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KOMITAKTHI TOITOJIOTTYHI HAIIBI'PYIIU

Ouer I'yTik
Mexaniko-maremarnunuii pakysabrer, JIbBiBCbKUi Hanionajbuuit yuisepcurer im. . @panka,
Vuisepcurerpka 1, JIbsis, 79000, Ykpaina
o_ gutik@franko.lviv.ua, ovqutik@yahoo.com

B jieknigx miaHyeTbesd 3poOUTH OIVISJIOBUI BUKJIA/L 3 €I€MEHTAMU JIOBEJIEHH OCHOB TEOpil
KOMIAKTHUX TOTOJOMYHUX HAMIBIPYN Ha OCHOBI 6azoBux monorpadiii [1, 2, 4], orazgis |3, 5]
Ta HOBUX PEe3YJIbTATIB y MbOMY HAIPAMKOBI. JIeKIil OyayTh TpUCBIYIEH] HACTYITHIM MHTAHHSIM:

® CTPYKTYpa MaKCUMAJbHUX TiATPYH 1 MIHIMAJIBLHOTO ifeaJy KOMIAKTHOI TOMOJOTTIHOI Ha-
MBTPYTIN;

® HEeNepepBHICTH iHBepcil B miarpymnax ta kjaiddop/Iosii 4acTuHi KOMIIAKTHOI TOTOJIOTTYHOT
HaMIBrPYIIH;

e 3aHypeHHs HamiBrpyn (GIUKIIYMHOTO MOHOINA, HAIIBIPYN 31 MIBHUME 11€aJbHUMHI Psi-
JaM#) B KOMIIAKTHI TOMOJOTIYHI HATIBIPYIH;

e BigHomeHnnsa ['pina Ha KOMIAKTHUX TOIOJOTIYHUX HAIIBIPyHax.

Takoxk Oyae 3pobJeHO KOPOTKHE OIVIsiT HOBUX PE3YJbTAaTiB I TOIOJOITYHUX Ta HAIB-
TONOJIOTIIHUX HAMIBIPYI OJIM3BKUX /10 KOMIIAKTHUX, OTPUMAHUX YV IUX HAIIPAMKAX.

IMpumirka. Kypc jekiii 3 ocHOB Te€oOPil TOMOJOTTYHIX HAMBIPYII, KUl MiICTUTH JOKJIIHI
JIOBEJICHHS JTAHOTO KYPCY JIEKIIi#l, BUKJIaJeHO Ha web-cTopinii:
“http://www.franko.lviv.ua/faculty/mechmat/Departments/Topology/Gutik Book_ukr.html”
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I, Marcel Dekker, Inc., New York and Basel, 1983; Vol. II, Marcel Dekker, Inc., New York and
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2. K. H. Hofmann, and P. S. Mostert, Flements of Compact Semigroups, Charles E. Merril Books,
Inc., Columbus, Ohio, 1966.

3. P. S. Mostert, The structure of topological semigroups — revisited, Bull. Amer. Math. Soc. 72
(1966), 601-618.

4. A. B. Paalman-de Miranda, Topological Semigroups, Mathematical Centre Tracts, 11 Mathemati-
sch Centrum, Amsterdam, 1964.

5 A. D. Wallace, The structure of topological semigroups, Bull. Amer. Math. Soc. 61 (1955), 95—
112.



K-TEOPII TA KATEI'OPII

Bomgoanmup Jlrobamienko
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lub@imath.kiev.ua

K-reopis ronosorigvanx mpocropis X — me, Hacupasii, K-teopis kareropii (mificHux a6o
KOMIIJIEKCHIX ) CKIHYeHHOBUMIDHUX BEKTODHHX DO3MMapyBadb Ha X. Y3araJbHIOYH, MOKHA
pusnadnTu abenesi rpymu K, (C) mra (me o06oB’a3K0BO anuTHBHOI) Kareropii Basbmraysema
C. Ilpukaagom takoi cayryiorh ckindenni CW-kommieken. K-rpynu K, (C) € roMoToniaauMu
rpynamu 7, (K(C)) meskoro tomomnoriunoro nmpocropy K(C). Busasnserscs, mo K(C) — neckin-
YEeHHOKPATHUIT POCTIp meresib (CHexkTp).
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Cepriit MakcuMeHKO
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1 Bceryn

Hexaii (€2, F, u) — Bumipunit mpoctip, To6T0 {2 — e gesika Muoxkwuna, F — o-airebpa iforo mi-
MHOXKWH, & (4 — HeBia'eMHa Mipa Ha F.

BigoGpaxkenns T : 0 — Q nasusaerbes sumiphum Bignocuo F, akimo T (A) € F ana Beix
A € F. dxmo xpim toro u(T71(A)) = u(A) nua seix A € F, o xaxkyTh, mo T sbepizac mipy
i, a mapa (Q,T), abo came BimobpazkenHst T', HABUBAETHCA SUMIPHON OUHAMINHON CUCTIEMOTO.

BumipHa quHaMivHA cHCTeMa HasHBaeThed izomopdizmom, akmo T H(F) = F i icHye MHO-
»KUHa MOBHOT Mipu Q C € Taka, mo oomezxkennsa T : T 1(Q) — Q e Giekui€o.

JBi Bumipui guaamiuni cucremu (€2, 7) ta (£2,7") HA3UBAIOTHCS BUMIPHO €KBIBANEHMHUMU,
SKIIO icHye i3oMmopdism [ : Q — Q rakwmii, o foT =T o f.

BarajpHa 3a1a4a Teopil AMHAMITHAX CHCTEM TOJITa€ B Kiacudikalii BUMIpHUX IUHAMITHAX
CHUCTEM 3 TOYHICTIO JI0 €KBiBaJeHTHOCTi, a00 X04a O y PO3PiI3HEHH]I TAKUX CUCTEM.

Amnanoriuno, (HenmepepBHOK0) JIUHAMIYHOI CHCTEMOW HasuBaeTbest mapa (2,7, ne Q — mo-
ButbHUI TOnosioriunuit npocrip, a f : 1 — () — wenepepsue BijgoOpaxkenns. Tax camo aBi
muHamiaHi cucremu (2,7) Ta (£2,7") HABUBAIOTHCS MONOAVLIUHO EKEIBAACHMHUMU, AKITO ICHYE
romeomopdism f 1 Q — Q rakuit, mo foT =T o f.

OnwmireMo JiedKi B3a€MO3B I3KH MizK T€OPIIMU BUMIPHUX Ta HEIePEPBHHUX JTUHAMIYHUX CH-
CTEM.

1) Ha K0KHOMY TOHOJIOMYHOMY HPOCTOPL {2 MOXKHA BU3HAYUTH 0-aiarebpy, 10 HOPOIXKY-
€ThCsT BCiMa BiAKpuTEMHU TiaMuOkuHamu 3 ). Ilg o-aarebpa HazuBaeThest Oopeaicvroro. Tomi
KOKHe HerepepBHe Bimobpaxkenusa T : Q0 — () €, oueBuHO, BUMIpDHEM, (32 O3HAYEHHSIM IIPO-
o6pa3 KOXKHOT BiIKPUTOI MIMHOKHHH € BiIKPUTHM), X0Ua He KOKHE BHMipHE Bi0OpaykeHHs €
HelepepBHUM.

Kpim Toro, sxmo p— aeska mipa ma B(2), To T, B3arami xaxkydu, He 30epirae pu. Ase
AKIIO ) — KOMIIAKTHUI METPU30BHHUI IPOCTIp, TO, 3rinHo Teopemu Kpumosa-Boromwobosa, mist
JIOBLIBHOTO HermepepBHOTO Bijobparkenns 1’ : () — () icHye inBapianTHa Mipa.

TakuM YuHOM JUHAMIYHI CHCTEMU HA KOMIAKTHAX METPU30BHUX MTPOCTOPAX MOYKHA BUBYATHU
3 TOYKH 30py Teopil BUMIpHUX JUHAMIYHAX CHCTEM.

2) Haramaemo, 110 KOzKHA He3JsrideHa G0peTiBehKa MIMHOKIHA cenapabeibHOro MeTpHIHOTO
POCTOPY HABUBAETHCSA NOALCHEUM Npocmopom. Jobpe BimoMo, mo gaxmio §2, ' — noBLIbHI HOJIb-
cbKi mpoctopu, To mapu (€2, B(Q2)) Ta (2, B(€Y)) izomopdui, To6TO icHye Giekmist f @ Q —
dKa iHayKye meakuii isomopdism f wmixk anrebpamu B(£2) ta B(Q). Ame takuii izomopdizm,
B3araJji KazxKyd4u, He Oy/ie HaBITh HEIIEPEPBHUM.

Bokpewma, KoxkHa Taka napa (§2, B(€2)) isomopdua mapi (1, B(1)), ge I = [0, 1] — oqunuannii
iHTepBaJI.

3) Haramaemo, 1o Mipa o Ha o-ajire6pi F HA3UBAETHCS N06HO10, SIKIIO JJIs JTOBLTHHOL T/

muoxkuau A € F rakol, mo p(A) = 0, koxkua 11 nigmuokuHa B 1akoxK HajieKurb j10 F.
Biiuena civ’sa migvuoxun {A;}ey C F Ha3uBaeThest noshum baszucom mas (€, F, i), AKII0



(a) masa gkoxxuoro A € F icnye B € o({A;}72,) take, mo A C B i u(B\ A) = 0;
(b) maa mOBUTbHEX w1, wy € 2 icuye | € N make, mo wy € Ajiwy € O\ Aj;
(¢) xoxken meperun (,oy Bi, Ae By cniBnagae abo 3 A; abo 3 Q\ A;, € nenopoxuim.

IImosipHicHuit mpocTip (Q, F, 1) HABUBAETHCS cMaHIaGpMHUM, SKIIO BiH Mae mMoBHUIT 6asuc,
a Mipa [/ € IIOBHOIO.

B. Poxain (1961) noBiB, 1m0 KOKeH CTaHAAPTHUA HMOBIDHICHHH MpOCTID 3 HEATOMAPHOIO
Mipoto p i3omMopdHmit 10 fimosipaicHOoro Tipoctopy (I, B(I), A), me A\ — 3Buuaiina mipa JlebGera
Ha [.

g menepepBHUX BijloOparkeHb iCHYye Oararo pisHUX 1HBapiaHTIB, HANPUKJIA/L €HI0MOPdI-
3MHU BiMOBIIHUX TOMONIYHUX T'PYI Ta Pyl roMmosorii npocropy ). 3 inmoro 6oky, BuMipHi
BiIoOpazKeHHst He 00OB’SI3KOBO € HEMEPEPBHUMM 1 JI7Isi PO3PUBHUX BUMIPHUX BiIoOparkKeHb roMO-
TOIIYHI IHBapiaHTU He NpaIioThb. OJHUM 3 HOHATD, IO JI03BOJISIE PO3PI3HATH Mipo30epiraiodi
JUHAMIYHI CHCTEMU € eHMpPOnia.

Bona 6ysia Beesena A. M. Kosmoroposum (1958) i 103BoJsinsia pO3PI3HATH TaK 3BaHi 3cy-
6u Bepryansi (mus. Hukde). 3 inmoro 6oky 1. T. Cunaii (1962) mosis, mo 3cysu Bepuysni 3
O/THAKOBOIO EHTPOITIEI0 BUMIPHO ekBiBaseHTHI. [amumu ciioBamu eatporis Kosvmoroposa-Cunast
KJ1acudikye 3cyBu bepryIiii.

Hexaii 2 — Henopoxkust Mmuoxkuua. s cim’l migvuoxus A = {A; }ier 3  mosHaunmo gepes
0(A) — o-anredbpy mopomxkeny A. s simobpaxenns © : Q — X B medxuii TomosorivHmii
upoctip X mosHadaTuMemo depe3 o(©) — o-anarebpy Ha ) mo € npoobpazom o-anredbpu B(X)
BCiX OOpeTiBChKUX MiIMHOXKIAH 3 X BiIHOCHO BigoOpaykeHHs O.

Amnagroriuno, mysg goBiibuol ciMmi migmuoxun A = {A;};c; nosmagarumemo depes o(A)
HaliMeHIy o-aJarebpy Ha {2, o MiCTHTH Bci eneMmenTn 3 A.

Axmo A = {A;}icr Ta B = {B,}jes — ABa po36uTrTs {2, TO MOKHA BU3HAYUTU HOBE PO3OUTTS
AV B muOX)UHE (), 0 CKIAJAETHCA 3 YCIX MOXKJ/IUBUX MepeTuHiB ejemenTiB 3 A ta B, 10610

A\/B:{AiﬂBj | AiEA, Bj EB}
Bynemo Takoxk mucartwn, 1mo
A=<B

AKINO KOXKeH eneMeHT A € A € ckinueHHHM 00’€HAHHAM JeAKUX eJleMeHTiB 3 IB. 3okpema,
AVB<Ara AV B < B.
Js nsox mijg-o-anredp A, B C F mucaTumemo
BCA
AKIIO Jist KozkHOro B € Bicuye take A € A, mo u(BAA) =0, 1e BAA=(B\A)U(A\B) —
cumempuuna pisnuya A ta B. BigmosigHo, 3ammc

B=A

[0} o
O3HAYATHMe, 10 OJHOYACHO BUKOHYIOThCA aBi ymoBu: A C B ta B C A.
Hexait F — o-anrebpa of migmuoxkun 3 €2 i g — iimosipuicua mipa va JF. Ckingyene po3ouTTs
A = {Ay,..., A} vaOKuEE ) HazBeMO SuMipHUM, KO A; € F masa Beix i = 0,...,n.
[Moznaunmo gepes [1(F) MHOXKHHY BCIX CKiHUEHNX BUMIpHUX po30uTTiB MHOKIHH ). Tosi uncio

Hy(A) = = 3 pnlAi) log p(4) (1.1)
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HA3UBAEThCs enmponieto po3dourts A € T1(F) BigHOCHO MipH [, Je log MOxKkHA GpaT 3a J0BLIb-
HOIO OCHOBOIO > 1.

2 AkciomarmdHa Xapakrepm3amisg (pyHKITI eHTpOoImil

Hexaix
Bn:{(xla---7xn)6R”|$i20,l‘1—|—---—|—(pn:1}

— (n — 1)-Bumipanii cummuexe B R™. Brazkatoun, mo 0log 0 = 0, BuzHaunmo (HyHKI0O
n
H,:B, —R, Hn(xo,...,xn):—inlogazi,
i=1

Jie log 6eperbes 3a MOBLILHOIO (DIKCOBAHOIO OCHOBOIO > 1.

Samaua 2.1. ¢k 3minmoeTbea pyukniga H, mpu 3aMini ocHOBE JorapudMa, cKazxKiMo 3 a Ha

b?

OueBuaHo, mo H, HenepepBHa i CHMETPHYHA BiIHOCHO IIEPECTAHOBOK 3MiHHHMX. TaK0XK JIETKO

uepesiputy, mo H, 10csrae MaKCUMaJ/IbHOI'O 3HAYEHHH B IEHTPI CUMILICKCA (%, ce %), TOOTO
n
Hy(L,... 1) = —Z%log% = —2Jog i = —log+ =log(n),
i=1
a MiHIMaJILHOTO 3HAYEeHHS B BEPITMHAX CUMILIEKCA:
H,(1,0,...,0) = —1log1 —0log0 —--- — 0log0 = 0.
SayBakeHnHs 2.2. BinmiTumo, mo s ckingeHoro Bumipaoro po3ourrs A = {A;,..., A, }
MHOKHHH ) BEKTOP 3HAYEHBb Mip
HAJIEXKATH 10 B, a dopmyay (1.1) MoKHA TepenucaT y TaKOMY BUTJISIL:
Takum gnnoMm entpomis po3ourrs A = {Ay, ..., A,} —MakcumaabHa, SKIIO MipH BCiX eIeMeH-

TiB OIHAKOBI. ZIKIMO K HABIAKM, Mipa OTHOTrO 3 ejieMeHTiB A; On3bka 10 1, a Mipu Beix iHMMX,
BinoBiiHo, 6/1n3bKi 10 0, TO eHTpolig npuiiMae Haiimenre 3Hadenns osm3bke 10 0.

3amaua 2.3. Ilepesipre nacryuni Biacruocri earpouil H.
]-) Hn(pla <y Pn—1, 0) = Hn—l(p1> s 7pn—1)~

2) Hy(%,..., %) < Hp(=

1 1
..., ) mpA N < m.

3) HKH—IO (pb s 7pn) € Bn 1]91 - 221 Qi 1€ q; € [07 1]7 TO

Hm+nfl(q17"'7Qm7p2a--'7pn) :Hn<p177pn)+p1Hm(q_l = q_m)

p1’ p1’ ’ p1



Teopema 2.4. H, : A" — R, n > 0, — 1oBiJbHA ciM’s HellepePBHUX HEBIJI €eMHHX (DYHKIIIiA,
10 3310BOJTBHAIOTH yMOBH (1)-(3) 3amaui 2.3. Toxi icuye a > 1 Taxe, mo

Hy(z1,. . @) = —Z%‘ log, #; (2.1)
i=1

1 Beix n > 1.
3amaua 2.5. /losesiTh Teopemy 2.4 BCTAHOBHUBIIN HACTYIHI BJIACTHBOCTI.

(a) Iosmaunmo Q(n) = Hu(L,...,1). Toai Q(mn) = Q(m)+Q(n), ana xositbuux m,n € N,

(b) Busenirs 3 (a) icmyBanus takoro a > 1, mo Q(n) = log, n g n > 1.

(c) TlokaxiTk, mo dbopmysa (2.1) BUKOHYETHCS JJisT BCIX TOYOK (21, . .., Ty,) 3 PAliOHATbHIMA
KOOD/THHATAM.

(d) Moseaits dopmyry (2.1) B 3aranbHOMY BHIAJIKY.

Buxonsun 3 Teopemu 2.4 MOKHaA ¢HOPMYIIOBATH «HAIBHUMY 3MICT €HTPOIIil.

Bubepemo naBmannst Touky & € () i mOCTABUMO TaKe MUTAHHS: 3HAIOYU MIPU BCIT MHOHCUN
po3bumma, “u ModcHa ckazamu 00 Akoi 3 mmoocun A; us mouka nanescumov? Enrporiio
po3ouTTst A MOXKHA PO3TVISIAATH K Mipy «HEBU3HAUEHOCTi» TOTO, 0 AKOI 3 MHOYKUH HAJIEKUTH
TOYKA.

SIK1o Mipu Beix MHOXKHH A; MaiizkKe 0JJHAKOBI, TO TaKa «HEBH3HAYEHICTHY € MAKCUMAJILHOIO 1
1€ Y3I'OJZKY€EThCs 3 TUM, 110 B JaHiil curyarii enrpoiris Haitbijibma. Kpim Toro, upu nojipionensi
JesTKUX eJIeMEHTIB PO30UTTSI eHTPOIIist TakoK 361biryerhest (BaactusicTs (3) 3amadi 2.3).

Hapnakwu, gkimo maiizke BCsS Mipa CKOHIEHTPOBAaHA B OJHIN 3 MHOXKHUH A;, TO «CKOpitre 3a
BCe» JlaHa TOYKA HAJIEKUTDL /10 A;, 1 B I[bOMY BHIIAIKY €HTDPOIisS BUABIAETHCS HAHMEHIIIOIO.

3 Ewnrpomig Koamoroposa-CuHasg AMHAMIYHOI CHCTEMU

Hexaii renep T : Q — Q — Bumipse Bimo6pakenns i A € II(F) — ckinuene BuMipHe po306uTTs
Q). [losrauumo 4gepes

T'A={T"1(A),..., T (A}

po30uTTs {2, 10 CKIAIAETHCI 3 YCiX 1poodpasiB ejgementis 3 A.
Banaua 3.1. [osexirs, mo T A € TI(F).
Kpim Toro, mis koxkuoro n > 1 posrisgaemo Hose po3outts ()
A=AV T AV ... Tk Y
Bamaua 3.2. Hosexith, mo 74(A) € II(F).
3amaga 3.3. Josemdirh, 110 st J0BLIbHUX k,[,n > 1 BUKOHYIOTHCS CIIiBBiIHOIIEHHS
Te(n(T, A)) = mea(T, A), (3.1)
(T, 70(T, A)) = 11n(T, A) < 7(T", A).
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3po3ymMisio, 10 BijoOpazxKennd 1’ mepiogudne, cKaxkKiMo 1mepioay p, Tobro TP = idg, Toxi,
TF*A =T " A nna seix k,n > 0, a romy 7p41(T, A) = 7,42(T, A) = - - - . 30Kpema, 3HAYCHHS
enrpomnil H,,(7,(7T, A)) rex crabimisyerncs.

[Mpunycrumo, mo posburts A ckiaanaerbes 3 n eaementis. Tomi 74 (7, A) micTuthb 110~
Haiibinbme n* enementis, a Tomy mMakcnmanbhe snavennst enrtponii H,(7x(T,.A)) nopisxioe
log(n*) = klog(n). ToMy NpUpoaHO BU3HAYMTH <«IIBUJIKICTH pocTy enrponii» misg napu (71),.A)
IO BIOHOIIEHHIO 10 K:

(T, A) = Jim (T, A)).
Sanauva 3.4. [losenith, mo Koau po30uTTs A CKIaIa€ThCd 3 N €JIeMEeHTIB, TO
h, (T, A) <log(n).
Bamaga 3.5. [dosenits, mo h, (7T, A) = 0 g gosinsaoro mepioguunoro 1" ta A € II(F).
[le mpuBoauTh 10 o3HAYeHHs eHTpotii Koamoroposa-Cunasi.

Ozuauennd 3.6. Hexait T : 2 — () — Bimobpaxkennsi, mo 30epirae mipy p. Toxi iioro
entponig KoamoropoBa-CuHasi BUSHATAETHCSA 32 TAKOK (DOPMYJIOIO:

1
hfS(T) = sup h,(T,A)= sup lim —H,(7(T,A)).
A€TI(F) AelL(F) k=00 k

Takum annom obuuncsenus earponii Koimoroposa-Cunast BuMarae po3risiiy 6Cir CKiHYeH-
HEX po30uTTiB (), mo namexars 11(F).

Samaua 3.7. osenirs, 1o hfs (T") = 0 as poBibHOTO TEepioguanoro 7.

Hactynna nema moxasye, 1Mo hffs (T') MoxHA OOUUCTIOBATH UePe3 CIEMIATbHY 3POCTAIOTY
HOCTIJIOBHICTH CKIHYEHHUX PO3OUTTIB.

Jlema 3.8. Hexait T : 2 — () —Bimobpaxkenns, mo 36epirae mipy p. [lpumyctumo, 1o
icaye mocaigoBHICTD {A4}g>1 CKiHUeHHEX po30HTTIB F Taka, 1o

Al <Ay <o <Ay <+

ta 0 ({A4}5,) = F. Toni
1
hiS(T) = lim EHu(Tk(T, Ad)).

k—o0

Samada 3.9. Busenirts 3 (3.2), mo quist gosiabHOrO Bifobpazkennst T : € — (), o 36epirae
MIPY [, Ta n > 1 BUKOHYETHCA TOTOXKHICTD

KS KS
b2 (T") = nh,>(T).

Bokpema, sk 0 < hffS(T) < 00, TO mag m # n BimoOpaxkenns T™ ta T" He € BUMIPHO
€KBIBaJIEHTHUMU.
g nporo

(a) BuBeairtp i3 cuiBBigmomenns 7, (1, A) < 7,(T",A), mo h,(T", A) < nh,(T, A) mna
nosinbroro A € II(F), a tomy hiyS(T") < nh5(T),

(b) Busenirs i3 cuissigmomenns (1", 7,(T, A)) = 7pn(T, A), mo A5 (T™) > nhlS5(T).
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4 3cys bepnymii

Mu posrisgnemo Hadinpocrinuit BumaJ oK 3cysiB bepmyiuii.

Hexait Q = {(a;);ez | a; € {0,1}} — MuOkmHA BCiX HeCKiHUeHHNX B OOMABI CTOPOHH TOCII-
JIOBHOCTEI, MO CKJIAIAIOThCA Jiniie 3 gucesa 0 Ta 1.

s cxindennol nocainosrocti map gucer & = {(n;, b;) |,i = 1,..., k}, Taxoi, mo n; # n;
st i # 4, by € {0, 1} BU3HAYMMO «IIITHIPUTHY » T IMHOKAHY

Pt — {(a))jen € Q| an, = biyi = 1,... k},

NN

IO CKJIAJAETHCA 3 YCIX MOCTiIOBHOCTEH 3 {2 y gIKUX n;-Ta KoopawHaTta maopiBHIoe b;. Hexaii
TakoxK J — o-ajareOpa Ha ) MOpo/zKeHa BCiMa NUIIHAPUIHIMHA MHOXKHHAMI.

Bamaua 4.1. Jloseaits, mo P% N P° = P4 ana m #n ta a,b € {0,1}.

v

; ar,...,a b1,...,bK P T
3anaua 4.2. [lna npox muIiHAPWIHUX MHOKHUH Pit--0 ra Pk onuniTh iX nepeTn.

Hamo inmuii onuc npocropy €. Bigmitumo, mo Q = [[7,_{0,1} € rononoriunum 106yTROM
3Mi4eHoro ducaa komiit quckpernoro npoctopy {0,1}. Bamamo Ha ) iHIYKOBaHY TOMOJIOTIIO.
Tomi F cuiBnasae 3 O0peiBCHKOIO aJredpor TOMOJOTIIHOrO IpocTopy 2.

Busnaunmo fimoBiphicHy Mipy g Ha JF 3a TaKUM HPABUJIOM:

1

bl,‘..,bk) ——
2k

p( Bk

3amaua 4.3. llepesipre, mo nomepeana dopmyaa mgiificHo Bu3Ha4dae Mmipy Ha F. fKoio €

Mipa MHOYKHUHU Pnbi?ﬂ: IO CKJIAJAETHCA 3 HOCTIIOBHOCTER y AKHUX 3a]iKCOBAHO HECKIHYEHHA

KiJBbKiCTH KOOp/IUHAT.

Busnaunmo sigobpaskennst ¢ : £ — Q 3a dbopmynon0 <b((aj)jez) = (aj11);ez. BoHo nasznsa-
€ThCs 3cysom Bepryani 1 modrae B 3cyBl BIIpaBo Ha 1 BCiX KOOPJAWHAT.

3amaua 4.4. lopenits, mo 3cys bepuy/ii 36epirae Mipy L.

Hama mera obunciutu entponito Komoroposa-Cunas s ¢ Ta Beix iioro itepariii. [Ipo-
OiemMa TosiArae B 0BeeHHi Toro, mo ¢F Ta ¢! He € cnpsxennmu mis k| # |1

Bamaga 4.5. Josegits, mo 3cysu Bepuywr ¢F ta ¢ F ¢ cupsxenmvn ais Beix k> 1.
30kpemMa, BOHH MalOTh OJHAKOBI €HTPOIIII.

Teopema 4.6. h)s°(¢) = log2, a romy, 3riguo saxadi 3.9, hjy*(¢") = nlog2 misa n > 1.
3amaua 4.7. /lopenith Teopemy 4.6 BCTAHOBUBIIN TaKi TBEPI2KCHHSI.

(a) Hexait A; = {P?, P!}, i € Z,— posburrs © Ha nsi mimvmuoxKuau. Tomi
o1
hu(¢, Ai) = klgrolo EHM(Tk(Cb, A;)) = log2.

(b) o ({Adz,) = F.

Tozi 3 (b) Ta semu 3.8 punmusarume, mo h5(T) = log 2.
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[IPUMEHEHUE TOPUYECKNX METOJO0B B [TIOCTPOEHUU
F-TEOPUU

T.B. Obuxos
NucruryT anepubix uccaenosannit HAH Ykpannsr, Kues, Ykpanna
obikhod @kinr.kiev.ua

F-teopust, kax 12-mepuasi Teopus, sBisiomniasica mperergearom Theory of everything B 4-
MEpPHOM MHUPE TEOPETUUeCKO (PU3MKH, /T0JKHA OBITH KOMIAKTU(MHUITHIPOBAHA HA SJLIHITHICCKH
paccaoennbie Tpudoaabl wan doypdoaas Kanabu-Ay, X. Takune mHOoroobpasums uMeroT B Ka-
YeCTBe CJI0sI FJUTMITHIECKYIO KPUBYIO, & UX 6a30ii aBIsg0TCa moBepxHocTu Xuprebpyxa, Fj, [1].
Jna mosepxuocteit menb Ileno, By, BIOXKEHHBIX B MHOr00Opaszusi X, BBHIYHCISAIOTCS TPYIIILI
koromoutoruit, H(By), onpejessiioniue Kpusble Olpe/ieeHHoN crenenn 1 apudMeTHIeCKOro
pojia, YHCJIO KOTOPBIX JaeT npejcrtaBienue rpynn Beitns, Ej. Biarogaps BIOXKEHUIO TPYIII
koromostoruit HY(By,) — HY(X), mbl nosyuaem peasusaiuio Muoroobpasuii Kajabu-5Iy Bo
B3BeIIeHHOM ITPOEKTUBHOM MIPOCTPAHCTBE, KOTOPOE CBA3AHHO C MPeICTaBJIeHusIMA rpynn Beitisa
[2|, natormmmu MynbTHILIETH YacTHIl GU3HKH BBICOKUX HEpruii. OKa3blBaeTCs, UTO CBOUCTBA
MHOroobpasus Kasiabu-fly Bo B3BeleHHOM LPOEKTUBHOM HPOCTPAHCTBE, TaKyKe KaK U pacyer
YUCIa PANMOHAJBHBIX KPUBBIX, MOTYT OBITh Peajn30BaHbl B IIPOEKTUBHBIX TOPUIECKUX MHO-
roobpasusx [3]. C momorpio KOMOMHATOPHBIX METOMOB pa3paboTaHa TOpUYECKasi TEXHUKA Da-
3penteHns ocobeHHOCTEr MHOroodOpasuii. Vcmonb3oBaHue 3epKajbHON CHMMETPHHU II03BOJISIET
npeJcTaBIATh MHOTOOOpasusa Kanadbu-fy B BuJe AyaiabHBIX MOJTUIAPOB C BEPITMHAMH, BbIpa-
’KaeMBIMH B TepMEUHaX TeHepaTopos Mopu [%, a muddepennuaibabie ypaBHeHH 115 TepHoI0B
JaT riaasHble yactu oneparopos [lukapa-®ykca L; [4]. C nmomompio remeparopos Mopu u
rjaBHBIX 4acTeit oneparopos [Iukapa-®Pyxca Bbrunciensl nHBapuanThl ['poMosa-Burrena njy,
KOTOpBIe onpeiessaioT ducao BPS cocrosuuit B F-reopun [5].

1. C. Vafa, Evidence for F-theory, arXiv: hep-th/9602022; D. R. Morrison and C. Vafa, Compacti-
fications of F-theory on Calabi-Yau threefolds (I), Nucl. Phys. B473 (1996) 74; D. R. Morrison
and C. Vafa, Compactifications of F-theory on Calabi-Yau threefolds (II), Nucl. Phys. B476
(1996) 437.

2. A. Klemm, P. Mayr, C. Vafa, BPS states of exceptional non-critical strings, Harvard, 1996. — 29
p. — (Preprint, HUTP-96/A031).

3. V. V. Batyrev, Variations of the Mized Hodge Structure of Affine Hypersurfaces in Algebraic
Tori, Duke Math. J. 69, (1993), 349-409.

4. S. Hosono, A. Klemm, S. Theisen, S.-T. Yau, Mirror symmetry, mirror map and applications to
complete intersection Calabi-Yau spaces, Nucl. Phys. B433 (1995) 501.

5. HO. M. Magtora, T.B. Obuxox, BIIC-cocmoanusa 6 F-meopuu, YKpalHCHKU MaTEMATHIHTN Ky -
mas. .54, Ne9 (2002) 1284.
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10.

TOIOJIOIA TAMIJIBTOHOBIUX BEKTOPHUX IIOJIIB
O. O. Ilpumuiak

Kuiscbkuit nanionanabuuii yuisepcurer im. Illesuenka

prishlyak@yahoo.com

PimanoBa meTpuka Ha MHOI'OBHU/II.

BekTopre noje rpamieHTa.

[ToTik (auHAMIYHA CHCTEMa 3 HEMepepBHUM YacoM).

Tonosoriuna ekBiBasenTHICTD Ta crpsizkenicrb. CTpykrypHa crifikicts (rpybicrs).
[Tone Mopca-Cwmeitia Ha moBepxHi.

[loTokn Ha TOBEPXHAX 3 MeZKeIO.

CuMILIeK THIHI MHOTOBU/IH.

[aMizibTOHOBE BEKTOpHE MoJie (I0JIe KOCOrO IPaJieHTa).

Oyukiii Mopca Ta Kiacudikallig raMiIbTOHOBUX BEKTOPHHUX ITOJIB Ha MOBEPXHAX.

[nTerpoBHi ramMiJIbTOHOBI CHCTEMHU HA YOTHPUBUMIPHUX MHOT'OBHUJIAX.
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OKCTPEMAJIbHO HECBSA3HLIE I'PVIIIEI U VJIBTPA®UJILTPHI

O. B. CunaueBa
Mockosckuit rocysapcrentbiit yuusepcurer um. M.B. Jlomonocosa, Mocka, Poccus

o-stpa@yandex.ru

MpI 06CyIUM Ype3BBIYAHO HHTEPECHYIO IPOOIeMY CYIIEeCTBOBAHMSA HEJUCKPETHONR XayCI0p-
¢dOBOIt IKCTPEMATBHO HECBSI3HOU TomoJorndeckoi rpymmbl B ZFC, Kotopast 6plia moctaBaeHa
A.B. ApxanreabckuM B 1967 T. ¥ 10 CHX IOp HIPHUBJIEKAET MHOTO BHUMaHHSA. BBLIO IOCTpoe-
HO HECKOJIbKO MPUMEPOB TaKWUX TI'PYIII B Pa3HBIX MOJIEJISIX TEOPUU MHOYKECTB, HO «HAWBHBIIY
npuMep He mOoCTPoeH 10 cux mop. OJHAKO MOMBITKHA PEIUTh TPodIeMy ApPXaHTeIbCKOTO MPH-
BeJII K OOHAPYZKEHUIO MHTEPECHBIX CBA3€H MeK/Jy TeOpHueil TOMOJOrHYeCKHX IPYII U Teopueil
VJIBTPapUILTPOB; B 4aCTHOCTH, 0KA3aJ10Ch, YTO CYIIECTBOBAHUE TOIOJOTHYECKHUX T'PYIIII C OIpe-
JIeJIEHHBIMHU 9KCTPEMAJIbHBIME CBORCTBAMHI TECHO CBSI3aHO C CYIIECTBOBAHUEM VILTPAMUILTPOB
otpejiesieHHOTO TUna. Kpome Toro, mpobiema ApxaHTre bCKOTO ChIrPAJia HEMAJIOBAXKHYIO POJIb
B MMOCTPOEHUU TEOPUU CXOAAIIUXCA YIALTPAMDUIBTPOB HA TOHOJOIMYECKAX T'PYTIHAX.

1 DKcTpeMaJbHO HECBA3HBIE TPYIIIThI

Onpenenenne. Tonoaorngeckoe NpoCTPAHCTBO HASBIBACTCA IKCMPEMAALHO HECEA3HIM, CCIINA
3aMbIKAHUE JIIOOOI0 OTKPBITOIO MHOXKECTBA B 9TOM LPOCTPAHCTBE OTKPHITO (MJIH, YTO TO 2Ke
camoe, JIIO0BIC JIBa HEIePeCeKAIOIUXCS OTKPBITHIX MHOMKECTBA, HMEIOT HEHePEeCeKAIOIMINecd 3a-
MBIKQHUA ).

ITpo6aema (A.B. Apxanrenbckuii, 1967). CymecrByer sm B ZFC HeauckpeTHas oTaeanmast
9KCTPEMAJIHLHO HECBSI3HASI TOMOJIOTHIECKAS TPy Hna’

B.1. MaJibixun 3aMeTH/I, 4TO J1I00asd IKCTPEMAIbHO HECBA3HAA TONOJOINYeCKasd I'PYIIa Co-
JIEPYKAT OTKPBITYIO OyJjieBy NOArpymiry. Bedkas OysieBa rpymnma aBiasgeTcsd JUHERHBIM TPOCTPAHC-
tBOM HaJ nosiem Fy = {0, 1}, a Kax10e JuHEHHOe TPOCTPAHCTBO UMeeT GA3UC; 3HAUUT, JI0bast
OyseBa TpyIIa cBOOOTHA.

2  YaprpaduJabTpbl HA W
Onpenenenune. YiabrpaduabTp % Ha W HA3BIBAECTCS

o P-yavmpadurvmpom, ecam s moboro pasbuenust {A, : n € w} MHOKeCTBa w, T/
A, & % nnsoBeex n, Haiinerca A € % makoit, uro |[AN A,| < Rg mas moboro n;

o Q-yavmpagurvmpom, ecan mias arodoro pasdbuenns {A, 1 n € w} MHOKecTBa w, TIE A,
KOHEYHBI JJIs BeeX n, Haiimerca A € % rtakoit, uro |[AN A,| < 1 msg soboro n;

o Obicmpuim, ecaid Jiist roboro pasbuenust { A, : n € w} MHOKecTBA w, T1e A, KOHEUHBI JIJIs
BCex n, Halifercs A € %/ rtaxkoii, uro |ANA, | < n st 1106010 n (MIH, IKBUBAJEHTHO, ECIIH
J00ast QyHKIMA W — W MazKOPUPYETCs HOC/IE/I0BATEIbHOCTHIO, TIOJIy YeHHON B pe3yJibrare
HyMepalui 3JeMeHTOB HeKOTOporo A € %/ B mOpsi/ike BO3PACTAHNUA);

® CEACKNUBHHLM, LI DAMCEESCKUM, €CH Jist 1oboro pasbuenns {A, : n € w} MHOKeCTBA
w, tae A, ¢ % nns Beex n, Haiinercs A € %/ takoii, uro |[AN A,| < 1 ansa awoboro n.
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dcHo, uTo cenekTuBHOCTE = P + ().

U3zsectro, ato B CH cyImiecTByioT cesleKTUBHBIE VABTPAMUIGTPL, 1 P # () # ceJleKTuB-
nocrb # P. N3Bectno takxke, uro B ZFC cymecrByer yabrpaduibTp, HE SIBIASIOMANCS HU
P-ynsrpadpunsrpom, au Q-yiabrpaduasrpom. He Beskuit Ob1CTBIH yabTpadUIBTD SIBISETCS
Q-ynbTpaduIbTPOM, OJHAKO CYNECTBOBAHUE OBICTPHIX YJIBTPaUILTPOB PABHOCUIBLHO CYIIIe-
CTBOBAHHIO ()-yIbTpadUILTPOB.

[llenax mocTpomsa MoJenb, B KoTopoit HeT P-ynprpadunsrpoB. Mumiep gokasasn, 9To B
moziesin JlaBepa mer Q-yiabrpadunbTpoB (HO ectb P-yibrpaduiibrpst).

Cmapas 3adava: CyimecTByeT Jin MOJAE/b, B KOTOpOil Her Hu P-yabrpadunbrpos, aHu (-
YIBTPaPUIHTPOB?

1 MOTHOTHI KapTUHBI CTOUT YIOMSAHYTH pe3yiabTar Matmaca u Tsiisopa: yabrpaduibTp
U sasercsa (Q-yabTpadprIbTpoM <> /s JI000ro 0TOOpazKeHus ¢: w — w Haimercas A € U
TaKoii, uTo w(a) < b mast moobIX a,b € A, a < b.

[Mycre X u Y — muoxkecrBa, % — yabrpaduabrp Ha X u f: X — Y — orobpakenue.
Torma cemeiicTBO

V={ACY:f YA e}

spisieTcs yabrpaduiasrpoM Ha Y. O6o3uadenne: ¥ = f(% ). 1o Habaioenne mMO3BOJISIET BBe-
¢ty ecTecTBeHHbIN nopadox Pydun—Kedicaepa wa xiacce yabrpaduabTPOB:

YV <px % < 3f: X =Y, pua xoroporo ¥ = f(U).

3 OKcTpeMaJIbHO HECBA3HBIE TPYIIIHI 1 YIbTPAMUIBTPHI

B 1969 r. Cumon CupoTra HOCTPOWI IMEPBBIH NpUMep HEJUCKPETHOH KCTpeMaIbHO HEeCBA3HOM
rpynnsl (B CH). Ilo cymectBy rpynna CHpOTH BBITJISIAT TaK.

Jia dbuabrpa % Ha W OYCTh Wy = w U 00; TOYKH W U30IUPOBAHBL, OKPECTHOCTH 0O UMEIOT
Bun {oo} U A, e A € %. Buoxkenne wg B [w|<¥, npu koropom i — {0,i + 1} u 0o — 0,
OTOXKJIeCTBIIsIET CBOOOHYT0 OyeBy rpymiy B(wg) u rpynmy [w]<¥ ¢ onepanueit A. Ha rpymre
B(wgz) uMerorcst cieyone eCTeCTBeHHbIE TOMOJIOTHH:

e monoaozua Mamuaca Ty (okpectrnoctu 0: (A), A € F);
® c60000HaA MONOAOZUA TF;

® N0oNoA02UA Ude%?mUGHOZO ’ﬂp@()@ﬂd Ty OTHOCHUTECJILHO Pa3JIO2KECHUA

B(wz) = U{CJIOBa (KOHEUHBIE MHOYKECTBA) pazmepa < n}.

new

Iongarno, uro 7as C 75 C 7.
Teopema (Ir6epr Tiommens). (i) Ecan % — pamceesckuit bunbtp, 10 Tay = T = Tf;

(ii) rpymna B(wg) 9KCTpeMAJbHO HECBSI3HA <—> . — DAMCEEBCKHil (CEJeKTUBHBIN) Y/Ib-
TpadUabLTP.

Hpyrue (copmectumbie ¢ ZFC) npumepsr noctponau Jlyso, Senentok u Masbixun. Bouau
OJIyYeHBl 1 HEKOTOPHIE PE3Y/IbTAThI B HAIPABJAEHNH TOKA3ATEIbCTBA HECYIIIECTBOBAHIST HEINC-
KPEeTHOM KCTpeMaJIbHO HecBsaA3HOM rpymnbl B ZFC.

16



Teopema (3eseHiok). Eciu cylecTByer HeJIUCKPETHAs SKCTPEMAJTbHO HECBSI3HAS I'PYIINA
GG, comep:Kalas He3aMKHYTO€e CHJIBHO JIUCKPETHOE MHOXKECTBO [, TO cyIiecTByeT P-yabTpaduabrp
Ha W.

IIpo6nema (IIporacos). Cymectsyer qu B ZFC (cuernast) HeAMCKPETHAsi TOMOJIOTHYCCKAS
TPYIIIA, B KOTOPOii BCE TUCKPETHBIE MOTHOKECTBA 3AMKHYTHI?

Teopema. Ecsiu cymecTByeT HeMCKPeTHAsT SKCTPeMAaIbHO HecBs3Hast Oy/ieBa rpynna (Jiu-
HeifHOe TpoCTpaHcTBO) B ¢ Gasucom X TakuM, 9TO JIOOBIE HENEePeceKaloIuecs: 3aMKHYThIe
A, B C X paspensiorcest HeupepbiBabiM romomopdusmom B — {0,1}, To cymecrsyer P-
YJIbTPaPUILTP HA W.

Ha camowm neste B Teopeme 3esieHIOKa pedb HeT He 0 P-yabTpaduabTpax Ha w, a O YACTUIHO
CeJIeKTUBHBIX y/brpaduibrpax na D.

Onpenenenne (3eneniok). Yasrpabmwintp Z na X ¢ |X| = k Ha3bBaeTCst wacmuuno cene-
kmueHolm, ecin cyiecrsyer B C [X]? rakoe, uro {r € X : {y e X : {z,y} e E} e U} € U
u agist aroboro paszbuenns {A, @ a < Kk} MHOxecTBa X, rne A, ¢ % Va < k, naiinerca A € U
co ceoiictBom [ANAL)?NE = & Va < k.

PaBaocunabpHOe ompenesienue. Yibrpaduabrp % na X ¢ | X| = k Ha3biBaeTcs 4acmu4Ho
CEAEKMUBHBIM, eCITH CyTiecTByeT ¢: X — %/ makoe, 910 s Jitoboro pasbuenns {A, : o < Kk}
mHOKecTBa X, rie A, € % s Beex o < K, Hafimerca A € % rakoil, uto AN A, Ne(x) = &
i obbIX a < kmx € AN A,.

VrBepxkaenue (3eneHok). s a060ro 4acTHIHO CeJeKTUBHOrO yabTpaduiabrpa % Ha
arobom X cymectByer f: X — w, mas koroporo f(%) asagerca P-yibrpaduabrpoM.

YrBep:kaeHue. [lisg a000r0 4aCTHYHO CEIeKTHBHOrO P-yaprpaduabrpa % Ha w Cylie-
crByer f:w — w, ayst Koroporo f(%) swasercs Q-yabrpaduabTpoM (a 3HAYAT, W CEJTeKTHB-
HBIM YJIBTPaOUILTPOM ).

[Iycrs B — GysieBa rpynna (= JuHeliHOe mpocTpaHcTBo). Jloboit 6asuc B B onpenessier
npescrasnenne B = o{0, 1}1B].

CaencrBue. Eciu cyiecrByer cueTHas SKCTpeMaabHO HECBsA3Has OyseBa rpymnna B, obia-
Jalolasd HE3aMKHYThIM 63431/1(3OM7 npu4dyeM TOIOJOTHA B CHJIbHEEe TUXOHOBCKOM TOIIOJIOT U, I10-
POKIEHHOH STHM 0A3UCOM, TO CYIIECTBYeT M CeJeKTHUBHBINA yIbTPadHIbTD Ha W.

Bee (coBmectumvbie ¢ ZFC) nmpumMepb 9KCTpeMaIbHO HECBSI3HBIX TPYII, MOCTPOEHHBIE /10 CHX
op, UMEIOT 0a3y OKpecTHOCTEH HYyJIsd, COCTOANIYIO U3 HoArpyIir. OJHAKO «HAMBHBIAY CUETHBII
IpUMep TaKUM 00Pa30M IOCTPOUTL HEJIb3s.

Jlemma 1. Ilycrs G — cyeTHast HeaUCKpeTHasT OyJeBa TOMOJOTHYECKas IPYyIa, KOTopas
coflepKuUT (cueTHOe) yObiBatoIiee cemeiicTBo OTKpbIThiIX moarpynn G; C G, i € w co CBOi-
crBoM [ G; = {0}. Torga cymecrByer HempepbiBHbIH H30Mopdusm ¢: G — @, Zs, Te. Ta-
KOif m30MOpduU3M @, UTO TONOJIOTUS Ha (G MHIYIIMPOBAHHAS STUM H30MOPMH3IMOM (TOMOJIOTHST
«IIPOM3BENIEHNUST» ) COMEPIKUTCSI B JIAHHON Tomooruu rpynibl G.
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Badukcuposas uzomopbusM ¢: G — P, Zy, Mbl MOXKEM OTOKIECTBIATH 3JIEMEHTHI IPYII-
nbl G ¢ 0TOOpaXKeHUusIMUA W —> Zo ¢ KOHEUHBIM HOcHTeaeM. TakuMm o0pa3oM, ompeesIeHbl OTO-
OpakeHust

min: G — w, min g = min supp g

max: G — w, max g = max supp g.

Jlemma 2. Tlycrs G — cuernas OyneBa TOMOJOTHYECKAs IPYyIa, KOTOPYIO MOYKHO MPEJI-
craButh B Buje G = @@  Z, TakuMm 06pa3oM, 4To

Jutst Jii000it byHKIuE f: w — W MHOXKECTBO
U ={r#0:maxz > f(minz)} U {0} (1)

ABJIAETCA OKPecTHOCTHIO (.

[Ipemmosioxkum, aro f: w — w — Jawbas Bo3pacraiomas GyHknusd 1 V' — Takas OKPECTHOCTD
Hyas, aro 2V C U, ana dynxkmun g: w — w, oupeaenennoil upasmiom g(n) = f(2"+1). To-
Ia BO3pACTAIONIAs TOCAeI0BATEILHOCTE {Mmg, My, ... }, TOJyYeHHas HyMepalueil 3JeMeHTOB
muoxecrBa max(V \ {0}), maxopupyer f, T.e. m; > f(i) mas Beex i € w.

Teopema. CymecTBoBaHWe CYETHON SKCTPEMAJIHHO HECBSI3HOH TOMOJOTHYECKON TDYIIIH,
cojiepzKalieil ceMefiCTBO OTKPBITHIX IOJAIPYIII, IepecedeHne KOTOPBHIX UMeeT IYCTYI0 BHYTPEeH-
HOCTB, BJI€YET CYIIECTBOBAaHHE OBICTPOIO yIbTpaduibrpa.

Jlerko BueTh, 9TO 151 JII00OOH cUueTHOI OysieBoit Tpynnbl G ¢ HDUKCUPOBAHHBIM H30MOPQhU-
3mMoM ¢: G — @, Zy u 1106010 0T0OparkeHus f: w — W MHOXKECTBO

Cr=G\Up={r € G\ {0} :maxz < f(minz)}

JUCKPETHO B TOIOJIOTHU <IIPOU3BEJIEHHs», HHAyIUPOBaHHONH m3omopduzmom ¢, u Cr U {0}
3aMKHYTO B 3TOil Tonmojoruu. OTCIoJa BBITEKAET CJeAyIollee YTBepzKIeHne, KOTOpoe JaeT da-
CTUYIHBIN OTBeT Ha Bompoc lIporacosa.

CaencrBue. Ilycts (G, 7) — cueTHas HeIUCKPeTHAs OyJeBa TOMOJOIHYECKas IPYIIa, KO-
TOpasd He HMeeT JUCKPETHBIX HOJAMHOMKECTB ¢ eJIHHCTBEHHON HpeIeIbHOl TOYKOH U COmEepKUT
cemeiicTBO OTKpBITHIX moArpynn G; C G, i € w, co cpoiicrBom | G; = {0}. Torma cymecrsyer
ObICTPBIi yIbTpADUILTD.

CaenctBue. Crnenyiotiee yreepxaenne copmectuMo B ZFC: Jliobast cuernas 6ysieBa rpyn-
Ia ¢ MaKCUMaJbHOI HEAUCKPETHOW IPYHIIOBOI TOHOJIOTUEN COAEPXKUT AUCKPETHOE II0JIMHOXKE-
CTBO C €JIUHCTBEHHON Ipee/IbHO’ TOYKOIL.

4 CBoiicTBa, OJU3KNE K 3KCTPEMAJbHON HECBA3HOCTHU
1. G\ {0} C*-Broxkeno B G;
2. {0} # AN B, rne A u B KaHOHWUYECKU 3aMKHYTHI (T.e. 0 — He To-TOUKA);

3. {0} # Ni<, Ai, Te A; KaHOHUYECKH 3aMKHYTBI (T.e. 0 — He T-TOoUKa);
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4. G 3KCTpEeMaJIbHO HECBA3HA;

5. G CUIIBHO SKCTPEMATBHO HECBsI3HA (B JIIOOOM HEOTKPHITOM 3aMKHYTOM MHOYKECTBE €CTh
U30JIUPOBAHHASA TOUKA <> g JiI0O0oro oTKpbiToro U co cBoiicrBom U # U cymiecTByer
touka g € U \ U, anst koropoit U U {g} orkpsiTo;

6. ecn U otkpwito n g € U \ U, To U U {g} oTkpwiTO;
7. G nepaznoxnma (G # AUB: ANB =@, A= B = G);

8. ronosorus G MakCHMaJIbHA (€€ HeIb3s YCHIHTH JI0 TOIOJOTUH 0e3 H30JTHPOBAHHBIX TO-
UK.

5 Bomnpocsl

Samaua 1. Bepno i, 9ro 1s 06010 YaCTHIHO CEJIEKTUBHOTO YabTpaduIbTpa % Ha w Cy-
mecTByeT orbpaxkenune f: w — w, mias koroporo f(% ) apasgercs Q-yabrpaduabrpom?

3anaua 2. Bepro jmu, 9T0 Ay 11060T0 YACTUYHO CEJIEKTUBHOTO YabTpaduibTpa % Ha w
cytecTByer orobpaxkenue f: w — w, 1yt Kotoporo f(%) cesekTuBen?

Bamava 3. Bepno sm, uro ecim 7 Q-yasrpadbuabrp (wim ecm 4 P-ynbrpadunbrp), TO
J0boe JIMHEHO HE3aBHCHMOE MHOXKECTBO B JIFOOOH IKCTPEMAIbHO HECBI3HON TPYIITe 3aMKHYTO
(= muckperHo)?

Crapas 3aga4a ([Iporacos). Cymecrsyer jiu B ZFC HeucKpernast TOHOJIOIHYECKast IPYIi-
a, B KOTOPOI BCE JUCKPETHBIE MOJMHOKECTBA 3aMKHYTHI !

Masteixun jokaszan, 4to Jlemma Byca Bieder cymiecTBoBaHue CYeTHOI HETUCKPETHON K-
CTPEMAJIbHO HECBS3HOW I'PYIIIBI, B KOTOPOil BCE JIUCKPETHBIE TOIMHOKECTBA 3aMKHYTHI.

6 IIpobGaema Xpyimmaka

[Tycts G — 9KCTpeMaIbHO HecBasHas rpynma u f: G — 280 — moboe HempepsIBHOE 0TOOpasKe-
Hue. Bepro Jin, 9To Haiijgercs orkpbiToe MHOKecTBo U C G, o6pas koroporo f(U) uurie He
mioTen B 2807

Eciin oTBeT Ha 9TOT BOIPOC MOJIOKUTEICH, TO <HAUBHOTO» HPUMEPA CUCTHON HEIUCKPETHOIT
3KCTPEMAJIBLHO HECBA3HONW I'PYMIBI HET.
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CKPELLIEHHBIE MOOVJ/INU

H. XMeabHUIIKMIit
Kuesckuit narmonasibubiii yuusepcurer umenu Tapaca [llesuenka
khmelnit@meta.ua

Omnpegenenne 1. Crpeuwenmvim modysem (nad epynnoti) M = (u: M — P) nasweaemca
moppusm epynn p: M — P (nasweaemwdi epanuueis M) emecme ¢ deticmsuem (m,p) — mP
epynnoe P na M u ydosaemeopaowutl axcuomam

(CM1)
(CM2)

p(mP) = p~tu(m)p

n"tmn =mH"

onsn ecex m,n € M, p € P.

Korna Heo6Xx0auMO BBIIEIUTH 001acTh 3HadeHwit P, Torma M Ha3bBaeTcs CKPEIeHHBIM
P-monynem.

OCHOBHBIMU a/Ir€0paNYeCKUMU IPUMEPAMU CKPEIIEHHbBIX MOJLYJIeH SIBJISIIOTC:

Bioxenne N <1 G nopmasibnoit noarpynmnsl N B rpyminy G BMecTe ¢ JeficTBHEM COIps-
JKeHUsI, TAK Ha3bIBAEMBbIil CONPSIZKEeHHBINH CKPEeIeHHbI MOIYIb. B gacTHOCTH, A5 TI000i
rpynnbl P roxaecrsernnoe orobpazkenue idp: P — P gBjageTcs CKPEneHHbIM MOJLYJIEM C
neiicteuem P Ha cebe compsizkeHneM. 3aMeTHM, 9TO MOHSITHE CKPENeHHOTO MOYJ/ISI MOYKHO
paccMaTpuBaTrh Kak obJjiedeHre B KOHKPETHYIO (DOpMY HMOHATHA HOPMAJJIbHON MOJAIPYIIIIH.
To ecTb, BlIOXKeHHE 3aMeHACTCA TOMOMOP(MHU3MOM ¢ OCOOBIMH CBOMCTBAMHU. DTOT IIPOILECC
BCTPEYAETCS U B JIPYTUX AJTeOpamdecKuX CUTYaIUugX.

Tomomopdusm rpynm x: M — Aut(M), tae x(m) — BuyTpennuii aBromopdusMm, oTobpa-
JKarolui n B m~nm, — aBToMopdHBIH cKpeleHHbI MoIyab. Ecaun A yrosieTsopser
yesousiv Inn(M) < A < Aut(M) u x(M) C A, 1o mopdusm x: M — A rakxke Ha3biBa-
ercst aBTOMOP(HDBIM CKPENIEHHBIM MOJLYJIEM.

TpuBnanbubiii ckpemnienubii Moayab 0: M — P Bcerma, Korjga abeneBa rpymnna M sBiis-
ercsa P-momysieM.

JIio6oit romoMopduam pu: M — P, rae M abenesa u Im p j1exkut B nentpe P, npeacras-
JIgeT cobOil CKpeleHHbI Moaynb ¢ P, neficTByiomieit TpuBuaabuo Ha M.

CiopbekTuBHbIH TOMOMOpdU3M p: M — P ¢ gapoM, cojaepxkamumcda B mnearpe M, u
p € P pgeiictByer nHa m € M conpszKeHueM JIOObLIM 3JIeMEHTOM U3 1~ 'p.

Kareropust x Mod/Gr cKpemeHHBIX MOJY/Ieil IMeeT B Ka4ecTBe 00BEKTOB BCE CKPEIICHHbIE
Moy u Ha rpynnamu. Mopdusmavu 8 x Mod/Gr us M = (u: M — P) B N = (v: N = Q)
ABJsIETCS Tapa ToMoMophu3MoB (g, f), JeJar0mnX KOMMYTATHBHON THAIDAMMY

M-t.p
|
N—V>' y
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U COXPAHSIONIUX JeficTBHE B CMBICJIE, YTO JJd Bcex m € M u p € P umeer MecTo TOXKJe-
crBo g(mP) = (¢gm)’?. Ecrm P — rpymma, To P-MopdbusMoM P-cKpeImeHHBIX MOy el Ha-
3biBaeTCst romoMopdusm g: M — N rakoit, uro (g,idp) — Mopdu3M CKpeneHHbIX MOLYJI€i.
Bee P-ckperennbie Momyan u P-mopdusmbl 06pasyior mogkateroputo X Mod/P kareropun
xMod/Gr.

ITpenmoxxenue 1. /[aa mobozo ckpeusenrozo modyaa ju: M — P enpasedauso, umo uM <
=

HdokazareabcTBO. DTO0 cienyer HenocpeacTBenno u3 CMI1. O

Jlio6oe monmuoKecTBO U3 MerTpa Z (M) rpynnbt M Ha3pIBaeTCs MEHTPAIbLHBIM B M.
IMpepnoxenune 2. Ilycmo p: M — P — cxpewernnt modysv. Tozda

1. ker p yenmpasvro ¢ M.
2. n(M) deticmeyem mpueuasvno na Z(M).
3. Ha Z(M) u ker i undyyupyemes deticmeue coker u, npeepawas ux 6 coker pi-modyas.

HoxkazarenbcTBo. Axcmoma CM2 noxasbiBaer, aro ecim m,n € M u un = 1, To mn =
nm. 91o gokasbiBaerT 1. C apyroit croponnl, B cuity CM2 u CM1, u3 mn = nm cieayer

m*" = m, aro gokasbiBaer 2. llynkr 3 ciaejpyer u3 nyHkroB 1 u 2 u npejjozxenus 1, npuuem
coker yp = P/u(M). O

Abenenmzanueii rpynmer M wazwiBaercs rpynma M = M/[M, M|, rae [M, M] — komwy-
TaHT rpynbsl M.

ITpepnoxenne 3. [lycmo p: M — P — cxpewennnti modyawv. Tozda P deticmsyem wa
M® (M) deticmeyem mpusuarvno na M®, npespawas M® 6 coker p-modyav.

HoxkazarenbctBo. Tak xak [m,n|P = [mP nP] mia m,n € M up € P, to [M, M] aBnse-
Tca P-mupapuanTHON noarpynmnoi rpymnust M Tax, uro P geificrsyer na M. Oanako B 3T0M
neiicrBun (M) neficTByeT TPHBHAILHO TaK Kak

m"™ =n"'mn=m mod [M, M]
g m,n € M. O]

Takum obpaszoMm, JJIst 10000 CKPEeIeHHoro Moayad p: M — P MOXKHO 3anucaTh TOYHYIO
MOCJIeTIOBATETbHOCTE coker p-Momy et

ker pr — M — (uM)™ — 1.

[TepBoe oTobpazkenue B 00IIEM Cjlydae HE HHBEKTUBHO. UTO Obl 3TO yBUJIETH, PACCMOTPUM
CKpeIeHHbIit Moy b x : M — Aut(M), accomuuposannsiit ¢ rpynmoit M. Torma ker y = Z(M).
Cymecrsytor rpynnsl M aias koropeix 1 # Z(M) C [M, M], manpumep, rpymnna KBaTep-
HUOHOB, JHe/pabHas I'PYIIa W MHOTHEe Jpyrue. /st Bcex HUX KOMIO3HIHUS OTOOparKeHHi
ker y — Z(M) — M gBigercs TpUBHATLHOM, W MO3TOMY He WHHEKTHBHOI.

CkpereHHbIe MOAY/IH €CTeCTBEHHBIM 00pPa30M MOABIAIOTCA B TOIOJOIHU, X IMEHHO B 3TOM
KOHTEKCTE OHH BIepBBbIe Oblin BBeJeHbl Yaiirxegom [1]. Umenno, ecan X ects Tomosornaeckoe
IPOCTPAHCTBO U Y — €ro TMO/IPOCTPAHCTBO, TO IpaHnYHbIl roMoMopdusm 0: (X, Y) — mY
ABJideTcd CKPeleHHbIM 1Y -MOJLyJIeM.
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Cpeau cKpelieHHbIX MO/IyJIell BaxKHOe MeCTO 3aHHMAIOT TaK Ha3blBaeMble CBOOOIHBIE CKpe-
IEHHBIe MOJLYJIH, ONpejieeHHbie YaiiTxemom [1].

Ounpenenenne 2. [Tycmo p: M — P — cxpewsennmt modysv, {m; | 1 € I} — nexomopoe
MHOMHCECMB0 purcuposarhvr asemenmos uz M. Tozda p: M — P naswveaemcs c60600HbM
ckpeuwsentvM modyasem ¢ basucom {m; | 1 € I}, ecau daa kascdozo ckpewernozo modyara
v: N — Q u npoussosvhur muoscecmsa aremenmos {n; | i € I} us N u 20momopfusma
f: P — Q maxozo, wmo fu(m;) =v(n;), cyuwecmsyem eduncmeenmviti 2omomoppusm g: M —
N, dan womopozo g(m;) =n; u (g, f) — comomopdusm cxpeusernur modyaed.

Yaiirxes 1| KOHCTPpYKTHBHO JIOKa3aj CyIIECTBOBAHHE CBOOOIHBIX CKPEIIEHHBIX MOJLyJIeii
p: M — P njas npousBOJbHON Tpynnbl P ¢ MHOXKeCTBOM (DUKCHPOBAHHBIX 3JEMEHTOB {p; |
i € I'}. PaccMOTpUM OCHOBHBIE MOMEHTBI ITOTO HOCTPOEHUS.

IIycts P — rpynma, a {p; € P | i € [} — MHOXKeCTBO BBIODAHHBIX B Hell s1emMenToB. O6o-
3HAYMM 4Yepe3 E ¢cBOOOIHYIO TPYIITY, TOPOXKICHHYIO MHOXKecTBOM P X I. Pacemorpum (pakTop-
rpynny M, nonaydennyio myrem pakropusanuu rpymibl F oo noarpynne W gapisionieiics
HOPMAJILHBIM 3aMBIKAHIEM MHOYKECTBA

{(z,a)(y,b)(z,a) (zp,x'y,b) |,y € P, a,b € I}.

Heiicteue rpynnst P na rpynne M ungynupyerca jeiictBuem P na rpynne E nocpeiacTBom
coorromienus (z,a)’ = (pzr,a), tne z,p € P, a € I. 'paununsiii romomopdusm p: M — P
uHIyIEpyeTca roMomopdusmoM d: E — P, 3amaaembiM dhopmynoit 9(z,a) = xp,x~ L. Ilyers
w: E — M — ecrectBennast nmpoeknust u m; = 7(1,4). Yaiirxen mokasan, aro pu: M — P
SBJISICTCS CBOOOJHDBIM CKPEIIEHHBIM Moay/aeM ¢ basucom {m; | i € I}.

Yaiirxes [1] mosydann ciaeayontyo GyHIaMeHTATHEHY O TeOpeMy.

Teopema 1. Ilycmov Y aunetino cea3Hoe mMonos02uMeckoe npocmpancmeo u X nosyue-
HO U3 Y € NOMOWDBIO NPUKACUSAHUA JSYMEPHLLL Kaemok. Tozda eparuunvi 20MOMOPHUIM
0: m(X,Y) —» mY asasemca ckpewenmnvim m1Y -mo0ysem ¢ 6a3ucom, cOOMEEMCMEYOULUM
NPUKNCUBAEMBIM KACTIVKAM.

Boubie mpo ckpererabie MOAYIA, B YaCTHOCTH, TTPO CBOOOHBIE CKPEIIEeHHBI MOY/IN, MO-
JKHO y3HATH B UCTOYHHKAX |2]-[5].

1. Whitehead J. H. C. Combinatorial homotopy // Bull. Amer. Math. Soc. — 1949. — 55, N 4. —
P. 453-496.

2. Ilapxo B. B. @yuxium ma MHOT00Opa3usax (anrebpamdeckue W TOTOJOTMYECKUe ACTIEKTHI). —
Kuen: Hayk. nymka, 1990. — 196 c.

3. Bpayn K. C. Koromosoruu rpymnmn. — M.: Hayka, 1987. — 384 c.

4. Brown R., Higgins P. J., Sivera R. Nonabelian algebraic topology. — Zirich: European
Mathematical Society, 2011. — 668 p.

5. Ratcliffe J. Free and projective modules // J. London Math. Soc. —1980. — 22, N 1. — P. 66-74.
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MONOGENIC FUNCTIONS AS A TOOL FOR THE BIHARMONIC
BOUNDARY VALUE PROBLEMS
S. V. Gryshchuk
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
serhii.gryshchuk@gmail.com

We consider the commutative algebra B over the field of complex numbers C with the bases
e1,e2}: €2 = ey, ege; = €9, €2 = e; + 2iey, where i is the imaginary unit in C. The algebra B
1 2 g g
is associated with the 2-D biharmonic equation:

'u(z,y) +234U(I7y) N I*u(z,y)

A2 =
u(@,y) Ox* 0x20y? oy*

=0. (1)
Let D, be a bounded domain in the plane p := {ze; + yes : x,y € R}, where R is the field

of real numbers. We consider monogenic functions ® : D, — B having the classic derivative
P'(C) = , lim (®(¢+h) — ®(¢)) h™* € B in every point ¢ € De.
—0, hep

Let D = {(z,y) € R?: ( = xe; + yea € D¢}. Every component Uy: D — R, k = 1,4, of
the expansion

®(¢) = Ui(z,y) e1 + Us(w,y) e + Us(w,y) ea + Us(z,y) ieg (2)

is a biharmonic function in D (cf., e.g., [1]), i.e., A?Uy =0 in D.

Consider a Schwarz-type boundary value problem on finding a monogenic in D¢ function ®
which is continuous in the closure D; when values of components Uy and Us of the expansion (2)
are given on the boundary 0D, i.e., the following boundary conditions are satisfied: U; (z,y) =
w1(€), Us(z,y) = us(Q) for every point ¢ = xe; + eay € 0D, where uy: 0D, — R, k € {1,3},
are given functions. We call this problem as (1-3)-problem.

It is known that the biharmonic boundary value problem on finding a biharmonic function
U: D — R with given limiting values of partial derivatives OU/dz, OU/dJy on the boundary
0D can be reduced to the (1-3)-problem (cf., e.g., [2,3]).

Using the hypercomplex Cauchy type integral and conformal mappings of the complex plane
C we reduce (1-3)-problem (as well as the biharmonic boundary value problem) to a system
of Fredholm equations for a pair of unknown real-valued functions (defined on the real line)
under some natural assumptions (see [3]|). Note that similar arguments are applicable to any
(m-n)-problem (or (n-m)-problem), 1 < m <n < 4.

1. Gryshchuk S. V., Plaksa S. A. Basic Properties of Monogenic Functions in a Biharmonic Plane //
Contemporary Mathematics (“Complex Analysis and Dynamical Systems V”). — 2013. — 591. —
Amer. Math. Soc., Providence, RI. — P. 127 — 134.

2. Gryshchuk S. V., Plaksa S. A. Schwartz-type integrals in a biharmonic plane // Intern. Journal
of Pure and Appl. Math. — 2013. — 83, No. 1. — P. 193 - 211

(on-line version: http://www.ijpam.eu/contents/2013-83-1/13/13.pdf).

3. Gryshchuk S.V., Plaksa S.A. Monogenic functions in the biharmonic boundary value problem //
ArXiv preprint (arXiv:1505.02518v1 [math.AP]). — 2015.
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INTRODUCTION TO POISSON AND BIHAMILTONIAN GEOMETRY

Andriy Panasyuk

Dep. of Mathematics and Computer Science
University of Warmia and Mazury at Olsztyn

panas@matman.uwm. edu.pl

Lecture 1

References: [Arn73]

Basic objects: M a manifold (smooth, analytic etc.), for ezample M = R™; the tangent bundle
T:TM — M | for example pr; : R" x R® — R"; the cotangent bundle 7 : T*M — M, for
example pry : R™ x (R")* — R", E(M) the set of functions on M (smooth, analytic, etc.)

A vector field v € I'(TM): a section of the tangent bundle, i.e. a map (smooth, analytic
etc.) v : M — TM such that 7 o v = Idy,. Local description v(x) = (3,)vi(z)-2: (we will skip

ox*
the sum sign - “Einstein convention”), here x € M, (z',...,2") local coordinates on U C M,
{‘Z,} the corresponding basis of the fiber of the tangent bundle, v* € E(U). For erample
v(z) = (z,v*(z)...,v"(x)) (a vector function).

Another point of view: v is a differentiation of the algebra £(M), i.e. an R-linear map
v:E(M) — E(M) with v(fg) =v(f)g + fu(g).

Commutator of vector fields: [,] : [(TM) x I'(TM) — [(TM), [v, w]'(z) = v/ (z) 22 _
wj(m)agl—w(jﬂ.
Another point of view: [v,w|f = (vw — wv)f (commutator of differentiations). Erercise:

check that the commutator of differentiations is a differentiation.

A Lie algebra on a vector space V: a bilinear skew-symmetric operation [,] : V xV — V
satisfying the Jacobi Identity:

L. [:C7 [y7 ZH + [y7 [273:“ + [Zv ['%7 y]] =0 \V/l’, Y,z € V; or, equivalently,
2. ad,[y, z] = [ad,y, 2] + [y, ad, 2] Vo, y, 2 € V, where ad,y := [z, y], or, equivalently,

3. adp, = [ad,,ad,] Va,y € V, where the bracket in the RHS denotes the commutator of
the operators.

The second condition means that ad, is a differentiation of the bracket [,]. The third one has
the following interpretation. A pair (V,[,]), where V is a vector space and [,] : V x V — V is
a bilinear operation, is called an algebra. Given algebras (V1,[,]1) and (V5,[,]2), we say that a
linear map L : Vi — Vs is a homomorphism of algebras, if L[z, y|; = [Lx, Lyls Vz,y € V4.

So the third condition means that the map = — ad, : V — End(V) a homomorphism
of algebras (V,[,]) and (End(V),[,]). Note that the last algebra is in fact a Lie algebra. A
homomorphism of Lie algebras (V,[,]) — (End(W),[,]) is called a representation of the Lie
algebra (V,[,]) in the vector space W (so x +— ad, is a representation of (V,[,]) in V).

EXAMPLES:

1. V. = End(W) with commutator, in other words V' = Mat,«,(R) = gl(n,R), [A, B] :=
AB — BA.

2. V =sl(n,R) (traceless matrices), V' = so(n,R) (skew symmetric matrices), etc.
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3. V =TI'(T'M) with commutator of vector fields.

Ordinary differential equation on a manifold:

de

E(31:) = v(z), (or & = v(z) for short)

here v € I'(T'M) is given, ¢ is unknown. A solution of this equation (or a trajectory of v) with
an initial condition xy € M is a curve ¢ : R — M such that ¢(0) = zy and the vector v(z) is
tangent to ¢ at any = € ¢(R).

A solution always exists locally and is unique: in local coordinates (x',...,z") we have
v =v'(z)2: and the equation is equivalent to the system of ODE

dc'(t :
Cdi ) (W), W)i=1,. . on
with the initial condition ¢*(0) = z},i = 1,...,n, and we can use the corresponding existence-

uniqueness theorem.
Globally, if suppv := {x € M | v(x) # 0} is compact (eg. M is compact itself) one can
extend any local solution to a global (in time and space) solution.

EXAMPLE 1: “NONEXTENDABILITY IN TIME™: M :=]0,1[,# = 1.
EXAMPLE 2: “NONEXTENDABILITY IN SPACE™: M =R, & = 22,

EXAMPLE 3: “WINDING LINE ON A TORUS™: M := T? = R?/Z? the vector field v,, =
a% + b%, where a,b €]0, 00| are fixed, can be projected onto the vector field 0,; on T?. Its
trajectories are the projections t — P(x' + at, 2* + bt) of the lines t — (2! + at, x> + bt).
Rational case: b/a is a rational number, b = mA, a = nA for some A € R. Then for ¢ := 1/A
we have (z' +at,z*> +bt) = (z' +m,2? +n) and P(z' + at,2* +bt) = P(z', z%) (the trajectory
is closed, i.e. periodic).
Irrational case: b/a is an irrational number (any trajectory is dense in M).
A submanifold S of M of codimension 7: A subset N C M such that there exists an atlas
A = {(Us, Vo) }aca, Vo = (L, .. 4") : U, — R", on M with NNU, = {z € U, | ¥L(z) =
0,...¢"(x) = 0} for those a € A for which NN U, # 0.

Smooth maps and submanifolds: A smooth map F' : M; — M, is called an immersion
if T, F : T,,,My — TpmyMs is injective for any m € M;. The image of an injective immersi-
on is called an immersed submanifold. An injective immersion F' is an embedding if F is a
homeomorphism onto F'(M;), where F'(M;) is endowed with the topology induced from M,.

Remarks: 1. The image N := F(M;) of an embedding is a submanifold in M, and, vice
versa, given a submanifold N C M, the inclusion N — M is an embedding. 2. If N C M is an
immersed submanifold, then for any © € N there exists an open neighbourhood U of z in M
such that the connected component of N N U containing x is a submanifold in U.

Example of an immersed submanifold, which is not a submanifold: “The irrational
torus winding” R — T2.

A foliation F of codimension r on M : A collection F = {Fj}ep of path-connected sets
on M such that there exists an atlas A := {(Ua,, ¥4 ) }aca on M with the following properties:

1. M = UBEBFB;
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2. FgNF, =0 for any 3,7,8 # 7;

3. for any aw € A and any (cyq,...,¢.) € ¥4(Uy,) there exists § € B such that the set {z €
Uy | Y1 (z) = c1,...90"(z) = ¢, } coincides with one of the path-connected components of
the set U, N Fp if it is nonempty.

By the remark above the sets Fj3 are immersed submanifolds.
EXAMPLE: Collection of the trajectories of the vector field 0, on T?.

A distribution D on M of codimension r: A subbundle of the tangent bundle T'M with
the r-codimensional fiber, or in other words a collection of subspaces D, C T,M smoothly
(analytically) depending on x € M. Such a distribution is locally spanned by n — r linearly
independent (at each point) vector fields.

EXAMPLE : The distribution tangent to a foliation: D = T'F := {v € TM | v is tangent to F}.
Integrable distribution: A distribution which is tangent to some foliation.

EXAMPLE: Take a nonvanishing vector field v € I'(T'M) (if it exists) and put D, = Ro(z).
This is an integrable 1-dimensional distribution tangent to the trajectories of the vector field
v.

Involutive distribution: A distribution D such that for any two vector fields X,Y € I'(T'M)
which are tangent to D (i.e. X(z),Y (z) € D, for any z € M) their commutator [X,Y] is also
tangent to D (equivalently, locally there exist vy, ..., vy, v; € I'(T'M), and functions i’} such
that Span{vy,...,v,} =D and [v;,v;] = fil;vk; FEzercise: prove the equivalence).

The Frobenius theorem (standard): A distribution D is integrable if and only if it is
involutive.
_ 9

dy°
A generalized distribution D on M of codimension r: A collection of subspaces D, C
T, M locally spanned by n — r vector fields linearly independent at least at one point (but not
necessarily linearly independent at other points).

Example of nonintegrable distribution: X = g—m + yg—z, Y

A generalized foliation F on M.

Example of a generalized foliation which is not a foliation: The trajectories of a vector

10 2 0

The generalized Frobenius theorem (Nagano [Nag66]): An analytic generalized distri-
bution D is integrable if and only if it is involutive, i.e. for any two vector fields X, Y € I'(T' M)
which are tangent to D (i.e. X(z),Y (z) € D, for any € M) their commutator [X, Y] is also
tangent to D.

An example of smooth involutive nonintegrable distribution: Let ¢(z) be a smooth
function on R such that ¢(z) = 0 for z < 0 and ¢(z) > 0 for z > 0. Take X = %,Y = cpg—y

on R% Then [X,Y] := g—ig—y can be expressed as a linear combination of X,Y. But it is

nonintegrable: look at its “leaves”.
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Lecture 11

References: [dASW99, Arn89|

A bivector field on M: A section (Smooth analytic) U] of the second exterior power of the
tangent bundle A\°TM. Locally n = ¥ (x 2) 2 A 2. 1(z) being a skew-symmetric matrix
depending on z € M.

A covector field on M (differential 1-form): A section 7 of the bundle T*M. Locally
v =i(x)da’.

A differential 2-form on M: A section w of the second exterior power of the cotangent
bundle A*T*M. Locally w = w;;(x)dz’ A da?.

Bivector fields and 2-forms as morphisms: Let 5 € I'(A°TM) and v € I'(T*M). The
contraction yan =: n(7) (in the first index) is a vector field defined by v = v/(z) 25, v (z) =
vi(x)n¥ (). Since this operation is pointwise it defines a morphism of bundles n* : T*M — T M,
i.e a smooth map such that the following diagram is commutative

M —" s TM

l Jﬂ

M _ —— M
and the induced mappings 7% : TXM — T,M are linear for any x € M. Note that it is skew-
symmetric, i.e. (n)* = —n*. Conversely, given such a morphism, we can construct a bivector
field.

Analogously, a differential 2-form w defines a skew-symmetric morphism «” : TM — T* M.
A symplectic form on M: A differential 2-form (2-form for short) w on M such that

1. w is nondegenerate, i.e. w’ is an isomorphism of bundles, or, equivalently, wij(x) is a

nondegenerate matrix for any x in some (consequently in any) local coordinate system;

2. dw = 0.

A nondegenerate Poisson structure on M: A bivector field (bivector for short) n such
that n* : T*M — T'M is inverse to w’ : TM — T*M for some symplectic form w.

The Poisson bracket on £(M): Given a bivector field n : T*M — TM (not necessarily
Poisson), put {f, g} := n(df)g, f,g € E(M). (From now on we will often skip £ and b indices.)
Then {,} is a bilinear skew-symmetric operation on £(M). We say that n(f) := n(df) is a
hamiltonian vector field corresponding to the function f.

Proposition. Let 1 be a nondegenerate bivector. Then it is Poisson if and only if {,}
satisfies the Jacobi identity, >+ {{f.g},h} =0. D0

Proof Put w = n7l, ie. w(n(a),v) = a(v) for any vector field v and 1-form «. Then
n(h

n(f)w(n(g),n(h)) = n(f)(d ( (7)) = n(f)(n(h)g) = n(f){h. g} = {f.{h.g}} = —{f.{g,h}}
and w([n(f), n(g)l, n(h)) = —w(n(h), [n(f),n(9)]) = =dh([n(f), n(9)l) = =n(f),n(g)]h =
—n(f)n(g)h +nlg)n(f)h = —n( g h} +n(g{f,h} = —{f {9, h}} +{g,{/, h}}. Thus

dw(n(f),n(9),1(h) = 2 p.gn N (0(g), n(h)=w([n(f), n(9)],n(h) = =2, 1 gnle: {103}
(we use the Cartan formula (dw)(X,Y,Z) =3, ¢y, Xw(Y,Z) —w([X,Y], Z)). So, if dw = 0,

then {, } satisfies the Jacobi identity.

27



Conversely, if the JI holds, dw vanishes on all hamiltonian vector fields. To finish the proof
it remains to note that the hamiltonian vector fields span T, M at any = € M. Indeed, it is
enough to take n(z’), where (z°) are local coordinates.

Example: the canonical symplectic structure on the cotangent bundle 7*(Q): Let
o 1 T"Q — @ be a cotangent bundle to a manifold (). There is a canonical differential 1-form
A€ ['(T*M), M := T*Q determined uniquely by the following condition: for any o € I'(T*Q),
the following equality holds a*A = «, here o in the LHS is regarded as a map o : Q) — T*(Q). We
call X the Liouville 1-form. If (U, ¢*,...,q") is a local chart on @Q, the 1-forms dq*, ..., dq" form
a basis of the vector space T7Q,x € U, and define the chart (Wél(U),ql, N P /S
In these coordinates A = p;dg’. Indeed, a : (¢*,...,q") — (¢*,...,¢" a1(q), ..., an(q)), where
a = a;(q)dq’. Thus a*\ = a;(q)dq’ = a.
The canonical symplectic form w on M is given by w := d, or, locally, w = dp; A dq'.

Hamiltonian differential equation on a symplectic manifold (M,w): The ODE related
to a hamiltonian vector field n(f), f € £(M), here n = w™'. In the context of the example above

(in the canonical coordinates (¢,p)): n = _% A g—qi, n(H) = gfig_pi — g—gg—qi, the corresponding
equations read:
i OHlp) . 0H(gp)
o g

A Poisson structure on M: A bivector n : T*M — TM (not necessarily nondegenerate)
such that the corresponding bracket {, } on £(M) satisfies the Jacobi identity (JI for short).

Consider the Lie algebra (£(M), {, }) on a Poisson manifold. The corresponding ad s-operator,
f € &E(M), coincides with n(f) : E(M) — E(M).

The characteristic (generalized) distribution of a Poisson structure n : 7"M —
TM: D, := imn (locally generated by the hamiltonian vector fields n(z'),...,n(z"), where
(z',...,2™) are some local coordinates).

By the third form of the JI the map f — n(f), (E(M),{,}) — (I'(TM),],]) is a homomorphi-

sm of Lie algebras, here [,] is the commutator of vector fields. This implies involutivity of
Dy [n(z"),n(a?)] = n({z",27}) = n(n“(z)), where n = nij(x)% A %. On the other hand,

n(f) = n(z) 2L 2 = 2Ly(x?) for any f. In particular, [n(z%),n(27)] is a linear combination
(with smooth coefficients) of n(z'),... n(a™).

Theorem: The characteristic distribution D, is integrable (we call the corresponding foliation
characteristic or symplectic).
Proof In analytic category this follows from the involutivity of D by the generalized Frobenius

theorem. In the smooth case this is also true, but the proof is more complicated, so we skip it.
O

Digression on linear algebra of bivectors: Let V' be a vector space and e a bivector on V.
Then e can be treated as: 1) an element e € /\2 V; 2) a linear skew-symmetric map e* : V* — V;
3) a bilinear form € on V*.

Proposition. Let W := ime? C V. Then there exists a correctly defined bivector ey €
/\2 W, called the restriction of e to W. Moreover, the restriction e|y is nondegenerate, i.e.
elt, : W* — W is an isomorphism.

Proof I. A theorem from linear algebra says that there exists a basis vy, ..., v, of V' such that
e =v; Avg+ -+ Ugi_1 AUy (the number 2k is equal to dim W and is called the rank of e). It
is easy to see that vq,..., v span W. O
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Proof I e is skew-symmetric, i.e. (e!)* = —e®. This implies ker e* = (im €*)*, where (-)* stands
for the annihilator of (-). So the natural isomorphism é : V*/kere? — imef = W induced by
' can regarded as a map from W* = V*/(W+) to W C V. The map ¢é being skew-symmetric
induces the element of A” W, which we denote by e|y.. O
Proof III. Let w be a skew-symmetric bilinear form on a vector space L. Put kerw := {x € L |
w(z,y) =0 Vy € L}. The form is called nondegenerate if ker w = {0}.
Any w induces a nondegenerate skew-symmetric bilinear form on the vector space L/ ker w.
Treating e as a skew-symmetric bilinear form & on V* we have ker € = ker ef. The restriction
elw treated as a skew-symmetric bilinear form on W* = V*/keré is the above mentioned
nondegenerate form induced from é. O

Symplectic leaves of a Poisson structure n on M: These are the leaves of the characteristic
foliation D,,. Since D, , = imn’ for any € M, the bivector n admits a restriction n|s to any
symplectic leaf S C M, which is a nondegenerate bivector on .S. Moreover, since any hamiltonian
vector field n( f) is tangent to S at points of S, the value {f, g}(z) = (n(f)g)(x),x € S, depends
only of g|s and by the skew-symmetry the same is true with respect to f. In other words,
{fls,glstns = ({f.9}y)|s for any f,g € E(M) and the operation {, },, satisfies the JI, hence
n|s is a nondegenerate Poisson structure on S. This explains the term “symplectic leaf” ((n|s)~*
is a symplectic form).

Example 1: Let M := R%,n = 2’2 A 2. On the open set U := {z' # 0} the form
(nlv)~t = —(1/a')dz* Ada? is symplectic. Thus the JI holds for {, },, on U and by continuity it
holds also on the whole M. The symplectic leaves are U and all the points on the line {z! = 0}.

Example 2: Let M := R®,n = 2: A2, On each plane P, := {z® = c} the form (n|p,)~! =
—dz' A dz? is symplectic. The JI holds for {, },, on P. for any ¢ € R. Since P, sweep the whole
space M as ¢ runs through R, the JI holds for {,}, globally. The symplectic leaves are the
planes P..

Example 3: Let M :=R3 n=a'2; A 25 + 2205 A 20 4 2300 A2 (we will prove that this

. - . Ox? : 8z Ox?
is a Poisson bivector later). The symplectic leaves are ...

Example 4: Let M = T? xR, let 3 be a coordinate on the second component. Put n = 17&75/\2—21,
where 7, is the generator of winding line. 1 is Poisson because locally it looks like the bivector
from Example 2. If b/a is irrational, the symplectic leaves (which are two-dimensional) are
dense in M.

Casimir functions of a Poisson structure n on M: Let U C M be an open set. We say
that f € E(U) is a Casimir function if n(f) =0 on U. In particular, since {f, g} = n(f)g on
U the Casimir functions constitute the centre of the Lie algebra (£(U),{, }|r). The space of
Casimir functions over U will be denoted by C,(U).

Proposition. The Casimir functions are constant on the leaves of the symplectic foliation.

Proof We have n(f)g = —n(g)f = 0 for any f € C,(U),g € E(U). So, since n(g) span the
characteristic distribution, f is constant along its leaves. O

Example 1’: C,(M) = R, the space of constant functions.

Example 2°: C,(M) = Fun(x?), the space of functions functionally generated by .

Example 3°: C,(M) = Fun((z")?+(2?)?+(2*)?). Hence the symplectic leaves are the concentric
spheres and the point {(0,0,0)}.
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Example 4’: If b/a is irrational C, (M) = R. However, for sufficiently small U the space C,(U)
will be functionally generated by one nonconstant function. So “local Casimirs” are not obtained
as the restriction of the “global Casimirs”.

Lie—Poisson structures, Definition I: Let (g,[,]) be a finite-dimensional Lie algebra, g*
its dual space (space of linear functionals on g). Given f,g € &(g*) define {f, g}s(z) =
(x,[df|s,dgl.]),x € g*. Here we identify T g* with g, (,) stands for the canonical pairing
between vectors and covectors.

Lie—Poisson structures, Definition II: Let (g,[,]) be a finite-dimensional Lie algebra,
€1,...,6, € g its basis, r1 = e,...,z, = e, these vectors regarded as linear functions on
g* (in particular x1,...,z, are linear coordinates on g*). Let [e;, e;] = ¢}, ek (ck are called the

structure constants corresponding to the basis ey, ..., e,). Put ny := cf xk A% 6m
.7

Proposition. The bivector corresponding to the bracket {, }, coincides with 7,.

Proof Ezercise: Prove that, given {,} : E(M) x E(M) — E(M), a bilinear skew-symmetric
operation being a differentiation with respect to each argument, there exists a bivector n €

P& TM) such that {f, g} — n(df, dg).
Let n = nij(x)aa—wi A %ﬂ_ be the bivector corresponding to {, },. Take f := x;,¢ := z;, then

{f,g}(x) = nY(x). On the other hand, by Definition I, {f, g}(z) = (z, [xi,ij = cfap. O

Exercise: 1) Let n € I'(\*TM), in local coordinates n = n(z)2- -\ 2. Show that the JI for
{3, 4f, 9} = 77 (2) 2L 29 holds if and only if the expression

Ox; Ox;
zk
J = Z ,r] 8ZET ( )

c.p.i,j,k

vanishes for all i, j, k € {1,...,n}. 2) Show that, given n,¢ € I'(A>TM),n = 0 (z JINL (=

Ox; " " Oxj’

¢9(z) & A £, the expression
7 J

o 9 AU T
[, ¢Jd" = B Z n' (w)%ﬁ’“(x) + CW(I)%TIM@)

c.p-i,5,k

is a local representation of a trivector on M (called the Schouten bracket of n and ().

Proof of the Jacobi identity for the Lie-Poisson structure: [1,, 752" = 3 Chpi .

c.p. 1,5,k ir
The last expression vanishes for all 4, j, k if and only if >

ep ik Z,,cjk =0 for all [,4, j, k, which
is equivalent to the JI for [,]. O

An action of a Lie algebra g on a manifold: A homomorphism of Lie algebras p : (g,[,]) —
(I'(TM),[,]) (in the target space [, ] stands for the commutator of vector fields) is called a (right)
action of g on M (a left action corresponds to an antihomomorphism, i.e. a map p: (g,[,]) —
(I'(TM),[,]) such that p([v, w]) = =[p(v), p(w)], v, w € g).

Orbits of an action p: (g,[,]) = (I'(TM),[,]): Put D, := {p(v)|. | v € g}, = € M.

Proposition. Let g be finite-dimensional. Then the generalized distribution D := {D, },em
is integrable.
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Proof The distribution D is involutive: [p(v), p(w)] = p([v, w]). Thus in the analytic category
the proof follows from the generalized Frobenius theorem. We skip the proof in the smooth
case (roughly it consists in integrating the action of the Lie algebra to a local action of the
corresponding Lie group). O

The leaves of the corresponding generalized foliation are called the orbits of the action p. If
the Lie algebra g is finite-dimensional, the action can be “integrated” to a local action of a Lie
group G such that g is its Lie algebra. Then the orbits of the Lie algebra action and of the Lie
group action coincide.

Linear representations and actions: Let V' be a vector space and A € End(V) a linear
operator. It induces a uniquely defined vector field A on V given by z — (z,Ax) : V —
VxV2TV.Ifep,... e, is abasis of V, 2',... 2" the dual basis of V* (i.e. the coordinates

- i i 9
on V) and Ae; = Aje;, we have A = Ajn' 5.

Ezercise: The map A — A : End(V) — I'(T'V) is an antihomorphism of Lie algebras, i.e. a
left action of the Lie algebra End(V') on V.

Let L : (g,[,]) = (End(V),[,]) be a representation of a Lie algebra g in a vector space V.

Then the map L : g — I'(TM), L(x) := L(z) is a left action of g on the manifold V. Note, that
the dual representation L* : g — End(V*) given by L*(v) := (L(v))* is an antihomomorphism,

hence the map L* : g — I'(TM), L*(v) := (L(v))* is a right action of g on V.

The adjoint and coadjoint actions: Let (g,[,]) be a Lie algebra. The homomorphism v
ad, : g — End(g), where ad,w := [v,w], gives the adjoint representation (of g on g). The
corresponding (left) action v — ad, : g — I'(Tg) is also called adjoint. The homomorphism
v — ad; : g — End(g*), where ad, is the transposed operator to ad,, and the corresponding

(right) action v — ad} : g — ['(T'g*) are called the coadjoint (anti)representation and action,
respectively.

The symplectic leaves of the Lie-Poisson structure 7, on g* coincide with the orbits

of the coadjoint action : We claim that ad, = 7,(v’), where v' denotes the linear function
on g* defined by an element v € g. Indeed, let v = v/e;, then v/ = v/z;. Here z,. .., , are the

: : " ok $0 g ok
elements ey, ..., e, regarded as linear functions on g*. Then ad,e; = v/cje, ada" = v/l 2",

hence ad} = v’ cﬁkxi%. The last expression obviously coincides with 7y(v"). O

An invariant symmetric bilinear form on (g, [, ]): A symmetric bilinear form (,) : gxg — R
satisfying the equality (ad,y, z) = —(y,ad,z) for any x,y, z € g.

Proposition. Let (,) be a nondegenerate invariant symmetric bilinear form on g. Identify
g with g* by means of the map v +— (v, -). Then the adjoint orbits become coadjoint ones under
this identification.

Proof Indeed, if A : g — g is a linear operator the transposed operator A* : g* — g* becomes
the adjoint one under this identification: (A*y, z) = (y, Az) for any y, z € g. Thus ad], becomes
—ad,. O

Notations (for the Lie algebras): gl(n, R) := {nxn—matrices with real entries}, sl(n,R) :=
{x € gl(n,R) | Tr(z) = 0},50(n,R) :={z € gl(n,R) | v = —2T'}
The sets above are Lie algebras with respect to the commutator of matrices.
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Notations (for the Lie Groups): GL(n,R) := {X € gl(n,R) | det X # 0},SL(n,R) :=
{X € gl(n,R) | det X =1}, 50(n,R) := {X € gl(n,R) | XXT = [,,}. All these sets are groups
with respect to the matrix multiplication. It is easy to see that if x € g, where g is one of the
Lie algebras above, then exp(z) € G, where G is the corresponding Lie group. Also g = T;G.

The Lie algebras from Examples 1-4, below, have an invariant nondegenerate symmetric form
(x,y) = Tr(zy) by means of which we can make an identification g = g*. The coadjoint orbits
are identified with the adjoint ones, which can be described as the orbits of the corresponding
Lie group with respect to the conjugation of matrices: {Xz X' | X € G},x € g.

Example 1: g := gl(n,R),C,,(9) = Fun(Tr(z), Tr(z?),..., Tr(z")).

Example 2: g := sl(n,R),C, (g9) = Fun(Tr(z?),...,Tr(2")). In particular, for n = 2 we have
a basis e; 1= €11 — €99, €9 1= €19, 62 = 621 and the commutation relations [eq, e5] = 2ey, [e1, €3] =
—2es, [e2, €3] = e1. Hence 1y = z15— &r /\ -+ 2092 Bt /\ — 2735 a A5 a . The Casimir function
Tr(z?) reads as 2%/2 + 2zox3. The symplectlc leaves are the 1 sheet hyperb0101ds sheets of
2-sheet hyperboloids, two sheets of the cone (without zero) and the point 0.

Example 3: g :=s0(2n,R),C, (g) = Fun(Tr(z?), Tr(z?) ..., Tr(2**2), Pf(z)).
Example 4: g :=s0(2n + 1,R),C, (9) = Fun(Tr(z?), Tr(z?) ..., Tr(z*")).

Example 5 (the Heisenberg algebra): g := R3, [e, e5] = e3, here ey, e, e3 is the standard
basis of R?. We have 7, = xgaa—m A aa—m, Cy, (g%) = Fun(xs), so the coadjoint orbits consist of the
planes {z3 =c},c # 0 and of the points of the plane {x3 = 0}. The adjoint orbits are generated
by the vector fields cfj a 2. where {z'} is the basis dual to {z;}, i. e. by z' dx?, , a2 063, so they

are the lines parallel to the x3-axis and the points of this axis.

The Arnold-Liouville theorem: Let (M,w) be symplectic, dim M = 2n. Assume a hami-
Itonian vector field v(H) admits n functionally independent integrals ¢; = H,gs,..., g, in
involution. Then

1. if the common level sets M, := {z € M | g; = ¢;,i = 1,...,n} of these integrals are
compact and connected, they are diffeomorphic to (n-dimensional) tori

™ = {(@17 s 7Q0n)m0d277'}7

2. the restriction of the initial hamiltonian equation to T™ gives an almost periodic motion
on T", i.e. in the “angle coordinates” ¢ the equation has the form

d7—>

d
here @ = (ay,...,a,) is a constant vector depending only on the level;

3. the initial equation can be integrated in “quadratures”, i.e. the solutions can be obtained
by means of a finite number of algebraic operations and operations of taking integral.

The proof of this theorem essentially breaks into two parts. The first shows that a compact
n-dimensional manifold with n commuting nonvanishing vector fields vy,...,v, (in our case
v; = n(g;)) is diffeomorphic to T".

The second builds special coordinates on M, the “action-angle” coordinates. The “angles”
Y1, ..., @, are defined in the fiest part of the proof for a fixed level set M., but it turns out that
they smoothly depend on c. The “action” coordinates I', ..., I" depend only on ¢, ..., ¢, and
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satisfy w = dI' A dy; (i.e. (¢, ) are canonical or Darboux coordinates). The initial equations
in these coordinates are of the form

i7 0 42 _ 2

dt 7 dt (D).

Due to the fact that (I, ¢)-coordinates are canonical, we get @ (I) = —g—%,?—%{ = 0. Thus,

knowing the “action-angle” coordinates, we can easily calculate the vector of “frequencies” a

and the solutions: 3 = 375 +td.

Example (harmonic oscillator I): Let M = R? H = (1/2)(p*+¢?),w = dpAdq. Then in the
polar coordinates ¢ = r cos ¢, p = rsin ¢ we have dp A\ dqg = — sin dr A rsin @dy + cos prdp A
cospdr = —rdr Adp = d(—r*/2) A dp. Hence I = —H, a; = 1, the solution is p(t) = ¢(0) + ¢,
Le.

— (Rcos(p(0) + 1), Rsin(¢(0) +1)).

Example (harmonic oscillator II): Let M = R* H = (1/2)(a*p* + b*¢*),w = dp A dg.
The hamiltonian vector field is n(H) = —a? pd b2q8 , here n = w™! = —g— A g— The
level sets M. = {(q,p) | H(q,p) = c} are ellipses {(q,p) | q2/(2c/b2) - q2/(20/a) = 1}
with the semiaxes v/2¢/b, v/2c/a. Note that the standard parametrization of the ellipse, ¢
(v2¢/bcos o, \/2c/asin @) is not a trajectory of n(H)

The recipe gives I(c) = %IMC pdqg = %fﬂcw = —=, which up to —5- is the area of
the figure M, := {(¢,p) | ¢*/(2¢/b?) + ¢*/(2c/a*) < 1} bounded by the ellipse. From this we
conclude that H = —abl and that the solution of the hamiltonian system

C

G = —a’p,p="b’g

is given by H = ¢, ¢(t) = ¢(0) — t% = (0) + tab or, in other words, by
— ((v2¢/b) cos(to + tab), (v2¢/a) sin(ty + tab)).

Example (harmonic oscillator III): Let M = R* H = (1/2)(p? +p3+ ¢ + ¢3),w = dp A dg.
The hamiltonian vector field is n(H) = _plaa_ql - ng—qQ + qlaa—pl + ng—m. Obviously n(H)f =0
for f := q1g2 + p1p2 so this is a Liouville~Arnold integrable system.

Lecture 111

References: |Mag78, GZ89, Bol91|

A Poisson pencil on M: Let a pair (n;,72) of linearly independent bivectors on a manifold
M be given. Assume 1’ := t;1n; + to1, is a Poisson structure for any t = (t1,t2) € R2. We say
that the Poisson structures n;, ny are compatible (or form a bihamiltonian structure or a Poisson
pair) and that the whole family © := {n'},cr2 is a Poisson pencil.

Ezxercise: Show that the following conditions are equivalent:
1. n' is Poisson, i.e. [n',n']s = 0, for any ¢ € R? (here [,]s is the Schouten bracket);

2. [nt,n']s = 0 for any three pairwise nonproportional values of ¢t € R?;
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3. [m,mls =0,[n1,m2]s = 0,12, m2]s = 0.

Example 1: Let 7;, 72 be bivectors on R" with constant coefficients. Then they form a Poisson
pair (recall that, given a bivector n = nij(x)g—xi/\%j, we have [, 72" := > e i 1 () 2=k ().
Example 2: Let g be a Lie algebra and 7, the Lie—Poisson structure on g*. Let c: g x g -+ R
be a 2-cocycle on g, i.e. ¢ is skew-symmetric and . . c([v,w],u) = 0 for any v, w,u € g.
Then ¢ € (g A g)* = g* A g* can be regarded as a bivector on g* with constant coefficients. It
turns out that (11, 72), where 1, := 1y, 72 := ¢, is a Poisson pair.

Indeed, it is easy to see that the bracket [(v,«), (w, )] = ([v,w],c(v,w)) defines a Lie
algebra structure on g’ := g x R (FEzercise: check this). The R-component lies in the centre of
g', we say that g’ is a central extension of g. The affine subspaces g = g* xzo C (¢')" = g" xR
are Poisson submanifolds of the Poisson manifold ((g')*,7y). The restriction 7y —coincides
with 77 4+ xon9, i.e. the last bivector is Poisson at least for three different values of xy. We
conclude that (n;,7,) is a Poisson pair.

In coordinates this looks as follows. Let ey, . .. , e, be a basis of g and [e;, ;] = cfjek, clei, ej) =
cij,%,J,k = 1,...,n, for some constants cfj,cij € R. Put np := (0,1),n, :== (n;,0) € ¢g',i =
1,...,n, and let xy, ...,z denote the same elements regarded as coordinates on (g')*. Then

0

(ko ot NO A D t_ (4 ok i) -
Ny = (cix), + xOCij)a_x; A o7 and n' = (Liejjoy + taciy) 5 A o+ Here ay, ..., wy, are coordinates

on g* corresponding to eq,....e,.
1 s En

Example 3: In a particular case when the cocycle ¢ is trivial, i.e. ¢(v,w) = a(]v,w]) for
some a € g* we get a Poisson pencil {n'},n' := (tlcfjmk + tgcfjak)g—m A 88—%, here aq,...,a, are
coordinates of a in the dual basis e!, ..., e" of g*. In the corresponding Poisson pair (1, 7s) the
first bivector is the Lie-Poisson one, 7y, and the second one is 74(a), the Lie-Poisson bivector
“frozen” at a.

Example 4: Let g : gl(n,R) and A € g. Put [z,y]4 := x Ay — yAx. It is easy to see that [,]4 is
a Lie bracket on g for any A (FEzercise: check this). In particular, for a fixed A € g the bracket
L] == t1[,] + ta[,]a = []t,144.4 is a Lie bracket for any ¢t € R? (any family of Lie brackets
linearly spanned by two fixed brackets will be called a Lie pencil). Denote g* := (g,[,]*). The
Lie—Poisson structures 7y form a Poisson pencil on g*.

We get a generalization of this example taking g := so(n, R) and A a symmetric n X n-matrix.

I mechanism of constructing functions in involution (the Magri—Lenard scheme):
Let (n1,72) be a pair of Poisson structures (not necessarily compatible). Assume we can found
a sequence of functions Hy, Hy, ... € £(M) satisfying

m(Ho) = na(Hy)
m(Hy) = na(Hz)

Proposition. For any indices 7, j the following equality holds:
{Hi, Hj}ny = {Hiv1, Hj—1}n,-
Proof m(Hi)Hj = no(Hip1)Hj = —np(Hj)Hivr = —m(Hj—1)Hipy = m(Hipr) Hjoy O

Now assume i < j. If j —i = 2k, we can apply the proposition k times and get {H;, H,},, =
{HiJrkajfk}m = {Hi+k7Hi+k}n1 =0.1f j —i =2k + 1, we get {H,, Hj}m = {HiJrk;ijk:}m =
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{Hz’—i-k; Hi+k+1}n1 = nl(Hi+k)Hi+k+1 = 772<Hz'+k+1)Hi+k+1 = 0. Hence the sequence Ho, Hl, .
a family of first integrals in involution for any of vector fields v; := n;(H;),7 = 0,1,... Note
that all these vector fields are “bihamiltonian”, i.e. hamiltonian with respect to both the Poisson
structures 7y, n2.

In general it is hard to find the sequences of functions Hy, Hy, . .. with the required properti-
es. However, if we assume additionally that (1, 79) is a Poisson pair, there are some cases, when
such sequences naturally appear. For instance, assume that all the bivectors n' := t;n; + tan, of
the corresponding Poisson pencil are degenerate. Let 7 := Any + 1o, A := t;/to, and let f* be a
Casimir function of n*. It turns out that f* depends smoothly, let f* = fo + Afi + A2 fy + - -
be the corresponding Tailor expansion. Then we deduce from the equality n*(f*) = 0 that
0 = m(f0), m(fo) + m2(f1),m(f1) + m2(f2),. .. (coefficients of different powers of \). Thus we
can put Hy := fy, Hy := —f1, Hy := f5,... Note that such a Magri—Lenard chain starts from a
Casimir function of 7. If ¢* = go + gy + - - - is another Casimir function of n*, we get another
sequence of functions in involution. A question arises, is it true that {f;, g;},, = 07 Another
important question concerns the completeness of the obtained family of functions.

IT mechanism of constructing functions in involution (based on the Casimir functi-
ons of a Poisson pencil): Let {n’};cg2 be a Poisson pencil on M. Denote by C*(M) the space
of Casimir functions of 7'.

Proposition. Let t,¢” € R? be linearly independent and let f € C* (M), g € C*"(M). Then

{f. g}y =0
for any t € R2.

Proof Indeed for any ¢t € R? there exist ¢/, " € R such that t = ¢t + ¢’t". Then {f, g}, =
n'(flg = (n" +"")(flg =" (flg=—c"n"(9)f =0. O

It is not clear from this fact whether {f, g},» = 0 if f, g are Casimir functions of the same
bivector n''. We will discuss this question in the next lecture.

The Jordan—Kronecker decomposition of a pair of bivectors: A bivector b on a vector
space V is an element of /\2 V. We will view a bivector b sometimes as a skew-symmetric map
V* — V (then its value at z € V* will be denoted by b(x)) and sometimes as a skew-symmetric
bilinear form on V* (then its value at z,y € V* will be denoted by b(z,y)). In particular,
b(z,y) = (b(x),y).

Theorem. (Gelfand-Zakharevich, 1989) Given a finite-dimensional vector space V' over
C and a pair of bivectors (b1, b)) @ /\2 V* — C, there exists a direct decomposition
V* = @k _ V¥ such that b (V¥ V) = 0 for i = 1,2,1 # m, and the triples (V,;,bﬁ,?,b%)),
where b = b(i)|vﬂ»;, are from the following list:

1. |the Jordan block joj;,, (A)]: dim V! = 24, and in an appropriate basis of V,! the matrices

of b%), b2 are equal to

{ 0 Ijmy{ 0 Ji (N

—1I;, 0 ~Ji, (N0
where I;,, is the unity jm X jm-matriz and
A1 0 -0
OoAx1 -0
Sju(A) =
0 0 0 1
000 -+ A
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s the Jordan j, X jm-block with the eigenvalue \;

2. [the Jordan block joj,. (00)|: dim V¥ = 24, and in an appropriate basis of V,! the matrices

o U

3. [the Kronecker block ko, +1|: dimV* = 2k, + 1 and in an appropriate basis of V. the

matrices of b%), b,(ﬁ) are equal to

of bfﬁ), b2 are equal to

-Bf, 0 By, 0
where
1 00 00 010 00
Biy, = 010 00 By, = 0 01 0 0
000 10 000 0 1

(km X (ky, + 1)-matrices).

Kronecker Poisson pencils: Let {n'}icr2,n' := t1m1 + tan, be a Poisson pencil on M. We
say that it is Kronecker at a point x € M, if the Jordan—Kronecker decomposition of the pair
of bivectors n ., 172|» (regarded as elements of A* TCM, here TCM is the complexified tangent
space) does not contain Jordan blocks.

Proposition. {n'},cr2 is Kronecker at x if and only if
rank (tym|o + tamale) = const, (t1, ;) € C*\ {0}.

Proof It is easy to see that any nontrivial linear combination of matrices K, , Ko, has
constant rank equal to 2k,,. So the rank can “jump” at some ¢t # 0 if and only if there are
Jordan blocks in the decomposition. O

We say that a Poisson pencil © on M is Kronecker if there exists an open dense set U C M
such that © is Kronecker at any x € U.

Involutivity of Casimir functions for Kronecker Poisson pencils: We have already
proven that, if #,¢” € R? are linearly independent, then {f, g},- = 0 for any f € C*(M),g €
C""(M),t € R?. In the same way one can prove that ‘|.(a, 3) = 0 for any a € kern”|,,3 €
kernt’|,,t € R2

Proposition. Let {n'},cg> be Kronecker and let ¢ € R?, ¢’ # 0. Then {f, g},» = 0 for any
f,gec’(M),t cR?

Proof Fix x € U. Let t(,) € R? be such that t(,) is linearly independent with ¢ and ¢, s
The kernel of the map n'|, : T:M — T,M continuously depend on ¢t € R?\ {0} and is of
constant dimension. Consequently we can find a sequence of covectors «,, € ker n'™ |, such that
an =X dyg. We get n'|,(dyf, o) = 0 and by continuity we conclude that n*|,(d,f, d,g) = 0.
In other words, {f, g}, () = 0 for any z € U. Since U is dense, using again the continuity
argument we get the proof. O

Summarizing, we get the following result.
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Proposition. Let © = {n'};cr2 be a Kronecker Poisson pencil and let

CO(M) = Span{ [ J C'(M)}.

teR2\{0}

Then C®(M) is a family of functions in involution with respect to any Poisson bivector n'.

Remark: Tt can be shown that in the Kronecker case the family of functions in involution
obtained by the Magri-Lenard scheme starting from Casimir functions coincide with the family

CO(M).

Completeness of Casimir functions for Kronecker Poisson pencils: Let (M,7n) be a
Poisson structure. We say that an open set W C M is correct for n if the set W/ := W\
(W N Singn) is nonempty and the common level sets of the functions from C"(W’) coincide
with the symplectic foliation of n on the set W’'. In other words, the set W is correct if the
Poisson structure does not have regular symplectic leaves dense in W. Equivalent definition:
W is correct if {d,f | f € C"(W)} = kern, for any x € W’'. Note that in analytic category any
sufficiently small open set is correct.

Proposition. Let © = {n'};cgz be a Kronecker Poisson pencil. Assume W C M is an
open set that is correct for n* for a countable set {t1), (), ...} of pairwise linearly independent
values of the parameter ¢ and the set W’ := W \ |J;2, Sing n"® is nonempty. Then the set of
functions in involution C®(W’) is complete with respect to any 7', t # 0.

Proof Fix x € UNW'. Let us first prove that the set C, := {d,.f | f € CO(W')} C T'M
coincides with the set L, := Span{{J,cps o) kern;}. Indeed, the vector space L, is finite-
dimensional, hence is generated by a finite number of kernels kern! = {d.f | f € C'(W)}.
Hence L, C C,. The same considerations show that C, C L,.

It is easy to see that the set L, is of dimension (1/2)rankn! + dim M — rankn.. Assume
for a moment that the Jordan—Kronecker decomposition of the pair 7|, 72|, consists of one
Kronecker block ko, 1. The kernel of the matrix MKy, + Kay, is 1-dimensional and is
spanned by the vector [0,...,0,1,—\,...,(=\)*]. Taking k,, + 1 different values of \ we get
km+1=(1/2)rankn. + dim M —rankn’. linearly independent vectors (recall the Vandermonde
determinant) spanning the set L,. In the case of several Kronecker blocks you repeat these
considerations for each block. O

Remark: Tn fact it is sufficient to require that W is correct for a finite number of n'. However,
this number depends on the number and dimension of the Kronecker blocks, so we make a bit
stronger assumption (which in practice is always satisfied).

Example (method of the argument translation): Let M := g*,n; := 1y, 172 1= n4(a), S =
Sing 7y, where a € g* \ S. Assume that codimS > 2 (if g is semisimple it is known that
codim S > 3). Note that S is an algebraic set, i.e. it is defined by a finite number of algebraic
equations fi(x) = 0,..., fim(z) = 0 on g*. Any algebraic set in a neighbourhood of its generic
point is diffeomorphic to a manifold, hence its dimension is correctly defined.

If eq,..., e, is a basis of g and the corresponding structure constants are defined by [e;, e;] =
cf;ex, the polynomials fi,..., f, are the r x r-minors of the matrix ¢;j(z) = c};zp, where
r = max, rank [¢;;(z)]. Here 1 = ey,...,z, = e, are the corresponding coordinates on g*.

In order to check the condition of Kroneckerity we need to consider the complexification
gc of the initial Lie algebra. It can be regarded as a vector space Spanc{ej,...,e,} = C"
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with the Lie bracket defined by the same structure constants. The set Sc := {(21,...,2,) €
gt = C" | rank ¢z, < max.ecn rank ¢z} is a complex algebraic set defined by the equations
fi(z) =0,..., fm(2) = 0, where fi,..., f,, are the same polynomials as above. In particular,
the set Sc is of complex codimension at least 2.

We know that 7], + tomal, = & Lty + taag), tr, ta € C. Thus rank (], + tangl.) is
maximal (over ¢) and independent of { € C?\ {0} if and only if t;2 + ta € g \ S if and only
if + € a, Sc, where a, S¢ := {z € g& | 3(t1,t2) € C*\ {0}: t12 + toa € Sc}.

Note that the set Sc is homogeneous (stable under rescaling). Passing to the projectivization
the set a, Sc becomes a cone in CP"! over the projectivization of S. This shows that the set
a, Sc is also algebraic (by the standard arguments from algebraic geometry) and, moreover,
dimc a, S¢c = dime S+ 1. In particular codime a, S¢ > 1 and we can put U := g*\ (g*Na, S¢) =
g*\ (a,5). Here a, S := {z € g* | 3(t;,t2) € R?\ {0}: t,x + tya € S} and codimg a, S > 1. The
set U is an open dense set in g* such that {n'} is Kronecker at any = € U.

Finally assume that g is semisimple. Then 7, has enough global Casimir functions and the
whole space g* is a correct set for ny. In particular, the assumptions of the proposition above
are satisfied and we get a complete set C®(g*) of functions in involution (with respect to any
n'). This set is generated by the “translations” f(x + Aa), A € R, of the Casimir functions f of

Tg-
IIT mechanism of constructing functions in involution (based on eigenvalue functi-
ons of a Poisson pencil):

Theorem 2. Let {n'} be a Poisson pencil on M, wq(x),ws(x) two eigenvalues of Jordan
blocks. Then

{wl,wg}nt =0 VvVt € RQ.

Lemma. If w(z) is an egenvalue of a Jordan block (in other words, rank (9, (z)—w(z)ne(z)) <
MAX,£y(z) Tank (71 (z) — vna(x))), then dyw € ker(ny — vone)(z) for any x € M,, == {z | w(z) =

UQ}.

In particular, {w, f}(lv_vo)\Mvo = 0 for any function f.

Proof Consider a Poisson structure 7, — von, and a point x € M,,. A symplectic leaf
S,dim S < dim M passes through x. The function w is constant on S. Indeed, if y € S is close
to x, then rank (7 (y) — von2(y)) < maxy,zy, rank (71 (y) — vn2(y)), i.e. vo must be an eigenvalue
of “the same” Jordan block at a point y, hence w(y) = vp.

Proof of the theorem Let w1 (), wz(x) be functionally independent. Then there exists a local
coordinate system on M of the form wq, ws, x3, ..., 2.

let v; # vo. Then there exist a(vy,vs), B(vy,v5) € R such that 7% = A\ + domp =
a(vr, v2)(m — vina) + B(vr, v2)(m — vame). Thus

{U)l, wZ}A‘(vl,vg,xg,‘..,xm = ((Alnl + )\2n2)<dw1>w2)‘(vl,vg,xg,.‘.,xm) ==

a(v, vp){wr, wQ}(l’_m”(vl va@aam) T BU1, v2){wr, wy }1v2)|

- O 6(017 UQ){wZJ wl}( 7J2 |(U1 V2,T3 5.y Tm) — 0

By continuity we also have 0 for v; = vs.

(1)171)271‘3,..47137”)
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EQUIVARIANT COMPLEXES IN COMBINATORICS

Leonid Plachta*?

(' AGH University of Science and Technology (Cracow)
) TAPMM of NAS of Ukraine (Lviv)

dept25Q@gmail.com

Configurations. We consider the n-simplex A" as the largest simplicial complex on the
vertex set [n+1]. Let X be a cell complex. The space F'(X, k) = X*\{(z1,...,2;) € X¥|z; = 2;}
is called the configuration space of the complex X.

Let k,n > 1 be fixed integers such that £k < n and K be a simplicial complex with dimK = n.
We define Dy (K) to be the largest cell complex that is contained in the product K* minus its
diagonal {(x1,...,xx) € KF|z; = z; for some i # j}. More explicitly, Dy(K) =Joy x -+ X 0%,
where the above summation is over all pairwise disjoint closed cells in K [A. Abrams, D. Gay
and V. Hover, Discretized configurations and partial partitions, Proceedings of AMS, 2011|. The
space Di(K) is called the k-discretized configuration space of K. If K = A™ the maximum
dimension of a cell of Dy(A") is equal to n — k + 1. The complexes Dy(A") and F(K, k) are the
Z;, and Si-complexes in the standard way where Sy is the symmetric group on [k]. In this talk,
we review topological homological properties of Dy (A™). We also describe some homological
properties of F'(R", k), the space that is related to Dy(A™).

Application in combinatorics. Let F be the set system on [n] and r < n be the fixed
positive integer. Let H = KG,(F) be the Kneser r-hypergraph determined by the set system F.
In combinatorics, it is known a procedure which allows to associate with a Kneser r-hypergraph
H a cellular complex X with a free action of the symmetric group S, or the cyclic group Z,
on it. In one particular case, X can be represented as a r-fold deleted product (or deleted join)
of some simplicial complex Y associated with X. It turns out, the equivariant topology of X
reflects some combinatorial properties of the hypergraph (graph) H. The second purpose of the
present talk is to describe the relation between coloring properties of hypergraphs (graphs) H
and topological properties of equivariant G-complexes associated with H (in particular, confi-
guration and discrete configuration spaces). For references on this subject, see for example,
|[J. Matousek, Using the Borsuk-Ulam Theorem: Lecture on Topological Methods in Combi-
natorics and geometry, Springer, 2003] or [P. Csorba, C. Lange, 1. Schurr, and A. Wassmer,
Note Box complezes, and the chromatic number, Journal of Combinatorial Theory, Ser.A (108)
2004, 159-168].
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SHADOWS PROBLEMS IN EUCLIDIAN SPACES

Yuri Zelinskii
Institute of Mathematics Ukrainian National Academy of Science, Kyiv, Ukraine
zel@imath.kiev.ua

Definition 1. We shall say that a set £ C R™ is m-convex for points x € R"\ E if there
exists an m-dimensional plane L, such that x € L and L N E = &; the set E is m-convex if it
is m-convex for each point = € R"\E.

Problem 1 (about shade). What is the minimum number of non-overlapping closed
balls with the centers on the sphere S"~! with radii smaller than the radius of that sphere such
that any straight line, passing through the center of the sphere, cross at least one of these balls?

Theorem 1. The center of an (n — 1)-sphere in n-dimensional Euclidean space, n > 2,
belongs to the 1-shell of a family of open (closed) balls of radii not exceeding (smaller) than
the radius of the sphere and with centers on this sphere if and only if n + 1 balls form a shell.

Definition 2. We shall say that a set £ C R™ is m-semiconvex for points x € R"\ E if there
exists an m-dimensional half-plane P, such as z € P and PN FE = &; the set F is m-semiconvex
if it is m-semiconvex for each points z € R™\ E.

Let I be a 1-semiconvex hull of a family of non-overlapping closed sets (in the n-dimensional
Euclidean space) generated by the given convex set having a non-empty interior with the help
of a transformation group consisting of movements and homotheties.

Theorem 2. A selected point in the n-dimensional Euclidean space, n > 2, belongs to F'
for 2n elements of this family.

(Hyper)complex case. Problem 2. What is the minimum number of non-overlapping
closed balls, having centers on the sphere and radii which are smaller than the radius of the
given sphere, and a property that any complex (hypercomplex) line passing through the center
of the sphere intersects at least one of these balls?

Theorem 3. The selected point in the n-dimensional complex (hyper)complex Euclidean
space belongs to the 1-(hyper)complex hull of the family of disjoint open (closed) balls that do
not contain the given point if and only if the number of balls is equal to n.

1. G. Khudayberganov, On uniform-polynomial convez shell of the union balls, Manuscript dep. in
VINITT 21.02.1982, No. 1772 - 85 Dep.

2. Yu. Zelinskii, I. Vyhovska, M. Stefanchuk, Generalized conver sets and shadows problem, ArXiv
preprint /arXiv:1501.06747 [math.MG|/, 2015, 15 P. (in Russian).
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Bua 2-KH® BVJIEBBIX ®VHKIINN, 3AIAIOILINX TOIIOJIOTUN
HA KOHEYHOM MHOYKECTBE

H. II. Bamosa*, A. B. Ckpsbuna
BHTY*, 3HY, 3anopoxbe, YKpanHa,
bashovanp82Q@gmail.com, anna_ 29 95@mail.Tu

[IycThb 3a/1aHO N - 9J€MEHTHOe YIopsiiodenHoe MHOKecTBO X = {x1, T, ..., x, }. Kaxmomy
13 MOJAMHOXKECTB JTAHHOTO MHOYKECTBA, IIOCTABHM BO B3aMMHO OJHO3HAYHOE COOTBETCTBHE Oy/IeB
BeKTOp (1, T2, ..., Ty), B KOTOPOM ; = 1, €c/iu i-Thlli /1eMeHT MHOXKeCTBa X [PUHAJICKHUT
9TOMY MOJAMHOKECTBY, U T; = 0, ecin He NPHHAIEKUT. PacCMOTPUM BCEBO3MOXKHbBIE HAGOPHI
MOAMHOYKECTB MHOXKecTBa X. KaykgoMy M3 HUX TOCTaBUM B COOTBETCTBHUE OyjeBy (DyHKIIUIO
f(z1, 2o, ..., 2,), 0BJACTH HCTHHHOCTH KOTOPOIi 33/1a€T BCe TTOIMHOYKECTBA, MPUHAJIEZKATIIE BbI-
opanHOMY Habopy. COOTBETCTBHE MeYKJIy MHOXKECTBOM BCeX OyJIeBBIX (DYHKITUI OT n-MepHBIX
OyJIeBBIX BEKTOPOB U MHOYKECTBOM BCeX HAOOPOB MOIMHOMKECTB N-3JIEMEHTHOTO MHOXKECTBa X
6uexTuBHO [1].

Habop moaMHOXKECTB N-3JIEMEHTHOIO MHOYKECTBA SIBJIIETCS TOMOJIOTHEH HA 5TOM MHOYKECTBE
TOI/Ia W TOJBKO TOI[a, KOrja OyiaeBa (hDyHKIHs, ONMMCHIBAIONAS 9TY CHCTEMY IIOIMHOYKECTB,
VIOBJIETBOPSIET CJIEIYIONIUM TpeOOBAHIAM:

1) B o6aacTb ee HCTHHHOCTH BKJOYaoTcst OyiaeBbl BekTopbl (0,0,...,0) u (1,1,...,1), 1o
ecTb sgBasgercd 0-BbITOJHUMONR 1 1-BBITOJTHUMOTA.

2) Bmecte ¢ J11060ii mapoii 6yJeBbIX BEKTOPOB (1, Tg, ..., L) U (Y1, Y2, -+, Yn) B 0OTACTH HCTHH-
HOCTHU BXOJIAT OyJieBbI BEKTOPbI (xl VY, oV Yz, ...,Typ V yn) u (xl ANY1, T2 N Yy, Ty N yn), TO
ecThb OyseBa (DYHKIMS ABIAETCS GUIOHKTUBHOMN (9TO CJie/lyeT U3 KpUTepust OUIOHKTUBHOCTH [2]).

JlaauM TOMoOJIOrnIecKoe TOJKOBAHNE TOHATUIM CYIIeCTBeHHAS] U HECYIeCTBeHHAS TePeMeH-
Hasl.

Omnpenenenne 1. Ilepemennasn r; € X Hasveaemces HECYWECMBEHHOT 6 MONOAO2UY T,
ecau dan mobozo U € T svinoanenv yeaosua: U U{z;} € 7 u U\ {z;} € 7. B npomusrom
CAYUAE NEPEMEHHAA T; HA3BIBAETNCA CYULECTNEEHHOT.

Vreepxkaenue 1. (Kpurepuii HecymnecTBeHHoCTH iepeMenHoit) Ilepementasn x; 6y-
dem Hecyuecmeennot 6 monoao2ul T mozda U moavko moada, kozda muoscecmeo {x;} 0drnos-
PEMEHHO OMKPLIMO U 3AMKEHYMO.

Vreepxkaenue 2. Buwnkmushas 6yseea gynkyus f(xq,xs, ..., T,) 3adaem monosozumo,
ecau €€ 2-KH® umeem sud: (; V xy), 2de k,j € {l,...,n}, j#k.

Teopema 1. Byacsa dynwyua f(xy,Ta,...,2,) ¢ 6ecom, Goavwum wucaa 2", sadaem
MONON02UI HG N-IAEMEHMHOM MHOHCECMEE M0200 U MOAbKko moz2da, kozda eé 2-KHOD umeem
eud:

1) A (2, Vo), 2de 1 < a,, < n— 1. Ilpu amom wucio cyusecmeerHuis nepemenHoLs
pyrruyuy pasro o, + 1;

2) (o VI)A(Tp A VI A A (T 1 V), 20e 1 <k <n—2wui=1,k. Ipusmom dynryua
6ydem codeporcamv (n — k + 1) cywecmsennus nepementols.

3) (T Vi) N(Tp-1 V), 2dei=1n—2,5=1n—2,i%j. IIpu omom cyujecmeentox
nepemennwvir bydem 4.

1. Anamenko H.II. Onucanue monosoeuti na KoHeUHOT MHONCECMBAT OYAeebmu PynKyuimu. Be-
emnux 3HY. (2006), 5-8

2. Tapacos A. B. O6obwenue xpumepua 6uronkmuenocmu Lllegepa. Inckpernas maTemarnka. 24:2
(2012), 92-99
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JIOKAJIBHBIE UHBAPUAHTHI FHA,ZLKOI;I CYBMEPCHUU
f:E"—R
B. M. Ky3akousb
OHAIIT, Ogecca, Ykpanua
kuzakon vQukr.net

[Iycth E® — eBKJIMIOBO IMIPOCTPAHCTBO Pa3MEPHOCTH N, p — MPOU3BOJIbHAS TouKa B E") ¢;
— noapuzknoit penep B E™, 4,5, k,... = 1,2,...,n. epuBaluonnble ypaBHeHUsd UMEIOT BHI;

— ] )
dp = wej, de; = wje;.

MpbI ucnoJib3yeM 1OYTH OPTOHOPMUPOBAHHBIE pelepbl (AO—peHepbl), KOTOPBIE VIOBICTBOPIIOT
YCJIIOBUAM
. — 0 — 42
(eu(fv) :51“)7 u,'U,w = 1727"‘7n_ 17 (euen) _07 (enen) _g ?

rjie ¢ — TaaJiKasg GYHKIAS OT JIOKAJBHBIX KOOPIUHAT TOYKHU P.

[IpeoGpasoBanue, nepesoagmee omun AO-penep B apyroii, nmeet sug P = G~1(§)O(n)G(g),
riae O(n) — opToronanbHasi MATPHUIA TMOpsaka n, G — IUArOHAIbHAS MATPUIA, ¥ KOTOPOH BCe
9JEMEHTBI KPOME TIOC/IeTHEr0 € INHUIIbI, 8 TOC/e1HIi ecTh ¢. ODO3HAYNMM MHOKECTBO TAKHUX IIPe-
obpazosanuit P. CTpyKTypHBIE YpaBHEeHUS HCeBAOTpyHbl auddeomopdu3MoB, 1efHcTBY O
Ha npsamoit R:

A9t = 9L AL, A0t = 9t AL, A0, = 9L AL, 9t AL, (1)

npudem, 9 = \; w'. CupaBeIuBbl cJe/lyoliue cCOOTHOIICHUS:

V1 =dlng — a,w" — aw".

(Vwy + apuwy) A" + 7a, Aw™ + Ayw” Aw™ =0,

V(gavu) = avuzwz + gbvuwny
Vay = (bvu - Avu)wu + bvwna
rie:
Avu = Auv = QQZavzazu + a,ay,

z z
Vayy = davu — Qo W, — Az Wy,
YV, = da, — a,w, .

Teopema 1. Beauuunvt G, ay byy, Avy % 06pasyomM MEH30PBL OMHOCUTNEALHO NPEOOPa-
306anuti ncesdozpynnu, P.

Teopema 2. Ilycmo s3adana cybmepcus f: E" — R, npuvem npocmparcmeo E" omnecero
K NOYIMYU OPMOHOPMUPOSLHHOMY PENEPY, & CMPYKMYPHLLE YPABHEHUA NCeso2PYNIbL NPEodPA30-
saruli wa R umerom eud (1). Toeda cemeticmso kopenepos 6 B u na R moorcro evbpams max,
Ymo Gopma w" GHHYAUPYETCA HA CAOAT COOMEEMCemeytowe2o caoernus P, a dgopmu 91,91, . ..
CMAHOBAMCHA 2AA6HOMU U 3GBUCAN MOALKEO OM CAOEGHLL POPM W' U, BOZMOHCHO, euLe OM Ka-
AUOPOBKL.

1. Kuzakon V.M., Shelekhov A. M. Local invariants of smooth foliations./ V. M. Kuzakon Mathemati-
cal Modelling and Geometry. —2014, V. 2, No 3, —C.48-59.

2. Jlamres . ®.K unBapuanTHoii Teopun quddepernupyembix orodbpazkenuii./ [ ®@. Jlarmres Tpy-
Jbl TeoMeTpuueckoro cemuuapa. —Mocksa, BUHUTU AH CCCP, 1974 1. 6, — c. 37-42.
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VTHOUHUTE3UMAJIBHBIE TOJIOMOP®HO-TTPOEKTVUBHBIE
[TIPEOBPA3BOBAHUSA COXPAHAIUINE TEH30P DVHIITENHA

HA KEJIEPOBBIX MHOI'OOBPA3HMAX HEHVJIEBOU
[TOCTOAHHON CKAJISAPHONM KPUBU3HBI

E. E. Henypnas
OHAIIT, Onecca, Ykpauna
culeshova@ukr.net

Nucdunurezumasibubie roJoMOPEGHO-IPOEKTUBHBIE ITPEOOPA30OBAHUS OLIPEJIEJIAIOTC YCJA0BU-
€M

1
h h h h h
Lel'y; = 5(%0153' + 00 — @V E) — o FUF] )
3nech sz —KOMILJIEKCHas CTPYKTYypa, Takoii adpdunop, aro:
FiF; ==6],  F,=0,
a cuMBoJl L¢ o3HauaeT nmpoussoJuyio JIu iroan noud §. Tensop

def 1
Bij = Rij — —Rgi; (1)
HA3BIBAIOT men3opom inwmetna. V13 Tpebosanust coxpanenns Tersopa (1) J0AKHO BBITIOJ-
HATHCS ypaBHEHNE
13 (2) u nocrostHCTBaA CKasipHO# Kpubnsubl R = R;;g # 0 caeayer, uro

n(n+ 2)
Legiy = —T%,j

[Tosraras 5
pi=¢& + 71(7;—;)%
MBI TIOJIydaeM p’ — KOHTpaBapUaHTHBIH aHAIUTHUYCCKIH BEKTOP, KOTOPBIH K TOMY :Ke, ABIAeTCs
BekTopoMm Kummnara [1]. Takzke, Bekropom Kuiaunra siBiasercs

¢ = n(n + 2)(ka]z'.

2R
Hamu jjokazana ciieyionias reopema

Teopema. B keaeposvix mH02000pa3uar nocmosHHol HeHYAe80l ckaAAPHOT KPususHvl 10001
anarumuyeckuti Konmpasapuanmmoti eexmop &', noposicdarouuti 2040MopPHO-NPOEKMUBSHDLE
UHPUHUIMESUMANDHOE TPEOOPAZ0BAHUE, COTPAHANULEE MEHI0P DTUHUMETHE, MOHCEM Obimb eOUH-
CMBEHHBIM 00pa3om npedcmasaer 6 hopme:

&=p +Fd,
ede p' u ¢¢ — sexmopu, Kuarunea.

1. K. Yano Differential geometry on complex and almost complex spaces,- Pure and Applied Math.
vol. 49, Pergamon Press Book, New York (1965).

2. 1. Mukenr Ioromopgdino-npoexmusnvie omobpasicenus u uz obobwenus. - leomerpug — 3, Urorn
nayku u texs. Cep. Cospem. mar. u ee npumi. Temar. 063., 30, BUHUTU, M., 2002, 258-289

3. S. Tachibana S. Ishihara On infinitesimal holomorphically projective transformations in kahlerian
manifolds,- Tohoku Math. J. (2) 12 (1960), no. 1, 77-101.
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[TPO HABOPU OPTOIIPOEKTOPIB, 1110 3A/JOBOJIbHAIOTH “ALL
BUT TWO” CIIBBIJJHOLIEHHSI

E.H. Aoryposa
[ucturyT maremaruku HAH Vkpainu, Kuis, Ykpaina
work1991Qukr.net

Jlana poboTa IpUCBSIYEHA BUBUYCHHIO 300paskKeHHS *-aIredpH, IOPOoIKeHoI HAbDOPOM IPOeK-

topiB P, Py, Q1, ..., (Qp, 9Ki 33I0BOJILHSIOTH CIIiBBIIHOITEHHSI:
P 1 P, Qi+ +Qn=1 (1)
[Tokazano, mo 3a yMOBH, II0 KOXKHa mapa upoekropis (P, Qy), j = 1,2, k = 1....n,

3HAXOJNTHCH Y 3araJbHOMY TOJOZKEHH], 3a/1a4a ONMNUCY 3 TOYHICTIO 10 YHITAPHOI eKBIBAJEHTHOCTI
Habopis (1), ekBiBasteHTHA 70 33/0a4i onucy BJI0YHEX 2 X 2 TOJATHUX CAMOCHPSZKEHUX MATPHUIIb
A, ..., A, 3ymoBor: Ay +---+ A, =1.

Basaua onucy HaBOPiB OPTOMPOEKTOPIB 3 yMoBamu (1) 3 TOUHICTIO 10 YHITAPHOT eKBiBATIEHT-
HOCTI € *-JuKOI0. ToMy J10C/IIKYIOThCS HAOOPHU 3 JIOJATKOBUMU KOMYTAIIHHUMHU CIIiBBiHO-
MIEHHAMHY, K1 €KBIBAJIEHTHI YMOBI, 1110 y HE3BiIHOMY 300parkeHHi 00pa3u OpTONpoeKTOpiB P,
P, ognoBumipHi. Y 1bOMY BUIMAJIKY 3a/1a9a ONNCY HE3BIIHWUX HAOOPIB € PYUYHOIO.

OCHOBHHM pe3yJIbTATOM poOOTH € TeopeMa 1, gKa OIucye KOMYTaTUBHUN Habip HOpMAaJIbHUX
OIIepPaTOpiB, CIEKTPAILHUN PO3KJIAI IKUX Ja€ PO3KJIal HAOOPY Ha He3BiIHI HabOPH.

Orxke, Hexait A — MHOXKHUHA yCIX MYJIbTHIHJIEKCIB

o = (jl)klana"'>kl—17jl7klaj1>7
Js=1,2; ks=1,...,n; s=1,...,0; L=0,1,....

Posringnemo Habip oneparopis C, a € A:
Co = ‘lele‘PjQ s ka—1plekszl> (2)

[losragmmo A; C A miaMHOXKUHY 1HIEKCIB, IO MOYXHAIOTHCS Ta 3aKiHIYIOTbCd HA i, ¢ = 1, 2.

Teopema 1. Hexait Habip opronpoekTopis Pi, P, Q1, ..., Q,, M0 3a10B0abHsIE YMOBi (1)
HEe3BIJIHUIT Ta BUKOHYIOTHCS YMOBH:

i) Py #0, Py #0;

ii) mpu koxxuEOMY j = 1,...,n mapa npoekropis Fy = P, + P, ta (); 3HaXOAATHCS Y 3ara/ib-
HOMY IIOJIOYKEHHI;

iii) omeparopu C,, o € A, mo Bu3HAYAIOTHCsT HOPMYIOI0 (2) YTBOPIOIOTH KOMYTATHBHUIL
Habip.

Toni Cy = co P}, co € C, a € A;, i HADIp uncen

Ca; Q€ {(j>k7j>7(17k727l71> ’]: 172;kal:17"'7n}7

BHU3HaYAE npoekTopu P, P, @1, ..., (), 0OAHO3HAYHO 3 TOYHICTIO 0 YHITAPHOI €KBIBAJIEHTHOCTI.
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[IPO JEAKI KOHTPIIPUKJIAIN B TEOPII BATATOBMMIPHUX
CUHI'VIAPHUX UMOBIPHICHUX MIP

Bonommuna BikTopis

Cunryigpai iMOBIpHICHI MipH BUBYAIOTHCA IIPOTATOM OCTaHHIX cTa pokiB. CyTTeBe Ii/IBU-
IIEeHHs 1HTEPeciB 10 BUBYEHHA TaKUX Mip BinOyrocd B KiHIi XX-TO CTOJNITTA V 3B’4I3KY 3 TaK
3BaHUM “‘(PpakrajibHUM BUOYXOM” Ta JIMOOKHUM 3B SI3KOM MixK Teopi€io (hpakTaJiiB Ta TEOPIEIo
CUHTYJISIPHUX Mip.

BaxkimBuii Kjac 0JIHOBUMIDHUX CHUHTY/ISPHUX HMOBIPHICHUX Mip MOPOJZKYETHCA B.B. 3 He-
3aJIC2KHUME CUMBOJIAME aOCTPAKTHUX PO3KJIAMIB Jificnux uuces. Lleit Kiac € y3araJbHeHHAM
KJIacy BUNAJIKOBHUX BenunmH /[2Keccena-BinThepa. [Ing Mip Takoro THUIY € XapaKTepHOIO UH-
crota po3noiny (B cerci poskiany JleGera), a Kpurepiil JUCKPETHOCTI CHIBIAAAE 3 KPUTEPIEM
JINCKPETHOCTI PO3IOJILIIB B.B., 10 € CyMOIO M.H. 3012KHUX Psi/IiB JIMCKPETHO PO3MO/IL/IEHUX He3a-
JekHuX B.B. (Teopema Jleri). Kitac 6araroBuMipHUX CHHTY/ISPHAX HMOBIPHICHUX Mip € 3HAYHO
OaraTIImM i MEHIII BUBYECHUM. ¥ JIOMOBI/Il PO3IVISHYTAa KOHCTPYKIlS JBOBUMIpHUX HMOBIpHICHIX
Mip, MOPOJKEHUX CUMBOJBHUMHU PO3OUTTSIMH OJUHHIHOIO KBAIAPaATy 1 OYIYIOTHCS KOHTPIIPH-
KJIQJIM JI0 TeOpeM PO YUCTOTY PO3MOALTY BKAa3aHHX B.B., IO MAaIOTh MICIE Y OJTHOBAMIPHOMY
BHUIA/KY.

ITobynoBa po3dburts

Posrigremo posbutra opuananoro Kajaparta £ = [0;1]x[0; 1] C R? ma n (n > 3) 3aMkHeHNX
y IBOMY IIPOCTOPI MHOKHH Ao, A1, ..., A,_1. IIpa mpoMy MafOTh BUKOHYBATHCS YMOBU

n—1
UAZ:E? )\<A1HAJ> :07 Z#]a 27j607n_17
i=0

)\(Ao) . )\(Al) e )\(Anfl) =dqo-q1 ... Qn—-1,4; 7£ 0

Jasi Ha Ipyromy, TpeTboMy i, B3arasi k-ToMy Kpomi KOXKHY MHOKHUHY Ay gy ap—1, 01, 2, ..., Qp—
1 € 0,n — 1 gimuTuMeMo Ha N HaCTHH Ay ay,ap—100 Dajas..ap—115 - Dajas..ap—1jn—1], KOXKKHA 3
AKUX 3aMKHeHa B 2. [Ipu ipoMy 114 J0BLIbHOTO (biKCOBAHOTO HABOPY /1, (g, ..., 1 € 0,1 — 1
MAalOTh BUKOHYBATHCSI YMOBH

n—1

1. U AOél---Oék—li — A

=0

2. A (Aal---ak—ﬂ' ﬂ Aal...ak_lj) =0,1 75 J-
3.2 (Aal...&kfl(]) DA (Aaln-akfﬂ) Tt A (Aﬂél---ak_l[n—l]) =qo:q1:...:

“Qn-1-

a1...0 1"

4. diam (As, . a,) = 0, k — 00.

s Takoro po3ourTd E maiors micte Teopemu 1, 2.
Teopema 1. /lua gosinbroi mocaigosrocti {ag )i, o € A, A = {0,1,...,n — 1} icuye
nocaigoBHICTD Ay, D Apjay O oo O Agjas.ay O --- TA €IHHA TOYKA X TAKA, IO

e
r = ﬂ Aalag.‘.ak'
k=1
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Teopema 2. Vo € E FH{ou(2)}72, : 2 = () Avi(@)as(@)..anl@) =Daras..ax..
k=1

JlocaiI>KeHHd O/THOT'O KJIACY BUMAJKOBUX BEJINYNH
POBFJIHHGMO OJIMH KJIaC BHIIQJKOBHUX BEJIMYMH, HOB7H33HHX i3 JaHUM IIpeAaCTaBJIeHHAM, a
came: BUMAJKOBY BeJIWUWHY, 3aaHY Yy BUTISI

5 = A£1§2.--§k---7 (5)

Jie & pO3MOJIiJIeH] 3a MPABUJIOM

& 0 1 2 ... n—1
Pik Pok Pik P2k --- DPln—1]k

(6)

Ha posnoxiny sunaaxosoi sesunautn C: ¢ = No iy ... (7), 1€ Ao aras..ap — HaAHEAP Q* k-TO
panry, ne (; posnomineni 3a npasuaoM (6), Mae micie Teopema 3*.
Teopema 3*. Posnosin sunaakosol peanannu ¢, 3a1anoi ymosamu (6) i (7) € ancro nere-
o
pepBHUM TOJI 1 TIbKE Toal, Kom P := [[ max py, = 0 [1].

k=1
Teopema 4%*. Posnogin sumagkosol Besmuannu (, 3aganol ymosamu (6) i (7) € amernm i

abCOJIIOTHO HETePEePBHUM TOJIi | TUILKH TOi, KON

[e.e]

p=11\| 2 VPwdi | >0[2]

k=1 \iEN,
Opmaxk, anajgor TeopeM 3%, 4* He MOXKHA 3aCTOCYBATHU JIO BUIAIKOBOI BeJimduun &, 3a1aHO0T
ymoBamu (5), (6) y 3arasibHOMY BHIAJIKY.
Ocnosnuti pesysvmam: BUCHOBKE TeopeM 3* 1 4% € cupaBeyIMBUMHE JJ1s &, 3a/1aHOI YMOBaMHU
(5), (6), sk y crekTpi & KOKHA TOYKA Ma€ He OLIbINe, HixK 3UUCJIEHHY KLIBKICTh 300parkeHb.

1 S. Albeverio, V. Koshmanenko, G. Torbin, Fine structure of the singular continuous spectrum
Methods Funct. Anal. Topology, 9(2003), No. 2, 101-119.

2 M. V. Pratsiovytyi, Fractal approach to investigations of singular distributions, National Pedagogi-
cal Univ., Kyiv, 1998.

3 S. Albeverio, V. Koshmanenko, M. V. Pratsiovytyi, G. Torbin, On fine structure of singularly
continuous probability measures and random variables with independent )-symbols
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METPUYHUI BIAPI3OK TA JESIKI [TOB’SI3AHI 3 HUM
TTOHSITTSI

lanymak Csitiiana
[Ipukaprnarcbkuit HamioHAIBHUIN yHIBepcuTeT iM. Bacursa Credanuka
sv.halushchak@Qukr.net

Bigpizok, mo 3’eanye Touku A ta B, y 3BHYAlHOMY PO3YMIHHI € T€OMETPUIHUM MICIEM
touok Burtany {aA+ (1 —a)B:0 < a < 1}. ¥V ganiit poboTi Mu po3riagiaiu iHime HOHATTs,
TaK 3BAHOI'O METPUYHOTO BiIpi3Ka.

Jlobpe BigoMo, 10 HEPIBHICTH TPUKYTHUKA BUKOHYETbCSI B KOKHOMY METPUUHOMY MPOCTOPI.
MHOXKHMHY TUX TOYOK IIPOCTOPY, SAKi IepeTBOPIOIOTH HEPIBHICTH TPUKYTHUKA Y PIBHICTH, HA3H-
BalOTh METPUIHUM BiJIPI3KOM.

Haraaemo, 1o mpoctip R? € MeTpuaHIM TPOCTOPOM 3 MeTpuKaMu d; Ta ds, 3aJaHAME 9K
di(z,y) = |x1 —y1| + |x2 — y2| 1 doo(x, y) = max{|z1 — y1|, |x2 — y2|} mag goBiABHUX T = (21, 22),

_ 2
y = (y1,12) € R%.

Mu jociiguin nuranas 1oOyJI0BU KoOJa, eJjiilnca Ta rinepdojid y MeTPUYHUX ITPOCTOPaAX
(R?%,dy) ta (R? dy) y cenci Mmerpuunoro Bijpizka. Takox y J0noBifi GyyTh PO3LIAHYTI JesKi
MUATAHHS, MO CTOCYIOTHCS MOHITTS OMYKJIOCTI.
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HABIM>KEHHA €MHOCTEN JINIIUIEBUMU €MHOCTAMU

Cnymak Iuna ImurpiBHa
[Ipukaprnarcbkuit HamionapbHUN yHIBepcuTeT iM. Bacura Credanunka

inna_ gl@rambler.ru

Posrasaemo kiaac emuocrei 1] Busnadenux Ha mMerpuanomy npocropi (X, d) ckinueHHOTO
Jiamerpa, peysaprur uodo mempury d, TOGTO TAKUX MOHOTOHHO HECHAIHUX JIHCHOZHATHIX
dbyukuiit ¢ Ha cykynaocti Exp X Beix 3aMkHeHHX migaMuOXKUH 1poctopy X, mo c¢(() = 0, i
c(0.A) — c¢(A) mpu ¢ — +0 mna koxuoi 3amxnenoi A C X. Bpaxatoun d dikcopanomwo, y
3BHYAHHOMY MO3HAdUeHH] mboro Kiaacy My X omyckaemo d i murmemo M X

Bincrann a?(cl, Cy) MixK €MHOCTSMIE C1, ¢y € M X € TOUHOI0 HIZKHLOIO IPAHHIO MHOMKHHHI BCiX

Takux € > 0, mo g1 kKo:kaol A C X BHKOHAHO HEPIBHOCTI
cl

C1 (6514) +é 2 CQ(A), CQ<6€A) +é Z C1 (A)

(y TakoMy BHNAJKY KaxKeMo, 10 €MHOCTI €1 Ta ¢y € £-6ausvrumu). Tom d(ci, cz) < &, gakmmo i
TLILKHA AKINO JJd Beix € > e, A C X BUKOHAHO
cl

61(65/14) + 5/ > CQ(A), 02(55/14) + 5/ > Cl(A).

OcTanHg TOYHA HUZKHH IPaHb J0CATAETLCH /1S KOMIIAKTHOTO IPOCTOPY, 1, IMUPIIe, I/ KOAKHOIO
(X,d), y sxkomy dy(OoA,O:A) — 0 mpu € N\, € mast Beix A C X, e > 0 (3ayBaKumo, 1o npu
cl

e = 0 361KHICTh € aBTOMATHYHOW). Y Takomy TpocTopi d(cq, ¢2) < &, KMo 1 TIIbKY SIKITO ¢
Ta Cy £-OJU3BKI.
Kuac sinmunesux 3 koediniearom ¢ > 0 eMHOCTEH — 116 MHOXKHHA,

M,X ={ce MX |VF,G - X |e(F)—¢e(G)| <q-du(F,G)}.
C
JinmurmesicTh CHIBHINIA BT iHITMX BJACTHBOCTEH THUILY peryispHocTi [3| — peryasiprocti
O/TI0 METPHUKH, PEryAspHOCTI MO0 TOMOJOTII, W-TIa KOCTI Ta T-TJIaIKOCTI.
Teopema 1. M ¢X — 3aMKHEHMI HINPOCTIP IPOCTOPY M X 3 MeTpHKOIO d.

s 1oBIILHOT EMHOCTI JOBE/IEHO ICHYBaHHSI i OTPUMAHO SBHUI BUTIsAT HAROIMKINX 10 Hel
emuocreit 13 M, X.

Teopema 2. Bincrans Bin emnocti ¢ € MX o nigmpocropy M, X pisna Towmii HuKHiil
IpaHl €, MHOKHHHI

E,={e>0]|c(A) <c(0(B))+q sup d(z,B)+2¢:VA, B - X}
z€0:(A) ¢

a JIoBlnbHA eMHICTD ¢y € M, X € e-0sm3bKO0I0 J10 ganoi emuocti ¢ € M X, akino i Tiibkn gKmo
—_q +4 . =9 44 — .
c. < c¢o < c,, e eMHOCTi ¢, ¢, € M X Buznaveni dpopmyramu

e.(F) = sup {max{e(4) —= —q_sup d(x, F),0}}

a CCEOS(A)
a q _
Jcrs(F) = inf {¢(O.(B)) + ¢ + gsupd(z, B)},
BSX el

s F A0, 1 c.(0) = ¢.(0) = 0.
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Y BUIAJKY KOJU £, = min Fy, To Ha#tbiuzk4i 1o ¢ € M X emuocti ¢g € M, X BU3HaUaI0TLCA

. —4 +4 . .
HepisricTio ¢, < ¢y < ¢, . fAxmo E, He Mae HANMEHIIOIO ejeMeHTa, TO JJIs JOBLIBHOIO & >
q q
_ . . / . / T . .. .
€= inf £, icaye ¢’ —6sm3bKa 10 ¢ eMHicTh ¢ € M q)_( , aJte Eq—6ﬂH3beOI €MHOCTI 13 MAIpOCTOpy
M, X wmoxe it me icaysarn. llpote emuicts ¢, € M, X, niaa gxoi d(c,¢;) = ¢, = d(c, M X),

icHy€ 1 BU3HAYAETHCA HEPIBHICTIO
q

_ +4
c <c¢,<c

Y

—4 —4 14 o1l . . .. . v s o
Je ¢ =supc, Ta ¢ = inf C. € BIANOBIIHO HAMMEHIIOIO 1 HafOLIBIIOI 3 EMHOCTEH 13 KJIacy
e>eq €>&q

M X, naltbiuzK9IHuX 10 1aHOl €MHOCTI C.

1. Zarichnyi M.M., Nykyforchyn O.R. Capacity functor in the category of compacta, Sb.: Mathemati-
cs 2008, 199 (2), 159-184. doi: 10.1070/SM2008v199n02ABEH003914

2. Nykyforchyn O.R., Repovs D. Inclusion hyperspaces and capacities on Tyhonoff spaces: functors
and monads. Topology and Its Appl. 2010, 157 (15), 2421-2434. doi: 10.1016/j.topol.2010.07.032

3. Cherkovsky T.M. Metric spaces of reqular capacities. Carpathian Mathematical Publications
2014, 6 (1), 166-176. doi 10.15330/cmp.6.1.166-176. (in Ukrainian)
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HAPI3HO HEIIEPEPBHI I CUJIbHO HAPI3HO HEIIEPEPBHI
OVHKIIT HECKIHYEHHO!I KIJIbKOCTI 3MIHHUX

Ouaena KapJioBa
[Ipukaprnarcbkuit HamioHa pHUN yHIBepcuTeT iM. Bacura Credanuka
maslenizza. ua@gmail. com

Hexait X = [[ X; — mobyrok cim’i muokuH X;, ge |X;| > 1 mias xoxuoro ¢t € T. ns
teT
muaoxkuan S C S; C T 1 1090k a = (a4)ier € X Ta © = (24)ies, € [] X¢ vepes af mu Gymemo
teS
Ho3HAYaTH TOUKY (Y4 )er € X, TaKy, 110

. Ty, te S,
= an teT\ S
Jlst koxkHOTO N € N 1103HAYMMO

on(a) ={(xi)ier € X {t €T 2y # a;}| <n}, o(a) = U on(a).

dxkmo a € X, E Co(a)i S CT, 10 NOKIAIEMO

Xs=][X: Es={reXs:a5€E}.

tes
Oznauvenns 1. Muoxuua A C X Hasupaerbes S-6idkpumoro, skio oq(z) C A st Beix x € A.

Oznauennsa 2. Hexaii (X; : ¢t € T) — cim’a Tonosoriuaux mpocTopis, Y — Tomosoriaxuii
npoctip i Hexait X C Xp — S-siakpura muoxwaa. Bimobpaxkenns f : X — Y HasuBaeThcs
Hapisro wenepeperum 6 mouui a = (a;)er € X 6idHocHo t-0i 3minHoL, SKIIO BiToGpazKeHHs
g : Xy — Y, Buznauene dbopmyrow g(x) = f(af) masg Beix x € Xy, HemepepBHe B KOXKHIH TOUII
a; € Xt-

Osnavenns 3. Hexait T — nesika tonosoris na S-sinkpuriit muoxkuni X C [[ Xy 1 (Y,d) —

teT
MeTpuunnit npoctip. Oyukiisg f : X — Y Ha3UBAETHCSA CUNOHO HAPIZHO HENEPEPEHOI 8 MO

a € X 6i0HocHo t-0i 3MIHHOT, IKIITO

lim d(f(x), f(a)) = 0.

T—ra

Oyukuis f 1 X — Y € (cuavno) napisno wenepepsnoro 6 mouyi a € X, akmo [ (cuibHO)
HAPI3HO HelepepBHA B TOUIN @ BiTHOCHO KOXKHOI 3MinHOI t € T, i dbyukiis f € (cuavno) napizno
Henepepero Ha mHoscuni X, akmo f (CHIBHO) Hapi3HO HemepepBHA B KOXKHIii Tourni a € X
BIJTHOCHO KOzKHOI 3MiHHOI ¢ € T

[TousTTd CHIbHO HAPI3HO HENEPepBHOI JAiiicHO3HAYHOT (DYHKIIT Bij 1 AiACHUX 3MIHHUX BBIB
O. zaruinze B crarri [2| i BcranoBuB, M0 GyHKIis f CHIbHO HApi3HO HemepepBHa Ha R™ Tofi i
TLIBKH TOJI, Ko f HemepepsHa. [IpooBKyoun 11i gociKenns, B [1] i [3] aBropu posrisianu
CUJILHO HAPI3HO HellepepBHI (PYHKIII, BU3HAUEHI HA IPOCTOPI MOCTigoBHOCTElH (o, HAILICHOMY
CTAHIAPTHOIO TOIOJIOTIEI0, TTOPOJZKEHOIO {o-HOPMOIO.

[Ipupo/iHO BUHUKJIO IMUTAHHS MPO JOCIIJIZKEHHS CUJIbHO HAPI3HO HenepepBHUX (QYHKIIIH,
BU3HAYEHNX HA MPOCTOPAX MOCAITOBHOCTEN 3 IHITMMHI TOMOJOTISIME (HAIIPUKJIA/T, 3 TOMOJIONIEI0
JTOGYTKY, TOMOJOTIE0 MPAMOI TPAHUII IH AMIHKOBOK TOMOJIOTIEN).
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1. XapakTepu3aiisa Maii>ke BIIKPUTUX MHOXKIH.

Oznauennsa 4. Muoxkuna W C o(a) HasuBaeThes matowce sidkpumoro 6 o(a), AKIIO st
JIOBLIBHOI cKindennol muoxkuuu S C T MuHoxkuHa Ws Biakpurta B mpoctopi Xg, HaJaiIeHOMY
TOIIOJIOTIEI0 TOTOYKOBOI 3012KHOCTI.

Teopema 1. Hexaii (X,,)°; — MOCJIIOBHICTh JIOKATBHO KOMIAKTHUAX CernapabebHuX Me-

o0
TpudHUX NpocTopi, a € [[ X, 1 W C o(a). Toxi HACTYIHI yMOBH PiBHOCHIIbHI:
n=1

1. W — maiize Bigkpura B 0(a);
2. W = f71((0,1]) ana geskoi cuibho Hapizno menepepsnoi gyukuii f : o(a) — [0, 1].

2. Touku po3puBy cuiabHO HapizHO HemepepBHUX dyHKIH. Cumsosom C(f) (D(f))
MH TTO3HAYAEMO MHOXKHHY YCiX TOYOK HemepepBHOCTI (po3puBy) BimoGparkenus f: X — Y.

Teopema 2. Hexait X C [ X; — S-sigkpura muoxkuna, || < R i Y — merpusoBnuii
teT
upocrip. Toni Bimobpaxkenns: f : X — Y nemepepBue Tomi i Tinbku Tomi, komm f : X — Y

CHJIbHO Hapi3HO HellepepBHE.

Teopema 3. Hexait (X,,)5°

o° | — HOCTIIOBHICTH JIOKAJbHO KOMIAKTHHX Celapade/bHUX Me-

oo

TpudHuX mpoctopis, a € [[ X, i W C o(a). Toni W — MHOKHHA TOYOK PO3PUBY JESTKOI CHITHHO
n=1

HapizHo HemepepsHOl GyHKINT f : o(a) — R Toxi i Tiabku Toxi, konmm W — maiizke BigkpuTa B

o(a).

Teopema 4. /Ina nosinbHOI HemopoxkHBOI BinkpuTol MEHOXKHHE G C ¢, ipn 1 < p < 00
icrye cuabHO Hapizno Henepepsua dyukiis f : £, — R, Taka, mo D(f) = G.

3. Bepiscska knacudikania. Hexaii By(X,Y) — cykynnicrs ycix HenepepBHux Bimobpa-
xkeub f @ X — Y. [Ipumycrimo, mo Bxe BusHadeni kiaacu Be(X,Y) mra seix 0 < € < a, ne
a <wi. Tom f: X — Y wanexuts 10 a-20 kaacy Bepa, f € B,(X,Y), akiio f € IOTOYKOBOIO

TPAHUIEIO HOCTLI0BHOCTI Binobpaxkens f, € Be, (X, Y), me &, < a. fdlxmo f € |J Ba.(X,Y),
0<a<w:
TO KaXKyTh, 10 BimoOpaxkenus f eumipne 3a Bepom.

Binobpamenns f : X — Y mamexurth 10 a-20 cmabiavnozo xaacy Bepa, f € BL(X,Y),
AKITIO iCHYE MOCJaiIOBHICTH Binobpaxkenb f, € B, (X,Y), 1e a, < a, Taka, mo st KOKHOTO
z € X icnye take N € N, mo f,(z) = f(x) ans Beix n > N,

o

°° | — MOCJIIOBHICTH TOMOJOTTIHUX TIPOCTOPiB, a € [[ X, i

Teopema 5. Hexait (X,)

n=1
f:o(a) = R.
1. dxmo f — cumbHO HapisHO HemepepsHa dynkmig, To f € Bi(o(a),R).

2. dxmo f — mapizHo HenepepBHa i X, — MeTPU30BHHI IpOCTip g KoxKHOrO n € N, TO

f € Byy(o(a),R).

Teopema 6. Icnye cuibHO HapizHo HenepepsHa ¢yukmig f : RY — R, gka #He BuMipHa 3a
Bepom.
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Teopema 7. Icuye Hapisuo Henepepsra byukiis f: o(0) — [0,1], ne 0(0) € R¥, Taka, mo

£ ¢ U Bu(0(0).0.7),

Teopema 8. Hexaii € [l,w;) i p € [1,4+00). Toai icuye cuibHO HADI3HO HemepepBHA
dbyukuis f : ¢, — R, axa namexurs 10 (o + 1)-ro kaacy Bepa i ne nanexurs 10 a-T10 KiIacy

Bepa.

1.

Cincura J., Salat T., Visnyai T. On separately continuous functions f : €2 — R, Acta Acad.
Paedagog. Agriensis, XXXI (2004), 11-18.

. Dzagnidze O. Separately continuous function in a new sense are continuous, Real Anal. Exchange

24 (1998-99), 695-702.

. Visnyai T. Strongly separately continuous and separately quasicontinuous functions f : (?> — R,

Real Anal. Exchange 38:2 (2013), 499-510.

Kapmosa O. Jleaxi saacmusocmi cusvho HAPI3HO Henepepsnus Gynryild na dobymxrax, Byk. mar.
xypraa 2 (2-3) (2014), 119-125.

. Karlova O. The Baire classification of strongly separately continuous functions, Real Anal. Exch.,

40 (2) (2015).

. Kapmosa O. Cuavro Hapisno nenepepeni Gyrkuii 1 00na Tapaxmepusauss sioKpumus MHOMCUH

6 Awukosit monoaoeii, Mar. Crynii 43 (1) (2015), 36-42.

Karlova O., Mykhaylyuk V. On strongly separately continuous mappings on products, Math.
Slovaca (accepted)

. Karlova O., Visnyai T. On strongly separately continuous functions on sequence spaces, (submi-

tted to JMAA)
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[TPOJTOBXKEHHSI (OBMEYKEHIX) HEIMEPEPBHIUX ®VHKIIIN 3
MIJIMHOYKWUH KBAJIPATY MPSMO! 30PTEH®PES

Oaena Kapaosa
[Ipukapuarcokuit namionayibuuil yuisepcurer im. Bacuis Credanuka

maslenizza. ua@gmail. com

[TIinmMuaOXKWHA E TOMOJIOTITHOrO TPOoCcTOpPY X Ha3UBAEThCS

o C-graadenor (C*-sxaadenoro) ¢ X, AKII0 AOBLIBHY HemepepBHY (0OMeKery) mificHo3na-
qny $yHKIio f Ha E MOXKHA TPOJOBXKHUTH JI0 HelepepBHOI (byHKIIT Ha X;

e 2-sKaadenor & X, AKIMO KOKHY (DYHKIIOHAJIBHO 3aMKHEHY B [/ MHOXKWHY MOYXKHa IIPO-
JIOBYKUTH 10 (DYHKIIOHAJIBHO 3aMKHEHOI B X MHOYKUHU;

e Jobpe eraadenoro 6 X, AKIO BOHA ILJIKOM BiZOKpeMHa BiI HOBLIbHOI (DYyHKIIOHATHLHO
3aMKHeHol MHOxkuHE F' C X, takol, mo F N E = ().

Kaxyrb, mo npoctip X wmae saacmusicms (C* = C'), axmo gosinpHa C*-BKIagA€HA MHO-
xuna F C X e C-BKIaJeHOIo.

Krnacmana Teopema TiTme-YprcoHa CTBEPKYE, MO Yy BAMAAKY, KOJIU MPOCTip X HOpMaJb-
HUH, TO KO)KHA 3aMKHeHa miaMHOKkuHA X € C*-Bkiagenoio i X mae Bractusicts (C* = C).
Binbiie Toro, npocrip X € HOpMaJbHUM TOJI 1 TI/IBKKA TO/I, KOJU KOXKHA HOro 3aMKHEHa IIijI-
MHOXKHWHA € z-BKJIajeHow |2, Proposition 3.7].

Hacrynuuit pesynbrar 6ys gosegenuii B |1, Corollary 3.6].

Teopema 1. Ilinmuoxkuna F Tonosoridnoro mnpocropy X € C-BkjaajeHon B X Toji i TIIbKH
Toi, Ko F — z-BKJaajeHa 1 100pe BKIadeHA B X.

[Ipocrip X € d-Hopmarvho 6idokpemHuMm, AKIITO KOXKHHAI HOro 3aMKHEHMI I AIpocTip g00pe
Briaennit B X. Kiac J-HOpMabHO BiIOKpEMHHX MPOCTOPIB BKJIOYAE B cebe BCi HOpMaJIbHI
MPOCTOPH 1 BCl 3/1iM€HHO KOMMAKTHI TPOCTOPH. 3 TeopeMu | BUILIMBAE HACTYMHUI (DAKT.

Hacaimok 1. Koxuuii 0-HOpMaJIbHO BiIoKpeMHEiT npocTip Mae piaacrusicrs (C* = C).

Hobpe Bimomo, mo koxkHuit C*-BKJIaJeHHN IIAIPOCTIp IIJIKOM PEryjJaspHOro MIpocTopy 3
LEPIIOID aKCIOMOIO 3/1i4eHHOCT] 3aMKHenuit. Hacrynne nuranng € BiAKpUTUM:

IMuranag 1 (5). Ywu icHye HIKOM DEryJIsipHUI TPOCTIP 3 MEPIIOK aKCIOMOK 3JiY9eHHOCTI
6e3 Biaactusocti (C* = C)?

Oxta [4] Bcranosus, mo mwiomuna Hemunproro mae Biaactusicrs (C* = C) i 3amuraB, 4u
Ma€ 110 BJACTHUBICTbL KBajpaT npamoi 3oprendpesa S?? Binnosias Ha Ile nNMTaHHA Hapasi He
Bimoma. ¥ IbOMY TOBiIOMIEHHI TomaHo aedki BiaacTuBocTi C- i C*-BKJIaJEeHUX MTiIIPOCTOPIB

S2.
Teopema 2. Hexait £ C S°.

1. dxmo E — C*-sraagenuii, To E — R%-cnaaxkoBo GepiBehbKuii.

2. dxmo E — nuckperunit C*-piajennii, To £ — 3nidenna muoxuna tuny Gy B R2.
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BayBarKuMo, 1110 oOepHeHe TBEep/I2KeHHS JI0 JIPYTOro MYHKTY Ii€l TeopeMH He BipHe.

Teopema 3. Icuye S%-3amrHenuit zaidennuit auckperanit Gs-nignpoctip E miommnn R,
akuil He € C*-BKJiajeHuM B S2.

Muoxuau A i B Ha3uBaIOTHCS UlAKOM 61dokpemHumu 6 X , AKIO iCHY€E HemepepBHa (DyHKITist

f:X - R, raka, mo A C f~1(0)i B C f(1).
Muoxunau A i B 3 R? HazseMo

o yinkom sidoxpemnumu y mmuoscuni C, axkmo C N A # O # C N B i maoxkuan ANC i
B N C uitkom Bigokpemui B S2.

o Jdecov sidokpemmumu 6 S?, axmo icaye Taka R2-sinkpnta Maoxmaa O, mo A i B migkoM
BijlokpemHi B O.

Teopema 4. Hexait £ — muckpernnit C*-pxinagennit mignpocrip S?. Toxi muoxunu E i
(clgzE) \ E nech Bimokpemnui B S2.

Yepez D mu mozaauumo anmu-diaeonass {(x, —x) : © € R} xBagpary npsimoi 3oprerdpest.
Baypazkumo, mo D € 3aMKHeHHM JUCKPeTHAM HinpocTopoM S2.

Teopema 5. /Ing vuoxkuan F C D HACTYIHI YMOBU PIBHOCUJIBHI:

1. E - C-Bxnannmii B S

2. E — C*-skaajenwuit B S?;

3. E — zniuennuit Gs-uignpocrip R?;

4. E — pospimxkenuii migrpocrip R?;

5. E — zaivennnit pyHKIiOHATLHO 3aMKHeHniT mampocTip S2.

Teopema 6. Ksagpar npsamoi 3opreadpest He € d-HOPMAJIBHO BiIOKPDEMHHM IIPOCTOPOM.

1. Blair R., Hager A. Eztensions of zero-sets and of real-valued functions, Math. Zeit. 136 (1974),
41-52.

2. Karlova O. On a-embedded sets and extension of mappings, Comment. Math. Univ. Carolin., 54
(3) (2013), 377-396.

3. Karlova O. On C-embedded subspaces of the Sorgenfrey plane, Appl. Gen. Topol. 16 (1) (2015),
65-74.

4. Ohta H. Extension properties and the Niemytzki plane, Appl. Gen. Topol. 1 (1) (2000), 45-60.

5. Ohta H., Yamazaki K. Eztension problems of real-valued continuous functions, in: "Open problems
in topology IT”, E. Pearl (ed.), Elsevier, 2007, 35-45.
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TOIOJIOT'TYHA EKBIBAJIEHTHICTE YCEPEJHEHb ®YHKIIIN

MapynkeBuu OxcanHa
Tacruryr maremarukn HAH Vkpainn

marunkevych@imath.kiev.ua

Toni mrsa nosinbuol dyuKHIT f : R — R Ta uncia a > 0 MOXKHA BU3HAUUTH (-ycepedHeHH
fo ' R — R ¢dyukuil f Bignocuno £ 3a Taxoi hopMyIoio:

falw) =) flx + ati)p:
i=1
Bokpema, skio & = {(—1,0.5), (1,0.5)}, To

fult) = 5 (F(x —a) + [z + ).

YceepeHeHHST JaHUX € OTHUM 3 BasKJIMBUX IHCTPYMEHTIB B 0araThOX rajay3sx HAyKH. S0Kpe-
Ma, ycepeJIHeHHS 3aCTOCOBYIOTH B KOMI'IOTEpHiil rpadimi Ta mpu omudpoByBaHHI aHATIOTOBIX
curaasiB. llpu moc/tiazKeHH] TOBETIHKHA HANRMIPOCTIMNX (-ycepe HEeHb B TOUKAX JOKAJbHAX €KC-
TPEeMyMiB I Pi3HUX KJaciB (PpYHKIIN OyJI0 MOMiYeHO, IO JIy:Ke YacTO MPH JOCUTH MAJIHX
«popmu epagikie ve aminr0MuHEA». BIABIT cTpoTo 1e 03HaYaE, 1Mo f, TONOJOTIYHO €KBiBaIeH-
THa [ JIg BCIX JOCHTH MAJIHX (.

Ozuauennd. Haeadaemo, wo dei wenepepsni pynruii f,g : R — R nasusaromves mono-
A021UHO €KBI6AAEHTMHUMU, AKULO ICHYI0MD 20MmeomopPismu h, ¢ R — R, wo f = ¢~ Logoh.

Posringnemo madinpocrinty curyaniio, kouu f : R — R — Henepepsua dyHKIlis, M0 3310~
BOJIbHSIE TaKl YMOBH:

(1) icuye T € R Take, mo f crporo cnajae Ha (—oo, Z] i ¢Tporo 3poctae Ha [T, +00);
(2) lim,o f(2) = 400.

Joist raxux gyuxuniii 3pyuno nosuauaru fr, = f|(_sz Ta fr = fliz,+00)-

[puxnagavu takux dynkuiii € 2%, x|, |z — Z|* nng gosinbamx s > 0 ta T € R, cosh(z).

Heazkko mokasaru, mo Oy/ab-sKi aBi DyHKILI, M0 3310BOJBHAIOTH yMoBH (1) Ta (2) € To-
MTOJIOTTIHO €KBiBaJIeHTHUMU.

Hexaii, gk i sume, & = {(t1,p1),- .., (tn, Pn)} — AuCKpeTHUil fiMOBipHiCHUIT PO3MOMLT HA
[—1,1]. Craxemo, mo dynknis f : R — R € monosoziuno cmitxorn eidnocro ycepednerv
3a jomoMorow &, skmo icaye Take € > 0, mo qis Beix o € (0,¢) dynkuia f, Tomomoridao
ekBiBasienTHa f.

Hacrynni reopemu 1 Ta 2 1ai0Tbes JIOCTATHI YMOBU JIj18 TOIOJIOITYHOT CTIHKOCTI HEllEPEPBHUX
GbYHKIH 31 CKIHYEHUM YUCIOM TOYOK €KCTPEMYMY.

Teopema 1. (Jlokanwumii Bapiant) Hezxat £ = {(t1,p1),. .., (tn, pn)} — duckpemnud
tmosipricrut posnodia na [—1,1]. IHpunyemumo, wo ¢dynruyia f : R — R zadososvrae (1)
ma (2) das deaxoz2o T, a makosc 00HY 3 MAKUT YMOS.

(a) f € onykaoro 6 dearomy oxoal T.

(b) Ienye maxe ¢ > 0, wo f nasescumo waacy C' na (T — &,7) U (Z,7 + €), npuvomy f}
apocmae na (T —e,%), a fi cnadae na (T, + ¢).

o6



(¢) Ienye maxe € > 0, wo fr nasescums waacy C1 na (x — e, 7], fr nasesrcums xaacy C*
na [T, T+¢), t; #0 das ecix i = 1,...,n i 6UKOHYEMBCA HEPIGHICTY

pfi(@) +p" fr(z) #0,
dep => pi,pt=> mi
t;>0 t;<0

Toodi f e monoaozivrno cmitxor eidnocro £.

Teopema 2. (Immobanwuuit Bapiant) Hexati & = {(t1,p1),. .., (tn, Pn)} — duckpemnud
tmosipricruti poanodia wa [—1,1]. Hexad maxooc f : R — R nenepepsna dynruis, wo mae

CKIHYEHHY KINDKICMD AOKAALHUL EKCMPEMYMIE X1, . .., Ty | OAA AKOT BUKOHYIOMBCA YMOGU:

1) flzi) # flx;) dani # j;

2) 6 KootcHil Moyl T = x; 8UKOHYEMbCeA 00na 3 ymos (a)-(c) meopemu 1.

Todi f e monoaoeiuno cmitikoro 6id0HocHo ycepedhens 3a donomoz0to &.
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I[TAKETY CUCTEMU KOMIT'IOTEPHOI AJI'EBPU GAP: oryisan
TA PO3POBKA

Paescoka I.}O., Paescoka M.IO.
Tacruryr maremarukn HAH Vkpainu, Kuis, Vkpaina

raevskaya.irina@gmail. com

Cucrema komm’iorepuoi anre6pu GAP (“Groups, Algorithms and Programming”) [1] € BibrO
PO3IOBCIOIZKYBAHOIO, BIIKPUTOIO Ta PO3MHUPIOBAHOI0. BOHA PO3NOBCIOMKYETHCA Y BIAMIOBLTHOCTI
3 GNU Public License (mus. http://www.gap-system.org/Download /copyright.html).

Pospobuuku nporpam misg GAP MoxkyTb 0odOpMUTHE CBOI PO3POOKH Y BUTISIII CIEIiaIbHO
odopmiteroro nakery ta mogaru ioro Ha posrisga y GAP. Tlicas npoxomkenHst nporempypu
PereH3yBaHHs Ta CXBaJeHHS, MAKeT M0AA€Thes 10 aucTpudytuBy GAP i po3moBCIOIKYETHCS
pPa3oM 3 HUM.

B nonosizi 6yme 3pobireno orign icHyounx makeriB GAP Ta posrisHyTo IpuKJIam po3poOKu
AKeTY.

1. The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.7.8; 2015,
(http://www.gap-system.org).
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[TOPSIAKOBI OLIIHKU HAI;IKPAU_U/IX OPTOI'OHAJIBHUX
TPUTI'OHOMETPUYHNX HABJIM?KEHBb KJIACIB 3'OPTOK B
PIBHOMIPHIN METPUIII

A. C. Cepamok!, T. A. Crenaniok?

Tneruryr maremarukn HAH Vkpainu, Kuis, Ykpaina
2CximnoeBponeiichknii Hall. yHiBepcuTeT iMeni Jleci Ykpainkn, JIympk, Ykpaina
sanatolis@ukr.net', tania_ stepanivk@ukr.net>

Hexait C' — upocrip 2m-uepioguunux HenepepBHuX (DYHKINH, y SIKOMYy HOpMa 3ajaHa 3a
JornoMororo pisaocti || f|lo = mtax\f(t)|; Ly — npocrip 2m—uepiognanux cymoBaux Ha [0, 27)
27

VHKIIA f(f) 3 HOpMOIO 1= t)|dt. llosmaunmo gepes — KJIAC 2T—TIEePIOJUIHAX
pynkuj dt. 11 Ch 2 i
0

dbyukmiit f(z), korpi mig Beix @ € R 300paxKy0Thesa y BUNISA] 3TOPTKH

T
Qo

1
f@) =2+ [ Walo - et ¢ L1, ol <L ar R

—T

e

Z@D cos k:t—— Zw )< oo, BEeR.

Posrinsinaerses 3agada 0po 3HAXOMKEHHS TOYHUX MOPAIKOBUX OIIIHOK BeJIMYINH

em(Chy)o = sup inf || f(x = > fk)e* e,
fe C,B 1 k€vm
s
16 Ym, m € N, — nosinbui mabopn i3 m wimmx uncen, a f(k) = = [ f®)e *dt, k € Z, —
—Tr
koedimientun Pyp’e byukuii f.

[Mozraunmo vepes 9 MHOKMHY HemepepBHUX, CIIAIHIX 10 HyJIs, ONyK/INX JOHU3Y, JOAATHAX
dbyuxmiii 1(t), t > 1. Byaemo Bazkatn, 1o nocainoBricTs 1(k), fka 3a/1ae Kiaac CIZ’J € CITIOM
Ha MHOXKHIHI HATYpasbHux unces dbyHkiii ¢ (t) 3 maoxuau 9. Beain 3a O.1. Crenanuem (aus.,
Hanpukaai, 1, ¢. 160]) posmisiHemMo HACTYNHI M IMHOKHUHE MHOKIHA I

My={YveM: 3K >0Vt >1 ay;t) > K},
Mo ={veM: IK,K,>0 Vit>1 K, <at)<K,< oo},
Ae Oé<1/}7t) = t‘zil(zt ’ 2/1/( ) = wl(t_‘_ O)

OueBUIHO, 1110 mtc C My
Teopema. Hezati > (k) < oo i f € R. Todi, axwo $pynxuis g(t) = ()t mara, wo
k=1
g € My, mo
w(k), cos B—” # 0,
cticpe =4 &
Y(n)n, cosZ =0,
Axwo otc g € Me, mo

6#(02},1)0 = (n)n.

1. Crenaner; A. V. Memodv meopuu npubaustcenut: B 2 a. // Ilpaui Incturyry maremaruku HAH
Yxpaian. — Kues: Ua-T maremarukn HAH Vkpanner, 40 (2002), Y.I. — 427 c.
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['PVIIN CUMETPIV HECUHIV/ISPHUX ILLIAPYBAHHS [TJIOILIVHU
FO. KO. Copoka

Kuiscbkuit nanionaabunit ynisepcurer imeni Tapaca [llesuenka, Kuis, Ykpaina

soroka__ yulya@inbox.ru

Hecunry/siphi mapyBaHHsl IUIONWHA pO3MJsiianucsa B poborax B. Kamnana [1,2|. Tpukia-
JIOM TaKOro mapysauns € Jinii pisug gyuxuii f(x;y) = arctg(y — tg*x), Mo JOKaIbHO T0-
MeoMOp(HI MapajebHIM TpgaMuM. Po3riagHeMo jietajibHille CTPYKTYPY HECHHTYJISIPHUX Iila-
pyBaHb.

Modeavroro cmyeoro HazBeMo Binkputy miamuOokuHy S C R X [—1;1], sKa 3a710BOJIbHSIE
ymoBam: 1) R x (=1;1) € S ta 2) SNR x {—1,1} ¢ He3p’ss3uum 06’ € HAHHAM IHTEPBAJIIB,
3aMuKaHHs SKUX B R X [—1; 1] monapHo He mepeTHHAETHCS 1 yTBOPIOIOTH JOKAJIBHO CKIHUCHHY
MHOZKUHY.

[Mosmaunmo: 0S = SNR x {—1;1}; 0_S=SNRx{-1}; 0,5=5SNRx{1}.

Hexaii {Sy}ea - J0OBinbHA ciM’st MOJeaBHEX eMYT, X = /\LEJAﬁ_S,\, Y = /\LEJA&FS,\, ne A -nedaka

MHOXKHUHA iHjieKciB. Tobro X, Y € He3B’sa3uuM 00’eITHaHHAM BiIKPUTHX iHTepBadiB X = UAX"“
ac

Y = U Xjg. Ckiaeimo MozesnbHi CMyru, OTOTOXKHUBING JledKi 3 iHTepBatiB X, 3 gedxumu 3
BeB

inrepBanis Y. na nporo 3adikcyemo sxy-HeOyabp MHOKUHY iHaekciB C' i 1Ba iH'€KTHBHEX Bij-
obpazkernsa p : C — A ta q : C — B. Tenep nna xoxuoro ¢ € C Hexail ¢, : Xpe) — Yy
eaunuii adinnuii i3omopdism, mo 36epirae opienrarino. ®akrop mpoctip ¥ = | |, Sy (s} Ha-
3UBATUMEMO CMY2GCMON0 NOBEPLHEN.

Koxkna MojesibHa cMyra Ma€ KaHOHIYHE OPIEHTOBaHE MIAPYBaHHS HA NOPU3OHTAJILHI JIyT'H
R x t, t € (—1;1) Ta kommonenTn 38’s1300cTi 0S. Tak gk romeomopdisMu ¢, OTOTOKHIOIOTH
Iapy TaKWX MapyBaHb, TO KOKHA CMyTacTa MOBEPXHS TAKOXK Hece Ha coOl mapysanus F, 1o
CKJIAJAEThCS 3 MIAPIB MIapyBaHb HA MOJIEJIBHUX cMyrax. Lle mapyBaHnns TakoxK € OPi€HTOBaHUM,
HA3UBATHMEMO HOT0 KAHOHIUYHHM.

[Mosnauumo yepes N (w) - poBlIbHUI OKiJl, siKuil MicTuTh Wap w, w € F| a uepes Sat (N (w))
- Hacudenus MHOKHHU N (w), T06TO 06’€MHAHHS BCIX mapiB mapyBaHHs F', 1Mo mepeTwHaThH
N(w). Map mazuBaeThest cneyiaavhum, skimo w # () Sat (N(w)). Moxkna nmokasaru, 1mo Ko-

N(w)
KeH clieliaJbHUi map w € 00pa3oM CKIeeHuX mapiB X, U Yy ang gesakoro c € C.

st kKoxkHOT cMyracTol moBepxHi 3 BuzHauumo opienrosanuii rpad ['(X), pebpo sikoro - 1e
crerniaJibHI IMapu, a BEPIIUHHU - KOMIIOHEHTH JIONIOBHEHHS 70 00’€/THaHHs CIeIiaJbHUX IIapiB.
Hexait w = X)) ~ Yy - cnemianpanit map takmit, mo X, C 0_-S),, Yy C 045),. He-
xail TakOXK V; - KOMIIOHEHTa JIONOBHEHHS /10 00’€THAHHS CHeIlaJbHUX MapiB, MO MICTATH Sy,
i = 0,1. Toai w - e pebpa mixk Bepuuaamu Vy ta Vi B rpadi ['(X). Opientyemo itoro Big V)
1m0 Vo. Ipu meomy rpad I['(X) crae opienToBanM. 3aysazkumo, mo rpad ['(2) me € JoKambHO
CKIHYEHHWU1, ajie MOXKe MaTh CKIHYeHHUI TiameTp.

[Mosuaunmo vepes HH(F) - rpyny Bcix romeomopdismis h : S — S takux, 1o aas noBijib-
HOTO THapy w € F' jioro obpa3 h(w) € takoxk mapom F i npu npomy h : w — h(w) 36epirae
OpI€HTAIIIIO.

Hexaii takox moH ™ (F) = H(F),/ Hy (F) - rpyna romeoromniii F', ne Hy (F') - migmMuoxKuna
H*(F), mo cknagaerbes 3 romeomopdismis, sxi izoronni roroxkuomy B HT (F).

Hexaii § cremianbanii Kj1ac CMyracTUX MOBEPXOHB IS SIKUX:

1) 0_Sy = (—1;1) x {—1},YX € A, 10610 B KOXKHY BeputuHy rpady [' BxoauTh Juine ojHe
pebpo;
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2) rpad I 38’s13HMi, Mae CKiHYeHHHI TiaMeTp 1 He MICTUTh UKJIIB.

Busnaunmo MiHiMaJIbHUN KJjac Tpyn £, M0 330BOJIbHAIOTH YMOBaM:

1) {1} € Z;
2) axmo {A;} € Z,i € Z, toni [[ Ai € Z;

1=—00
3) sixmo A € Z, Toni Binueswii 106yTok AVZ = Map(Z, A) X 7 € Z.
Hacrynna TeopeMa OMECYye CTPYKTYPY I'PYI TOMEOTOTIiii IapyBatb KJIacy §.
Teopema. Kaac G = {moH" (F)| F xanoniune wapyeanna na S € F} ycix epyn 2omemonid

KGHOHIMHUL WaPYBaHb CMY2aCMUX NOBEPTOHGL 3 Kaacy § cnienadac 3 waacom 2pyn Z.

1. W. Kaplan. Regular curve-families filling the plane I. Duke Math. J., 7, (1940),154-185.
2. W. Kaplan. Regular curve-families filling the plane II. Duke Math. J., 8, (1941), no. 1, 11-46.
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YBATAJIBHEHO OITVKJII MHOYKWHU 1 BAOAYA ITPO TIHb
M. B. Credanuyk

Iacruryr maremarukun HAH Vkpainu, Kuis, Ykpaina

stefanmuv43@gmail.com

Muoxkuna E C R™ nazuBaerbest m-onykaoto eionocno mowku x € R™\ E, akiio 3Haiijgerbes
m-pumipua wiomuna L, taka, mo x € L i L(E = 0; muoxuna E m-onykia, 9KII0 BOHA
M-OTyKJIa BiTHOCHO KOKHOI Toukn £ € R™ \ F.

YacTKOBUM BHIIAIKOM HAJIEZKHOCTI TOUKH 1-000J10HII 00’ €IHaHHS JIEAKOr0 HADOPY KY/b €
3aJ1a4a Ipo TiHb, AKY po3riagas I Xympaibepranos.

Samaua (mpo TiHb). dka MIHIMAALHAG KIADKICMY NONAPHO HENEPEMUHHUL 3AMKEHEHUT KYAL
3 yenmpamu wa chepi S ma padiycamu, menwumu 6id padiyca chepu, docmamns 048 MO20,
wWob 008IAHA NPAMG, AKG NPOTOJUMb “epe3 ueHmp chepu, nepemunare Toua 6 00ny 3 Yux
Kyab ¢

[lo-irnmomy mo 3aga4dy MoxKHaA chOPMYIIOBATH TaK: CKLIBKH 3aMKHEHHUX KYJIb 3 paJjiyca-
MU, MEHIIUMY Bij pajiyca cdepn, i 3 nenrpamu Ha cdepi (HaiiMeHIIa KUTBKICTh) 3a6e31eIuTh
HaJIEZKHICTH TeHTpa cdepu 1-060s0HMII cim'T Kyib?

Teopema 1. Icnyromo dei 3amkneni (8idkpumi) Kyl 3 ueHMPamMu Ha 00UHUYHOMY KOAT | 3
PadIycam, MeHWUMY 6810 00UHUYL, AKE 3G0E3NEYYIOMb HAAEHCHICMY UEHMPA K0AG 1-00040HUYT
CIM T KYAD.

Teopema 2. /las mozo, wob yenmp (n — 1)-chepu 6 n-gumipromy e6xA1d080MY NPOCTOP]
npun > 2 naarencas 1-0604014yi cim’i 610KpUMUT (3aMEHEHUT) KYAD 3 padiycamu, AKi He biabul
(mernwi) 6id padiyca cepu, i 3 yenmpamu Ha cdepi, neobriono i docmamuwo (n + 1)-i Kyai.

Muoxkuna F C R" HazuBaeThCst m-nanieonykaoto eidnocrko mowky © € R™\ E, aximo 3Haiite-
ThCa m-BAMIpHA niBmomuua P, taka mo z € Pi P E = (). Muoxuna F C R™ m-nanieonykaa,
SKIO BOHA M-HAMIBOIYKJIA BITHOCHO KOXKHOI TOUkn € R™\ E.

Posrjisinemo anaJsior 3ajiadi upo TiHb Jijig HaUiBOIYKJIOCTI. flKa MiHiMaJibHA KUIBKICTH 110-
IapHO HEeNepeTUHHUX 3aMKHeHUX (BLIKpUTHX) Ky/b 3 HenTpamu Ha cdepi S™ ! ta pajiycamu,
MEHIIUMH BiJT pajiyca cdepu, J0CTaTHS JIjIT TOrO, mob JOBLIHHUNE NPOMiIHDb, AKHil BUXOAUTD i3
neHTpa cdepu, mepeTuHas xoda 0 OJHY 3 IHX KYyJIb?

Teopema 3. /laa mozo, wo6 uenmp xoaa S' C R? nanesicas 1-naniconywaiti 06oa0myi cim’i
GIOKpUMULT (3aMKEHENUT) KPY2i6 3 padiycamu, AKi He nepesuuyoms (Menwi) 6id padiyca koaa,
I 3 UEHMPAMU HA YbOMY KOAL, HEOOXIOHO 1 doCMamHb o MPboxT Kpyeis.

Teopema 4. Jlas mozo, wob uenmp 0808uMIPHOL chepu 6 MPLOTEUMIPHOMY €8KAII060MY
NPoOCMOPi Harencas 1-nanieonykail 060A0HYE cim’l 8I0KPUMUL (3aMEHEHUT) KYAb 3 padiycamu,
AKL He Oiavwi (menwi) 6id padiyca cepu, i 3 uenmpamu wa chepi, docmammnsbo decamu Kyab.

1. Bemumnuckuii FO. B., Beirosekas U. F0., Credanuyk M. B. O600MEHHO BBIIYKJIbIE MHOXKECTBA, U
3aa4a 0 TeHu. — arXiv:1501.06747. — 2015.
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[TPO JESIKI HAIIBOJHOPIJIHI EJINTUYHI KPANOBI
3AJIAUI V [IPOCTOPAX XEPMAH/IEPA

Yenypyxina I.C.
Iacruryr maremarukun HAH Vkpainu, Kuis
chepuruhina@mail.ru

JlomoBiip pucBgYeHa 3aCTOCYBaHHAM r'iibbepToBUX HpocTopis JI. Xepmangepa /10 elinTHIHIX
33129 3 JIOJATKOBUMHU HeBigoMumu (hyHKIigME y Kpaiiopux ymosax. Li 3axa4i sBejieni b. Jlas-
pykoM y 1963 p. BoHu BUHUWKAIOTH IPH EPeXO/l Bif JOBLIBHOI (HEperyJaspHOl) eminTHIHOL
KpaioBol 3a1a4i 10 GopMaabHO CIPSIZKEHOI 3a1adi.

Hexait () € obmexkena obacth B R, me n > 2, 3 mexkeo [' kmacy C°. Posrasgnemo B (2
HANIBOAHOPIIHY €IINTUYHY 33424y 3 > > 1 JIOJATKOBUMU HEBIIOMUME (DYHKIIAMU Y KPailoBUX
yMOBax:

»
Au=0 B Q, Bju+ZC’j7kvk:gj Ha I', j=1,...,q+ ». (1)
k=1
Tyt A = A(x, D) — npaBuwibho eminTuaauil qudepeHIiajibauil oneparop Ha Q mapHOro TO-
psanaKky 2q > 2, koxue B = B;(z, D) — rpannunnii 1udepennianbauii oneparop Ha I' mopaixy
m; < 2q — 1, axoxue Cj, = C;(z, D;) — poruunnit nudepennianpunit oneparop na I mopsia-
Ky < m; + 1. KoedinienTu nux oneparTopis € HECKiHYEHHO IJIaKUMU KOMILJIEKCHO3HAIHIMU
GYHKITIIMH.

g 3a1a9a JOCTIIKYETHCA Y TILOEPTOBUX MPOCTOpaX XepMaHjepa, sKi YTBOPIOIOThH yTO-
qHeHy cO0OJIEBCHKY mikany {H*? : s € R, € M}. Tyr M — MHOXKHHA BCIX HEMEPEPBHUX
dbynkuiit ¢ : [1,00) — (0, 00), HoBLILHO 3MiHHKMX HA HecKinuennocti 3a 1. Kapamaroro, To61o
©(At)/(t) — 1 upu t — oo gst kozkuoro A > 0. ITpocrip H¥?(R"™) ckaamaeThes 3 yeix po3mo-
ainis w € S'(R™) taxnx, mo (£)*0((E))W(€) € La(R™,d). Tyt (£) := (1+ |£*)Y/2, a @ — nepe-
TBOpeHHd DPyp’e po3noainy w. Y TouHeHi coboaeBehKi mKaau Ha {2 i [’ BU3HA9aOThCA y CTaH-
mapraEit cmoci6 3a npocropamu H*?(R™). Tlokmagemo K¥(Q) := {u € C®(Q) : Au=08Q} i
postustnemo uipupocrip K57 (Q) = {u € H*#?(2) : Au =08 Q}.

Teopema [1]. [laa dosinvruz s € R i ¢ € M sidobpasicenna N = (w, v, ..., 0,) = (g1, -, Gt
deu € KP(Q)ivy,...,v, € C®(T), wo eidnosidae sadai (1), npodocsicyemoca eOunum “wunom
(3a Henepepericmio) do 0bmescenoz2o onepamopa

b4 q+x
A KSR o @ HVPAT) —» @ H VAT,

k=1 Jj=1

Lleti onepamop nemepie. Hozo sdpo ma indekc ne 3asescamo 6id s ma .
Y crinbaux poborax 3 O. O. Mypadewm |2, 3| BcranoBaeHO Bepcil 1iel TeopeMu JJisi HEOTHO-
pifHuX eminTHYHAUX KpaiioBux 3amad suriasiy (1).

1. Yenypyxina I. C. Hamisomuopigaa esinTuyHa 33292 3 JOJATKOBUME HEBITOMUME (DYHKIIAMEA Y
kpaitopux ymoBax // Homnosini HAH VYkpaiau. — 2015. — Ne 7.

2. Chepurukhina I. S., Murach A. A. Elliptic problems in the sense of B. Lawruk on two-sided
refined scale of spaces // Methods Funct. Anal. Topology. — 2015. — 21, no. 1. — P. 6 — 21.
(arXiv:1412.0495.)

3. Murach A. A., Chepurukhina I. S. Elliptic boundary-value problems in the sense of Lawruk
on Sobolev and Hérmander spaces // Ykp. mar. xypu. — 2015. — 67, Ne 5. — C. 672 — 691.
(arXiv:1503.05039.)
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[TIJMHOTOBUAN JIOKAJIBHO KOH®OPMHO-KEJIEPOBUX
MHOT'OBM/IIB

E. B. YepeBko
OHEY, Opeca, Ykpaina
cherevko@Qusa.com

Hexaii {M,, J, g}, — nokasnbro KoHbOpMHO-Kenepopuit MEOrOBHU 3 (bopmoio JIi w. Posrusiae-
Mo anamgitnane 3anypensst f : {Ng, g} — {M,, J, g}, ne {Ny, g} € nigmuaorosumom po3mipHocTi
k = 2l < n. e 3anypeHns 3aJa€ThCsd aHATITUIHAME (DYHKITIAME

2= flu),

ne u® ta z' — mokasnbHi KoopauHaTh Ha MEOTOBHIAX { Ny, g} ta {M,, J, g}. Buacminok anamiTu-
YHOCTI Ma€eMO, IO TEH30pP
7o _ na 7k RJ
Jy = By J;Bj
= . . ~ j _ 9f7 a __ rac i Ja =
€ MafizKe KoMILIeKCHOTo cTpyKTypoto Ha { N, §}. Tyr By = 25, Bil = §*°B.gy.. Orxe, { Ny, J§, g}

— Maiike Kommiaekcauit maorosu. Tenszop Heiieexeeca muorosuy { Ny, J{, §} 10piBHIOE HyJIO:

N = JH(O ¢ = 0Jf) = T = 0,J¢) = 0.

Takum ansom, { Ny, jlf‘, g} € epMiTOBUM MHOTOBHJIOM. [I0BEIEHO HACTYIIHY TEOPEMY:

Teopema. Hezali ichye anasimuune sanypenms ananrimuyne sanyperns f: {Ng, g} — {M,, J, g},
de {M,, J, g} — nokarvro Kongopmmo-xeseposuli mnozoeud 3 gopmoro JIi w. Todi, { N, Jg,g}
mae bymu marootc JIKK mrozosudom 3 dopmoro JIi w, = Blw;.

Hacainok. dxwo eexmopne nose JIi € = w?, susnanene na {M,,J, g} e opmozonasvrum do
anasimuuno 3anypernozo mnozo6udy { Ni, ng G}, mo mnozosud { Ny, Jg, g} € xeaeposum.

1. Kupuuenko B. ®@. Jugpepenyuarvro-zeomempuueckue cmpykmypv. Ha muozoobpasusz | B. @.
Kupuuenko —M.: MIIIY, 2003, 495 c.

2. Yano K. Differential geometry on complex and almost complex spaces / K. Yano—New York:
Pergamon Press Book — 1965, 326p.

3. Dragomir S., Ornea L. Locally conformal Kahler geometry / S. Dragomir —Boston; Basel; Berlin:
Birkhauser — 1998, 328p.
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EXTREMAL DECOMPOSITION OF THE COMPLEX PLANE

Aleksandr Bakhtin, Inna Dvorak, Iryna Denega
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

The report is devoted to investigation of one problem of the geometric function theory of a
complex variable.

Let N, R be a set of natural and real numbers, respectively, C be a complex plane, C =
CUJ{oc} be a one point compactification and Rt = (0, c0).

A finite set of arbitrary domains {By}?_,, n € N, n > 2 such, as B, C C, By N B,, = 0,
k #m, k,m = 1,n is called a system of non-overlapping domains.

Denote for different points ay, k& = 1,n on the unit circle oy == < arg %, Qpy1 1= Qi
k=1n.
Let

L [ewimanteia) tlogls — D). 0t o0
r(B,a) = exp(lim(gg(z,a) —log|z])), a= o0

z—a

be a inner radius of the domain B C C with respect to the point a € B, gp(z,a) is Green’s
function for the domain B. Consider the following problem.
Problem. Show that the maximum of the product

Ta(y) =77 (Bo, 0) [ [ (B ax) ,
k=1

where By, Bi, By,...,B,, n > 2 are pairwise non-overlapping domains in C, ag = 0, |ax| = 1,
k =1,n and v > 0, achieved for some configuration of the domains B;, and points a;, which
are having n-fold symmetry.

This Problem was formulated in 1994 [2] and then repeated in 2009 [5]. Currently it is not
solved in general, known only partial results. This problem has a solution only if v < n, as soon
as Yy =n+¢, € > 0 the Problem has no solution.

In 1988 in Dubinin’s work [1] this problem was solved for v = 1 and n > 2, and from the
method of this work it implies that the result is true and for 0 < v < 1. In 1996 L.V. Kovalev
[3] got the solution to this problem with some restrictions on the geometry location of sets of
points on the unit circle and, namely, for n > 5 and subclass points systems satisfying condition

0<ap<2/\7, k=1,n.

In 2008 A. K. Bakhtin [4] showed, that the result of V.N. Dubinin holds for arbitrary v € RT,
but since some number ng(7y). It should be noted in the case v > 1 method, developed in the
paper of V. N. Dubinin [1], can not be applied. In 2013 Y. V. Zabolotnii |6] got the solution of
Problem for n > 2 and 0 < v < /n, and for 0 < v < n®, where % <a< %, since some number
n = n(a).

We got the following result:

Theorem 1. Let n € N, n > 12, v € (0, v,], 7 = n%*. Then for any system of different
points, which lie on the unit circle A, = {ax}}_, and any system of non-overlapping domains
By, ar, € B, C C, a9 =0 € By, (k =1,n), we have inequalily

(2 (1—%)“

1+4




where equality holds if ai, and By, k = 0,n, are, respectively, poles and circular domains of the
quadratic differential
Rty

w?(wn — 1)?

Q(w)dw?* =

We also obtained another most strong result, but we need next function
Fg(l’) _ 2:U2+6 X :U;g2+2725 . (2 o x),%(Q,x)Q (2 4 $)7%(2+x)2,

€(0,2, 0<6<0,7.

The next result holds:

Theorem 2. Letn € N, n > 5, v € (0,7%], %0 =1,75,0 < § < 0,7. Then for any system of
different points A, = {ak}k 1, which lie on the unit czrcle and any system of non-overlapping
domains By, ar € B, C C, k=0,n, ag = 0, we have inequality

7 (By, 0) ﬁr (B, ar) < _<Hak> { (%ﬁ)r

k=1

where equality holds in the same case as in Theorem 1.

1. V.N. Dubinin. Separating transformation of domains and problems on extremal decomposition.
Notes scientific. sem. Leningr. Dep. of Math. Inst. AN USSR. 168, 48-66 (1988) (Russian);
translation in J. Soviet Math. 53, no.3, 252-263 (1991).

2. V.N. Dubinin. Symmetrization method in geometric function theory of complex variables. Successes
Mat. Science. 49, no.1l (295), 3-76 (1994) (Russian); translation in Russian Math. Surveys 49,
no.1, 1-79 (1994).

3. L.V. Kovalev. To the problem of extremal decomposition with free poles on the circle. Far Eastern
Math. collection. 2, 96-98 (1996). (Russian)

4. A K. Bakhtin, G.P. Bakhtina, Yu.B. Zelinskii. Topological-algebraic structures and geometric
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308 (2008). (Russian)

5. V.N. Dubinin. Capasities of condensers and symmetrization in geometric function theory of
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We shall follow the terminology of [2,4].

An H-closed quasitopological group (in the class of quasitopological groups) is a Hausdorff
quasitopological group which is contained in each Hausdorff quasitopological group as a closed
subspace. We obtained a sufficient condition for a quasitopological group to be H-closed, which
allowed us to solve a problem by Arhangel’skii and Choban from [1]:

Theorem 1. A topological group G is H-closed in the class of quasitopological groups if and
only if G is Raikov complete.

We shall call a quasitopological group G Cauchy completty if each Cauchy filter F on G
with an base consisting of its open subsets, has a limit point. A filter F on a quasitopological
group G we shall call Cauchy filter, provided for each neighborhood U of the unit e of the group
G there exists a member F' € F such that yU N Uy € F for each point y € F [3].

Theorem 2. Let (G, 7) be a Cauchy completty quasitopological group, (G, o) be a quasitopologi-
cal group, o D T, and the space (G, o) has a w-base, consisting of open subsets of the space (G, T).
Then (G, o) is a Cauchy completly quasitopological group.

Also we present examples of non-compact quasitopological groups which are H-closed
topological spaces.

1. A. Arhangel’skii and M. Choban, Semitopological groups and the theorems of Montgomery and
Ellis, Compt. Rend. Acad. Bulg. Sci. 62:8 (2009), 917-922.

2. A. Arhangel’skii and M. Tkachenko, Topological Groups and Related Structures, Atlantis Press,
2008.

3. B. Batikovd, Completion of quasi-topological groups, Topology Appl. 156 (2009), 2123-2128.
4. R. Engelking, General Topology, 2nd ed., Heldermann, Berlin, 1989.
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We will use the following notation: D¥ is a k-disk, S* is a k-sphere, 9D* is the boundary of
DF, which is a (k — 1)-sphere, and for a set A denote by A the closure of A.

Let K be a HausdorfT topological space such that K = J; K*, where K° is a disjoint union of
points and K™ obtained by attaching to K’ a disjoint union of (¢ + 1)-disks | |, , D5™, ¢ >0
via a continuous map ¢’ : | |, ., 9D — K*. The restriction ¢'|;pir1 is denoted by ¢7,. The
map @, : Dt — K such that @[, = ¢, is called a characteristic map and the image
of @, is called i-cell of K. The subspace K' = J,; e} of K is called i-skeleton of K.

Let ©f = K\ K be a set of i-dimensional cells of K, 1 < i < n, and for i = 0 we put
0% = K°. The set © = |J; ©" is said to be a cellular partition of K.

Definition 1.([1]) A CW complex K is said to be regular if all its attaching maps ¢, :
el — K are embeddings.

Examples of regular complexes are polyhedrons, graphs without loops. Also note that if K
is a regular CW n-complex, n > 1 then card(K 0) > 2. The following result gives a description
of the structure of regular CW complexes.

Theorem 1([1|, Chapter 5) Let K be a reqular CW complez, and ¢ : 0D =2 5" — K be
a attaching map of some cell e € ©%, i = 0,1,...,n. Then ¢(S°) is a subpartition of K, i.e.
@' (S?) is a union of cells of K.

Suppose G is a group and X is a topological space. A (right) group action ¢ of G on X is a
continuous map ¢ : X x G — X such that ¢(z, gh) = ¢(x-g, h) for all g, h € G and ¢(x,1) = z,
where 1 is the unit element of G, = € X.

Let K be a CW complex, H(K) be a group of homeomorphisms of K. Denote by Heow (K)
the subgroup of H(K) which preserves cellular structure, i.e. How (K) = {h € H(K)|h(0") =
0!, i=0,1,...n}. Such homeomorphisms h € Heow (K) are said to be cellular. Endow H (K )with
the compact-open topology, i.e a topology with following base

Wyv ={feCK,K)|f(U)CV}, Uiscompact, V isopen

This topology induces the topology on Hew (K).
Evidently, every cellular G-action on K satisfies two following conditions: for each g € GG

(CL) g(6) = O,

(C2) for cells e, ¢’ such that ¢’ C € we have g(¢') C g(e), g € G.

So, G induces the action on ©. Then conditions (C1) and (C2) can be taken as the definition.
Definition 2. The action of a group G on © 1is said to be a combinatorial G-action on K if
it satisfies (C1) and (C2). Obviously, each cellular action induces a combinatorial action. The
following theorem shows that for regular complex a combinatorial action is induced by some
cellular action.
Theorem 2. Suppose K 1is a reqular complex. Then every combinatorial G-action on K is
induced by some cellular G-action.

1. W. S. Massey, Homology and Cohomology Theory: An Approach Based on Alexander-Spanier
Cochains, Marcel Dekkon Inc. New York, 1978.
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Let CP' = C U oo be the Riemann sphere, equipped with the natural action of the M&bius
group PSL, (C). We say that two differential forms w; with rational coefficients on CP*! are
Mo6bius equivalent if there is a Mobius transformation A : CP! — CP! such that A* (w1) = we
(I11)-

Let 7% : T} ,CP' — CP" be the cotangent bundle, then differential forms with rational
coefficients are exactly rational sections of the bundle.

Denote by J* (7*) the bundles of k-jets of holomorphic sections of 7* and by m; : J* (7%) —
JU(*), k > [, the natural projections. Functions on J* (7*) rational along fibres 7, and
invariant with respect to the Mobius group PSL, (C) we call Mobius differential invariants of
order < k.

Theorem. The field of Mdbius differential invariants is generated by basic differential
invariant

and tnvariant derivation

d
V=e"—.
dz
Remark.
o In this theorem z,u,uy,. .., uy are canonical coordinates in J* (7%).

e Due to Lie-Tresse theorem, |2|, the field of Mdbius differential invariants separates reqular
orbits.

Let
I3 =V (L) = (us — 3uqus +uj) e,
Iy =V (I3) = (ug — 6usus + 12ufuy — 3uj — 3uf) et
be the correspondent invariants of order 3 and 4.

2
Then values of differential invariants % and % on a differential 1-form w with rational

Vil
2 12

coefficients are rational functions on CP! and therefore satisfied an algebraic equation

I I
Pw 799 79 :07
(%)

for some irreducible polynomial P € C[X,Y].
Theorem

e Iftwo differential 1-forms w; with rational coefficients are Mobius equivalent then polynomi-
als P,, and P, are proportional.
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o If for regular differential 1-forms w; polynomials F,, and F,, are proportional then wq
Mdbius equivalent to wo + ¢ dz, with ¢ € C.

1. H. T. Konosenko. Iuddepennnanbubie nusapuantsl u slp - reomerpun // Kuis: "Haykosa mym-
ka"HAH Vkpainu, (2013), 192 c.

2. B. Kruglikov, V. Lychagin. Global Lie-Tresse theorem // (2013), 48p., arXiv:1111.5480
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AND Syl)A,
Ruslan Skuratovskii
PL of National Technical University “KPI” of Kyiv, Ukraine
ruslcomp @mail.ru

The aim of this paper is to investigate the structure of Sylow 2-subgroups and to construct
a minimal generating system for such subgroups. The case of Sylow subgroup where p = 2 is
very special because it admits odd permutations, this case was not investigated in [1,2]. There
was a mistake in a statement about irreducibility that system of k + 1 elements for Syls(Asx)
which was in abstract |3] in 2015 year. All undeclared terms are from [4]. A minimal system of
generators for a Sylow subgroup of A, was found.

Let’s denote by Ty, a regular binary tree labeled by vertex. If the state in the vertex is
non-trivial, then its label is 1, in other case it is 0. We denote by v;; the vertex of L;, which
has the number . An automorphism of Ty, with non-trivial state in

Ul,ilu C. 7U1,ij7v2,j27 .. >Uk,km

is denoted by 5 1 i )ii(ris)iils 1 (ir,i,) Where the index [; is the number of level with
non-trivial state. In parentheses after this numbers we denote a cortege of vertices of this level,
where the non-trivial states in this automorphism are present. Denote by 7 the automorphism,
which has a non-trivial vertex permutation only in the first and the last vertices vy ; and vy or
of the last level Ly.

Theorem 1. Every state from L;, [ < k determinate a even permutation at vertexes of
Lyt
Vertex permutations from 7j_; form a group: Bi_; = Cy...0Cy which acts at Ly, by
—_—
k—1
even permutations, because Lemma 1. Order of B;_; equal to 92¢71-1,
On L;_; we have 2F~1 vertexes where can be group V1 ~ Cy x Oy X ... X Cy =~ (Og)k_l
but as a result of the fact that L,_; contain only even permutations there only half of all

k—1
permutations from V;_;. So it’s subgroup of Vj,_i: Wy ~ o3 /c,- So we can state:

Proposition 1. Order of W;_; or number of pairs of transpositions on L;_; is equal to
2271 k>0,

Theorem 2. Orders of groups (ag,a), 1,1), @2,1), %k—2,1),T) and Syly(Ase) are equal to
92+-2,

In accordance with formula of Legendre power of 2 in 2*!:
ok N 2k N ok P 2k B 2k 1
2 22 28] T2k 2—17

We need to subtract 1 from it because we have only %’ of all permutations as a result:

2k — 1
2—-1

So |Syl(Ag)| = 22°-2. The same order has group Gy, = By_1 X Wi_q: |Gi| = | Br_1| - |[Wi_1)-

1=2F_—2
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Theorem 3. The set S, = {ap 1), @1,1), Q2,1), - - -, Ag—2,(1), T}, of elements from subgroup
of AutTy generates for a group Gy which is isomorphic to Syls(Agx).

Theorem 1. The set S5 = {8y (1).4,(1.2), B1,(1)k, (251 26141 B2,(1)s Br—2,1) } of elements from
subgroup of AutT}, is minimal generators for a group isomorphic to Sylow 2-subgroup of Ax.

For example the minimal system of generators for Sylay(Ass):

B2 B81 Bo

1 1 1 1
nmn N nn L L e L O nl nn o nnonmn

Let’s deduce S, from Sy for G4. Note that (2 = 793 and 79353 = ;. Moreover 3, = ;o3
this implies o = 72’3161. So it follows that ag = 11450.
It was proved that the structure of Sylow 2-subgroup of A,x is the following:

k—1_
o 2 1

1
! Oy X Cs,
12 2,112

1=

where we take C5 as group of action on two elements and the action is faithful.
Number of such minimal systems of generators for Gy:

C%k_lc;k_171 + C;k—Q 21k—271 + st + 02102171

1. U. Dmitruk, V. Suschansky, Structure of 2-Sylow subgroup of symmetric and alternating group.
Ukr. Mat. Journ. 3 (1981) 304-312.

2. R. Skuratovskii, Generators and relations for Sylow p-subgroup of group S,. Naukovi Visti KPL.
4 (2013) 94-105.

3. V. Ivanchenko, System of generators for 2-Sylow subgroup alternating group, Fourth Ukraine
Conference of Young Scientists. Kiev: KPI (2015) 60 p.

4. P. Grigorchuk, P. Nekrashevich, P. Sushchanskii, Automata, Dynamical Systems, and Groups,
Trudy mat. inst. Steklova. no. 231. (2000) 134-214.

72



X Jlimna wxona

“Aneebpa, Tononrozin, Ananiz”

3 — 15 cepraa 2015 poky
Opeca, Ykpaina

Te3u momnosineii

Komm'ioreprna BepeTKa Ta MiJIrOTOBKA OPUTiHAI-MAKeTa,
C. 1. Makcumenko, B. I". @emenko

Iiam. mo apyky 23.07.2015. @opmar 60x90/16. Ilamip ode. Ode. apyk. O6a. ua. apk. 21.5. YM. 1pykK.
apk. 30.1. Bam. 50. Tupax 300 mp.

Ia-T maremarukn HAH Ykpainn
01601 Kwuis-4, MCII, Byn. TepemenkiBcbKa, 3

73



