KaJli30BaHOTO 1-TlepeMiKHOTO BiIHOCHO 1-dakTopa fio JTaHIOTa
/ _ !/ . * —
Clt,7lp =c (alt)alpa Ga fk,Q)? alt/ € Bk72 \ alT/' OT}Ke? AKIIO 1_[l - ®7
TO Ha JOBLIFHOMY HaITiBJOKaJi30BaHOMY l-TTepeMi:KHOMY BiJTHOCHO
1-dakTopa fi 2 JTaHIIOry

/ / . *
CZT”ZP =c (alT/ ’ alP’ G7 fk72)’ alT/ € Bk,27
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Mae Micne piBHICTB a;, = agT. Pebpo (ay,a;,) nazexnTs abo 10
G, abo 1o Gl, i ToMy 3riHO 3 JeMo 2 He € k-dbakTopu3yrunm
pebpom rpada G.

Jlema 7. fHrxwo 6 maxcumanrvro nacuwenomy pebpamu 2padi G
3 S-k-mxramu 1 K-k-mxamu icnyroms nanisaoxanrizosani 1-nepemi-
sichs 610nocro 1-gpavmopa fy o aanyrozu

CETUZI) = C/(alT’ ’ alp; G7 fk72)7

CET//,lp - C/(al.r// ) Glp; G7 fk,2)7

ap,,a_, € 3;72, na axur eepuiuna ay, epaga G snarodumovcsa Ha
nenaphit 1 Ha naphil 6100aat, Mo ICHYE | CYMINCHA 3 ay, 610N0610-
na il sepwuna aj, € By, ay, ~ ap, 1 AKWO ay, ~ aj,, a, ~ ai,,,
mo (ar,ar,) € G*, abo (ar,a1,) € G 6 saneocnocmi 6id mozo, wu
=10, vl # .

Teopema 1. I'pagh nopadxy n, n > k+ 2, k > 1 e epagpom 3
S-k-mxamu modi i suwe modi, Koau 6in € paxmopepagpom abo N-
epagpa Ny o ({0, ¥4 n, = 1(mod2), r = 1(1)(k — k + 2),
1<k<k<(n+k—2)/2 npun—k = 0(mod2), abo N-zpaga
Npn—1,2-n npun —k = 1(mod2).

JoBenennsi. Heobxigmicts Teopemyu 1 BHILIMBAE 3 HaBEIEHUX
BUITE MipKYBaHb.

Hepaxxko mepekoHaTnCst B TOMY, IO 3TaJaHnii B yMOBI TeopeMun
1 N-rpacd G wictuts i S-k-Tku i K-k-TkU, a moBiabHE pPebpo rpa-
da G e k-pakropuzyrounm pebpom rpada G i Tomy 1eit rpad e
MaKCHMAJIbHO HAaCHYeHUM pebpamu rpaoM 3 TaKUMU BJIACTUBO-
CTAMMA.

[TpoiBmM MipKyBaHHS, aHATOTIYHI MPOBEIEHUM CTOCOBHO TE€O-
pemu 1, TpuXoAMMO 0 BUCHOBKY, ITI0 MAa€ MiCIle HACTYITHA TeopeMa.

Teopema 2. I'pag nopadky n, n > k + 2 € epagom 3 ycima S-
k-mramu modi 1 auwe modi, xoau 6in € paxmopepagom abo N -
2paa

Ny oo ({n Yotet?),
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ny = 1(mod2), r = 1(1)(k+k+2),0 <k < (n—k—2)/2 npu
n — k = 0(mod2), a6o N -epaga

Nn,nfl,an

npu n — k = 1(mod?2).

Miuimaasaum rpacdom mopsaky n, n > k+2, k > 1 3 S-k-rkamu
i K-k-tkamu € N-rpad Ny oz, ¢ = (n+ k)/2. 3 teopemu 2 upu
k = 0 BumamBae KaacmuHa Teopema TarTta mpo MpuUMITHBHI Tpa-
¢u. Onucana crpykTypa rpadiB OKpeMux KJACIB Ja€ MOXKJJIUBICTH
nobyayBaTu BCi rpadu 3a1aHOT0 HOPSIKY PO3IJISIIYBAHUX KJIACIB.

[Ipo Baxk/uBiCTbL MUX HOC/IKEHB WAETHCs, 30KPEMa, B KHU31
mpo mocsirHennst Akaemii Hayk Yrpaiacskol PCP 3a 60 pokis (mis
pen. akagemika AH YPCP 1. K. Toxonni; Knis: Haykosa nymka,
1979, c. 84) Ta B kHu3i [12, c. 349].
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Topics in uniform continuity

This paper collects results and open problems concerning several
classes of functions that generalize uniform continuity in various
ways, including those metric spaces (generalizing Atsuji spaces)
where all continuous functions have the property of being close to
uniformly continuous.
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1. INTRODUCTION

The uniform continuity of maps between metric or uniform
spaces determines a specific topic in general topology. By the end
of the fifties and in the seventies the attention was concentrated
on those spaces (called UC spaces, or Atsuji spaces) on which
uniform continuity coincides with continuity. Of course, compact
spaces are UC spaces, but there also exist non-compact UC spaces
(e.g., the uniformly discrete ones).

In this survey we consider several aspects of uniform continuity
and its relationship with continuity. We start with a discussion

© D. Dikranjan and D. Repovs
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of the possibility to capture uniform continuity by means of the
so-called closure operators [29]. The most relevant and motivating
example of a closure operator is the usual Kuratowski closure K in
the category Top of topological spaces and continuous maps. It is
well known that one can describe the morphisms in Top (i.e., the
continuous maps) in an equivalent way as the maps “compatible”
with the Kuratowski closure (see §2.2). In this setting appear
the uniformly approachable and the weakly uniformly approachable
(briefly, UA and WUA, resp.) functions (see Definition 1). Section
3 compares the properties UA and WUA with the property of
the u.c. functions which have distant fibers in an appropriate
sense. In Section 4 we consider studies those spaces X on which
every continuous function X — R is UA. This class contains the
well-known Atsuji spaces, where every continuous function is u.c.
[1, 2, 3, 4].

Section 5 deals with those metric spaces in which the uniform
quasi-components of every closed subspace are closed. Every UA
space is thin, but there exist complete thin spaces that are not
UA. The main result of this section is a separation property of the
complete thin spaces.

The last section is dedicated to “additivity”, which turns out
to be quite a non-trivial question in the case of uniform continu-
ity. More precisely, we discuss here the straight spaces: these are
the metric spaces on which a continuous function X — R is uni-
formly continuous whenever the restrictions f [r and f [g, on
each member of an arbitrary closed binary cover X = Fj U F; are
uniformly continuous.

At the end of the paper we collect most of open problems and
question (although some of them can be found in the main text).

We did not include in this paper several related issues. One of
them, magic sets, is a topic that appeared in connection with UA
functions, even though it has no apparent connection to uniform
continuity. The reader can see [15, 16, 17, 6, 7, 21] for more on
this topic.
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We are dedicating this survey to the memory of the outstanding
topologist and our good friend Jan Pelant, who actively worked on
this topic and contributed the most relevant results in this area.

1.1. Notation and terminology. A topological space X is called
hereditarily disconnected if all connected components of X are triv-
ial, while X is called totally disconnected, if all quasi components
of X are trivial [32]. The closure of a subset Y of a topological
space X will be denoted by ¢l(Y) or Y. All topological spaces con-
sidered in this paper are assumed to be Tychonoff. A topological
space is said to be Baire if it satisfies the Baire Category Theorem,
i.e., if every meager subset of X has empty interior. A Cantor set
is a nonvoid zero-dimensional compact metrizable space with no
isolated points, i.e., a homeomorphic copy of the Cantor middle
thirds set. If X is a topological space, we write C'(X) for the
family of all continuous real-valued functions on X, and Cp(X)
for the sets of continuous nowhere constant real-valued functions
on X. (To say that a continuous function f: X — R is nowhere
constant is equivalent to saying that f~!(y) is nowhere dense for
each y € R.)

A metric space is said to be uniformly locally connected (shortly,
ULC) [34, 3-2], if for every € > 0 there is 6 > 0 such that any two
points at distance < ¢ lie in a connected set of diameter < . In
other words, close points can be connected by small connected
sets. For example, convex subsets of R™ (or any Banach space)
are uniformly locally connected.

2. UNIFORM CONTINUITY VS CONTINUITY

2.1. Global view on closure operators. Closure operators can
be introduced in a quite general context [29]. The prominent ex-
amples that inspired this general notion were given by Isbell (in
the category of semigroups, or more generally, categories of uni-
versal algebras) and Salbany (in the category Top of topological
spaces and continuous maps). We briefly recall here the notion of
a closure operator of Top, following [29, 30].
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A closure operator of Top is a family C' = (¢x)xeTop Of maps
cx : 2% — 2% such that for every X in Top

(i) M Ccx(M) for all M € 2%;
(i) M C M' € 2X = cx(M) C ex(M'); and
(iii) f(ex(M)) C ey (f(M)) for all f : X — Y in Top and
M e 2%,

A prominent example is the Kuratowski closure operator K.
Every continuous function satisfies the “continuity” condition (iii)
for every closure operator C. For a closure operator C' of Top we
say that the set map f : X — Y is C-continuous, if it satisfies
(iii). It is easy to see that a map f: X — Y is continuous if and
only if it is K-continuous. In other words, the morphisms in Top
can be detected by a closure operator (as K-continuous maps).

Analogously, a closure operator of Unif can be defined as a
family C = (cx)xeunif of maps cx : 2¥ — 2% such that for
every X in Unif items (i) and (ii) are satisfied, and

(i) flex(M)) C ey (f(M)) for all f: X — Y in Unif and
M e 2X.

We say that C' is additive (idempotent) if the equality
Cx(M U N) = Cx(M) U Cx(N)

(resp., cx(ecx(M)) = cx(M)) always holds.

The Kuratowski closure operator K is a closure operator of
Unif. Analogously, for a closure operator C' of Unif one can say
that the set map f : X — Y is C-continuous, if it satisfies (iiiy);
f is said to be totally continuous if it is C-continuous for every
closure operator C' of Unif.

In the category Top of topological spaces a map is continuous
if and only if (iii) is holds for C' = K. Hence morphisms in Top
are determined by the closure operator K. Can the same be said
of Unif? This question was answered in the negative in [28]. We
briefly sketch the proof here.
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The spaces needed as tools are the uniformly discrete two-point
space D = {0, 1}, the one-point compactification Ny, of the nat-
urals N equipped with its unique uniformity, and two uniformly
close sequences, which are not topologically close

Xo:={(n,1/n)| n € N}U{(n,—1/n)| n € N} C R%

Set

M, ={(n,1/n)|n € N}, M, ={(n,—1/n)|n € N}
and consider the map m : Xo — D defined by m(a,) = 0 and
m(by) = 1 for each n. Clearly 7 is continuous but not uniformly
continuous, since the open disjoint binary cover Xo = M, U M, is
not uniform.

Lemma 1. ([28]) In the above notation:

(a) the map 7 is C-continuous for every additive closure op-
erator C' of Unif such that

either c¢(My)\M, or c(My)\M, is finite;

(b) if ¢(My)\ M, is infinite for a closure operator C' of Unif,
then for every metric Baire space B € Unif without iso-
lated points there exists a discontinuous map fp : Noo — B
which is C-continuous.

Theorem 1. ([28]) Let C be an additive closure operator of Unif.
Then either m : Xog — D is C'-continuous or for every metric Baire
space without isolated points B there exists a discontinuous map
fB : Noo — B which is C-continuous.

This shows that for every additive closure operator C of Unif
one can find a C-continuous map that is not uniformly continuous.
Hence, a single closure operator of Unif cannot detect uniform
continuity. This theorem also allows us to see which C-continuous
maps fail to be u.c.

It is natural to expect that using more than just one closure
operator things may change. We shall see now that this is not the
case. Even a totally continuous map, which satisfies (iii) for every
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closure operator (', is not necessarily uniformly continuous. The
tool to achieve this result is the following notion introduced in [28]
and [6]:

Definition 1. ([6, 28]) We say that a map f € C(X,Y) is
UA (uniformly approachable), whenever for every compact
set K C X and every set M C X, there exists a UC function
g € C(X,Y) which coincides with f on K and satisfies g(M) C
F(M).

We then say that g is a (K, M )-approximation of f. If we
require in the definition of UA that K consists of a single point
we obtain the weaker notion WUA (weakly UA ).

Clearly, U A implies WU A.
It was shown in [28] that R with the natural uniformity has the
property that every continuous selfmap is uniformly approachable:

Example 10. Every f € C(R) is UA. Indeed, let K = [—n,n]
and let M C R be an arbitrary non-empty set. Pick any my €
M N (—o0, —n] if this set is non-empty, otherwise take my; = —n.
Choose mg € M analogously. Then the function g : R — R defined
by

flma), if 2 <my
g(x) =< f(z), ifmi <z <m
f(ma), if > my
is a (K, M)-approximation of f.

Since “uniformly approachable” implies “totally continuous”
and f(x) = 22 is not uniformly continuous it follows that uniform
continuity is not detected even by all closure operators in Unif.
However, Burke noticed [6, Example 3.3] that there are continuous
non-WU A functions on R? (in fact, f: R? — R, f(z,y) = zy, is
such a function, see Example 5).

The next theorem easily follows from the definitions:

Theorem 2. ([28]) Every WUA function is totally continuous.
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2.2. Local view on closure operators. Every additive and idem-
potent closure operator of Top or Unif defines a topology on the
underlying set of the space. In this sense, the use of topologies
that make certain maps (uniformly) continuous in the sequel can
be also viewed as a local use of idempotent additive closure oper-
ators (i.e., on a single space or on a single pair of spaces, without
the axiom (iii)).

2.2.1. Topologies T on R that make a given class of functions F C
RR coincide with C((R,7), (R, 7)). In the sequel X will be a metric
space. Following [18] we say that a class F of functions from X
to Y can be topologized if there exist topologies 71 on X and 79 on
Y such that F coincides with the class of all continuous functions
from (X,71) to (Y,72). The paper [18] gives conditions which
under GCH (generalized continuum hypothesis) imply that F can
be topologized. In particular, it is shown that (assuming GCH)
there exists a connected Hausdorff topology 7 on the real line such
that the class of all continuous functions in 7 coincides with the
class of all linear functions. A similar theorem is valid for the
class of all polynomials, all analytic functions, and all harmonic
functions. Omn the other hand, the classes of derivatives, C'°,
differentiable, or Darboux functions cannot be topologized.

2.2.2. Characterization of uniform continuity as a simple continu-
ity w.r.t. appropriate topologies. We recall here the work of Burke
[14] on characterization of uniform continuity as a simple conti-
nuity w.r.t. appropriate topologies (or locally defined closure
operators in the above sense). Within this setting, the problem
becomes the question of determining which metric spaces X and Y
are such that the uniformly continuous maps f: X — Y are pre-
cisely the continuous maps between (X, 7;) and (Y, 72) for some
new topologies 7 and 7 on X and Y, respectively.

Theorem 3. There exist a connected closed subset X of the plane,
a homeomorphism h : X — X, and a connected Polish topology
7 on X such that the continuous self-maps of X are precisely the
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maps h" (n € Z) and the constant maps, while the continuous
self-maps of (X, 7) as well as the uniformly continuous self-maps
of X are precisely the maps h'™ (n < 0) and the constant maps.

3. FUNCTIONS WITH DISTANT FIBERS AND UNIFORM
CONTINUITY

Definition 2. We say that f € C(X) has distant fibers (briefly,
DF) if any two distinct fibers f~1(x), f~(y) of f are at some
positive distance.

It is curious to note that this property generalizes two antipodal
properties of a function:

e f is constant (f has one big fiber)
e f has small fibers (e.g., one-to-one functions, or more gen-
erally, functions with compact fibers, or briefly, KF).

3.1. Uniform continuity coincides with DF for bounded
functions f : R™ — R. It is easy to see that UC implies DF
for any function f : X — R. Indeed, if d(f~'(u), f~*(v)) = 0
for some u # v in R, then any pair of sequences x,, y, such that
f(zn) = u, f(yn) = v and lim,, d(zy, y,) = 0 witness non-uniform
continuity of f.

Let us verify that DF implies UC for bounded functions f :
R™ — [0,1]. Indeed, assume that the sequences x, y, imply non
uniform continuity of f with d(z,,y,) — 0 and |f(z,)— f(yn)| > €
for every n. Then boundedness of f yields that f(x,), f(yn) can
without loss of generality be assumed convergent, i.e., (z,) —
a, f(yn) — b for some a # b in [0,1]. Let I, be the segment
in R™ joining =, and y,. Let a < b and take w,v € [0,1] with
a < v <u<b Then f(x,) € [0,v) and f(yn) € (u,1] for
sufficiently large n since f(I,,) is an interval (being a connected set)
containing f(x,) and f(y,). Then u,v € f(I,) for sufficiently large
n. Since d(xn,y,) — 0, we conclude that d(f~(u), f~1(v)) = 0,
a contradiction.
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In the argument above R™ can be replaced by any space that
is uniformly locally connected. This condition cannot be omitted,
since the argument function on the circle minus a point is DF but
not UC (indeed, the circle minus a point is not uniformly locally
connected with respect to the metric induced by the plane).

Theorem 4. ([8, Theorem 3.7]) A bounded function f € C(X)
on a uniformly locally connected space X is u.c. if and only if it
1s DF.

Boundedness was essential to prove that DF implies uniform
continuity. Indeed, unbounded continuous functions R — R need
not be u.c. even when they are finite-to-one (e.g., x — 22) or even
injective (e.g., r + x3).

The next theorem says that uniform continuity of a bounded
function f € C(X) is a property of its fibers. In this form the
theorem permits one to remove the hypothesis “uniformly locally
connected”.

Theorem 5. ([8, Theorem 3.10]) Let (X,d) be a connected and
locally connected metric space. Suppose that

fr9 € C(X,[0,1])

have the same family of fibers and that f is u.c. Then g is also
u.c.

Nevertheless, boundedness cannot be removed, as the pair of
functions  — z,z — z° on R show. It is not clear what is
the precise property of the fibres of f € C(X,]0,1]) which gives
uniform continuity. Theorem 4 shows that it is precisely DF when
the space X is uniformly locally connected.

How to remove boundedness

In order to remove boundedness we now consider a generaliza-
tion of UC which coincides with UC for bounded functions.

We start with a notion which is stronger than DF. A function f
is said to be proper (briefly, P) if the f-preimage of any compact
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set is compact. Equivalently, f is a closed map with KF. Even
though in general the implication P — KF' cannot be inverted
(e.g., x — arctanz in R), one can prove that P = KF for un-
bounded functions R™ — R, m > 1. In particular, this holds for
polynomial functions R™ — R.

The property K F' implies DF, but it is much stronger. Indeed,
UC need not imply KF. This is why we introduce the auxiliary
notion AP that presents a weakening of both the notion of proper
function and that of UC function. We plan to show that DF' = AP
for functions f € C'(X) on a uniformly locally connected space X.

Definition 3. ([8]) f € C(X,Y) is said to be AP (almost
proper) if f is u.c. on the f-preimage of every compact set.

Obviously, UC implies AP, whereas bounded AP functions are
UC. The same argument given above to prove UC — DF also
proves that AP implies DF. On the other hand, with the proof
of Theorem 4 outlined above one can also show:

Lemma 2. ([8, Lemma 3.5]) DF — AP for functions f € C(X)
on a uniformly locally connected space X. Hence, AP coincides
with DF on uniformly locally connected spaces.

In this way we have achieved our goal by replacing UC with AP.

Next we discuss an alternative solution, based on a different
idea of choosing instead of AP a class of functions close to UC in
the sense of approximation, namely UA (and WU A).

Theorem 6. ([8, Theorem 3.15]) DF implies UA in uniformly
locally connected spaces.

The proof is based on the notion of truncation, which was
implicit in Example 10. Now we define a different kind of trun-
cation (for the general definition see Definition 6). For a function
f: X — R and real numbers a < b define the (a,b)-truncation
as follows:
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f(x), if f(z) € [a, ],
fap (@) =qa, if f(z) <a,

bif f(z)>b.
One proves that f € DF implies f, ) € DF, hence f,) € UC
since it is bounded. Now, if K is a compact set and a,b €
R are chosen such that f(K) C [a,b], then fi, ;) is a (K, M)-
approximation of f if one takes additional care about g(M) C
f(M) as in Example 1.

The above implication cannot be inverted, as the next example

shows.

Example 11. The function f(x) = sinz? is not DF, since any

two fibers of f are at distance 0. Nevertheless, according to Ezx-
ample 10, f(x) is UA.

This suggests that the condition DF is too strong. We shall
consider an appropriate weaker version below.

Remark 1. Note that the (a,b)-truncation is different from the
truncation g defined in FExample 10 in the case X = R. It can
easily be shown that if f([m1,msa]) = [a,b], then g is a truncation

of f(a,b) :

3.2. Distant connected components of fibers. In order to
invert the implication in Theorem 6 we need a weaker form of DF.
To this end we take a closer look at the connectedness structure
of the fibers. First of all we recall a notion for continuous maps in
Top.

Definition 4. A continuous maps f : X — 'Y between topological
spaces s called

(a) monotone if all fibers of f are connected;
(b) light if all fibers of f are totally disconnected.

The term in item (a) was motivated by the fact that for maps
R — R one obtains the usual monotone maps. It is known that
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every continuous map f : X — Y between topological spaces
can be factorized as f = [ om, where m : X — Z is monotone
and [ : Z — Y is light. (Notice that this factorization for the
constant map f: X — Y = {y} provides as Z exactly the space of
connected components of X and m : X — Z is the quotient map
having as fibers the connected components of X.)

Definition 5. We say that f has “distant connected compo-
nents of fibers” (DCF) in the sense that any two components
of distinct fibers are at positive distance.

Example 12. Let X be a metric space and f : X — R a contin-
UOUS Map.

(a) if f is monotone, then f is DCF if and only if f is DF.
(b) If f is light, then it is DCF.
In particular, the function f: (0,1/7] — R defined by

f(xz) =sinl/x,
as well as the function from Ezample 11, are DCF (being light),
but any two non-empty fibers of f are at distance 0.

Theorem 7. ([8, Theorem 4.3]) UA implies DCF for f € C(X)

and arbitrary metric spaces X.

In fact, if C, and C} are two connected components of fibres of
f at distance 0, then for K = {a,b} and M = C,UC} the function
f has no (K, M )-approximation.

Along with Example 10 this gives:

Corollary 1. Every continuous real-valued function R — R is
DCF.

Actually, we shall see below that even WU A implies DC'F' for
f € C(R™) (see Theorem 8), therefore,

DF - UA — WUA — DCF for f € C(R™).

Hence all they coincide for polynomial functions (or functions
with finitely many connected components of fibres). Let us put all
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these implications in the following diagram, where the equivalence
(1) for ULS spaces is given by Lemma 2 and the implication (2)
for ULS spaces is given by Theorem 6. The implication (3) for
R"™ follows from these two implications and the trivial implication
UA — WUA. The implication (4) will be proved in Theorem 8
below which gives a much stronger result.

AP WUA ——DCF
(4)

(3)

Diagram 1

We shall see below that (4) is not an equivalence. This moti-
vated the introduction of the following weaker version of UA in
[20]: a function f: X — R is said to be UAy (densely uniformly
approachable) if it admits uniform (K, M )-approximations for ev-
ery dense set M and for every compact set K. Analogously, one
can define WU Ay.

Theorem 8. WU A, coincides with DCF for f € C(R™).
The proof requires a new form of weak UC based on truncations:

Definition 6. g € C(X) is a truncation of f € C(X) if the
space X can be partitioned in two parts X = AU B so that g = f
on A and g is constant on each connected component of B (that
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is, g must be constant on each connected component of {x € X :

f(x) # g9(x)}).

This motivates the introduction of the class T'U A of truncation-
UA functions, that is, functions f € C(X) such that for every
compact set K C X there is a u.c. truncation g of f which coin-
cides with f on K.

The following is easy to prove:

Theorem 9. ([8]) TUA implies DCF on every locally connected
space.

Indeed, if C;, and C} are two connected components of fibres of
f at distance 0, then for K = {a,b} the function f has no UC
K-truncations.

The proof of Theorem 8 splits in three steps (see in Diagram 2
below)
Step 1:

([8, Cor.7.4]) DCF — TUA for f € C(R™);
Step 2:

([20, Th.3.1]) TUA — UA, for f € C(R™);
Step 3:

([8],[20, Cor.4.2]) WUA; — DCF for f € C(R™).

Step 1 together with Theorem 9 ensure the equivalence (4) for
f € C(R™) in Diagram 2. Step 2, the trivial implication UA; —
WUA,, Step 3 and the equivalence (4) imply (5). This proves all
four equivalences for f € C(R™) in the right square of Diagram 2.

The remaining three implications (1), (2) and (3) are trivial.
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WUA 3) ~WUA, DCF

(1) l(4)

UA @) - UAy 5) TUA
Diagram 2

In view of the four equivalences in the right square of Diagram
2, the next example shows that the implications (2) and (3) cannot
be inverted.

Example 13. ([20, §5]) In C(R?), TUA does not imply WUA.

It remains unclear whether the remaining last implication (1)
of Diagram 2 can be inverted for f € C(R™) (see Problem 1).

4. UA SPACES

The main objective of this section are the UA spaces — spaces
where every continuous function is UA. The first example of this
kind is R (Example 10). The motivation to introduce these spaces
are the well known Atsuji spaces.

Here we recall some results from [6] and we anticipate some
of the principal results from [9] which give further motivation for
studying UA functions.

The next definition will be used in the sequel.

Definition 7. Two subsets A, B of a topological space X are
said to be separated if the closure of each of them does not meet
the other (this is equivalent to saying that A and B are clopen in
AUB). So X is connected if and only if it cannot be partitioned
in two separated sets.
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A subset S of X separates the nonempty sets A and B if the
complement of S can be partitioned in two separated sets, one of
which contains A, the other contains B (see [39, §16, VI]).

4.1. UA spaces. Several criteria for UA-ness are given, and among
them the following looks most spectacular:

Theorem 10. ([9]) Let X be a UA space and let A, B be disjoint
closed uniformly connected subsets of X. Then there is a collection
{H, | n € N} of nonempty closed subsets of X such that for every
n?

(1) Hn+1 - Hn;

(2) H, separates A and B; and

(3) H,, is contained in a finite union of balls of diameter <

1/n.

Actually, this property can be proved for a larger class of spaces
discussed in §6, where a relevant property is obtained in the case
when X is complete (Theorem 21).

The following construction which produces UA spaces from trees
and compact sets placed at their vertices was given in [8].

Definition 8. A metric space X is a tree of compact sets
{Kp:n€w}
if X = Unew K, where each K, is compact and
‘Kn—&—l N U Kl’ =1.
<n
(a) Given a subset I C w, we say that the subspace
Xr=|JKn
nel

of X = e, Ki is a subtree of X if for every n,m with
n<m,ifn€l and K,NK,, # &, thenm € I.
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(b) A tree of compact sets X = J,c,, Ki is said to be tame if
every K; has an open neighbourhood which intersects only
finitely many K;’s and every two disjoint subtrees of X are
at a distance > 0.

It is easy to see that the circle minus a point can be represented
as a tree of compact sets, but none of these trees is tame. The
next theorem shows the reason for that (the circle minus a point
is not a UA space).

Theorem 11. [9] If X = J,c,, K; is a tame tree of compact sets
{K,, :n € w}, then X is UA.

Examples of tame trees are given in Figure 1 (see ladders B and

Q).

4.2. Non-UA spaces: Hedgehogs and some necessary con-
ditions. Let a be a cardinal. In the sequel H, denotes the hedge-
hog with « spikes (see [32, Example 4.1.5], note that H, is sepa-
rable if and only if a = w).

Recall the definition of the cardinal b as the minimal cardinality
of an unbounded family of functions f : w — w with respect to the
partial preorder f <* g if f(n) < g(n) for all but finite number
n € w (see [31]). In ZFC w; < b < 2 and b = 2¥ consistently
(for example under MA or CH, see [31] for more detail).

Surprisingly, one has the following independency result: ZFC
cannot decide whether the smallest non-separable hedgehog H,,
is UA. More precisely, the following holds:

Theorem 12. [9] Let o be a cardinal. If oo < b then H, is UA,
whereas if a > b then H, is not even WU A.

In particular, under CH the space H,,, is not UA, while in mod-
els of ZFC where ~C H& M A holds, one has wy < b, so H,,, is UA.

We show below that every space H, is TUA (Corollary 2).
Hence TUA 4 WU A for nonseparable spaces.

We also consider the following space which is more general than
the hedgehog H, of « spikes:
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Definition 9. Let a be an infinite cardinal. A metric space (X, d)
is called a hedgehog of compact sets {K : A € a} if X = [Jyc, K
where each Ky is compact with more than one point and there
exists p € X such that

(1) KxnN Ky ={p} for \# X; and

(2) for all x,y € X we have that

d(z,y) < max{d(z,p),d(y,p)} — IN < a[z,y € K,].

Sometimes we prefer to say more precisely: a hedgehog of «
compact sets.

Definition 10. Let X be a uniform space, let f € C(X) and let
K be a compact subset of the space X. The minimal K -truncation
fx of [ is defined as the (infi f, supk f)-truncation of f.

Theorem 13. [9] Let X be a hedgehog of compact sets and K be
a compact subset of X containing p. Then for every continuous
function f € C(X) the (infx f, supk f)-truncation of f is u.c.

This gives the following;:
Corollary 2. FEvery hedgehog of compact sets is TU A.

Another source of UA spaces is given by the following;:
Theorem 14. [9] Every uniformly zero-dimensional space is UA.

In [10] the Cantor set is characterized as the only compact
metrizable space M such that each subspace of M is UA.

Theorem 15. [9] The only manifolds which are WUA are the
compact ones and the real line.

Now we see that a metric space having a continuous function
which is not uniformly continuous, necessarily also has a bounded
uniformly approachable function that is not uniformly continuous.
Hence, in some sense, UA is “closer to continuity than to uniform
continuity”.
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Theorem 16. [9] A metric space X is UC if and only if every
bounded uniformly approachable function is uniformly continuous,
so that a space X with Cy,(X) = Cyq(X) is necessarily a UC space.

In order the get a necessary condition for being a WUA space,
the following notion was proposed in [6]:

Definition 11. Let X be a uniform space. A family of pseudo-
hyperbolas in X is given by a countable family {Hy,} of disjoint
subsets of X such that for every n € N:

(1) H, is closed and uniformly connected;
(2) H, U Hy,11 is uniformly connected;
(3) HoNU,pon Hn = @; and

(4) the set H =J,, Hy is not closed in X.

This notion was inspired by the following example due to Burke.

Example 14. A family of pseudo-hyperbolas in R? is given by
the sets H, = {(x,y) : (zy)~' =n}.

Theorem 17. ([6]) If a normal uniform space X has a family of
pseudo-hyperbolas, then X is not WU A.

Theorem 18. ([6]) Let X be a separable uniform space and sup-
pose that there ezists f € C(X) with countable fibers without non-
constant uniformly continuous truncations. Then X is not WU A.

Example 15. Now we give three non-WU A examples of subsets
X1, X5 and X3 of R? that contain no pseudo-hyperbolas. To prove
that they are not WU A one can apply Theorem 18. So it is nec-
essary to find, in each case, a continuous function with countable
fibers and without non-constant uniformly continuous truncations.

(a) The space X1 is the unit circle minus a non-empty finite
set. So X1 can be identified with a cofinite subset of the
set of complex numbers e with 0 < 6 < 27. Define

f: X1 - R, f(e?)y =0.

Then f is non-WUA. It is easy to see that X1 contains
no pseudo-hyperbolas.
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(b)

The space X9 consists of the union of the two hyperbolas

H ={(z,ycR?:2>0,y >0,zy =1},

Hy={(z,y €cR?*:2>0,y >0,y = 2}.
Obviously, Xo contains no pseudo-hyperbolas. Define
f: Xo — R

as follows. If (x,y) € Hy, then set f(x,y) = €.

If (z,y) € Hy, then set f(x,y) = —e~*. It is easy to see
that this works.
Let X3 be the space from Diagram 3. It contains no pseudo-
hyperbolas. Define f: X3 — R by identifying X3 with the
subspace of R? consisting of the union of the two verti-
cal ares x = —1 and x = 1, together with the horizontal
segments

Io={(z,n) €R?®: -1 <2 <1}, neN.

Let f(-1,y) = —y, f(1,y) = y. This defines f on the
two axes of the ladder. On each horizontal segment I, f
18 linear. This uniquely defines f since we have already
defined f on the extrema of the horizontal segments I,,. f
is pseudo-monotone, so each truncation of f is an (a,b)-
truncation. Any such non-constant truncation is not uni-
formly continuous. Since f has countable fibers, Theorem
18 applies and thus X3 is not WUA.
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Diagram 3: A subset of R?

5. THIN SPACES

The class of topological spaces X having connected quasi com-
ponents is closed under homotopy type and it contains all compact
Hausdorff spaces (see [32, Theorem 6.1.23]) and every subset of the
real line. Some sufficient conditions are given in [33] (in terms of
existence of Vietoris continuous selections) and [22] (in terms of
the quotient space AX in which each quasi-component is identified
to a point), but an easily-stated description of this class does not
seem to be available (see [22]). The situation is complicated even
in the case when all connected components of X are trivial, i.e.,
when X is hereditarily disconnected. In these terms the question
is to distinguish between hereditarily disconnected and totally dis-
connected spaces (examples to this effect go back to Knaster and
Kuratowski [38]).

The connectedness of the quasi component (i.e., the coincidence
of the quasi component and the connected component) in topo-
logical groups is also a rather hard question. Although a locally
compact space does not need to have connected quasi components
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(32, Example 6.1.24], all locally compact groups have this prop-
erty. This is an easy consequence of the well known fact that the
connected component of a locally compact group coincides with
the intersection of all open subgroups of the group [35, Theorem
7.8]. All countably compact groups were shown to have this prop-
erty, too ([26], see also [25, 27]). Many examples of pseudocompact
group where this property strongly fails in different aspects, as well
as further information on quasi components in topological groups,
can be found in ([24, 25, 27|, see also [45] for a planar group with
non-connected quasi components).

Let us recall the definition of the quasi component Qz(X) of
a point x in a topological space X. This is the set of all points
y € X such that f(y) = f(z) for every continuous function

[ X —={0,1},

where the doubleton {0, 1} is discrete. Analogously, given a uni-
form space X and a point z € X the uniform quasi component of
x consists of all points y € X such that f(y) = f(x) for every uni-
formly continuous function f : X — {0,1}, where the doubleton
D = {0, 1} has the uniformly discrete structure (i.e., the diagonal
of D x D is an entourage). We denote by Q%(X) the uniform quasi
component of x.
In these terms we have the following inclusions

Co(X) € Qu(X) € Qu(X), (%)

where C,(X) denotes the connected component of z. Now we can
introduce the relevant notion for this section:

Definition 12. A wuniform space X is said to be thin if for
every closed subset Y of X and every y € Y, the uniform quasi
component of y in'Y is connected.

It is easy to see that all inclusions in (*) become equalities in
the case of compact spaces. Hence compact spaces are thin. This
also follows from the more general property given in Theorem 20.
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Definition 13. For three subsets A, B and S of a topological
space X we say that S cuts between A and B if S intersects every
connected set which meets both A and B. (If S is empty this means
that there is no connected set which meets both A and B.)

If a set separates A and B (see Definition 12), then it also cuts
between A and B, but the converse is false in general.

Definition 14. We say that a uniform space X has the compact

separation property (briefly CSP ), if for any two disjoint closed
connected subspaces A and B there is a compact set K disjoint
from A and B such that every neighbourhood of K disjoint from A
and B separates A and B (consequently K intersects every closed
connected set which meets both A and B, see Definition 7).

It is easy to see that every compact space has CSP since disjoint
compact sets are always separated.

It was proved in [9, Lemma 3.2] that if a metric space X contains
two disjoint closed sets H and K and a point a € H such that the
uniform quasi component of a in H U K intersects K, then X is
neither thin nor U A. This yields the following corollary:

Corollary 3. Two disjoint closed uniformly connected subsets
A, B of a thin metric space X are at positive distance.

The following notion is relevant to the description of thin spaces.

Definition 15. Given two distinct points a,b of a metric space
X such that the uniformly connected component of a contains b,
there exists for each n a finite set L, C X whose points form a
1/n-chain from a to b. We say that the sets Ly, together with a
and b, form a (discrete) garland, if there is an open subset V
of X which separates a and b and such that V N, Ly, is closed
(and discrete).

One can give a characterization of the thin of metric spaces in
terms of existence of garlands in the space.

Proposition 1. [9] For a metric space X the following conditions
are equivalent:
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(a) X is thin;
(b) X contains no garlands;
(¢c) X contains no discrete garlands.

The main result of the paper [9] is the following:
Theorem 19. Fvery complete thin metric space has CSP.

A large source of thin spaces is provided by US spaces.
Theorem 20. ([9]) Every UA metric space space is thin.

Theorem 19 follows from the following more precise result:

Theorem 21. Let X be a complete thin metric space and let A, B
be disjoint closed connected subsets of X. Then:

(1) there is a compact set K such that each neighbourhood of
K disjoint from AU B separates A and B;

(2) hence K intersects every closed connected set which meets
A and B;

(3) if X is also locally compact, there is a compact set K' which
separates A and B.

5.1. CSP vs thin and complete. The next examples show that
the implications in Theorems 19 and 20 cannot be inverted.

Example 16. There exist many examples of separable metric
space with CSP which are not thin:

(i) the circle minus a point (it has two closed connected subsets
at distance zero, so it cannot be thin by Corollary 3);

(ii) the rationals Q (uniformly connected non-connected, hence
not thin).

None of the above examples is complete. Here is an example of
a complete separable metric space with CSP which is not thin.

Example 17. Let Hi and Ho be the branches of hyperbolas
{(z,y) € R? : 2y = 1} and {(z,y) € R? : 2y = 2}, respectively,
contained in the first quadrant. Then the space X = H1 U Hy with
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the metric induced from R? is a complete separable space. Since
Hi and Hy are connected and at distance zero, it follows from
Corollary 3 that X is not thin. On the other hand, the empty set
separates the closed connected sets Hy and Ha. So if A and B are
closed connected disjoint sets in X, it remains to consider only the
case when both A and B are contained in the same component H;
(i=1,2). Now A and B can be separated by a point.

Theorem 19 can be given the following more general form. A
metrizable space X with compatible metrics dy, d2 such that (X, d)
is complete (i.e. X is Cech-complete) and (X,ds) is thin admits
also a compatible metric d such that (X, d) is complete and thin
(namely, d = max{d;,dz}). Hence every Cech-complete metriz-
able space that admits a compatible thin metric has CSP. This
explains why the spaces in (i) above and Example 17 have CSP.

Although completeness was essentially used in the proof of The-
orem 19, it is not clear whether it is in fact necessary, in other
words:

Question 1. Are there examples of thin spaces that do not have
CSP? What about UA spaces?

As the following example shows, neither thinness nor U A-ness
is preserved by passing to completions, thus an immediate appli-
cation of Theorem 19 (via passage to completions) cannot help
attempts to answer Question 1.

Example 18. There is a UA metric space whose completion
is not thin (hence not UA). Let X = |J,n{1/n} x I, where
I is the unit interval [0,1] C R, let a = (0,0), b = (0,1) and
Y = X U{a,b}. We put on'Y the following metric. The distance
between two points (x1,y1) and (z2,y2) is |y1 — y2| if x1 = z2.
Otherwise the distance is the minimum between

y1 +y2 + |x1 — 29|

and
(1—y1)+ (1 —y2)+ |x1 — 22|
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With this metric Y is the completion of X and the two points a,b
are the limits for n — oo of (1/n,0) and (1/n,1), respectively.
The space Y is not thin since there is a garland consisting of a,
b and (L, | n € N) where Ly, is a 1/n-chain between a and b in
{1/n} x I. The space X is UA since X is a union of a chain of
compact sets, each attached to the next by at most one point (see
[6, Theorem 11.4] and the introduction).

5.2. Thin does not imply UA for complete metric spaces.
We give an example of a complete connected thin metric space that
is not U A.

Example 19. For any cardinal o the hedgehog J(a) is thin. In-
deed, if J(a) were not thin, then by Proposition 1, it would contain
a discrete garland a,b, (L, | n € N). Let V be an open set separat-
ing a,b such that V-0, Ly, is closed and discrete. The minimal
connected set C' containing a,b must non-trivially intersect V, so
it contains an open interval I on one of the spikes. Now, when-
ever 1/n is less than the diameter of I, L, must intersect I, so
VU, Ln has an accumulation point, which is a contradiction.

This gives the following immediate corollary of Theorem 12

Corollary 4. For every a > b the hedgehog J(«) is thin (so has
the property CSP), but not UA.

The space J(a) is not separable for a > w. On the other hand,
b > w ([31]), hence the above examples are not separable. Accord-
ing to Theorem 12 the hedgehogs J(«) are UA for all & < b, so
one cannot get in this way an example of a separable space with
the above properties (see Question 4).

6. GLUING UNIFORMLY CONTINUOUS FUNCTIONS

It is well-known fact that a map f : X — Y between topological
spaces is continuous whenever its restriction to each member of
a locally finite closed cover of X is continuous. This section is
dedicated to the analogue of this property for uniform continuity.
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6.1. Straight spaces. In order to characterize the spaces where
uniformly continuous functions can be glued as the continuous
ones, the following definition was introduced in [10]:

Definition 16. A space X is called straight if whenever X is
the union of two closed sets, then f € C(X) is u.c. if and only if
its restriction to each of the closed sets is u.c.

Apparently, it would be more natural to ask about the possibil-
ity to glue together finite number of u.c. functions instead of just
two. The following geometric criterion obtained in [10] justifies
this choice.

Two subsets A and B of a uniform space X are called U -distant
(or simply, distant) if there exists an entourage U such that

AUINB=o
(or equivalently, there exists an entourage U such that ANB[U] =
).

Definition 17. Let (X,U) be a uniform space. A pair C+,C~ of
closed sets of X is said to be u-placed if C’[J} and Cy; are distant
for every entourage U, where

Cp ={zeCfz g (CTNnCT)[U]}
Cy={zeC |z g (CTnCTU]}

Remark 2. (a) In the case of a metric space (X,d) we al-
ways consider the metric uniformity of X, so that in such
a case a pair CT,C~ of closed sets of X is u-placed if
d(CF,CZ) > 0 holds for every e > 0, where

CH={zeCt:d(z,CTNnC7) >e},

Co={reC :d(z,CTNC™) >¢}.

(b) Note that C+ = C*T and C = C~ when CTNC~ = @
in Definition 17. Hence a partition X = CT UC™ of X
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into clopen sets is u-placed if and only if CT,C~ are uni-
formly clopen (a subset U of a uniform space X is uni-
formly clopen if the characteristic function X — {0,1} of
U is uniformly continuous where {0,1} is discrete).

Theorem 22. For a uniform space (X,U) and a pair CT,C~ of
closed sets the following statements are equivalent:

(1) the pair CT,C~ is u-placed;

(2) a continuous function f: CT UC~™ — R is u.c. whenever

flo+ and f|c- are u.c.
(3) same as (2) with R replaced by a general uniform space
(M, V)

The next theorem extends the defining property of straight
spaces to arbitrary finite products.

Theorem 23. [10] If a metric space X is straight and X can be
written as a union of finitely many closed sets

Ch,....Ch

it follows that f € C(X) is u.c. if and only if each restriction f|c,
(k=1,2,...,n) of f is u.c.

Definition 18. Let X be a metric space. We say that X is
WULC, if for every pair of sequences xy, Yn in X with

d(Tp,yn) — 0

and such that the set {x,} is closed and discrete there exist a
no € N and connected sets I(xy,yn) containing x, and y, for
every n > ng in such a way that the diaml(x,,y,) — 0.

Proposition 2. Every WULC' space is straight.

Proof. Assume X is the union of finitely many closed sets Fi, ..., F),
and the restriction of a function f € C'(X) to each of the closed

so that also the set {yn} is closed and discrete.
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sets Fj is u.c. We have to check that f is u.c. Pick € > 0 and
assume that

|f(xn) - f(yn)| > 2. (*)
for some x,, y, such that d(z,,y,) — 0. It is clear, that the
sequence x,, cannot have an accumulation point x in X, since then
some subsequence x,, — x and also y,, — x. Now the continuity
of f would imply |f(xy,) — f(z)| — 0 and |f(yn,) — f(z)| — 0.
Consequently, |f(xn,) — f(yn,)| — 0 contrary to (*). Therefore,
the double sequence z,,, y,, satisfies the condition (a) of Definition
18. Therefore, for large enough n we have a connected set I,
containing x,,y, such that diam/, < §. We can choose § > 0
such that also |f(z) — f(y)| < €/m whenever x,y belong to the
same closed set Fj, and d(z,y) < d. Note that f(I,) is an interval
with length > 2 - ¢ covered by m subsets f(I, N Fy), k=1,...,m
each with diameter < e/m. This leads to a contradiction since an
interval of length > 2 - e cannot be covered by m sets of diameter
<e/m. O

As a corollary we obtain that ULC spaces are straight.

Theorem 24. Let (X,d) be locally connected. Then (X,d) is
straight if and only if it is uniformly locally connected.

Theorem 25. Let (X,d) be a totally disconnected metric space.
Then X is straight if and only if X is UC.

6.2. Stability properties of straight spaces. The next the-
orem shows that straightness spectacularly fails to be preserved
under taking closed spaces.

Theorem 26. For every metric space X with IndX = 0 the
following are equivalent:
(1) X is UC;
(2) every closed subspace of X is straight;
(3) whenever X can be written as a union of a locally finite
family {C;}icr of closed sets we have that f € C(X) is u.c.
if and only if each restriction f|c, of f, 1 € I, is u.c.
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The following notion is relevant for the description of the dense
straight subspaces.

Definition 19. ([12]) An extension X CY of topological spaces
1s called tight if for every closed binary cover
X=FTUF~
one has v .y v
Ft NF~ =FtNF- . (6.1)
With this notion one can characterize straightness of extensions.

Theorem 27. ([12]) Let X, Y be metric spaces, X CY and let
X be dense in'Y. Then X 1is straight if and only if Y is straight
and the extension X CY 1is tight.

6.3. Products of straight spaces. Here we discuss preservation
of straightness under products.
Nishijima and Yamada [40] proved the following

Theorem 28. ([40]) Let X be a straight space. Then X x K is
straight for each compact space K if and only if X x (w+ 1) is
straight.

The next lemma easily follows from the definitions.

Lemma 3. ([13]) A product X xY is ULC if and only if both X
and Y are ULC.

The next proposition, proved in [13], plays a crucial role in the
proof of Theorem 29:

Proposition 3. If X x Y is straight, then X is ULC orY is
precompact.

Theorem 29. ([13]) The product X XY of two metric spaces is
straight if and only if both X and Y are straight and one of the
following conditions holds:

(a) both X andY are precompact;
(b) both X andY are ULC;
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(c) one of the spaces is both precompact and ULC.

It turns out that the straightness of an infinite product of ULC
spaces is related to connectedness:

Theorem 30. ([13]) Let X,, be a ULC space for each n € N and
X =1I,X,.
(a) X is ULC if and only if all but finitely many X, are con-
nected.
(b) The following are equivalent:
(b1) X is straight.
(ba) either X is ULC or each X, is precompact.

This theorem completely settles the case of infinite powers of
ULC space:

Corollary 5. Let X be ULC. Then
(a) X¥ is ULC if and only if X is connected;
(b) X straight if and only if X is either connected or precom-
pact.

The above results leave open the question about when infinite
products of precompact straight spaces are still straight (see Ques-
tions 7 and 6).

7. QUESTIONS

Our first open problem is about the implication (1) in Dia-
gram 2:

Problem 1. ([20, Problem 1.4]) Does WU A imply U A in C(R™)?
What about C(R?)?

7.1. Questions on UA functions and UA spaces. A general
question is to characterize the U A and WU A spaces and functions.
We list below more specific questions ([6]).

(1) Characterize the U A functions f: R? — R.
(2) Characterize the U A subsets of R.
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(3) Characterize the topological spaces which admit a U A uni-
formity, and those which are UA under every uniformity
compatible with their topology. Does the latter class of
spaces also include the UC' spaces?

(4) Do WUA and U A coincide for connected spaces?

(5) Suppose that a uniform space X has a dense U A subspace.
Does it follow that X is UA? (This fails for WU A accord-
ing to Example 7.7 from [6].)

(6) Let X be the pushout of two WU A spaces over a single
point. Is X WUA? (This holds for UA by Theorem 11.1
from [6].)

(7) Suppose that every pseudo-monotone function f € C(X)
is UA. Is then X a UA space?

(8) Define 2-U A similarly as UA but with the set K of cardi-
nality at most 2. Is then 2-U A equivalent to U A?

7.2. Questions on thin spaces. The next question is related to
Theorem 19:

Question 2. Is it true that a complete thin uniform space has
CSP? What about a complete UA uniform space?

Our next question is about how much one needs the fact that
uniform quasi components are connected.

Question 3. Is it true that every complete metric space X such
that every closed subspace of X has connected quasi components
necessarily has CSP ?

Question 4. Is it true that every (complete) metric thin separable
space is UA?

7.3. Questions on straight spaces. Theorem 27 gives a crite-
rion for straightness of a dense subspace Y of a straight space X
in terms of properties of the embedding ¥ < X (namely, when
X is a tight extension of Y)). The analogue of this question for
closed subspaces is somewhat unsatisfactory. We saw that uniform
retracts, clopen subspaces, as well as direct summands, of straight
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spaces are always straight, [9]. On the other hand, closed sub-
spaces even of ULC spaces may fail to be straight (see [BDP2]).
Another instance when a closed subspace of a straight space fails
to be straight is given by the following fact proved in [10]: the
spaces X in which every closed subspace is straight are precisely
the UC spaces [10]. Hence every straight space that is not UC
has closed non-straight subspaces. This motivates the following
general

Problem 2. Find a sufficient condition ensuring that a closed
subspace Y of a straight space X is straight.

Question 5. Generalize the results on straight spaces from the
category of metric spaces to the category of uniform spaces.

The results from §6.3 describe when infinite products of ULC
spaces are again ULC or straight. The case of precompact spaces
is still open, so we start with the following still unsolved

Question 6. Let X be a precompact straight space. Is the infinite
power X necessarily straight?

More generally:

Question 7. Let X,, be a precompact straight space for every
n € N. Is the infinite product [ [,, X, necessarily straight?

It is easy to see that a positive answer to this question is equiva-
lent to a positive answer to item (b) of the following general ques-
tion: (i.e., the version of Theorem 30 for products of precompact
spaces):

Question 8. Let the metric space Y; be a tight extension of X;
for each i € N.

(a) Is IL;Y; a tight extension of I1; X;.
(b) What about precompact metric spaces Y;?
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Gromov Conjecture on Surface
Subgroups: Computational
Experiments

B namiit pobori Busuaerca rinoreza M. JI. I'pomoBa npo Te 4u KoxKHA
rimepboIiYHa TPyIa 3 OJHWM KiHIIEM MICTHUTH MArpymy izoMopdHy
dbyumamerTanbHIM rpym gesKol moBepxHi. Bunamok moasiftHuX rpymn
3BOUBCS [I0 BUBYEHHS TPYI C OJHUM CITiBBiIHOIIEHHSAM. 3HANIEHO,
wo Ginbmiicrs (96%) BULAAKOBUX DYl 3 TPhOMA TBIPHUMHU MAalOTh
norpibHy BractusicTb. OOUUCIIOBATLHUI €KCIIEPUMEHT TPOBOIUBCS
3a gomomoroo mporpamu MAGMA.

B sroii pabore mbr m3ydaem rumoresy M.JI.I'pomosa: kaxmas iu
runepboInYecKas IPyIna ¢ OJHAM OKOHYAHHEM COIEPIKHUT MMOBEPX-
nocruyio noArpyuiy. Ciydail ABORHBIX IPYII CBOIUIICH K U3y YCHHUTO
rpymn ¢ ogHuM cooTHorerneM. ITokaszano, 9to GosbumHCTBO (96%)
CAYyYaNHBIX IBOWHBIX TPYII C TPEMs TeHepaTropaMu 00JIaIaloT WC-
KOMBIM CBOWCTBOM. BbIYMC/INTEIbHBIN 9KCIEPUMEHT IIPOBOMIICS HA

nakere MAGMA.

In this paper we investigate Gromov’s question: whether every one-
ended word hyperbolic group contains a surface subgroup. The case
of double groups is considered by studying the associated one relator
groups. We show that the majority (96%) of the randomly selected
double groups with three generators have the property. The experi-
ments are performed on MAGMA software.

Keywords: one relator groups, surface group, Gromov, word hyperbolic group,
MAGMA
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1. INTRODUCTION

In this paper we are going to investigate the following question:

Question 1 (Gromov). [1] Does every one-ended word hyperbolic
group contains a surface group?

Here a “surface subgroup” means a subgroup isomorphic to
the fundamental group of a closed surface with non-positive Eu-
ler characteristic. This question of Gromov is of interest partly
because it is a natural generalisation of famous Surface Subgroup
Conjecture. In the case of the fundamental groups of hyperbolic
3-manifolds it is exactly the Conjecture. The question of finding
subgroups is studied from different angles and it has proved to be
a highly nontrivial problem [4].

To define what is meant by the number of ends of a finitely
generated group take S C G a finite generating set of G and let
I'(G, S) be the Cayley graph of G with respect to S. Then the
number of ends is e(I'(G, S)) (e stands for edges) which does not
depend on the choice of a finite generating set S of G hence it is
well-defined. Stallings’ theorem about ends of groups states that
a finitely generated group GG has more than one end if and only if
the group G admits a nontrivial decomposition as an amalgamated
free product or an HNN extension over a finite subgroup [10]. A
word hyperbolic group roughly speaking, is a finitely generated
group equipped with a word metric satisfying certain properties
characteristic of hyperbolic geometry.

The famous Gromov’s question has been much speculated about
but it is still very much open even for very concrete groups. It is
not even quite clear which answer to expect. One of the few classes
of groups the answer is know to is in the case of Coxeter groups
and some Artin groups, where it is true [5]. It is not even know
for one-relator groups G, (w) = dfu—"» where w is an element of a
free group of rank n, F,, that is not a proper power.
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In this paper we focus on doubles Dy, (w) = Fy, %, Fy, where F),
is a free group of rank n and w € F;,. The useful recent reduction
of the question in the case of the doubles is:

Theorem 2 (Gordon, Wilton). [6] Let w € F,. If G, (w) has an
indez-k subgroup G' with $1(G') > 1+ k(n — 2) then the double
Dp(w) = Fy, *(yy Fr contains a surface subgroup.

The above result allowed Gordon and Wilton to exhibit several
infinite families of new examples of doubles with surface subgroups
[6]. This result reduces the Gromov’s question for doubles to vir-
tual homology. The only difficulty is that general approach to
computing the virtual homology is not fully developed. But for
each particular group f; of a subgroup can be attempted to be
calculated using a computer. This is the approach taken to gather
evidence for Gromov’s question.

We will be using this to investigate mainly doubles with n = 3.
It will be also shown how this method works for n = 4. The
Question 1 was already studied with success by Button in the case
of n = 2 [3] using similar methods.

2. ALGORITHM

We will be looking at groups of the form
Gs(w) = (a,b,c | w(a,b,c))

where w(a,b,c) is a cyclically reduced word in three letters of
length up to 18. The reason 18 is chosen is that the longer the
word is the more computational time is needed. Cyclically re-
duced means that cyclic permutations are reduced. Reduced sim-
ply means that all obvious cancellations like a~! followed by a are
made.

In general there is no algorithm to decided weather a group is
hyperbolic of not. But in the one relator setting there is a number
of theorems we will need to use later on.

The trivial corollary to the above Theorem 2 that we will be
using in the remainder of the paper is:
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Corollary 1. Let w € F3. If Gs(w) has an indezx-k subgroup G’
with B1(G") > n + 1 then the double D3(w) = F3 *,, F3 contains
a surface subgroup.

A randomly chosen finitely presented group is almost surely
word-hyperbolic with an appropriate definition of “almost surely”.
That is why initially we did not included any checks weather the
group is hyperbolic or not. Double groups are one-ended if w is
not in a proper free factor of F,, [6].

The algorithm is as follows:

(1)

(2)

3)

(4)
(5)

Generate a random word w(a, b, ¢). It is done by choosing
randomly 18 characters from a,a™',b,b~!,c,c™! and then
cyclically reduce the word. Since we do not know how
much cancellation will take place we only know that the
resulting word will be of length smaller then 18 typically
around 14.

Calculate the index i = 1 subgroups for

Gs(w) = (a,b,c | w(a,b,c)).

Checking for the condition in Corollary 1 for each sub-
group. So for each subgroup we calculate the first Betti
number. In other words the abelianization of the subgroup
is calculated and the first Betti number is the rank of it.
If the condition is satisfied to step 6.

If the condition is not satisfied go back to step 2 and in-
crease ¢ by 1. Do this until ¢ < 10 then move to the next
step. The reason why the index is chosen to be 10 is that it
is the highest average computer will calculate in reasonable
time for a generic group.

Record the result weather the condition is satisfied for all
i and go to step 1. The output is w(a, b, c) and either the
program found that the condition is satisfied and if so at
which index or that it failed.

Then calculate the number of successes and fails over the
number of groups tried.
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This algorithm was implemented in MAGMA software for sym-
bolic calculations. The main limitation of this method is the speed
of the computer.

3. ANALYSIS OF RESULTS

It became clear after running the program that Fs appears quite
often which produces double that are not hyperbolic (and not one-
ended). To filter it out we used three methods.

The first one is linked to the Nielsen’s moves. Let G be a group
and let M = (g1,...,9n) € G, be an n-tuple of elements of G. The
following moves are called elementary Nielsen moves on M, for
generators g;, 1 <t <n:

(1) For some i, replace g; by g~' in M.
(2) For some i # j, 1 <1,j < n replace g; by gig; in M.
(3) For some i # j, 1 <1, j < n interchange g; and g; in M.

We say that two n-tuples are Nielsen equivalent if there is a chain
of elementary Nielsen moves which transforms one into another.
In fact if they are Nielsen equivalent if and only if they generate
the same group. So if w has only one of a,a™!,b,b~%, ¢,c™! then
G3(w) is Nielsen equivalent to Fy. Hence this is the first thing to
check for, since it is the least computationally expensive.

Secondly there is a function in MAGMA which looks for isomor-
phisms between groups. So the next job is to find isomorphisms of
Gs(w) and F» which we do with parameter 9. The parameter in
the function isomorphism indicated how hard it looks in the sense
the higher the parameter the longer it will try to look for before
giving up.

Finally we can gather evidence that the group is F5 or at least
disprove that it is not by looking at the number of subgroups of a
all index (up to conjugacy the way it is counted in MAGMA). If
the group has the same number of subgroups for all indexes up to
9 it is likely to be either F; or it is indistinguishable (by looking
at subgroups) from it.
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The second class of groups which will not satisfy the condition
in Corollary 1 is: when it can be written as G = F; x H where
H = BS(n,m) Baumslag-Solitar groups or very close to them like
(a, P | b=Pa™b? = a™*'). The later are due to Higman [7] called
Baumslag-Brunner-Gersten in [3]. Baumslag-Solitar groups are of
the form:

BS(n,m) = {(a,b | b~ a"b = a™).
We have 1(G") =i+ 1 for all subgroups G’ of G with index i see
section 5.5 in [9] for the proof.

Proposition 1. The linked one relator groups which do not give a
surface subgroups for the doubles in light of Corollary 1 are either

(1) the free group on two generators Fy, or
(2) the groups of the form G = Fy x H, where

H = BS(n,m)

are Baumslag-Solitar or Baumslag-Brunner-Gersten
groups.

Note that for all subgroups F” of a free group on two generators
F, we have that 81 (F') =i+ 1.

It appears that those can be very not trivial to spot even using
a computer. What is easier is to prove that the group is not of a
certain form. In the next section we display four examples where
our computer did not find any surface subgroups but which are
not of the above kind.

The above algorithm was run for 1000 random groups showing
that it either contains a surface subgroup or are of the above form
for 96% of all group.

4. OPEN QUESTIONS

The relator of four G3(w) groups which are not of the above
form are:
o ba tc b tab2a b e e
e b lab3c 2 2ca!
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e ac tactac?h?ca

o a'bca"tea tbalh!

One way to see that those relators do not give rise to Fj is to
compare the number of subgroups of index say 9 which is different
for each one. This actually indicates that no two of the above
groups are isomorphic to each other. To see that it is not G =
Fy « H where H = BS(n,m) we prove that all four of the above
groups are word hyperbolic. To do that we use the paper [§],
which has a nice criteria in the case of one relator groups. The
approach works if we can find a presentation which has one letter
appearing no more then three times, which we have in all of the
above. Then it is simply the matter of an easy check. Note that
hyperbolic groups cannot contain a Baumslag-Solitar groups as a
subgroup, this implies that the above groups are not of the form
as in the Proposition 1.

The above groups are intriguing: could it be the case that they
are decomposable but not with Baumslag-Solitar groups? If this
is the case then G = I} x H, where H will be two generator one
relator group and the relator could be either of height 1 or not.
One relator groups are well studied and all of the counter-examples
seem to come from height 1 relators. Without loss of generality
height one word is:

w = ba''ba'?...ba"1ba’

If it is not height 1 we cannot say anything about that at the
moment. But if H is then there is a theorem of J. Button in [2]
which says that those groups are either large or are indistinguish-
able from Baumslag-Solitar groups from looking at subgroups. If
H is large then certainly the 81 > 1 + ¢ for some 7. And also the
above groups do not have the same number of subgroups as any
Baumslag-Solitar groups.

The way to see that is to note that we can work out the n —m
from the abelianization and bound n + m < 16 by the fact that
Nielsen’s moves preserve the highest powers. Then there is only a
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few possible Baumslag-Solitar groups to check, and none of them
work for any of the above groups. In fact the number of subgroups
is strictly in between that of F3 and Baumslag-Solitar groups.
Hence if it is decomposable then H is not of height 1.

It maybe it might be the case that a higher index is needed
to detect the required property. Or do there exist doubles which
have a surface subgroup but this is not detectable by Theorem 2
for arbitrary index? The property that the above groups seem
to share is very little torsion in the abelianization of subgroups.
Also up to index 9 there is no abelianization of a subgroup which
has the repeating torsion, which could have been used to try the
method described in Section 7.

5. DECOMPOSABLE INTO THE TWO GENERATORS ONE RELATOR
GROUP AND A FREE GROUP

In this section we will be testing the groups of the form F(b, ¢ |
w(b,c)) x F1 where F} is the free one generator group. It is inter-
esting to see for which F(b,c | w(b,c)) we cannot find a surface
subgroup in the associated doubles.

Question 1 does not apply in this scenario (the above is not one-
ended) but it is still of interest to see how many of them actually
satisfy the above property. Using this approach we were able to
come up with examples of groups which will not terminate using
the below program but which nevertheless satisfy the condition in
Result 1. Since the group is a free product it is enough to study
F(a,b | w(b,c)) which is much smaller and so the computer can
go to a much higher index.

For example, with

wb,c) =c L xb 2 xb 3 w2

the property is only detected at index 13. One would need a very
powerful computer to go that high for n = 3. Furthermore for

w(b,c) =cxb?xcxbxcxb Lxc?xb
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the index the property is detected is 30. It is not possible to
calculate all subgroups up to index 30 even with the most powerful
computer. So we use a trick that was used in [3] by spotting that
at index 15 there is a subgroup with an abelianization which had
three cyclic groups of the same order. So take this subgroup as
the group and repeat the process with it, where it works already
at index 2.

6. FOUR GENERATORS

We also tried this method in the case of n = 4. The program
below dealt with about 87% of the random double groups. The
reason why less of them is dealt with is that with more generators
the algorithms become more expensive and the index up to which
it is possible to go is only 6. Also the index we might need to go
up to might be bigger.

The way the algorithm worked is as follows:

(1) We pick a random relator in the same sense as in the three
generator case.

(2) Cyclically reduce it.

(3) Check if there is a letter which occurs only once or not at
all.

(4) If it occurs only once then it is isomorphic to F3 by the
Nelson’s moves same as in the n = 3 case.

(5) If there is a letter absent then G4 = F} % G5 so it can be
recovered from the n = 3 case. It is important to see if it
is decomposable since 81 (K * L) = 81(K) * B1(L).

(6) If neither of the two happens we search for isomorphisms
with F3 this time with parameter 7 (smaller one had to
be chosen due to more time consuming search). Then we
follow exactly the same procedure as in the case of n = 3.
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8. APPEDIX A. PROGRAMS

8.1. The code for three generator groups.

F<a, b, ¢>:= FreeGroup(3);

Fl<al,bl>:= FreeGroup(2);

kon:=0;

free2:=0;

// number of subgroups of \ (F_2\) for indexes up to 9
// to check against up to 9 to check against

sub:=[1, 3, 7, 26, 97, 624, 4163, 34470, 314493];

for i_1 := 1 to 50 do //numbers of groups checked

rel:=Id(F);

cl:=0;

c2:=0;

c3:=0;

for i :== 1 to 18 do
j>==Random(3, 6);
if j eq 1 then rel:=rel*a;
elif j eq 2 then rel:=rel*a~—1;
elif j eq 3 then rel:=rel*b;
elif j eq 4 then rel:=rel*b~—1;
elif j eq 5 then rel:=rel*c;
else rel:=rel*c~—1:
end if;

end for;

for i:=0 to #rel do //cyclically reducing
11:=LeadingGenerator(rel);
rell:=rel*11;
if #rel gt #rell then rel:=11"—1*rel*11;
else break;
end if;

end for;

10

20

30
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seq:=Eltseq(rel);

k:=1;
//counting the number of each relator
for i := 1 to #rel do
if seqi] eq 1 then cl:=cl+1;
elif seq[i] eq —1 then cl:=cl+1;
elif seq[i] eq 2 then c2:=c2+1;
elif seqfileq —2 then c2:=c2+1;
elif seq[i] eq 3 then c3:=c3+1;
else c3:=c3+1;
end if;
end for;
if ¢c1 eq 1 then
k:=2;
print "Iso to F2";
free2:=free2+1;
elif c3 eq 1 then
k:=2;
print "Iso to F2";
free2:=free2+1;
elif c2 eq 1 then
k:=2;
print "Iso to F2";
free2:=free2+1;
end if;

10

20
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rel;

G <e, f, g> = quo<F | rel >;
ab:=0;

nu:=0;

sB:=0;

if k eq 1 then
isiso, fl1, f2 := SearchForIsomorphism(G,F1,9);
isiso;
if isiso then
k:=2; 10
print "Iso to F2";
free2:=free2+1;
end if;
end if;

//the index up to which it is going up
fori:=1to9 do
if k eq 2 then break;
end if;
t:=LowlIndexSubgroups(G, <i, i>); 20
if #t ne sub[i] then sB:=1;
end if;
for ;=1 to #t do
l:=AQInvariants(t[j]);
//calculating the number of zero’s
//in the abelinisation
con:=0;
for m:=1 to #I do
if 1 gt l[m] then con:=con+1;
else ab:=1, 30
end if;
end for;
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//condition
if con gt i+1 then print i; k:=2; kon:=kon+1;
end if;
if con ne i+1 then nu:=1;
end if;
if k eq 2 then break;
end if;
end for;
if k eq 2 then break;
end if; 10
end for;
if k eq 1 then
print "Did not find surface subgroups";
end if;
if ab eq 0 and nu eq 0 and sB eq 0 then
print "Looks like F2";
end if;
end for;
print "Free 2";
free2; 20
print "Done";
kon;
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8.2. The code for four generator groups.

F<a, b, ¢, d>:= FreeGroup(4);
Fl<al,bl, c1>:= FreeGroup(3);
kon:=0;
free3:=0;
free2:=0;
//number of subgroups of \ (F_3\)
//for indexes up to 6 to check against
sub:=[1, 7, 41, 604, 13753, 504243];
for i_1 := 1 to 50 do
rel:=Id(F); 10
cl:=0;
c2:=0;
c3:=0;
c4:=0;
for i := 1 to 14 do
j==Random(-1, 6);
if j eq 1 then rel:=rel*a;
elif j eq —1 then rel:=rel*d~—1,
elif j eq 0 then rel:=rel*d;
elif j eq 2 then rel:=rel*a~—1; 20
elif j eq 3 then rel:=rel*b;
elif j eq 4 then rel:=rel*b~—1;
elif j eq 5 then rel:=rel*c;
else rel:=rel*c~—1;
end if;
end for;
for i:=0 to #rel do
11:=LeadingGenerator(rel);
rell:=rel*11;
if #rel gt #rell then rel:=11"—1*rel*11; 30
else break;
end if;
end for;
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seq:=Eltseq(rel);
k:=1;
for i := 1 to #rel do
if seq[i] eq 1 then cl:=cl+1;
elif seq[i] eq —1 then cl:=cl+1,;
elif seq[i] eq 2 then c2:=c2+1;
elif seqfileq —2 then c2:=c2+1;
elif seq[i] eq 3 then c3:=c3+1;
elif seq[i] eq 4 then c4d:=cd+1;
elif seqfi] eq —4 then c4:=c4+1;
else c3:=c3+1;
end if;
end for;
if ¢c1 eq 1 then
k:=2;
print "Iso to F3",;
free3:=free3+1;
elif c¢3 eq 1 then
k:=2;
print "Iso to F3",;
free3:=free3+1;
elif c2 eq 1 then
k:=2;
print "Iso to F3",;
free3:=free3+1;
elif ¢4 eq 1 then
k:=2;
print "Iso to F3",
free3:=free3+1;
elif c1 eq 0 then
k:=2;
print "Back to 3 gens";
free2:=free2+1;

10

20

30
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elif ¢3 eq 0 then
k:=2;
print "Back to 3 gens";
free2:=free2+1;
elif c2 eq 0 then
k:=2;
print "Back to 3 gens";
free2:=free2-+1;
elif ¢4 eq 0 then
k:=2; 10
print "Back to 3 gens";
free2:=free2-+1;
end if;
rel;
G <e, f, g> = quo<F | rel >;
ab:=0;
nu:=0;
sB:=0;
if k eq 1 then
isiso, f1, f2 := SearchForIsomorphism(G,F1,7); 20
isiso;
if isiso then k:=2; print "Iso to F2"; free3:=free3+1;
end if;
end if;
fori:=1to 6 do
if k eq 2 then break;
end if;
t:=LowIndexSubgroups(G, <i, i>);
if #t ne sub[i] then sB:=1;
end if; 30
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for ;=1 to #t do
l:=AQInvariants(t[j]);
con:=0;
for m:=1 to #l do
if 1 gt 1[m] then con:=con+1;
else ab:=1;
end if;
end for;
if con gt 2*i+1 then print i; k:=2; kon:=kon+1;
end if; 10
if con ne i+1 then nu:=1;
end if;
if k eq 2 then break;
end if;
end for;
if k eq 2 then break;
end if;
end for;
if k eq 1 then
print "'Did not find surface subgroups’’; 20
end if;
if ab eq 0 and nu eq 0 and sB eq 0 then
print "Like F3";
end if;
end for;
print "Free 3:"; free3;
print "Back to 3 gens:"; free2;
print "Done:"; kon;
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Stringy Approach to the Minimal
Supersymmetric Standard Model

Superstring theory is applied to construct the Minimal Supersym-
metric Standard Model. The mass spectrum, partial widths and
production cross sections of superpartners are calculated. This ap-
proach gives concrete predictions for superpartner searches at the
LHC.
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1. INTRODUCTION

The purpose of the present work is to construct the Minimal Super-
symmetric Standard Model [1] from superstring theory [2]. This aim
is achieved by using the notion of derived category [3]. Such approach
allows to determine the mass spectrum, partial widths and production
cross sections of superpartners.

These predictions are important from experimental point of view as
they are connected with searches for new physics at the LHC.

2. DERIVED CATEGORY

Derived categories are the mathematical foundation of superstring
theory. We consider the derived category over the abelian category of
McKay quivers. Objects of this category are McKay quivers [3] (numbers

© Yu.M. Malyuta, T.V. Obikhod
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a,b, ¢ denote orbifold charges [4]), morphisms of this category are Ext’
groups [4]

In this approach D-branes are described by quivers, and superstrings
are described by Ext? groups. The interaction between D-branes medi-
ated by the superstring is described by the following diagram

a O
a [+

Ext'(Q. Q)

A

3. PARTICLE CONTENT

It was shown in [5] that the moduli space of the superstring has the
form

Ext®(Q, Q) = Coe +0b e "
Eth(Q, Q') _ CSab,+3bc/+30a,
Substituting in (1) orbifold charges

a=b=c=d =V = =14

and using the Langlands hypothesis [6], we obtain the realization of (1)
in terms of SU(5) multiplets

3% (24455 455 +5n 4+ 5m + 103 + 104) -

This result determines the particle content of the MSSM.
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4. SUPERPOTENTIAL

The gauge invariant MSSM superpotential takes the form
+ A -5y x 105) x 105 + - 5y x B,

where 55 and 5y are Higgs multiplets, Sﬁf} and 10551) are multiplets of
quark and lepton superpartners, )\;-ij, Aj; are Yukawa coupling constants
and p is the Higgs mixing parameter.

5. MASS SPECTRUM

The analysis of Yukawa coupling constants, based on observational
hints and theoretical considerations, allows to restrict the parameter
space in (2) to five free parameters [7]:

MO =0.01 GeV, M1/2 = 600 GeV, Ao = O, 3
tang = 35, sgn(p) = +1. (3)
Using this restricted parameter set it is possible to calculate the

mass spectrum of superpartners by application of the computer program
SOFTSUSY [8]. This MSSM spectrum is shown in Table 1.

Table 1

GeV GeV GeV
g | 1187 g | 1354
ap [ 1232 7. | 391 || x¥ | 249
dp | 1182 || ér | 224 || XY | 471
dr | 1235 || e | 398 || X% | 727
¢r | 1187 X9 | 738
ér 1232 7, | 391 || &7 | 470
Sp | 1182 || g | 224 || x5 | 738
5p 11235 [ oz | 398
t1 | 958 KO | 116
to (1155 [ o | 379 || A | 671
by | 1095 || 7 | 127 || H | 671
by | 1148 || 7» | 408 || H* | 676
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Using the parameter set (3) it is possible to calculate partial widths
of superpartners by application of the computer program SDECAY [9].

6. PARTIAL WIDTHS

These partial widths are shown in Tables 2-5.

Table 2
channel BR channel BR
e Ve 1.000
ér e 1.000
7, Vv, 1.000
AL X1H 1.000
Uy N 0.072 HWT 0.928
7 T 0.107 717z 0.527
71h0 0.365
R Yu 0.997 Ju 0.002
ar, u 0.013 Xid 0.646
Wu 0.320 Xad 0.012
Ju 0.008
dr d 0.997 X4d 0.002
dr, 0d 0.016 XL u 0.628
X9d 0.317 o U 0.027
9d 0.011
iR Ve 0.997 e 0.002
ér e 0.013 Xi s 0.646
e 0.320 X9s 0.012
e 0.008
iR s 0.997 s 0.002
5 Vs 0.016 X ¢ 0.628
X9s 0.317 s C 0.027
X9 0.011
t Ot 0.216 X9t 0.032
ot 0.105 b 0.249
ot 0.171 X3 b 0.227

Table 3
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channel BR channel BR
t Nt 0.025 X b 0.247
5t 0.111 a0 0.165
X9t 0.114 t1h0 0.045
Nt 0.213 thZ 0.080
by b 0.055 Xt 0.390
X9b 0.220 ot 0.183
b 0.063 tLw- 0.047
X9 0.041
by b 0.023 Xt 0.161
X3 0.091 Xat 0.425
peds 0.079 Lw- 0.125
b 0.095
Fi dpd* 0.019 érct 0.020
did 0.019 &e 0.020
dpd* 0.038 Erct 0.036
did 0.038 Ehe 0.036
Gpu* 0.020 byb* 0.078
aiu 0.020 bib 0.078
Gpu* 0.036 bob* 0.054
Whu 0.036 b5b 0.054
5ps* 0.019 tt* 0.097
s 0.019 it 0.097
Sps* 0.038 fot* 0.043
§hs 0.038 tit 0.043
Table 4
channel BR channel BR
AD bb* 0.858 7 0.004
rhr 0.130 Y 0.004
tt* 0.002
HO bb* 0.859 77 0.003
rtr=0.130 P 0.002
tt* 0.002 Y 0.002
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H* cb* 0.001 tb* 0.818
Tty 0.169 o, 0.010

X épet 0.032 [ 0.032
éhe” 0.032 ot 0.436

fapt 0.032 e 0.436

I Nz 0.001 iyt 0.037
x9n° 0.010 i 0.037

épet 0.056 Devl 0.064

éfe” 0.056 UiV, 0.064

ppt 0.056 Tuv, 0.064

pip~  0.056 7y 0.064

ot 0135 vt 0.081

e 0.135 viu, 0.081
B¢ 7z 0.080 Who 0.007
Nz 0.193 ot 0.088

Yw- 0211 e 0.088
uWwt 0211 7t 0.051

A0 0.016 T 0.051

Table 5

channel BR channel BR

B¢ N7z 0.016 [t 0.001
32 0.009 AL 0.001

KW 0.208 Tt 0.061
KWt 0.208 e 0.061

WhO 0.069 7yt 0.058

X9h° 0.171 T 0.058

e et 0.005 Dv 0.009

éfe 0.005 Uive 0.009

epe’ 0.001 v, 0.009

éhe” 0.001 vy 0.009

prpt 0.005 7R 0.010

A 0.005 v, 0.010
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Xl veet 0.135 Afv,  0.108
Dt 0.135 v, 0.261
vt 0.176 v, 0.067
étve 0.108 | x{W*  0.010
s veet 0.009 Ty Uy 0.051
Dt 0.009 X5z 0.206
vt 0.105 | XYW+  0.079
éfve 0.020 | xSW+ 0214
Afv,  0.020 RY 0183
i, 0.104

7. CROSS SECTIONS

Using the parameter set (3) it is possible to calculate production
cross sections of superpartners by application of the computer program
PYTHIA [10]. These cross sections at center-of-mass energy /s =
14 TeV are shown in Table 6.

8. COMPARISON WITH EXPERIMENTS

Comparison of the predicted MSSM spectrum with experimental data
obtained at the LEP and TEVATRON [11] (see Table 7) shows, that the
calculated masses exceed the lower limits on masses reached at colliders.

New searches for superpartners will be made at the LHC.

Table 6
channel cross section
g9 — 4g Ogg = 0.307 pb
qu — gu o5a = 0.891 pb
du — di 04, = 0.466 pb
au — X X1 Og+¢r = 0.157 pb
du — X7 X3 0¢+9 = 0.208 pb
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Table 7
particle Condition Lower limit (GeV/¢?) Source
i gaugino Mz > 200 (V;ev,lc2 103 LEP 2
My > My 85 LEP 2
any M- 45 Z width
Higgsino M <1 TeV/é& 99 LEP 2
GMSB 150 D@ isolated photons
RPV LLE worst case 87 LEP 2
LQD mq > 500 GeV/c? 88 LEP 2
% indirect any tan, My > 500 GeV/é? 39 LEP 2
any tan 3, any mq 36 LEP 2
any tan @, any mo, SUGRA Higgs 59 LEP 2 combined
GMSB 93 LEP 2 combined
RPV LLE worst case 23 LEP 2
r et AM > 10 GeV/c? "o LEP 2 combined
7R il AM > 10 GeV/c? 95 LEP 2 combined
n ™ Mp <20 GeV/e 80 LEP 2 combined
’ 1
7 43 Z width
R TR stable 86 LEP 2 combined
4 i any Omix, AM > 10 GeV/c? 95 LEP 2 combined
any Buaix, Mpp ~ %M‘- 115 CDF
1
any Omix and any AM 59 ALEPH
b any Opix, AM > 7 GeV/e? 9 LEP 2 combined
7 any M 195 CDF jets+Er
q Ma' = Ma' 300 CDF jets+Er
REFERENCES
[1] Haber H. E. Introductory low-energy supersymmetry // arXiv: hep-

ph/9306207.

Vafa C. et al. Stringy reflections on LHC

// http://www.claymath.org/workshops/lhc/.

Aspinwall P.S. D-branes on Calabi-Yau manifolds // arXiv: hep-
th/0403166.

Douglas M. R., Fiol B., Romelsberger C. The spectrum of BPS branes on
a noncompact Calabi-Yau // arXiv: hep-th/0003263.



Stringy Approach to the Supersymmetric Standard Model 143

(5]
(6]

10

[11]

Katz S., Pantev T., Sharpe E. D-branes, orbifolds, and Ext groups //
arXiv: hep-th/0212218.

Schmid W. Homogeneous compler manifolds and representations of
semisimple Lie groups // Proc. Natl. Acad. Sci. USA. — 1968. — Vol. 69.
— P. 56-59.

Heckman J. J., Vafa C. F-theory, GUTs, and the weak scale

// arXiv:0809.1098 [hep-th].

Allanach B. C. SOFTSUSYZ2.0: a program for calculating supersymmetric
spectra // Comput. Phys. Commun. — 2002. — Vol. 143. — P. 305-331.
Mubhlleitner M., DjouadiA., Mambrini Y. SDECAY: a fortran code for the
decays of the supersymmetric particles in the MSSM // Comput. Phys.
Commun. — 2005. — Vol. 168. — P. 46-70.

Sjostrand T., Mrenna S., Skands P. PYTHIA 6.4 Physics and Manual //
JHEP. — 2006. — Vol. 5. — P. 1-26.

M. Schmitt Supersymmetry, Part II (Ezperiment) // Phys. Lett. — 2004.
— Vol. B592. — P. 1014-1023.



Vkpaincekunii Matematuunuii Konrpec — 2009. Cekuis 2 144-164

MSC 2000: 53C40

Kojit Matsumoto

2-3-65, Nishi-Odori, Yonezawa, Yamagata, 992-0059, Japan
E-mail: tokiko matsumoto@yahoo.com

Zerrin Sentirk

Department of Mathematics, Fen-Edebiyat Faculty, Istanbul Technical
University, Maslak, Istanbul, Turkey
E-mail: senturk@itu.edu.tr

Certain Anti-holomorphic
Submanifolds in a Locally
Conformal Kaehler Manifold

In this paper we consider special anti-holomorphic submanifolds
which is called almost contact anti-holomorphic submanifold, in a
locally conformal Kaehler manifold. Next, we define the D-mean
curvature vector field in an anti-holomorphic submanifold. Then,
we consider certain relations between this vector field and the shape
operator (Theorem 6.1). Finally, in a normal anti-holomorphic sub-
manifold, we prove that the holomorphic distribution D is totally
umbilic in an ambient manifold (Theorem 6.5).
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anti-holomorphic submanifold,D-mean curvature vector field, almost contact
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1. PRELIMINARY

A Hermitian manifold M with structure (J,§) is called a locally con-
formal Kaehler (an l.c.K.-) manifold if each point 2 € M has an open
neighbourhood U with a positive differentiable function p : U — R such
that g* = e‘2p§|U is a Kaehlerian metric on U, that is, V*J = 0, where
J is the almost complex structure, g is the Hermitian metric, V* is the

covariant differentiation with respect to g* and R is a real number space
([V]). Then we know

© K. Matsumoto, Z. Sentiirk
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Proposition 1.1[K]. A Hermitian manifold M with structure (J,§)
18 l.c.K.- if and only if there exists a global 1-form o which is called Lee
form satisfying

(1.1) da=0 (a: closed),

(Vv NU = —g(a*,U)JV + g(U, V) B+

(+2) +g(JV,U)ef — g(B, U)WV

for any U,V € TM, where V denotes the covariant differentiation with
respect to §, ot is the dual vector field of o which is called Lee vector
field, the 1 form f3 is defined by B(U) = —a(JU), B* is the dual vector
field of B and TM means the set of all differentiable vector fields on M.

We denote an l.c.K.-manifold with the structure J, g and a Lee form
o as M(J,§,a).

2. C R-SUBMANIFOLDS IN AN L.C.K.-MANIFOLD

In generally, between a Riemannian manifold (M, §) and its subman-
ifold, we know the Gauss and Weingarten formulas

(2.1) VvU = VyU +o(V,U),

(2.2) Ve =—AV + Vi

for any V,U € TM and & € T+M, where o is the second fundamental
form, A¢ is the shape operator with respect to £ and T+ M is the normal
bundle of M. Between the second fundamental form ¢ and the shape
operator A¢, we have the following relation

(2.3) 9le(V,U),€) = g(AcV,U)

for any V,U € TM and £ € T+ M. }
A submanifold M in an l.c.K.-manifold M is called a CR-submanifold
if there exists a differentiable distribution

D:z—D, CT,M

on M satisfying the following conditions;
(i) D is holomorphic, i.e., JD, = D, for each x € M and
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(ii) the complementary orthogonal distribution
Dtz = DEcT,M
is totally real, i.e., JD$L C TILM for each x € M, where T, M
(resp. T;-M) denotes the tangent (resp. normal) vector space
at x of M ([B2, C2, K], etc.)

If dimD}+ = 0 (resp. dimD, = 0) for each € M, then the CR-
submanifold is a holomorphic (resp. totally real) submanifold.

For a CR-submanifold M of an almost Hermitian manifold M, we
denote by v the complementary orthogonal subbundle of JD* in the
normal bundle 7M. Then we have the following direct sum decompo-
sition
(2.4) T+M =JD ®v, JD*lv.

A CR-submanifold M is said to be mized geodesic if the second fun-
damental form o satisfies o(X,Z) =0 for any X € D and Y € D+ and
a CR-submanifold M is called anti-holomorphic if JD+ = T;-M for any
xeTM.

Remark 2.1. By the definition of v, a C'R-submanifold is anti-
holomorphic if and only if v, = {0} for any = € M.

Now, we put dimM = m, dimM = n, dimD = 2p, dimD+ = ¢
(2p+ ¢ =mn) and dimv = 2s. Let

{e1, . epsely et {eap+1s -, €2p4q )

{e§p+1’ ey e;p+q}’ {entqt1s s Cnigtasts
where n 4+ ¢ + 2s = m be a local orthonormal basis of D, D+, JD+ and
v, respectively, where ef = Je; for i € {1,...,p} and €5ptra = Je2pta for
a € {1,...,q}. We call such local basis an adapted frame of M.

3. MORPHISMS IN A C'R-SUBMANIFOLD IN AN L.C.K.-MANIFOLD

Let M be a CR-submanifold in an l.c.K.-manifold

M(J, g, ).
For any U tangent to M, we put
(3.1) JU = U + wU,

where U (resp. wU) is the tangential (resp. the normal) component of
JU.
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Also, for any N normal to M, we put
(3.2) JN = BN + CN,

where BN (resp. C'N) is the tangential (resp. the normal) component
of JN. Then we know that the morphism ¢ (resp. C) is an f-structure
on TM (resp. T*+M), that is,

U+ U =0

for any U € TM (resp. C3N + CN = 0 for any N € T+M) ([MS2]).
We define the covariant differentiation of the morphisms ¢ and w as

(3.3) {( vo)U =Vu(pU) —o(VyU),
(Viw)(U) = Vi (wU) — w(VyU)

for any V.U € TM. y
The covariant differentiation of (3.1) along M on M, (1.2) and (3.3)
give us

(Vi @)U = —g(a, U)pV +3(V,U)BE +3(pV, U) s —
—§(B*, UV + Bo(U,V) + AuuV,
(Vi) (U) = —g(af, U)wV + §(V,U) S5+
+3(pV,U)ab + Co(U,V) — o(V, oU)

(3.4)

for any U,V € T'M, where a§ and Bf (resp. ag and /J’g) are respectively
the tangential (resp. the normal) components of o and 5.

We say that the morphism ¢ (resp. w) is parallel if Vo = 0 (resp.
V'w = 0). Then we have

Proposition 3.1.[MS1] In a CR-submanifold M of an l.c.K.-manifold
M, the morphism ¢ (resp. w ) is parallel if and only if the second
fundamental form o and the shape operator A satisfy

Bo(U,V) + AwV = §(a*,U)pV — §(V,U) Bl —

3.5
(39 — gV, U)af + §(B*, U)V
(resp.)
o -0 = j(af wV —
(3.6) Co(U,V) —o(V,U) = g(o*, U)wV

—g(V,U)B5 — 4(pV,U)l
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for any VU € TM.

Corollary 3.2[MS1]. Let us consider the CR-submanifold M in an
L.c.K.-manifold M is mized geodesic. If the morphism ¢ or w is parallel,
then the Lee vector field ot is orthogonal to D.

Remark. In [M3], we proved that a C R—submanifold M in an l.c.K.-
manifold M is a C'R-product if and only if the morphism  is parallel.

4. ANTI-HOLOMORPHIC SUBMANIFOLDS IN AN L.C.K.-MANIFOLD

In this section, we assume that our C'R-submanifold M in an l.c.K.-
manifold M is anti-holomorphic. Then, by the definition, the distribu-
tion v = {0} or equivalently

JD+ =T+M.
So, we can take an adapted frame on M as
{15y €5 €15 s €5, €2p 115 -0 €2p gy €315 05 €3 g )+
Now, we define the tensor field S(U, V) as
S, V) = g, @)U, V) — 2] {dw(U, V)~

(4.1)

1
(of, U)wV + ig(aﬁ, V)wU}

DN =

7
for any U,V € TM, where [y, ¢] is the Niejenhuis tensor with respect to
the morphism ¢, that is,

(U7 V) = [@Ua SOV] + 502[U7 V]_
— (U, ¢V]) = ¢([pU, V),
and dw denotes the exterior differential of w which is given by

(4.2)

(4.3) do(U,V) = 3 {(Vyw)V — (V)V}

for any U,V € TM ([MS5]).

An anti-holomorphic submanifold of an l.c.K.-manifold is said to be
normal if the tensor field S vanishes on M, identically. In our case, we
have the following statement.

Theorem 4.1 [MS1]. An anti-holomorphic submanifold M in an
L.c.K.-manifold M is normal if and only if the following two conditions
hold true:

(i) of € D+
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(ii) the shape operator A satisfies
(4.4) A;pdX = JA X
for any X € D and Z € D*+.

By virtue of (4.3), we can easily see
Proposition 4.2. A normal anti-holomorphic submanifold M in an

L.c.K.-manifold M is mized geodesic and the second fundamental form o
satisfies o(JX,Y) = o(JY, X) for any X,Y € D.
Since, M is anti-holomorphic, the equation (3.4) is written as

(Vi @)U = —3(o, U)pV +3(V,U)Bi +3(pV, U)o
— (8L U)W + Jo(U,V) + AutV,
(Vi) (U) = =g, U)wV + §(V,U) B
+(pV,U)ah — o(V, oU)

(4.5)

for any U,V € TM.

5. ALMOST CONTACT ANTI-HOLOMORPHIC SUBMANIFOLDS

Let M be an anti-holomorphic submanifold of an l.c.K.-manifold M.
Definition 5.1. The D-mean curvature vector field Hp in a CR-
submanifold in an l.c.K.-manifold is defined by

(5.1) Hp — %Z{a@i,ei) +olerel)}

for any orthonormal frame {ey, ..., e, €7, ..., €5 } of D. And a C'R-submanifold
is said to be D-minimal if the D-mean curvature Hp vanishes, identically.
Remark 5.1. We know from [MS3] that a pseudo-umbilical subman-
ifold in an l.c.K.-manifold is D-minimal.
Definition 5.2. A submanifold M is called a proper almost contact
anti-holomorphic submanifold if it satisfies

(5.2) (i) Hp #0, (if)  dw(U,V) = —g(U,V)Hp

for any U,V € TM.
Remark 5.2. An anti-holomorphic submanifold which satisfies Hp =
0 and (ii) in Definition 6.2 is said to be trivial.
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Remark 5.3. By Remark 5.1, there does not exist any pseudo-
umbilical proper almost contact anti-holomorphic submanifold in an
l.c.K.-manifold.

Remark 5.4. There does not exist any D-geodesic (that is o(D, D) =
{0}) proper almost contact anti-holomorphic submanifold in an l.c.K.-
manifold.

By virtue of (3.4) and (4.5), (5.2) 4; Is written as
53) (U, V) Hp = §(o, V)wU — §(of, U)wV —

' —25(pV,U)aj — a(V.oU) + (U, V)

for any U,V € TM.
n (5.3), if we put U = X € D and V = Z € D+, then we have

(5.4) (", X\wZ +0(Z,0X) = 0.
Thus we have

Proposition 5.1. A proper almost contact anti-holomorphic sub-
manifold M of an l.c. K.-manifold M is mized geodesic if and only if the
Lee vector field ot is orthogonal to D.

6. THE RELATIONS BETWEEN Hp AND THE SHAPE OPERATOR A

We consider an anti-holomorphic submanifold M in an l.c.K.-manifold
M(J,g, aﬂ). In this section, we assume that U, V,...,W are elements of
TM.

Now, in generally, the covariant differentiation of the induced metric
V with respect to g is defined by

29(VoV, W) =Ug(V,W) +Vg(U,W) - Wg(U,V)
+9((U, VI, W) +g(W, U], V) = g([V, W], U). (6.1)

And, we have

20((Vye)V, W) = 2§(VupV, W) = 24(pVy V, W)
=25(VueV, W) +25(VyV,oW). (6.2)

By virtue of (6.1), (6.2) is written as
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25((Vyp)V, W) = oVg(U,W) = WU, oV)+
+9([U, eV], W) + (W, U], ¢V) = g([eV, W], U)+
+ VU, W) = eWg(U,V) +g([U, V], W)+
+9([eW, UL V) = g([V, W], U).  (6.3)

Now, we have from (2.1) and (2.2)

WVg(U W) = oVg(eU, W) + oV g(wU, wW)
= §(VevlU, oW) + §(V,ov W, pU)+
+ §(VoywU,wW) + §(ViywW,wl).

Using the above equation, we have

eVgU W) = oWg(U, V) = §(VeveU, W) -
= §(VoweU,oV) + §([eV, oW, @U) + §(V sywlU,wW)—
— §(VowwU,wV) + §(ViywW — ViywV,wl). (6.4)

Substituting (6.4) into (6.3), we obtain

20((Vp o)V, W) = §(VovpU, oW) = §(Vew U, oV 1
+3([eV, oW1, @U) + §(VywlU, W) — §(Viywl,wV)+
+ §(VoywW = ViywV,wl) + ViU, W) — Wg(U, oV)+
+9([U, V], W) = g([U, W], V) + g([W. U], pV)—
= g((V.UL, W) = g([pV, W], U) = g([¢W,V],U). (6.5)

Next, since, we have

g([Uv @V]v W) = g((p[U’ @VL QDW) + g(w[U7 @V]a MW),
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substitution the above equations into (6.5) gives us

20(Vue)V, W) = §(Vov U, W) = §(Vow U, ¢V)
+3([eV, W], 0U) + §(V gywl,wW) — §(V swwl,wV)
+ §(VoypwW = VowV,wU) + ViU,eW) = WU, V)
+9([U, V], W) = g([U, W], V) + g(e[U, pV], W)
+ gwlU, V], wW) = G(elU, W], V) = G(w[U, W], wV)
+ G(pW, @V],0U) + g(w[W, pV],wU) — g(@[V, o W], oU)
— g(w[V,eW],wU). (6.5)
If we put
(6.7) T(U,V) =V ywV —wleU, V],
the equation (6.6) is written as
25((Vye)V. W) = §(Vev U, oW) — §(VowelU, oV)+
+3([pV, oW1, 0U) + g(T(V,U),wW) = g(T(W,U),wV )+
+g(T(V,W) =T(W,V),wU) + Vg(U,eW) - Wg(U,eV)+
+9([U, V], W) = g([U, W], V) + g(e[U, V], W)~
= g(elU, W], oV) = g(eleV, W], oU) — g(e[V, W], U). (6.8)

Since, our manifold is an l.c.K.-one, we have from (1.2)

Ug(eV, W) = Ug(JV,W) = §g(VuJV,W) + §(JV,Vu W)
= —3(e*, V)§(oU, W) + g(B*, W)g(U, V) + §(a*, W)§(U, V)
— (B V)GUW) = §(VuV,oW) = §(o(U,V),wW)
+3(VoW, V) + §(a(U,W),wV).

By virtue of the above equation, we have

Vi(eW,U) = Wg(pV,U) = —g(a, W)g(pV,U)+
+§(af, V)G(eW, U) + 24(a*, U)g(eV, W) — g(8%, W)g(V, U)+
+ 3B V)GW,U) = G([V, W], U) + §(Vy U, oW)—
—§(VwU,oV) +§(o(V,U),wW) = G(c(W,U),wV).
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Using the above equation, the equation (6.8) is written as
25((Vpp)V, W) = §(Vov U, W) = §(VoweU, ¢V)
+ (V. oW1, oU) + g(T(V,U), wW) = g(T(W,U),wV)
+g(T(V,W) = T(W,V),wU) — g, W)g(¢V, U)
+9(a!, V)g(eW,U) +29(a*, U)g(V, W) — (5%, W)g(V, U)
+3(8%, V)gW,U) = g([V. W], oU) + §(Vy U, oW)
—9(VwU,eV) + g(e(V,U),wW) = g(a(W,U),wV)
+9(elU, V], W) + g([U, V], W) = g([U, W], V)
+ 9(eleW, UL, oV) = g(eleV, W] = g(p[V, oW], U).  (6.9)
Moreover, using the following equation
(V. W],eU) = —=4(p[V.W],U) = —g(¢*[V, W], 9U),

we have

3V, W] + @*[V, W] — @[V, W] — o[V, W], oU) =
= ([, ) (V. W), pU).
Thus (6.9) becomes
20(Vue)V, W) = §(Vov U, W) = §(Vow U, ¢V)
+ 3l (V. W), U) + g(T(V,U),wW) = g(T(W.U),wV)
+§(T(V,W) = T(W,V),wU) = §(af, W)§(¢V, U)
+3(a, V)§(eW,U) +24(a*, U)g(V, W) — §(5%, W)g(V,U)
+3(af V)G(eW, U) + §(af, V)§(oW, U) + §(Vv U, W)
—g(VwU,oV) + §(e(V,U),wW) = §(o(W,U),wV)
+ G(elU, oV], W) — g(p[U, oW1, V)
+ (U, V], W) = g([U, W], V). (6.10)
Next, in (6.10), using §(p*ViV, W) = —§(VyV, oW), we have

G(VoveU + VyU + olU, V] + [U, V], W) =
=3(Viyo)U + o(Vye)V,oW).
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Thus, by virtue of the above equation, the equation (6.10) is written as

25((Vir)V, W) = g(l, @l (V, W), oU)+
+§(T(V,U),wW) = §(T(W,U),wV)+
+G(T(V,W) =T(W, V), wU) = G(of, W)g(eV,U)+
+ (0 V)g(eW,U) + 2g(a, U)g(oV, W)—
—§(B1 W)V, U) + (8%, V)G(W,U) + (o (V,U),wW)—
—§(e(W,U),wV) +§((Viyo)U + (V@) V, W) —
— I(Viowo)U + o(Vyp)W,pV).  (6.11)

On the other hand, we have from (3.3)(11) and (4.3)

2dw(U, V) = (Vyw)V — (Vyw)U =
= ViwV — ViwlU — w[U, V).
From this equation, we obtain
(6.12) 2dw(pU, V) = VywV — w[pU, V] = T(U, V).
Using the equation (6.12), the equation (6.11) becomes
20((Vu)V. W) = g([e, ol(V, W), oU)+
+ 2§(dW((pV, U)7 WW) - 2§(dW((pVV, U)a (.AJV) + 2§(dLU((pV, W)_
— dw(pW.V),wU) = g(af, W)g(V,U) + g(of, V)g(eW, U)+
+2g(af, U)g(oV, W) = §(B%, W)g(V.U) + (8%, V)g(W, U)+
+3(e(V.U),wW) = glo(W,U),wV) + §((Viy o) U+
+o(Vue)V.oW) = g(Viowe)U + o(Vue)W, V). (6.13)

Next, since we have

([, el(V, W), oU) — §(af, W)G(eV,U) + G(a*, V) (W, U)
= ([, @) (V. W) + G(a*, W)V = g(a, V)W, pU),
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we get
25(Vyp)V, W) =
= (e AV, W) + §laf, W)V = (o, V)W, U )
- 2§(dw(ch, U) + 5a(vu U),wV)
+ 24 (duleV,U) + 50(V,0), &)
+ 25 ((dwlV, W) + %o—(v, W) = (dw (oW, V) + %o—(v, w)),wU)
— (B , W)g(V.U) + (6%, V)g(W,U)
+ (Vo o)U +@(Tip)V = 30, U)V. W)
—3((Vowo)U + o(VEW =3, )W, 0V ). (6.14)
Next, we get

G(BLV)GU W) = —glak,oV)g(U, W) — glab,wV)g(U,W).

Using the above equation, the equation (6.14) is written as

29((Viyp) VW) =
=§( (v, w) +g( WV = §la?, VIW, U )

1

( (GW,U) + O’(W U) + g(W,U)ag,wv)

1

S3(V. U)ok, W)
_ 1 1. g

+ 2g((dw(<pV, W)+ §U(V7 W) + 59(‘/7 W)as)

+ 2§ (dw(V,U) + 5a(v, U)+

1 1
— (dw(pW, V) + 30 (W, V) + +53(W, V)ah),wU )
+ (Vv @)U +@(Vye)V = (0}, U)V + §(U, V)al, oW
= §((Vow @)U + o(Ty)W = gad, U)W + (U, W)al, oV ). (6.15)

Now, we put
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(6.16) AU, V) = dw(@U, V) + 3 {o(U,V) + §(U; V)a}.
Then, the equation (6.15) is expressed as
25((Vyp)V, W) =
= (e AV, W) + §laf, W)V = (o, V)W, U )
—29(AW,U),wV) + 29(A(V,U),wW)
+25(A(V, W) = A(W, V), wU)

+ (Vv @)U +@(Tye)V = 30, UV +3(U,V)al , oW )
~3((Viow)U + o(Vp)W = §(af, UYW + §(U, W)l , ¢V ). (6.17)

Now, let our submanifold be almost contact anti-holomorphic. Then

the D-mean curvature vector field Hp satisfies (5.2). Hence, the tensor
field A(U,V) is expressed by

(618)  A(U,V) = ~3(4U,oV)Hp + L {o(U,V) + §(U, V)a},

and A(U,V) is symmetric with respect to U and V.
Substituting (6.18) into (6.17), we obtain

2((Viye)V, W) =
= 3(Ip. AV W) + (a2, W)V = (a?, VIW, U
+ 24 (3(eW, UV Hp — L {o(W,U) + (W, U)o}, wV )
- 2g( (oV, oU)Hp — f{a(V U) + §(V,U)ad), wW)
+3((Vov @)U + 9(Viro)V = 3, UV + §(U, V)ad, W)
~3((Vow@)U + (V@)W = §la?, U)W + §(U, W)ad,¢V). (6.19)
Now, we have from (3.4)
(Viro)U = =3(af , U)@*V + §(U, V)5 — 3oV, pU)al
— 9(517 U)eV + Bo(U,oV) + AuueV
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and

(Vipp)V) = —g(d, V)o?U + §(U, V)8t + (U, V)pa'

— (AL V)eU + pAuv U,
where we used 9B = 0.
Using the above two equations we have

3((VLv @)U + e(Vipo)V = (08, U)V + §(U, V)ad, oW ) =
= §(BL, W)V, U) — ok, oW)g(eV, oU)
— G385, V)@V, oW) + §(o oV, oW), wU)
— (0}, V)3(pU, W) + g5, W)3(U, V)
+glpal, oW) (U, V) = §(BL, V)(pU, W)

— §(Auv U, 0*W) + glak, eW)g(U, V).

Thus we have

§((V;v<p)U+ P(Vp)V—

— (e}, )V + (U, V)ak, oW ) -

— §((Vowe)U + o(Tio) W -

= §laf, U)W + §(U, W)at, oV ) =

= (8%, oW)G(eV,U) — §(B%, oV) (e W, U)
g )4 (

— g(o}, eW)g(eV, U) +
— §(af, V)g(eU, W) + (o}, W)g(U, V)

+ (B}, W)U, V) — (5, V)g(U, W)
— Gk, V)i(eU, W) + §(al, oW)g(eU, V)
= 5B V)3(eU, oW) + 3(85, W)3(U, V)

(Awv U, @*W) + §(Auw U, 9*V)

+g(af, oW)g(U, V) — g(of, oV)g(U, W).

Since, 8¢ = pal + Bah, we have §(B}, oW) = g(pal, pW).

(6.20)
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So, we have

é((V;vs@)U +o(Viyp)V—
— (e}, UV + (U, V)ak, oW ) -

= §((Viw@)U+o(Tp)W =j(af, U)W +§(U, W)a, oV )

= —g(a}, eW)g(eV, eU) + EJ(al,soV) (W, U)
= §(a},V)g(eU, W) + g(af, W)g(eU, V)
+ (Bt eW)F(U, V) = Gle 617 V)g ( W)
— G(BE. V)3(eU, W) + (8L, W)U, ¢V')
— g(AuvU, > W)+ g(A wWU <,02V)

+g(af, oW)g(U, V) = g(of, oV)g(U, W). (6.21)

Moreover, we have o8 = o(pa + Bab) = p2a’. From this we get

3Bl eW)GU, V) = G(p2al, oW) =
= glpak, W) = —g(af, oW).

Using this, we obtain

3((Vo U + o(Ty)V =
— 3@}, U)V +5(U V)l oW ) -
- g((V;Wso)U + (V)W =30, U)W + §(U, W)ad, V)
—g(ak, eW)(eV, @U) + g(ak, oV)i(eW, gU)
= (o, V)§(eU, W) + §(af, W)i(U, V)
— G(B5, V)a(eU, W) + (Y, W)U, V)
— 3(Awv U, @*W) + §(AuwU,¢°V)  (6.22)
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Now, we have
3(88, W) = glpal, W) + §(Baj, W) =

g(aD 90W> (042, WW)
So, we have

{g(al, V) + g(af, W) + g(ab, W) } (V. oU) =
=2§(ak, V)W, oU) + Gk, wV)G(eW, U).

Using the above equation, we obtain
§((V;vs@)U +o(Vyp)V -
— 305, UV +3(U V)ad oW ) -
~ §((Viow)U + @(Ty)W =g(a?, UYW + 5(U,W)al, oV )
= 25(a}, V) G(eW, oU) — 24(af, oW)i(eV, oU)
+9(0427‘UV)§(90 eU) — 9(0427‘*)W) (V. U)
V)g

— (o, (¢U7 W) + §(of, W)g(eU, V)
— §(Auve®W — Auwe®V,U).  (6.23)
Thus (6.19) is written as
25((Vye)V, W) = g([e, ¢l (V,W),U)
+2g(af, W)F(V, U) —2§(cf, V)§(W, U)
+ g(gww PUHD —~ L {o(W,U) + (W, U)ad}, V)
3(oV, pU)Hp — f{a(V U) + §(V,U)al}, wW)
25(a}, V)W, oU) — 23(a}, o W)g(oV, oU)
(04270.)‘/) (‘pW @U) (0‘27WW) (L,OV7 (PU)
— G(Auv®W — Auw @V, U).  (6.24)

Moreover using (3.5),
g(ﬂgv ) (a1790W) (CJZQ,(A}W)
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we have from (6.24)

2{3(al, eV)a(UW) = 3lal, oW)5(U, V) +
+ 40k, wV)GU,W) — glad,wW)g(U, V) } =
= 3o, (V. W), ¢U) + 23 (3(W, oU) Hp — S0(W, 1),V )
—25(3(eV, soU)HD—y(V, U),wW)

+25(a}, V)W, oU) — 2(af, oW)g(V, oU)
— §lab, wV){G(W,U) — §(eW, U)}
+§(ah, wW){G(V,U) — (V. oU)}
— §(Auv*W — Auw@®V,U).  (6.25)

Since we know g(V,U) = g(¢V, oU) + g(wV,wU), (6.25) becomes

2{d(al. eV)3(U. W) = 3lal, oW )3(U. V)
+ §(ahwV)(G(U, W) = gk, wW)g(U, V) | =
= g([lp, 0V, W),soU)

- g(aéwV)g(cuw, wU) + @(aé,wwmwv, wU).  (6.26)



Anti-holomorphic submanifolds 161

That is, we obtain

3ol 2l (V. W) +2{(ak, V)W -

—g(ag,wW)V},U) -

- 3 1
= 29(9(s0W, ¢U)Hp — 5o (U, W) = So(U, W)+
- 1.
+g(ad, W)U + S3(af, wW )l wV)
- 3 1
—25(3(¢V.pU) Hp — So(U.V) = So(U,¢*V)+

1
+g(af, oVl + 33(af, wV U, wW). (6.27)

Thus we have
Theorem 6.1. In an almost contact anti-holomorphic submanifold
i an l.c. K.-manifold, the D-mean curvature vector field Hp satisfies

(- 3 1
§(aleV.pU) Hp = So(V.U) = 50(p*V.U)+

+ (o, oVl + %g(ag,wV)wU, wW) =
= 3(3(6W, ¢U)Hp — S0(W,U) — S0(6W,U)+
+ (0, W)l + 330k, W)l wV) - (6.28)
if and only if the morphisms ¢ and w A satisfy
(6.29) el A1V W) + 2{g(al, wV)W = g(ag, wV)} =0

for any U VW € TM.

From Theorem 6.1, we can easily obtain

Corollary 6.2. In an almost contact anti-holomorphic submanifold
in an l.c. K.-manifold which the Lee vector field ot is in DL, the D-mean
curvature vector field Hp satisfies (6.28) if and only if the shape operator
A satisfies

(6.30) ele, el (V, W) =0
for any U,V € TM.
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Remark. In the above case, (6.28) is written as
(- 3
3(3(eV. U Hp = So(V.U)-

1
— 50(P*V.U) + ok, oV )wlU, W ) =

v 3
g(g(@W, @U)Hp — io(W, U)—

1
- §J(<p2VV, U) + g(a?, oW)wU, oJV) (6.31)

for any U,V,W € T M.
Now, we calculate g(S(U, V), oW). Using (4.1), we have

9(S(U, V), eW) = gle, el(U, V) +
+ 25 ({dw(U, V) = 33(0, D)V + 35(0, V) }, JoW ).

On the other hand, we know U € D for any U € TM. So, JpU € D.
This means that

g({dw(U, V) — %g(aﬂ, U)oV + %g(aﬂ, V)wU}, J¢W) —0.

From this, we have

(6.32) gSU, V), W) = g(le, o](U, V), W),
that is,
(6,32)' eS(U,V) = ¢le, o](U,V)

for any U,V € TM. Thus we have

Theorem 6.3. In a normal almost contact anti-holomorphic sub-
manifold in an l.c.K.-manifold, the D-mean curvature vector field Hp
satisfies (6.28).

Now we assume that the submanifold is normal. Then we have from
(6.32)

. 3 1
3(5(pV, pU)Hp = So(V,U) = ~o(Q*V,U),wW) =

2
[~ 3 1
= §(3(eW. pU) Hp = S0(W,U) = S0(*W.U),wV ) (6.33)

for any U,V,W € T M.
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In (6.33), if we put U = X,W =Y € D and V € D+, then we get
(6.34) §(X,Y)Hp = o(X,Y).

Thus we have

Theorem 6.4. Under the same assumption with the above theorem,
the D-mean curvature Hp satisfies (6.34).

By virtue of Theorem 6.4, we obtain

Theorem 6.5. Under the same assumption with the above theorem,
for a orthonormal frame {e1, ...,ezp} of D, we have

(6.35) o(ei,ej) =0 Hp,
that is,

Hp 0 0
(6.36) oleney=| O oo O

0 0 0 Hp
This means that the distribution D is totally umbilical in M.
Let M be normal. Then we have from (6.33)

Q(U(‘/, Z),UJW) = g(U(VVa Z)7UJV)

for any Z € D+ and V,WW € TM. From the above equation, we can
easily have

Proposition 6.6. A normal anti-holomorphic submanifold in an
l.c. K.-manifold is mized geodesic, that is, the second fundamental form
o satisfies (D, D+) = {0}.

Remark. The above proposition was proved by using the different
method with Proposition 4.2.
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Some aspect of non-commutative
algebraic topology

In this paper we study crossed chain complexes. We also give applica-
tions of this theory to study Morse functions on non-simply connected
smooth manifolds with boundary.

1. INTRODUCTION

Non-commutative algebraic topology investigates non-simply connec-
ted CW-comlexes [1]. An important tools here are crossed modules. The
purpose of this paper is to demonstrate that crossed modules occur in a
very natural setting, namely if W™ is a non-simply connected manifold
with a non-simply connected boundary V™!, then the second Morse
number Mo (W™) of W™ can be calculated using second crossed module.

2. G-CROSSED MODULES AND PROJECTIVE CROSSED COMPLEXES

By a crossed module we mean a pair of groups (C,G) and a ho-
momorphism 9 : C — G, together with an action of G on C which
satisfies some natural conditions. More precisely:

Definition 1. A G-crossed module is a triple (C,0,G), where C' and
G are groups, 0 : C — G is a homomorphism such that G acts on C
from the left (the action will be denoted by gc), and the homomorphism
0 satisfies the following conditions:

a) d(ge)=g-9(c) g7 forallge G,ceC,

b) ¢-d-c7t =9d(c)d for all c,d € C.

The following properties are immediate consequences of the definition:
1) K = Kerd is contained in the center of C,

(© V. V. Sharko
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2) N = Imd is a normal subgroup of G.

Let @ = G/N. The action G on C induces a natural Z[Q]-module
structure on the center of C so that K = Kerd is a submodule of this
module.

Moreover the action of G on C' induces a structure of Z[Q]-module on
c® = /o, C).

Let us mention the following two obvious and important special cases
of crossed modules:

1) C is a Z[G]-module (so 0 = 0);

2) C is a normal subgroup of G (so 9 is the inclusion).

Definition 2. A morphism («,8) from the crossed module (C,0,G)
to (C',0',G") is a pair of group homomorphisms o : C — C' and
B: G — G’ such that 5-0 = 0'-a and a(ge) = B(g)a(c), (g € G,c € C).

Let CM denote the category of crossed modules. If 5 = Idon G = G/,
we say that « is a G-morphism and denote this category by CMg.

An important case of a crossed module is the so-called free crossed
module defined by J.H.C. Whitehead [19].

Definition 3. A G-crossed module (C,0,G) is called a free crossed
module with indexed basis (cic;) C C if it satisfies the following univer-
sal property: given a G'-crossed module (C',8,G"), an indezed subset
(cier) € €', and a homomorphism f: G — G’ such that

f0(e:)) = 9'(c))

for each i € I, there is a unique homomorphism g : C — C' such that
g(c;) = ¢ for each i € I and the pair (f,g) is a morphism of crossed
modules.

The following fundamental theorem is also due to J.H.C. Whitehead
[19].

Theorem. Let X be a path-connected CW -complex, andY be a CW -
complex obtained from X by attaching a two-dimensional cell. Then
mo (Y, X, ) is a free crossed w1(X, x)-module with basis corresponding to
the cells so attached.

Now fix a group G.
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Definition 4. A G-crossed module C is said to be projective if it is
projective in the category CMyc, that is for any surjective morphism of
G-crossed modules f : A — B and any g : C — B in CMg, there is an
h:C — A in CMg such that f-h=g.

Let (C,0,G) be a crossed module, N = Imd, Q = G/N, and C =
C/1C,C]. J. G. Ratcliffe proved that (C,0,G) is a projective crossed
module if and only if C%* = C/[C, C] is a projective module Z[Q]-module
and mapping of the two-dimensional homology groups

Oy : HQ(C) — HQ(N)

induced by the homomorphism 0 : C' — G is trivial [15]. The following
important fact is due to M. Dyer [3].

Theorem. Let X be a connected CW -subcomplex of a connected
2-complex Y, where m(X,2) = G and © € X is a base point. Then
the triple (m2(Y, X, 2),0,m (X, x))is a projective crossed module. Here
the homomorphism 0 : m(Y, X,x) — m (X, z) is taken from the exact
homotopy sequence for the pair (Y, X).

Definition 5. A projective crossed chain complex is a sequence of
groups and homomorphisms

& 0 - O
e TEGCGEC,EC3+ ... 2 C,

such that:

a) (Cq,09,G) is a projective G-crossed module,

b) for each i > 3 the module C; is a projective Z|w]-module, 0; is
a homomorphism of Z[r]-modules, 92 commutes with the action
of the group G and 03(Cs) is a Z[r]-module,

C) 81 . 3i+1 =0.

Obuviously, G acts on each of C;, i > 2.

A crossed chain complex is said to be of dimension n if C; = 0 for
1> n.

To any projective crossed chain complex (C;, 9;, G) we can associate

ag® .
the chain complex of projective Z[r]-modules < Cg° & Cs 4 ... il Ch.
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3. ADDITIVE FUNCTION ON THE CATEGORY OF PROJECTIVE MODULES

Let G be a discrete group. Denote its integer group ring by Z[G] and
the group ring over the field C by C[G]. In the group ring there exists
an augmentation epimorphism: ¢ : Z[G] — Z, (¢ : C[G] — C) acting bhy
the rule: £(Xn;g;) = Xn;.

In the ring C[G] there exists an involution: * : C[G] — C[G], (Xn;g;)* =
Ynig; ! where 7 denotes the conjugation in C.

We can define the trace: ¢r : C[G] — C according to the rule:
tr(Xn;g;) = ni1, where ny is the coefficient at g; = e, the identity of
the group G.

It is obvious that ¢r satisfies the following conditions:

a) tr is a C-linear mapping;
b) tr(riry) = tr(rery);
¢) tr(rrx) >0, and if ¢tr(rrx) = 0, then r = 0.

Unless otherwise stated in what follows a module M over a certain
associative ring with identity A is assumed to be a left finitely generated
A-module.

Rings for which the rank of the free module is uniquely defined are
called IBN-rings.

It is known that the group rings Z[G] and C[G] are IBN-rings. We
will consider only IBN-rings.

Denote by (M) the minimal number of generatrices of the module
M. We will assume that u(M) = 0 for zero module M Then

WM @ F,) < p(M) +n,

where F), is a free module of rank n. There are examples (of stably-free
modules) when the strict inequality holds. Howeve in general for two
projective modules M and N there are no relation between p(M @ N)
and p(M) + p(N).

Definition 6. Suppose that a function d(P) is given on the category
of projective A-modules P (not necessarily over group rings) with values
in the set of nonnegative numbers Ry. Say that the function d(P) is
additive if the following conditions are satisfied:

a) d(P) = d(Q) if the module P is isomorphic to the module Q;
b) d(P) =0 if and only if P = 0;
c) d(A) =1;
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d) d(P® Q) =d(P)+d(Q).

An example of an additive function for projective modules over Z[G|
with values in Z4 was constructed by E. Dyer and A. T. Vasquez|2].

Let w : F,, — P be an epimorphism of the free module Fj, of rank n
onto the projective module P over the group ring Z[G]. Denote the basis
of the module F;, by x1,x2,...,2,. Let s : P — F,, be a homomorphism
such that 7 - s = Idp. Then the homomorphism e = s- 7 : F},, — F}, is
an idempotent and determines P up to an isomorphism.

Let A be the matrix of the homomorphism e in the basis x1, 2, .. ., T,
Le., e(w;) = ), aijz;, where a;; € Z[G]. Following Dyer and Vasquez,
we set d(P) =", tr(a:).

For projective Z|G]-module P the inequality d(P) < u(P) is true, and
the equality is realized if and only if P is a free module.

Remark 1. By analogy, for the projective modules P over the ring
C[G] one can construct the additive function d(P) = Y, tr(a;). This
function takes values in R .

The following results are obtained in [16].

Definition 7. Let Y be the range of values of an additive function
d(P) defined on the category of projective modules. The function d(P)
is called discrete if there exists € > 0 such that for any y € Y the only
point from Y belonging to the interval (y — e,y +¢€) is y.

Definition 8. Let d(P) be an additive function on the category of
projective modules. An epimorphism f: PL — M of a projective module
Py is called p-minimal if for any other epimorphism g : Q@ — M of a
projective module @, one has that d(Py) < d(Q).

In what follows, the number d(Py) will be denoted by p,(M).

Remark 2. The number p,(M) is defined not for all modules M.

Remark 3. Let A = C[G] and let d(Py) be the additive function from
Remark 3.1. Assume that g € G is an element of order k. Then the
element

1
E:%(e#—g#—...—i—gk*l)GC[G]

is an idempotent. Therefore, the module P = C[G] - (E) is a nonzero
projective module such that C[G] = P @ Q, where Q = C[G] - (1 — E).
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It is obvious that d(P) = 1. Since e(E) = 1, the restriction of the

augmentation homomorphism to the module P is an epimorphism onto
the field C regarded as a C[G]-module.

If the group G contains elements of arbitrarily large order, then it is
obuvious that the number u,(C) can not be defined.

However the following assertions hold true:

a) if an additive function d(P) on the category of projective mod-
ules is discrete, then for any module M the number g, (M) is
defined and p(M) > p,(M);

b) if P is a projective module and for a module M the number
p (M) is defined, then for the module M &P the number p,(M&
P) is also defined and p,(M @& P) = u,(M) + d(P);

c) if P is a projective module and for a module M @ P the number
pp(M & P) is defined then for the module M the number i, (M)
is also defined and

pp(M) = pp(M & P) — d(P).

Let (C,0,G) be a G-crossed module. Suppose that @ = G/N. Let
d(P) be an additive function on the category of projective modules over
a Z[Q]-module. By definition d(C,d,G) = d(C%).

4. PROJECTIVE P-MINIMAL CHAIN COMPLEXES

Assume that an additive function d(P) on the category of projective
modules over the ring A is given.

Definition 9. A projective chain complex
Cd:Colaé&... g,

1s called p-minimal in dimension i if, for any projective chain complex
(D,0): Dy & D, % ... 2D,

homotopically equivalent to C,d, one has d(C;) < d(D;), where d(C') is
the dimension of the module C.

A projective chain complex (C,d) is called p-minimal if it is p-minimal
in all dimensions.
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Remark 4. It is obvious that for any free chain complex (C,d) in its
homotopic type for any fized dimension i there always exists a minimal
free chain complex in dimension i.

However, a minimal free chain complex may be absent in the homotopy

type of an arbitrary free chain complex (C,d).

We will give an answer to the following question.
Question. When a projective chain complex (C, d) is p-minimal?

Definition 10. Let f : P — M be an epimorphism of a projective
module P. Say that one can select a p-minimal epimorphism from f if
there exists a decomposition P = Py & Py such that f | (PL @©0) is a
p-minimal epimorphism and f(0 @ Py) = 0.

Remark 5. In general, it is impossible to select a p-minimal epimor-
phism from an arbitrary epimorphism f: P — M.

Definition 11. Let N be a submodule (not necessarily finitely gener-
ated) of a module M. We define p-rank(N,M) of the pair M O N
as the value of the nonnegative number k such that the submodule N
contains a projective module P, d(P) = k, that is a direct summand of
the module M and for any other projective submodule QQ C N selected a
direct summand in M the inequality d(Q) < k is true.

Remark 6. Note that the p-rank(N, M) is defined not for all pairs of
modules M O N.

Remark 7. It is obvious that the following assertions hold true:

a) if the additive function d(P) on the category of projective mod-
ules is discrete, then for any pair M 2 N its p-rank(N, M) is
defined;

b) p-rank(N, M) < p(M);

¢) p-rank(N, M) = p-rank(N,M @ Q).

Definition 12. Assume that for a submodule N C M its p-rank(N, M)
is defined. Say that p-rank(N, M) is additive if for any projective mod-
ule Q we have that p-rank(N @ Q, M @ Q) is defined and

p-rank(N @& Q,M & Q) = p-rank(N, M) + d(Q).

Lemma 1. Let d(P) be a discrete additive function on the category
of projective modules. Suppose that N is a submodule (not necessarily
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finitely generated) of a module M. Then there exists a positive number
ko such that for all projective modules Q with d(Q) > ko we have that
p-rank(N @ Q, M & Q) is additive.

The following fact is proved in [16].
Theorem 1. Let
Cd:Cola&. . g,
be a projective chain complex over the ring A. Then (C,d) is p-minimal

if and only if p-rank(Cy, d;ix1(Ciz1)) is equal to zero and is additive.

5. PROJECTIVE CROSSED p-MINIMAL CHAIN COMPLEXES

Suppose that d(P) is a discrete additive function on the category of
Z|r)-projective modules.

Definition 13. Let
(Ci,ai,G):e<—7r<8_IG<a_202?_303<_._.<%Cn

be a projective crossed chain complex. A crossed chain complez (C;, 9;, Q)
18 called p-minimal in dimension i if, for any projective crossed chain
complex

(D:i,9;,G)ienlG& D, & Dy .. L&D,
homotopically equivalent to (C;, 0;, G)
a) fori >3 one has d(C;) < d(D;);
b) for i =2 one has d(C§®) < d(D§®), where d(CS®) is the dimen-
sion of the module (C$°).
A projective crossed chain complex (C,d) is called p-minimal if it is
p-minimal in all dimensions.

Corollary 1. Let

(ClaahG)e(*W(aiG(aiCQ(aiC:s(—?lCn

be a projective crossed chain complex and
aab 5 an
(C®,0%) & C3" & Cy - & Cy,

be the associated chain complex of projective Z[r]-modules. Then (C;, 0;, G)
is p-minimal if and only if the associated chain complex (C,9%) is p-
minimal.
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6. APPLICATIONS TO MORSE THEORY.

It is known that all chain complexes constructed from cellular de-
compositions of a non-simply connected manifold W™ have the same
homotopy type [9].

Let (W™, V"~1) be a compact smooth manifold with boundary OW™ =
V=l and 7 = 7 (W") be the fundamental group of W™. Denote
by p : (Wn,Vn=1) — (W™, V"1) the universal covering map. Here
V=l = p=L(V"1). Let us choose on W™ an ordered Morse function
f: W™ — [0,1] such that f~%(0) = V"1, and a gradient-like vector
field £&. Using the mapping p, lift f and & to W", and denote a lifted
function and a vector field by fand E respectively. Using f and £ (resp.
f and 5) construct chain complexes of abelian groups

Co(W™, £,€) : Cu(W™, £,6) : Co <2 Cy = - &,
and
T 7R S FALA LM A dn 5
(Ca(W™, £,8): Ce(W™, f,€) : Coy — Cp -+ <= Cp,
where C; = HZ(W'L7 Wi—l, Z), 51 = Hl(Wz, Wi—l; Z) and 1/2[7; = fil[(), CLi],
W; = £710, a;] are submanifolds containing all critical points of indices
less than or equal to i. -
The fundamental group © = 71 (W") acts on manifolds Wn. Making
use of this actions, we can turn the chain group C; into finitely generated

modules over ring Z[x]. On manifold (W™, V"~1) using (f, &) construct
crossed projective chain complexes

2
CTW™, f,€) e mm (V" h s
F(3) ~. T4 Fn—1) ~
— mwp, v hEes L o,

Definition 14. The i-th Morse number M;(W™) of a manifold W"
s the minimal number of critical points of index i taken over all Morse
functions on W™,

Theorem 2. Let (W™, V"~1) (n > 6) be a compact smooth manifold
with boundary OW™ = V=1, Suppose that the inclusion i : V"=t — Wn
indeces the map

i s (VL) = m (W)
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which is an epimorphism. Then the second Morse number Mqo(W™) of
W™ is equal to

M(W2(Wn7 Vn_l))v
where p(m) denotes the minimal number of generators of the crossed
module .

Proof. The conditions of the theorem guarantee existence of an ordered
Morse function f : W™ — [0,1] such that f~*(0) = V"~ and f has no
critical points of indexes 0 and 1. The Morse number My (W™) of W™
can be directly computed as in Lemma 2.1 of [16]. O

Suppose that the inclusion i : V*~1 — W" induces the map
it m (VT — (W)
which is not an epimorphism. Then any Morse function f : W™ — [0, 1],
f71(0) = V»~L on W™ has at least one critical point of index 1.

It is clear that in this situation m1(W7) = 71 (V"™1) % F), where F}
is a free group of rank k. The number k is equal to the number of
critical points of index 1 of Morse function f. Of course, the minimal
number of generators of w1 (W7)-crossed module 7 (W™, W7) will depend
on submanifold Wj.

Lemma 2. Let (W™, V"= 1) n > 6), be a compact smooth manifold
with boundary OW™ = V"L and © = m (W™) be the fundamental group
of W™. Suppose that f: W™ — [0,1] is an ordered Morse function such
that f~1(0) = V"1, and Wy = f71[0,a1] are submanifolds containing
all critical points of indeces less that or equal to 1. Then the number

DW™, Wh) = p(me(W", Wh)) — p(Ha (W™, W1, Z))
does not depend on a particular choice of function f.

Theorem 3. Let (W™, V"~ 1), (n > 6), be a compact smooth manifold
with boundary OW™ = V"1 and 7 = w1 (W™) be the fundamental group
of W™. Suppose that the inclusion

iVt wn
induces the map i, : m (V"=1) — 71 (W™) which is not an epimorphism.
The second Morse number Mo(W™) of W™ is equal to
D™ Wh) + p(Ha (W™, V", 2),

where w(H) denotes the minimal number of generators of the group H.
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Proof. The conditions of the theorem guarantee the existence of an or-
dered Morse function f : W™ — [0,1] such that f=1(0) = V*~! and f
has critical points of index 1 and no critical points of index 0. In this sit-
uation estimates for the Morse number Mo (W™) of W™ can be directly
computed. O

The estimations of Morse numbers using different approaches were
obtained in [4, 5, 6, 7, 10, 11, 12, 13, 14, 17, 18]. In next papers we shall
give the values of Morse numbers for other classes of manifolds.
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About Connection of the
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In this article are considered Ribbon Knots or Links which appear
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1. INTRODUCTION

The Classic Knots and Links Classifications are well known (see e.g.
[7, 8, 9]). In this article we will consider the so-called “Ribbon” Knots
and Links which appear after cutting the Generalized Mobius—Listing’s
surfaces GML! along “parallel” lines of their basic lines. In the pre-
vious articles [4, 5, 6] we studied particular cases when GM L} surface
was “k-times cutting” along the basic line of this surface. But now we
consider the general case when the surface GM L}, (for any natural m)
was “k-times cutting” along the k (any natural number) different lines,
which are “parallel” of the basic line.

2. NOTATIONS

Without loss of generality and for simplify the process of proofing, in
this article we use the following definitions, notations and restriction:
e X1,X5, X3, or x,y,z is the notation for coordinates;

© I. N. Tavkhelidze
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e 7,1, 0 — are space values (local coordinates in parallelogram):
T € [Tw, 77]; 0 < 7 < 7% = const;

vel.2m; 60 2], 1)

e P* is “Simple star” (particular case of “Plane figure with m-
symmetry” P, (see in [6])), which analytic representation is given by
following formula
-1

li - (1) — ;) cos P,
0
-1
T ) li-e(¥ —4y)sing,

i

8
I
Bl
3

.
Il

(2.2)

3

z

I
=)

where the arguments 7 and 1 are defined in (2.1); 7. = 0; ¥; = % and
l; € (0,1) are some constants for each i =0, m — 1 and

07 = Wi,
€(¢—¢i)={1 Zj?éz

Remark 1. Plane figure P, is:

1) a “Regular simple star” with m “wings” or “vertices” when
T« =0 and when [; =1, =0,m — 1;

2) a set of m segments of straight lines lying on the radii of a circle
centered at the origin when 7, > 0;

e 17,Z,0 - are space values (local coordinates or parameters in the
Cylinder (7. = 0) or in the pipe (7, > 0) correspondingly)

PR ={(Z =7 cosv,z = Tsin1,0) :
T € [T, T"]; 0 € [0, 27]; 0 € [0, 27] }.

e PRy is a “cylinder” with cross section simple star, i.e.

m—1 m—1
PRy, = |J T =Py, x[0,2r) = | {L x [0,2m)} =
=0 1=0
= (& = i cos i, % = Tl;sing;, 0) : 7 € [0,7]; (2:3)
271

i =—,i=0,m—1;0 € [0,27]}.
m
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o T;, for each i = 0,m — 1, is a wing the cylinder PR}, which corre-
sponds to the angle ;, i.e.

T, = {I, x [0,2m)} = {[0,1;] x [0,27)}
I = [0,1;] (2.4)
TP ={L; x{0}} TF ={L x {27}}.

e ;. i =0,m — 1is a wing of the plane figure P , and correspondingly
7 -1; is a “Length” of its.
e OO’ — axis of symmetry of the prism PR} ;

Definition 1. Generalized M6bius Listing’s body - shortly GM L},
- is obtained by identifying the opposite ends of the prism PRy,
a way that:

A) For any integer n € Z and i = 0,...,m — 1 each edge T}
coincides with the edge T, =Ty 4, (i1n) correspondingly;

B) The integer n € Z denotes the number of rotations of the end
of the prism with respect to the axis OO’ before the identification. If
n > 0, the rotations are counter-clockwise, and if n < 0 then rotations
are clockwise.

i such

General definition and some particular examples of GML?, and its
graphical realizations can be found in [2, 3].

Remark 2. Number n for each particular case of the GM L}, body has
a different meaning and depends from the number m. One full rotation
around of basic line realizes when n = m;

e GML} is classic Mobius strip.

In this article are considered Generalized Mobius Listing’s surfaces
GML}, with following restriction:

e Radial cross section of this surfaces are “Regular simple star”;

e Basic line of these surfaces always plane circle;

e Rule of twisting around basic line is a “regular” (see [2]).
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According to these restrictions it is easy to remark, that analytic
representation (6*) in [2] of the GM L, surfaces has a form

m—1
X1(7,9,60) = |R+7 Y Li - e(th—1)) cos(tp+22) | cos(0),
=0
m—1
Xo(r,,0) = |R+7 Y _ ;- e(p—1h;) cos(p+22) [ sin(6),  (2.5)
1=0
m—1
Xs(7,0,0) =7 Y i~ e(t) — ) sin(p+22),

i=0
where 7,1, 0 are variables in the parallelogram (2.1); Constants /; and
t; for each i = 0,m — 1 are defined in Remark 1; m (number of wings)
is a arbitrary natural number and n (number of rotation) is a arbitrary
integer number.
Analytic representation (2.5) gives us possibility to discover some
properties of Generalized M&bius—Listing’s body

omi
Remark 3. 1. For each n if ¢; = T for i = 0,m — 1, formula (2.5)
m

is a one to one correspondence points of the “cylinder” PR}, in (2.3)
and points of the corresponding Generalized M&bius—Listing’s surfaces
GML}, with radial cross section simple star;

2. Analytic representation (2.5) is a only “width-preserving” corre-
spondence (proof. see in the article [1]);

3. The line {0} x [0,27) C PR}, is a origin (by correspondence (2.5))
of he basic line of the GM L}, surface and it belongs to the each wings
T; in (2.4) when ¢ =0,m — 1.

According to this formulas following identities are holds for each num-
bers m,n

Xi(r2m) = Xilrp + 00), k=123 (26)

or in particularly for each numbers m,n,i =0,m — 1 and k = 1,3

Xk (Ta wia 27T) = Xk: (T7 wmodm (i4+n)» 0) (27)

Geometric meaning of (2.7) is: - after bending of the cylinder PR},

each line T coincides with the line TF .. So that we may write



Generalized Mobius—Listing’s surfaces 181

following permutation: for each i = 0,m — 1
I? = Thoa,, (n+i)- (2.8)

But now according to the theorem such permutation will be constructed
with exactly ged(m, mod,,(n)) (gcd is a greatest common divisor) num-
bers of disjoint cycles; Number of these cycles is a number of different
colors in such GM L}, body’s surface. Each different items of following
remark is a simple corollary of the relation (2.6)

Remark 4. Suppose that the generalized Mobius—Listing’s surface
GML? has a radial cross section Regular simple star (2.2).

e A. If integer number j - is a greatest common divisor of m and
mod,, (n), then the GM L, body has a 2j-colored surface;

e B. If m = 2 and 5 = 1, then regular simple Py is a segment
of straight line and (angle 180° may be interpreted - “internal angles
don’t exist”) so that only in this case one colored or one sided surface
appears(GM L3 - classic M&bius strip).

o C.If n =ml,l =0,1,2..., then the GML], body has 2m-colored

surface;

Definition 2. A closed line (similar to the basic or border’s line) which
is situated on a GM LY, and is “parallel” to the basic (or border’s) line
of the GML?,, i.e. the distance between this line and basic or border’s
lines is constant is called a “Slit line” or shortly an “s-line”.

If the distance between an s-line and the basic line is zero, then this
s-line coincides with the basic line (and sometimes is called “B-line”).

Definition 3. A domain situated on the surface GML?, and such that
its border’s lines are slit lines, is called a “Slit zone” or shortly an
“s-zone”.

The distance between the border’s lines of an s-zone is the “width”
of this s-zone.

If an s-zone’s width equals to zero, then this zone reduces to an s-line.

Definition 4. If the “B-line” is properly contained inside a “Slit
zone” - i.e. his distance to the border’s lines is strictly positive - then
this “Slit zone” will be called a “B-zone”.

Definition 5. The “process of cutting” or shortly the “cutting”
is always realized along some s-lines and produces the vanishing (i.e.
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elimination) of the corresponding s-zone (which eventually reduces to an
s-line).

o If a GMLY, surface is cut along an s-line, then the resulting object
calls “slitting GML},” and the corresponding vanishing zone will be
called an s-slit.

o If a GMLY, surface is cut along its B-line, then the resulting object
calls “B-slitting GML?, 7 and the corresponding vanishing zone will be
called a B-slit.

o If the vanishing zone after an s-slit (a B-slit) is given by an
zone” (a “B-zone”), then the cutting process will be called an s-zone-
slit (a B-zone-slit).

o I[f GMLY, surface is cut (k+ 1)-times along k + 1 different s-lines,
k=0,1,2,..., and none coincide with B-line (sometimes —>k+1), then
the resulting object calls “(k+1)-slitting GM LT, ” and the corresponding
vanishing zones are k+1-slits. In this case the cutting process will be
called an k+1-zones-slit

o If GM LY, surface is cut (k + 1)-times along k + 1, k = 0,1,2...
different s-lines and one of this line coincide with B-line (sometimes
— Btk ), then the resulting object calls “B + k-slitting GML,” and
corresponding vanishing zones are B+k-slits. In this case the cutting
process will be called an B+k-zones-slit

‘g

Sometimes in this article we use “Link-1" to the notation of “Knot”;
But always “Links” in this article are “Ribbon Links” or Links with
radial cross section “Simple star”;

For each natural number ¢ € [0,m — 1] the segment I; in (2.4) are
divided by one of the following rules:

, L — e &
NZ.:'- v ¢ - :01 Ifi.
7'2] J (k1+1+k1), J e ) (29)
- . li—e | . & . .
7—2j+1:(.]+1)k+1+.7k77 .720717"'7ki~
or
~ -l
=t =0l k
S (2.10)
Fojpr = T =01,k
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where 0 < ¢; < l; and k; = 0,1,... are some real and natural numbers
correspondingly.
e For each multiindex k = (kg, k1, ..., km—1) and vector € = (g0,€1,...,Em—1)

k

m—1_~
Y {Li g, x [0,2m)},

~ —1 ~
T = "0 AT, * [0,2m)},

T (2.11)

PR}, = P! x [0,27) = T, UT},

~ k}i ~i  ~ ~i Qkifl ~ ~;

Lk, = jL:JO[TQyTZjJrl]ﬂ 15, = = (72515 T2

or

~ m—1 ~
Tpr= U {Lipx x[0,2m)}

~ m—1 ~
T, = "0 {5 . x[0,2m)}

PR iz UeBk (2.12)

PR:, = Pr x [0,21) = T UTE 4,
~ 2%k—1__, " ~ ko
Lipk = jL:Jl [T2j—15Ta;l; Lpr = jgo[?;jﬁzlﬁﬂ-
e Elimination of the B-zone always means, that corresponding origin
domain T3, (2.12) and &; = ¢ > 0 for every ¢ = 0,...,m — 1, moor
precisely in this case multiindex

e=(ee...€);

e For fixed number of cutting k, the width of the eliminated zones
(and radius of B-zone) on the GM L}, surface were always identic;

e For fixed number of cutting k, the width of the remain zones (and
radius of corresponding B-zone) on the GML?, surfaces were always
identic;

3. RELATIONS BETWEEN THE SET OF GENERALIZED
MOBIUS-LISTING’S SURFACES AND THE SETS OF KNOTS AND
LINKS

Theorem 1. If the GML!, surface is (k + 1)-times cut along Kk + 1
different non trivial s-lines (i.e. a line which does not coincide with
its basic line and k = 0,1,...), then for each integer numbers m,n,k,
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after an (k+1)-zones-slit, an object “Link-(k+2)” appears, whose one
component is a GM L}, surface, and each other components are:

A. GM L% surfaces - if number n = mw (w-arbitrary integer num-
ber), i.e. in this case

GML™ —~+1 Link — (k4 2)

of one GML™ and (k + 1) x GM L3, (3.1)

B. GML;“WH)H("*U surfaces - if number n = mw + § and integer
numbers m and § have greatest common divisor equal to the ¢ (m = ¢x &
and 0 =¢ X 1), i.e. in this case

GMszJré _ GML;SL&UJF”) _>”+1 Link — (/43 + 2)

- 3.2
of one GMLT“% % and (k+1) x GML%““HHQ(” 1 (3.2)

Proof. Case A. In this case n = mw where w is an integer num-
ber, this means cylinder PR}, made w full rotation before identifying of
corresponding wings (see Remark 2.).

e In particular case, when kK = 0 (GML?, surface was cutting along
the one s-line), to the slit of the GM L, surface corresponds one cy-
cle in the (2.8), but in this case since n = mw, permutation (2.8) is
constructed with m disjoint cycles. In other words origin of the slit
(without loss of generality) is a TF from (2.11), where ¢ = (£,0....0)
and 1 = (1,0,...,0). So that domain of definition of slitting GM L, is
a

7= J (Foril < 02} A < D.2m) . (33)
=0

This domain fl consists with two separated domains. First member of
the right hand side of the (3.3) has a structure of the cylinder PR}, and
since the (2.5) it define the GM L?, surface (“wing number 0 is a little
bit short”). Second member of the right hand side of the (3.3) is a strip
and since the Remark 2.) and (2.5) it define the GM L3% surface. So
that in this particular case (k = 0) proposition of the theorem in this
case is already proved.

e In general case, when k is an arbitrary natural number we may
separate the process of proving by following steps:

- First step - after (first) one slitting appears previous situation - link
2 to the GM L™ and GM L3 surfaces.

m



Generalized Mobius—Listing’s surfaces 185

- Second step - second slitting is a slitting GM L™ or slitting GM L3

m

If the second slitting is a slitting GML'*, then we have previous
situation and so that appear Link-2 of the GM L™ and GML3“. In
the other hand, if the second slitting is a slitting of the GM L3% | then
according to the Theorem 2 case A in the [4], after cutting appear link-
2 of two GM L3 surfaces. So that, after second cutting in both cases
appear link-3 where one surface is a GM L§™ and two others are GM L3%
surfaces.

- Third step - each following x+ 1 cutting is a cutting of the GM L§™
surface or one of the x surfaces GM L3*. But in this case arguments are
identical to the previous point.

- So that case A. of the Theorem already proved. Particular case
when m =3,n =3 and k 4+ 1 = 6 see in Fig.1 case A.

Link-9 of GML,

Link-7 of GME, and 6XGML,

Fig. 1

Case B. In this case number w define number of full rotations and §
define the permutation (2.8).

e Let consider the particular case, when k£ = 0. According to the
definition 4. formulas (2.8), (2.11) and Remark 4 A.) to the slit (without
loss of generality we start to the number 0) corresponds the origin (with
respect to the (2.5)) domain

-1

T = U {7 < 0.2m}, (3.4)

=0
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where n = mw + 9 ; ged(m,d) = ¢;m=¢x€; I =¢xn;cisa
number of disjoint cycles in corresponding permutation (2.8) and £ is a
number of elements in these cycles. Multiindexes ¢ = (9,1 ...6m—1)
have a following structure

& i:q§aq:0717~~-7
& = .
0, 1#qs.

So that after elimination of domain TVIZI (3.4) in the cylinder PR}, appear
new domain of definitions of the (2.5)(or slitting GM L™ +9)

Ty = _L]O{[%g,%l x [0,27)} U{%gwg x [0,2m)}. (3.5)

So that domain (3.5) is consists with £ + 1 separated parts. First part
of the right hand side of the expression (3.5) is a similar to the cylinder
PR}, and according to the (2.5), it define GM L% surface. But,
second terms in right hand side in the (3.5)(&- times disjoined strips)

according to the (2.5) and (2.8) define GML;“WH)H("*D surface.
So that appear link-2 when one component is a GM L%‘”*‘s surface

and second is a GML;HWHHZ("_D surface (we may rewrite unit normal
vector of the corresponding surface have form similar to the formula (12)
in the [4]. Unit normal vector make 2¢(w+1)+2(n—1) rotations around
the new basis line) .

e In general case, when x is an arbitrary natural number we may
separate the process of proving by following steps:

First step - after (first) one slitting appears previous situation - link

2 to the GML™+% and GMLE@TD 207D gupfaces.

Second step - second slitting is a slitting G M L™“*9 or slitting GMLgE(wH)”("_l).
If the second slitting is a slitting G M L™++9 then we have previous situa-
tion and so that appear Link-2 of the GM L™“+% and GML%(“HHQ(W D,

On the other hand, if the second slitting is a slitting of the GML%(WH)H(77 1)
then according to the Case A of Theorem 2 in [4], after cutting appear

link-2 of two GML;HWHHQ(W_D surfaces.

So that, after GM L™“*+% and two others are GML%“UJHHQ(U*I) sur
faces.
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Third step - each following %+ 1 cutting is a cutting of the GM L™« +9
surface or one of the k surfaces GML;“MH)H(”*D. But in this case
arguments are identical to the previous point.

- So that case B. of the Theorem already proved. Particular case when

m=3,n=2and k+1=2 see in Fig.2 case A.

Link-3 of GMI}; and 25 GMI, Link-3 of GMT’,
Fig. 2

Theorem 2. If the GML?, surface is (B + k)-times cut along k +
1 different s-lines and someone coincide with the basic line (i.e. k =
0,1,...), then for each integer numbers m,n,k, after a (B+ k)-zones-
slit:

A. if n=mw an object “Link-(x +m)” appears, whose each com-
ponents are GM L3 surfaces; i.e. for each w > 0,

GML™ —" % Link — (k +m)

of (k+m)x GML3%; (3.6)

B. if n=mw+ 6, and greatest common divisor of the numbers m

and 0 is a ¢ (m =¢x & and 6 = ¢ x n , then an object “Link-x + ¢”
26(w+1)+2(n—1) . g

appears, whose each components are GM Ly surfaces; i.e.

for each w > 0,

GMLT@T0 = GM LT b5 Link — (k + <)

_ 3.7
of (I<&+§)XGML§£(W+1)+2(77 D (3.7)

Proof. Case A. In this case n = mw. At first let us consider a
particular case, when k = 0 (GML?, surface was cutting along the B-
line), to the B-slit of the GML?, since the (2.12) and corresponding
restriction about B-slit

e m—1
Tpo= U

U {Tip o x [0,2m) ¢, (3.8)
G4 }
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where, ¢ = (g,¢,...€). So that domain of definition of the B-slitting
GML?, surface is

Tpo="U {Lpox0.2m} ="U {F. @ x 0.2} (3.9

and correspondingly it consists to the m separated strips. But according
to the (3.1), in this case each strip define GML3% surface. So that
B-slitting GM L™ is a link-m of the m disjoined GM L3* surfaces (w
number of full rotations).

e In general case, when k is an arbitrary natural number we may
separate the process of proving by following steps:

- First step - after (first) one B-slitting appears previous situation -
link-m to the m different GM L3~ surfaces.

- Second step - second slitting is a slitting of the one of GM L3*. But
in this case according to the Theorem 2 case A in the [4], appear link-2
of the surfaces with similar structure. So that after (B + 1)-slitting of
the GM L™ is a link-(m + 1) of the m + 1 different GM L3* surfaces.

- Third step - we must to repeat second step in k-times. So that
(B+ k)-slitting GM L% surface is a link-(m+ &) of the (m+«) different
GM L3* surfaces.

- So that case A. of Theorem 2 already proved.Particular case when
m = 3,n =3 and k = 6 see in Fig.1 case B.

Case B.

e Let consider the particular case, when x = 0. To the B-slit corre-
sponds the domain (3.8). But now, according to formulas (2.8), (2.12)
and (2.5)) domain ((3.9) define ¢ different

GML;&(UJ""U""Q(’]—D

surfaces (number of disjoint cycles in corresponding permutation). num-
ber of rotations around basic line is a similar to the case A 2.

e In general case, when k is an arbitrary natural number we may
separate the process of proving by following steps:

- First step - after (first) one B-slitting appears previous situation -
link-¢ to the ¢ different GMLgﬁ(wH)H(n*l) surfaces.

- Second step - second slitting is a slitting of the one of

GMLgf(w""l)""g(n_l)
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surface. But in this case according to the Theorem 2 case A in the
[4], appear link-2 of the surfaces with similar structure. So that after
(B + 1)-slitting of the G'ML:’HW""S is a link-(¢ + 1) of the ¢ + 1 different

GMng(w+1)+2(nfl)

surfaces.

- Third step - we must to repeat second step in k-times. so that
(B + k)-slitting GM L™ +9 surface is a link-(c + ) of the ¢ + r different
GML;EWH)H(U*D surfaces.

- So that case B Theorem 2 already proved. Particular case when

m = 3,n =2 and k = 2 see in Fig.2 case B.

Remark 5. Both the previous Theorems still hold when the basic line
s a closed space line.

o Sometime, when m = 2 and k = 0, we may calculate precise classic
topological indexes of Link-1 or Link-2 which appear after s-slit or B-slit
(see. [4],[5]);

In particularly after B-slit:

a. Link-2{(n)3} (standard classification see. [8] or [7]) appear, when
n is even number (see. Theorem 1.A in [4]);

b. Link-1 {(n)1}, (except n = 1, standard classification see. [9] or
[7]) appear, when n is odd number (see. Theorem 1.B in [4]);
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