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The conference is dedicated to the memory and 70th anniversary of the outstand-
ing topologist, Corresponding Member of National Academy of Sciences Volodymyr
Vasylyovych Sharko (25.09.1949-07.10.2014) to commemorate his contributions to
the Morse theory, K-theory, L2-theory, homological algebra, low-dimensional topology
and dynamical systems.
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The continuity of Darboux injections between
manifolds
Taras Banakh

(Ivan Franko National University of Lviv, Lviv, Ukraine)
E-mail: t.o.banakh@gmail.com

We shall discuss a problem of Willie Wong who asked on Mathoverflow if every
bijective Darboux map f : X → Y between Eculidean spaces (more generally, between
manifolds) is a homeomorphism. A function between topological spaces is Darboux if
the image of any connected subset is connected. We prove that an injective Darboux
map f : X → Y between connected metrizable spaces X,Y is continuous if one of the
following conditions is satisfied:

i) Y is a 1-manifold and X is compact;
ii) Y is a 2-manifold and X is a closed 2-manifold;
iii) Y is a 3-manifold and X is a rational homology 3-sphere.

More details can be found in the preprint https://arxiv.org/abs/1809.00401.

Singularity of control in a model of acquired
chemotherapy resistance

Piotr Bajger
(Faculty of Mathematics, Informatics and Mechanics, University of Warsaw, Banacha

2, 02-097 Warsaw, Poland)
E-mail: p.bajger@uw.edu.pl

Mariusz Bodzioch
(Faculty of Mathematics and Computer Science, University of Warmia and Mazury

in Olsztyn, Sloneczna 54, 10-710 Olsztyn, Poland)
E-mail: mariusz.bodzioch@matman.uwm.edu.pl

Urszula Foryśs
(Faculty of Mathematics, Informatics and Mechanics, University of Warsaw, Banacha

2, 02-097 Warsaw, Poland)
E-mail: urszula@mimuw.edu.pl

This study investigates how optimal control theory may be used to delay the onset
of chemotherapy resistance in tumours. We study a two-compartment model of drug-
resistant tumour growth under angiogenic signalling. An optimal control problem
with simple tumour dynamics and an objective functional explicitly penalising drug
resistant tumour phenotype is formulated. Global existence and positivity of solutions,
bifurcations (including bistability and hysteresis) with respect to the chemotherapy
dose are studied. Two optimisation problems are then considered. In the first problem
a constant, indefinite chemotherapy dose is optimised to maximise the time needed
for the tumour to reach a critical (fatal) volume. In the second problem, an optimal
dosage over a short, 30-day time period, is found. It is concluded that, after an initial
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full dose interval, an administration of intermediate dose is optimal over a broad range
of parameters.

REFERENCES
[1] Piotr Bajger, Mariusz Bodzioch, Urszula Foryś. Singularity of controls in a simple model

of acquired chemotherapy resistance. Discrete and Continuous Dynamical Systems Series B,
245: 2039–2052, 2019.

[2] Piotr Bajger, Mariusz Bodzioch, Urszula Foryś. Theoretically optimal chemotherapy proto-
cols: sensitivity to competition coefficients and mutation rates between cancer cells (under
review).

The topology of codimension one foliations with leaves
of nonnegative Ricci curvature

Dmitry V. Bolotov
(B. Verkin ILTPE of NASU, 47 Nauky Ave., Kharkiv, 61103)

E-mail: bolotov@ilt.kharkov.ua

In this talk we shall discuss the topology of closed riemannian manifolds that admit
codimension one foliations with leaves of nonnegative Ricci curvature. The following
theorem is a foliated analogue of the famous Gheeger-Gromoll results about the struc-
ture of manifolds of nonnegative Ricci curvature [1].

Theorem 1. Let F be a C∞-smooth codimension one transversally oriented foliation
on closed oriented riemannian manifoldMn with leaves of nonnegative Ricci curvature
in the induced metric. Then
• the fundamental group of leaves of the foliation F is finitely generated and virtually

abellian.
• the fundamental group π1(M

n) is virtually polycyclic;
• the foliation F is flat (i.e. the leaves of F are flat in the induced metric) iff Mn

is K(π, 1)-manifold.

Remark 2. The first statement of the theorem is a positive answer to the Milnor con-
jecture for the leaves of codimension one foliations with induced metric of nonnegative
Ricci curvature [2]. Recall that the Milnor conjecture claims that the fundamental
group of a complete riemannian manifold of nonnegative Ricci curvature is finitely
generated.

REFERENCES
[1] J. Cheeger and D. Gromoll, The splitting theorem for manifolds of nonnegative Ricci curva-

ture. J. Differential Geom., 6 : 119–128, 1971.
[2] D. Bolotov, Foliations of Codimension one and the Milnor Conjecture . Journal of Mathemat-

ical Physics, Analysis, Geometry, 14(2) : 119–131, 2018.
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Equilibrium positions of nonlinear differential-algebraic
systems

Cheikh Khoule
(Department of Mathematics, UCAD Dakar, Senegal)

E-mail: cheikh1.khoule@ucad.edu.sn

In this note we study particular deformations called ”CB-deformations” of a codi-
mension 1 foliation into contact structures, in order to prove first that: ifM is a closed
3-manifold diffeomorphic to a quotient of the Lie group G under a discrete subgroup
Γ acting by left multiplication, where G is S̃L2 (the universal cover of PSL2R) or Ẽ2

(the universal cover of the group of orientation preserving isometries of the Euclidean
plane), then there is on M, a codimension 1-foliation which is CB-deformable into
con-tact structures. Secondly with theses deformations, which are more general than
the linear one introduced by Eliashberg and Thurston [1], we can prove also that every
K-contact structure on a 2n + 1-dimensional closed oriented manifold M such that
dim(H1(M)) > 0, converges into a codimension 1-foliation. This last one can be view
as a generalization of a theorem of Etnyre [2] on 2n+1-dimensional closed K-contact
manifolds.

REFERENCES
[1] Y. Eliashberg and W. P. Thurston. Confoliations, University Lectures Series, Amer. Math.

Soc. 13(1998).
[2] J. B. Etnyre. Contact structures on 3-manifolds are deformations of foliations, Math. Res.

lett. 14(2007), no. 5, 775-779.

Equilibrium positions of nonlinear differential-algebraic
systems
Chuiko S.M.

(Donbass State Pedagogical University, 19 G. Batyuka str., Slovyansk, Donetsk
region)

E-mail: chujko-slav@ukr.net

Nesmelova O.V.
(Institute of Applied Mathematics and Mechanics NAS of Ukraine, 19 G. Batyuka

str., Slovyansk, Donetsk region)
E-mail: star-o@ukr.net

We investigate the problem of constructing solutions z(t) ∈ C1[a, b] of the nonlinear
differential algebraic system [1, 2, 3]

A(t)z′(t) = B(t)z(t) + f(t) + Z(z, t). (1)
Here A(t), B(t) ∈ Cm×n[a, b] is a continuous matrices, f(t) ∈ C[a, b] is a continu-
ous vector. We consider a nonlinear function Z(z, t) that assume twice continuously
differentiable by z in a certain region Ω ⊆ Rn and continuous in t ∈ [a, b]. We call
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the equilibrium position of the system (1) a function z(t) ∈ C1[a, b], that satisfies
two conditions A(t)z′ = 0, B(t)z + f(t) + Z(z, t) = 0. In the simplest case, under
the condition B(t) ≡ B, f(t) ≡ f − const, Z(z, t) ≡ Z(z), the equilibrium position
z(t) ≡ z − const of a nonlinear differential-algebraic system (1) defines the equation

φ(z) := B z + f + Z(z) = 0. (2)
To solve the equation (2), we apply the Newton method [4, 5].

Lemma 1. Assume that the following conditions are satisfied for the equation (2):
i) The nonlinear vector function φ(z) in the neighborhood Ω of the point z0, has the

root z∗ ∈ Rn.
ii) In the indicated neighborhood of the zeroth approximation z0 the inequalities
∣∣∣∣
∣∣∣∣J

+
k

∣∣∣∣
∣∣∣∣ ≤ σ1(k),

∣∣∣∣
∣∣∣∣d

2φ(ξk ; z
∗ − zk)

∣∣∣∣
∣∣∣∣ ≤ σ2(k) · ||z∗ − zk||, θ := sup

k∈N

{
σ1(k)σ2(k)

2

}

are satisfied.
Then under the conditions

PJ∗
k
= 0, Jk := φ′(zk) ∈ Rm×n, θ · |z∗ − z0| < 1

an iterative scheme zk+1 = zk − J+
k φ(zk) is applicable to find the solution z∗ of the

equation (2). The vector function z∗ is the equilibrium position of the differential
algebraic system (1).

REFERENCES
[1] S. L. Campbell. Singular Systems of differential equations, San Francisco – London – Mel-

bourne: Pitman Advanced Publishing Program, 1980.
[2] A. M. Samoilenko, M. I. Shkil, V. P. Yakovets Linear systems of differential equations with

degeneration, Kyiv: Vyshcha shkola, 2000 (in Ukrainian).
[3] S. M. Chuiko. On a reduction of the order in a differential-algebraic system. Journal of

Mathematical Sciences, 235(1): 2–18, 2018.
[4] L. V. Kantorovich, G. P. Akilov. Functional analysis, M.: Nauka, 1977 (in Russian).
[5] S. M. Chuiko. To the generalization of the Newton-Kantorovich theorem. Visnyk of

V.N.Karazin Kharkiv National University. Ser. mathematics, applied mathematics and me-
chanics, 85(1), 62– 68, 2017.

Distinsguishing Legendrian and transverse knots
Ivan Dynnikov

(Steklov Mathematical Institute of Russian Academy of Science, 8 Gubkina Str.,
Moscow 119991, Russia)

E-mail: dynnikov@mech.math.msu.su

The talk is based on joint works (recent and in progress) with Maxim Prasolov and
Vladimir Shastin.
A smooth knot (or link) K in the three-space R3 is called Legendrian if the re-

striction of the 1-form α = x dy + dz on K vanishes, where x, y, z are the standard
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coordinates in R3. If α|K is everywhere non-vanishing on K, then K is called trans-
verse.
Classification of Legendrian and transverse knots up to respectively Legendrian and

transverse isotopy is an important unsolved problem of contact topology. A number
of useful invariants have been constructed in the literature, but there are still small
complexity examples in which the existing methods do not suffice to decide whether
or not the given Legendrain (or transverse) knots are equivalent.
We propose a totally new approach to the equivalence problem for Legendrian

and transverse knots, which allows to practically distinguish between non-equivalent
Legendrain (or transverse) knots in small complexity cases, and gives rise to a complete
algorithmic solution in the general case.
The work is supported by the Russian Science Foundation under grant 19-11-00151.

Lyusternik–Schnirelmann Theorem for C1-functions on
Fréchet spaces
Kaveh Eftekharinasab

(Institute of mathematics of NAS of Ukraine)
E-mail: kaveh@imath.kiev.ua

The Lusternik-Schnirelmann category CatXA of a subset A of a topological space
X is the minimal number of closed sets that cover A and each of which is contractible
to a point in X. If CatXA is not finite, we write CatXA = ∞.
Let (E, ‖ · ‖n) be a Fréchet space, φ : E → R a C1-function. Suppose Cr(φ) is the

set of critical points of φ and for all c ∈ R
Cr(φ, c) = {x ∈ E : φ′(x) = 0, φ(x) = c},

Ec = {x ∈ E : φ(X) ≦ c}.
Let Co(E) be the set of compact subsets of E. Define the sets

Ai =
{
A ⊂ E : A ∈ Co(E),CatEA ≧ i, i ∈ N},

and the numbers
µi = inf

A∈Ai

sup
x∈A

φ(x).

Assume e ∈ E, we define

Ξφ(e) = inf
{
dφ(e, h) : h ∈ E, ‖ h ‖n= 1, ∀n ∈ N

}
,

where d is the derivative of φ at e in the direction of h.

Definition 1. Let φ : E → R be a C1-functional, we say that φ satisfies the Palais-
Smale condition at the level c if any sequence xi ∈ E such that φ(xi) → c and
Ξφ(xi) → 0 has the convergent sub-sequence.

Theorem 2. Suppose E is a Fréchet space and a C1 function φ : E → R is bounded
below. Suppose Ak 6= ∅ for some k ≧ 1. If φ satisfies the Palais-Smale conditions at
all levels b = µi, i = 1, · · · k, and Ec is complete for each c ∈ R, then φ has at least k
distinct critical points.
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Stabilizers of smooth functions on 2-torus
Bohdan Feshchenko

(Institute of Mathematics of NAS of Ukraine)
E-mail: fb@imath.kiev.ua

LetM be a smooth compact surface. The group of diffeomorphismsD(M) naturally
acts from the right on the space of smooth functions C∞(M) by the following rule:
γ : C∞(M) × D(M) → C∞(M), γ(f, h) = f ◦ h. For the given smooth function
f ∈ C∞(M) we denote by S(f) and O(f) the stabilizer and the orbit of f with
respect to the action γ. Endow strong Whitney topologies on C∞(M) and D(M);
these topologies induce some topologies on O(f) and S(f). We denote by Did(M) and
Of (f) connected components of D(M) and O(f) which contain id and f respectively;
we also set S ′(f) = S(f) ∩ Did(M).
Let Γf be a Kronrod-Reeb graph of a smooth function f . It is easy to see that each

h ∈ S ′(f) induces an automorphism ρ(h) of the graph Γf , and the correspondence
ρ : S ′(f) → Aut(Γf ) is a homeomorphism. The image of ρ(S ′(f)) in Aut(Γf ) will be
denoted by G(f). More details can be found in [6].
In the series of papers [1]–[5] S. Maksymenko and the author described an algebraic

structure of π1Of (f) for Morse functions on 2-torus. In my talk I am going to present
algebraic structures of groups π0S ′(f) and G(f) for Morse functions on 2-torus.

REFERENCES
[1] S. Maksymenko, B. Feshchenko. Homotopy properties of spaces of smooth functions on 2-

torus. Ukrainian Mathematical Journal, 66(9), 1205–1212, 2014. arXiv:1401.2296
[2] S. Maksymenko, B. Feshchenko. Orbits of smooth functions on 2–torus and their homotopy

types. Matematychni Studii, 44(1), 67–83, 2015. arXiv:1409.0502
[3] S. Maksymenko, B. Feshchenko. Smooth functions on 2-torus whose Kronrod-Reeb graph

contains a cycle. Methods of Functional Analysis and Topology, 21(1), 22–40, 2015.
arXiv:1411.6863

[4] B. Feshchenko. Deformations of smooth function on 2-torus whose KR-graph is a tree. Pro-
ceedings of National Academy of Sciences of Ukraine, 12(6), 22–40, 2015. arXiv:1804.08966

[5] B. Feshchenko. Actions of finite groups and smooth functions on surfaces. Methods of Func-
tional Analysis and Topology, 22(3), 210–219, 2016. arXiv:1610.01219

[6] S. Maksymenko Deformations of functions on surfaces by isotopic to the identity diffeomor-
phisms, (2013) 34 pages, arXiv:1311.3347
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Graphs and Riemann surfaces
Soren Galatius

(University of Copenhagen, Denmark)
E-mail: galatius@math.ku.dk

Riemann’s moduli spaceMg is the space of isomorphism classes of genus g Riemann
surfaces. It is a complex variety of dimension 3g − 3. I will discuss a connection
between its rational homology groups H∗(Mg) and the graph complexes introduced
by Kontsevich in the 1990’s, discovered in recent joint work with Chan and Payne
(arXiv:1805.10186). In particular we show that the dimension of H4g−6(Mg) grows
exponentially with g. It was known previously that Hi(Mg) = 0 for i > 4g − 6.

Entanglement and geometry of states of quantum
many-particle systems

V.I. Gerasimenko
(Institute of Mathematics of the NAS of Ukraine)

E-mail: gerasym@imath.kiev.ua

In the talk we review the mathematical methods of the description of the evolution
of states of quantum many-particle systems by means of the possible modifications of
the density operator (density matrix). In particular, we consider some related problems
of entanglement and the geometry of quantum states.
One of the approaches to describing the states of quantum systems of many particles

consists in to describe states by means of a sequence of operators determined by
the cluster expansions of density operators, which are interpreted as the correlation
operators are governed by the hierarchy of the nonlinear evolution equations [1]. Such
approach allows us to describe the evolution of correlations of systems in condensed
states.
Moreover, we discuss an approach to the description of the evolution of states within

framework of the state of a typical particle within a quantum system of many particles,
i.e. the foundations of describing the evolution by the nonlinear kinetic equations are
considered [2].

REFERENCES
[1] V. I. Gerasimenko, D. O. Polishchuk. Dynamics of correlations of Bose and Fermi particles.

Math. Meth. Appl. Sci., 34 (1): 76-93, 2013.
[2] V. I. Gerasimenko. Processes of creation and propagation of correlations in quantum many-

particle systems. Reports NAS of Ukraine., (5): 58-66, 2016.
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Braids, links, strings and algorithmic problems of
topology

Nikolaj Glazunov
(NAU, Kiev, Ukraine)

E-mail: glanm@yahoo.com

V.V. Sharko in his book [5] has investigated functions on manifolds. Braids inti-
mately connect with functions on manifolds. These connections are represented by
mapping class groups of corresponding discs, by fundamental groups of corresponding
punctured discs. and by some other topological or algebraic structures.
Below we follow to [1, 2, 3, 6] and references therein.

Definition 1. (Configuration spaces of the ordered sets of points). Let M be a
topological space and let Mn be the product of n spaces M with the topology of the
product. Put

Fn(M) = {(u1, . . . , un) ∈Mn;ui 6= uj , i 6= j}.
Remark 2. If M is a topological space of the dimension dim M (possibly with the
boundary ∂M) then the dimension of Fn(M) is equal n · dim M . The topological
space Fn(M) is connected.

Definition 3. The fundamental group π(Fn(M)) of the manifold Fn(M) is called
the group of pure braids with n strands.

Let now M be a connected topological manifolds of the dimension ≥ 2,
M in =M \ ∂M, Qm ⊂M in,

Qm contains m ≥ 0 points. Put
Fm,n(M) = Fn(M \Qm).

and for symmetric group Sn put
Gm,n = Fm,n(M)/Sn.

Definition 4. The fundamental group π(Gm,n) is called the braids group of the man-
ifold M \Qm with n strands.

Remark 5. In the case of M = R2 we obtain groups of pure braids and braids in the
sense of E. Artin and A. Markov.

LetM be a three dimensional topological manifold possible with the boundary ∂M .
Recall that a geometric link in M is a locally flat closed one dimensional submanifold
in M .
A.A. Markov [3] gave the description of the set of isotopic classes of oriented links

in R3 in terms of braids. For manifolds of the dimension grater than 3 A.A. Markov
[2] has proved the undecidability of the problem of homeomorphy.
For algorithmic and computer-algebraic investigations of braids, links and strings we

have to represent corresponding data structures and algorithms. These data structures
and algorithms are constructive mathematical objects in the sense of A. Markov. The
processing of these constructive objects require corresponding constructive semantics.
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A.A. Markov ( see [4] and references therein) began to construct the semantics. Follow
to ([4] and references therein), and specialize Markov results to braids, links and strings
we have

Proposition 6. Let we have a description of braids, links and strings as constructive
mathematical objects of the language L2. Then any closed formula of the language L2

which is inferred from the valid formula of the language L2, is valid.

We will present the interpretation of this Proposition on examples from [1, 3, 6, 7, 8].

REFERENCES
[1] Christian Kassel, Christophe Reutenauer. Sturmian morphisms, the braid group B4, Christof-

fel words and bases of F2. Ann. Math. Pure Appl., vol. 166, no. 2: 317–339, 2007.
[2] Andrei Markov. Unsolvability of homeomorphy problem. Proc. ICM1958, Cambridge Univer.

Press, 300–306. 1960.
[3] Andrei Markov. Foundations of algebraic theory of braids, volume 16 of Trudy Steklov Math.

Ins.. Leningrad-Moscow: Publ. AN USSR, 1945.
[4] Andrei Markov. On the language Zω. Doklady AN SSSR, vol. 214, no. 1: 40–43, 1974.
[5] Vladimir Sharko. Functions on manifolds. Algebraic and topological aspects, volume 131 of

Translation of Mathematical Monographs. New York: AMS, 1993.
[6] Vladimir Turaev. Faithful linear representations of the braid groups. Astèrisque, vol. 276:

389–409, 2002.
[7] Nikolaj Glazunov, Lev Kalughnin, Vitalii Sushchansky. Programming System for solving

Combinatorial Problems of Modern Algebra. (in Russian) Proc. of the Int. Conf. Analytical
machine computations and their application in theoretical physics, Joint Institute for Nuclear
Research, Dubna, 23-36, 1980.

[8] Nikolaj Glazunov. Homological and Homotopical Algebra of Supersymmetries and Integra-
bility to String Theory (introduction and preliminaries), arXiv: 0805.4161, 12 p., 2008.
On Computational Aspects of the Fourier-Mukai Transform, Proc. of the Fifth International
Conference ”Symmetry in Nonlinear Mathematical Physics”, Part 3 , Institute of Math., Kiev,
1087–1093, 2004.

Matrix manifolds as affine varieties
Marek Golasiński

(Faculty of Mathematics and Computer Science, University of Warmia and Mazury,
Sloneczna 54 Street, 10-710 Olsztyn, Poland)

E-mail: marekg@matman.uwm.edu.pl

Francisco Gómez Ruiz
(Departamento de Álgebra, Geometría y Topología, Facultad de Ciencias,

Universidad de Málaga, Campus Universitario de Teatinos, 29071 Málaga, España)
E-mail: gomez_ruiz@uma.es

Let K = R,C or H, the skew R-algebra of quaternions and write Mn,r(K) (resp.
Mn(K)) for the set of n × r (resp. n × n) -matrices over K. We aim to examine
the structure of special matrix manifolds, Grassmann Gn,r(K) and Stiefel manifolds
Vn,r(K), via their presentations as algebraic sets.
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Proposition 1. Let K = R,C or H. Then:
(1) Gn,r(K) = {A ∈Mn(K); A2 = A, Āt = A, tr(A) = r}.
(2) Vn,r(K) = {A ∈Mn,r(K); ĀtA = Ir}.

This implies that Gn,r(K) and Vn,r(K) are R-affine varieties. The main result is:

Theorem 2. (1) The tangent bundle
TGn,r(K) = {(A,B) ∈ Gn,r(K)×Mn(K); B̄t = B, AB +BA = B};

(2) There is an algebraic isomorphism
TGn,r(K) ≈ Idemr,n(K),

where
Idemr,n(K) = {A ∈Mn(K); A2 = A, rk(A) = r};

(3) The C-Zariski closure Gn,r(C) = TGn,r(C) for Gn,r(C) as an R-affine variety.

Remark 3. The Stiefel map Vn,r(K) → Gn,r(K) given by A 7→ AĀt for A ∈ Vn,r(K)
lead to a purely algebraic construction of the universal map

EU(K) −→ BU(K).

Remark 4. An extension of those results on some matrix manifolds over K being the
Cayley algebra, and more generally, a composition algebra is planed as well.

On the separability of the topology on the set of the
formal power series

Grechneva Marina
(Zaporizhzhya National University, Zaporizhzhya, Ukraine)

E-mail: grechnevamarina@gmail.com

Stegantseva Polina
(Zaporizhzhya National University, Zaporizhzhya, Ukraine)

E-mail: stegpol@gmail.com

Let we have the sequence (an)∞n=0 of the elements from any ring K. The expression
a0 + a1x + a2x

2 + ... =
∑∞
i=0 aix

i, where + and x are the formal symbols, ai are
coefficients, a0 – intercept term is called the formal power series.
Sometimes the expression f(x) = a0 + a1x+ a2x

2 + ... is called the another form
of the representation of the sequence (an)

∞
n=0. It is convenient to consider the finite

sequence as the infinite one. The corresponding formal power series is called the
polynomial. The set of the formal power series with coefficients from K is denote by
K[[x]].
The set K[[x]] is a ring with identity with respect to the addition and the multi-

plication of the formal power series:
∞∑

i=0

aix
i +

∞∑

i=0

bix
i =

∞∑

i=0

(ai + bi)x
i
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and

(

∞∑

i=0

aix
i)(

∞∑

i=0

bix
i) =

∞∑

k=0

(
∑

i+j=k

aibj)x
k.

The sets Ik = xkK[[x]], k = 0, 1, 2, ... are the principal ideals of the ring K[[x]]. If
these ideals are considered as the open sets, then they and the empty set form the
topological structure on the K[[x]].
In the topological space (R[[x]], τ) if the formal power series f(x) has nonzero

intercept term, then its neighborhood is R[[x]]. If f(x) has no intercept term, then
one can consider any Ik as the neighborhood, where k is not greater than the power
of the minimal monomial term of the series f(x).

Proposition 1. The topological space (R[[x]], τ) is separable.

In this space the set M of all polynomials with the integer coefficients is denu-
merable as it is equal to

⋃
n∈N Pn, where Pn is the set of all polynomials with the

integer coefficients the powers of which are less than or equal to n which is equivalent
to Cartesian product Z ×Z ×…×Z, where Z is repeated n+ 1 times. Moreover the
closure M̄ is equal to R[x].

REFERENCES
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On the monoid of cofinite partial isometries of a finite
power of positive integers with the usual metric

Oleg Gutik
(Ivan Franko National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine)

E-mail: oleg.gutik@lnu.edu.ua

Anatolii Savchuk
(Ivan Franko National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine)

E-mail: asavchuk3333@gmail.com

We follow the terminology of [1, 2]. For any positive integer n by Sn we denote the
group of permutations of the set {1, . . . , n}.
A partial transformation α : (X, d) ⇀ (X, d) of a metric space (X, d) is called

isometric or a partial isometry, if d(xα, yα) = d(x, y) for all x, y ∈ domα.
For an arbitrary positive integer n ⩾ 2 by Nn we denote the n-th power of the set

of positive inters N with the usual metric:
d((x1, · · · , xn), (y1, . . . , y2)) =

√
(x1 − y1)2 + · · ·+ (xn − yn)2.

Let INn∞ be the set of all partial cofinite isometries of Nn. It is obvious that INn∞
with the operation of composition of partial isometries is an inverse submonoid of the
symmetric inverse monoid IN over N and later by INn∞ we shall denote the monoid of
all partial cofinite isometries of Nn.
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Theorem 1. For any positive integer n ⩾ 2 the group of units H(I) of the monoid
INn∞ is isomorphic to the symmetric group Sn. Moreover, every element of H(I) is
induced by a permutation of the set {1, . . . , n}.
Lemma 2. Let n be any positive integer ⩾ 2. Let α be an arbitrary element of
the monoid INn∞. Then there exists the unique element σα of the group of units
H(I) and the unique idempotents εl(α) and εr(α) of the semigroup INn∞ such that
α = σαεl(α) = εr(α)σα.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order ≼ on S: s ≼ t if and only if there exists e ∈ E(S) such that
s = te. This order is called the natural partial order on S [4].

Theorem 3. Let n be any positive integer ⩾ 2. Let α and β be elements of the
semigroup INn∞. Let α = σαεl(α) = εr(α)σα and β = σβεl(β) = εr(β)σβ for some
elements σα and σβ of the group of units H(I) and idempotents εl(α), εr(α), εl(β) and
εr(β) of the semigroup INn∞. Then α ≼ β in INn∞ if and only if σα = σβ, εl(α) ≼ εl(β)
and εr(α) ≼ εr(β) in E(INn∞).

A congruence C on a semigroup S is called a group congruence if the quotient
semigroup S/C is a group. If C is a congruence on a semigroup S then by C♯ we
denote the natural homomorphism from S onto the quotient semigroup S/C. Every
inverse semigroup S admits a least (minimum) group congruence Cmg:

aCmgb if and only if there exists e ∈ E(S) such that ae = be

(see [3, Lemma III.5.2]).

Theorem 4. Let n be any positive integer ⩾ 2. Then the quotient semigroup INn∞/Cmg
is isomorphic to the group Sn and the natural homomorphism C♯mg : INn∞ → INn∞/Cmg
is defined in the following way: α 7→ σα.

The following theorem gives the description of Green’s relations R, L, H, D and
J on INn∞.
Theorem 5. Let n be any positive integer ⩾ 2 and α, β ∈ INn∞. Then the following
statements hold:

(i) αLβ if and only if there exists an element σ of the group of units H(I) of
INn∞ such that α = σβ;

(ii) αRβ if and only if there exists an element σ of the group of units H(I) of
INn∞ such that α = βσ;

(iii) αHβ if and only if there exist elements σ1 and σ2 of the group of units H(I)
of INn∞ such that α = σ1β and α = βσ2;

(iv) αDβ if and only if there exist elements σ1 and σ2 of the group of units H(I)
of INn∞ such that α = σ1βσ2;

(v) D = J on INn∞;
(vi) every J -class in INn∞ is finite and consists of incomparable elements with the

respect to the natural partial order ≼ on INn∞.

Corollary 6. INn∞ is an E-unitary F -inverse semigroup for any positive integer n ⩾ 2.
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The following theorem describes the structure of the semigroup INn∞.
Theorem 7. Let n be any positive integer ⩾ 2. Then the semigroup INn∞ is iso-
morphic to the semidirect product Sn ⋉h (P∞(Nn),∪) of free semilattice with the unit
(P∞(Nn),∪) by the symmetric group Sn.
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Properties of some algebras of entire functions of
bounded type, generated by a countable set of

polynomials on a Banach space

Svitlana Halushchak
(Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)

E-mail: sv.halushchak@gmail.com

Let X be a complex Banach space. Let P = {P1, P2, . . . , Pn, . . .} be a countable set
of algebraically independent continuous n−homogeneous complex-valued polynomials
on X for every positive integer n. Let us denote by HbP(X) the closed subalgebra,
generated by the elements of P, of the Fréchet algebra Hb(X) of all entire functions of
bounded type on X.
In this talk we will discuss some properties of the algebra HbP(X). For instance, we

will show that every f ∈ HbP(X) can be uniquely represented in the following form

f(x) = f(0) +

∞∑

n=1

∑

k1+2k2+...+nkn=n

ak1,k2,...,kn(P1(x))
k1(P2(x))

k2 · · · (Pn(x))kn ,

where x ∈ X, ak1,k2,...,kn ∈ C and k1, k2 . . . , kn ∈ N
⋃{0}. Consequently, the spec-

trum (the set of all continuous linear multiplicative functionals) of the algebra HbP(X)
is in one-to-one correspondence with some set of sequences of complex numbers. We
will prove the upper estimate for sequences of this set. We will also describe the spec-
trum of algebra HbP(X) in case when X is a closed subspace of the space l∞ such that
X contains the space c00 for some special form of the set P.
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Optimal Morse Flows on non-orientable 3-manifolds
Hossein Hatamian

(Taras Shevchenko National University of Kyiv 64/13, Volodymyrska Street, Kyiv,
Ukraine)

E-mail: myowngait@gmail.com

Alexandr Prishlyak
(Taras Shevchenko National University of Kyiv 64/13, Volodymyrska Street, Kyiv,

Ukraine)
E-mail: prishlyak@yahoo.com

A flow is called a Morse flow if the following conditions hold true:
1) it has finitely many singular points which are non-degenerate;
2) stable and unstable manifolds with singular points have a transversal intersection;
3) α− and ω−limit sets of each trajectory are singular points.
Let M be a smooth closed non-orientable 3-manifold. A Morse flow diagram takes

the form of a surface and two sets of circles embedded in it. The surface F is the
boundary of the regular neighborhood of sources and stable manifolds with singular
points of index 1.
On the surface F , we have the following sets of circles:
1) circles u, which are intersections of unstable manifolds of singular points of index

1 with F ;
2) circles v, which are intersections of stable manifolds of singular points of index

2 with F .
Morse flow diagram on a three-dimensional manifold is the 3-tuple (F, u, v) con-

sisting of a surface, a set of circles. Two Morse flow diagrams are said to be equivalent
if there is a surface homeomorphism that maps the sets of arcs and circles into sets of
arcs and circles of the same type and preserves framing. According to A.Prishlyak, two
Morse flows on 3-manifolds are topologically equivalent if and only if their diagrams
are equivalent.
A Morse flow is called optimal if it has the minimum number of singular points and

trajectories between the saddles. An optimal (polar) Morse flow diagram on a closed
3-manifold is similar to a Heegaard diagram.
We show that if the Heegaard complexity of a non-orientable 3-manifold M is no

more than 5, then M is homeomorphic to Lp,q#S1×̃S2. There exists a Heegaard dia-
gram of complexity 6 of a closed non-orientable 3-manifold which is not homeomorphic
to Lp,q#S1×̃S2.
We show that up to a topological equivalence, there exist

• a unique optimal Morse flow on S1×̃S2,
• 2 flows on L2,1#S1×̃S2,
• 2 flows on L3,1#S1×̃S2,
• 3 flows on L4,1#S1×̃S2,
• 3 flows on L5,1#S1×̃S2 and
• 3 flows on L5,2#S1×̃S2.

There are no other optimal flows on closed non-orientable 3-manifolds of complexity
less than 6.
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Functions with isolated critical points on the boundary
of non-oriented surface

Bohdana Hladysh
(Taras Shevchenko National University of Kyiv, Kyiv, Ukraine)

E-mail: biv92@ukr.net

Let f be simple smooth function with isolated critical points on the boundary of
smooth compact connected non-oriented surface M which are also isolated critical
points of restriction of function f∂M to the boundary ∂M .
Let us consider the neighborhood of a critical point p0 bounded by f−1(−ε), f−1(ε)

for some small enough ε > 0, by some trajectories of a gradient field and by the
boundary ∂M . The parts of the surface where f > 0 and f < 0 will be called the
positive and negative sectors of function f . We depict these sectors by shaded and
unshaded ones. The obtained surface has the structure of (2k + 2)–gon. If we extend
this neighborhood to the neighborhood of a critical level, we get the neighborhood
which is homeomorphic to a polygon with glued sides by linear homeomorphism.
Thus, atom has the structure of (2k + 2)–gon (see [4] Figures 5-1, 5-2).
We put a circle with matched points corresponding to the previously described

polygon. This circle is the boundary (2k + 2)–gon and matched points are the points
on the circle belonging to the intersection of shaded and unshaded sectors (in other
words, matched points belong to the critical level). We connect two matched points by
a chord if and only if correspondent sides of polygon become glued after continuations
of critical level neighborhood. In what follows we get the circle with a matched points.
Further fix the orientation on the boundary to numerate the matched points on the
circle. If we change the orientation, we get the equivalent atom. Then we numerate
matched points in the following way: a point corresponding to a critical one p0 we
denote by Q0, and the rest of points we numerate according to the orientation of
the boundary beginning with Q1 up to Qk and point Q0 we consider as the point of
reference. These points divide the circle into k + 1 black (thick) and grey (thin) arcs.
These arcs correspond to positive and negative sections.
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Then, every atom can be defined by the circle with k + 1 matched points and l
chords (for some l ∈ {0, 1, 2, . . . , [ k

2
]}). Also one matched point corresponds to a

critical point.

Definition 1. A chord diagram of a saddle critical level of the function defined on a
smooth compact surface with the boundary is the circle with the following elements:

(1) matched points, which are enumerated;
(2) chords, the ends of which are different matched points except for Q0;
(3) coloration of arcs such that each two neighbor arcs with the exception of arcs

near point Q0, are of different colors.

Note that chord diagram defines f–atom and if we consider only elements (1) and
(2) then chord diagram defines atom.

Definition 2. Two chord diagrams are called equivalent if they can be obtained one
from another by turn or symmetry preserving the elements (1) — (3).

Definition 3. A free matched point on chord diagram is the one which is not connected
with another matched points by chord.

Chord diagrams are also considered in papers [1], [2], [3].
Further we consider a smooth surface M with a component of the boundary ∂M

and a simple smooth function f ∈ Ω(M).

Definition 4. We call a function f ∈ Ω(M) optimal on the surface M if it has the
minimum possible number of critical points on M among all functions from Ω(M).

Definition 5. A homeomorphism

h : [0, k] → S1
⋃
Int{lmn|m,n ∈ {1, . . . , k}}

will be called a full way between free points Q0 and Qi∗ (for some i ∈ 1, k) if it satisfies
the conditions:
1) h(0) = Q0, h(k) = Qi∗ ;
2) ∀t ∈ {1, 2, . . . , k − 1} : h(t) ∈ {Q1, Q2, . . . , Qi∗−1, Qi∗+1, . . . , Qk};
3) ∀j ∈ {1, 2, . . . , k − 1} ∀t ∈ (j, j + 1): f(t) belongs either to the interior of arc,
or to the interior of chord;

4) the direction can not be changed during the moving on fixed chord diagram.

Theorem 6. A chord diagram of saddle critical level of optimal function on non-
oriented surface with one component of the boundary satisfies the following conditions:

1) there exist at least one chord which divides the circle into two arcs, each of which
contains the odd number of matched points;

2) the chord diagram has k+1 = 2n+2 matched points (for some integer n, n ≥ 1)
and there exist exactly two free points, one of which is Q0;

3) there exist exactly two full ways between free points.

Proposition 7. Optimal functions are topologically equivalent if and only if their
chord diagrams of saddle critical levels are equivalent.
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Proposition 8. If a chord diagram satisfies the conditions 1)–3) of Theorem 6, then
there exists an optimal function, chord diagram of saddle critical level of which coincides
with the first one.

Theorem 9. It was defined the number of topological non-equivalent optimal functions
on non-oriented surface with one component of the boundary in cases:

• 1 on surface by genus 1;
• 3 on surface by genus 2;
• 20 on surface by genus 3.
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Enumeration of topologically non-equivalent functions
with one degenerate saddle critical point on

two-dimensional torus
Kadubovs’kyi O. A.

(Donbas State Pedagogical University, Slovians’k, Ukraine)
E-mail: kadubovs@ukr.net

Let (N, ∂N) be a smooth surface with possible empty boundary whihc is divided
into two open-closed subsets ∂−N and ∂+N , so ∂N = ∂−N t ∂+N . Let C∞(N)
denote the space of infinitely differentiable functions on N , all critical points of which
are isolated and lie in the interior of N , and, moreover, on the connected components
of ∂−N (∂+N) the functions from C∞(N) take the same values a (b accordingly).
Two functions f1 and f2 from the space C∞(N) are called topologically equivalent

if there are homeomorphisms h : N → N and h′ : R1 → R1 (h′ preserves orientation)
such that f2 = h′ ◦ f1 ◦ h−1. If h preserves of the orientation, the functions f1 and f2
are called topologically conjugated (eg. [4]) or O-topologically equivalent (eg. [6]).
It is known [4] that a function f ∈ C∞(N), in a certain neighborhood of its isolated

critical point x ∈ N (which is not a local extremum) for which the topological type
of level lines changes in passing through x, is reduced by a continuous change of
coordinates to the form f = Rezn + c, n ≥ 2 (are called «essentially» critical point)
or f = Rez if the topological type of level lines does not change in passing through
x. The number of essentially critical points xi of the function f , together with the
values of ni (exponents in there presentation f = Rezni + ci in the neighborhoods of
the critical points xi), are called the topological singular type of the function f .
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The problem of the topological equivalence of functions from the class C∞(N) with
the fixed number of critical points was completely solved by V.V. Sharko in [5] and it
was established that a finite number of topologically nonequivalent functions of this
class exist. However, it should be noted that the task about calculation of topologically
non-equivalent functions with the fixed topological singular type is rather complicated
and is still unsolved.
When considering functions from the class C(Mg) ⊂ C∞(N) that possess only

one essentially critical point x0 (degenerate critical point of the saddle type) in ad-
dition to local maxima and minima on oriented surface Mg of genus g ≥ 0, then the
problem of counting the number of such non-equivalent functions is greatly simplified.
It is well known [4] that ∀f ∈ C(Mg) the Poincare index of a critical point x0, is
equal indf (x0) = 1 − n, where n = 2g − 1 + λ and λ is a total number of local
maxima and minima.
Let Cn(Mg) be a class of functions from C(Mg) which, in addition to local maxima

and minima, have only one essentially critical point, whose the Poincare index is
equal (1− n). Denote the class of functions from C(Mg) that possess one essentially
critical point, k local maxima and l local minima by Ck,l(Mg). Then it is clear that
∀f ∈ Ck,l(Mg) n = 2g − 1 + k + l.
In the general case, for natural g, k, l (or k, l, and n = 2g + k + l − 1), the

problem of calculating the number of topologically non-equivalent functions from the
class Ck,l(Mg) also has proved to be quite a difficult and unsolved problem to date.
The task of calculating the number of topologically non-equivalent functions from

the class C1,1(Mg) (for genus g ≥ 1) was completely solved in [6].
The exact formulas established in [2] solve completely the tasks of calculating

the number of O-topologically non-equivalent and the number of topologically non-
equivalent functions from the class Cn(M0).
In [7], for natural k and l solved completely the problems of calculating the numbers

O-topologically and topologically non-equivalent functions from the class Ck,l(M0) (on
two-dimensional sphere).
For two-dimensional torus T 2 the problems of the enumeration of O-topologically

and of topologically non-equivalent functions are solved only for class C1,l(T
2), C2,l(T

2)
and C3,l(T

2) in [8, 9, 10] accordingly. In general case, for fixed natural k and l, the
task is also still unsolved.
By using the results of [1] and [3], we can establish the validity of the following

statement:

Theorem 1. For the natural n ≥ 3 the number of O-topologically non-equivalent
functions from the class Cn(T 2) can be calculated by the relations

t∗(n) =
1

n

(
t(n) + a(n) + 2b

(
2n
3

)
+ 2c

(
n
2

)
+ 2d

(
n
3

))
, (1)

where

t(n) =
1

6
C2
n−1C

n−1
2(n−1), u(p) =

(2p)!

p!p!
= Cp2p;

a(2p+ 1) = 0, a(2p) = 1
6
p(p− 1) · Cp2p = 1

6
p(p− 1) · u(p);
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b(2p+ 1) = 0, b(2p) = (2p− 1) · Cp−1
2(p−1) = (2p− 1) · u(p− 1);

c(2p+ 1) = d(2p+ 1) = 0, c(2p) = d(2p) = p · Cp2p = p · u(p).

By using the results of [8, 9, 10], we have the following values

n 3 4 5 6 7 8 9 10

(k; l) k,l∈N, k+l=n−1

(1;n− 2) 1 2 3 7 10 17 24 34
(2;n− 3) — 2 8 31 80 187 374 698
(3;n− 4) — — 3 31 150 557 1634 4172
(4;n− 5) — — — 7 80 557 2616 9724
(5;n− 6) — — — — 10 187 1634 9724
(6;n− 7) — — — — — 17 374 4172
(7;n− 8) — — — — — — 24 698
(8;n− 9) — — — — — — — 34

t∗(n) =
∑

k+l=n−1
t∗k,l 1 4 14 76 330 1522 6680 29256

TABLE 1.1. Number t∗k,l of O-topologically non-equivalent
functions from the class Ck,l(T

2)
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Weak R-spaces and uniform limit of sequences of
discontinuous functions

Olena Karlova
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We will discuss a new notion of a weak R-space, consider some examples and study
relations between R-spaces, weak R-spaces and uniform limits of sequences of maps
from different functional classes (Baire one, homotopic Baire one, Borel, Darboux,
etc.)
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Exact Morse functions on Kendall shape spaces
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We introduce and investigate several Morse functions on Kendall shape spaces. The
main attention is given to a properly normalized oriented area and Coulomb potential
on shape spaces of planar n-gons. It is easy to verify that convex and equiangular
shapes of regular n-gons are critical points of the foregoing functions. We prove that,
in many cases, these critical points are non-degenerate, and compute their Morse
indices.
It follows that, for odd n, the normalized oriented area is an exact Morse function

on the Kendall shape space of planar n-gons. For even n, we are only able to show that
the normalized oriented area has the minimal possible number of critical points equal
to the Lusternik-Schnirelmann category of the shape space considered. The proofs use
our earlier results on Morse functions on moduli spaces of planar linkages obtained
jointly with G.Panina and D. Siersma.
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For n = 4, 5, we also show that any two points in the shape space can be connected
by a differentiable curve consisting of equilibrium configurations of the normalized
Coulomb potential with varying charges of vertices.
Possible analogs and generalizations to spatial shape spaces will also be mentioned.

Diffeomorphisms groups of certain singular foliations
on lens spaces
Sergiy Maksymenko

(Institute of Mathematics of NAS of Ukraine, Tereshchenkivska str.,3, Kyiv, Ukraine)
E-mail: maks@imath.kiev.ua

Olexandra Khokhliuk
(Taras Shevchenko National University of Kyiv, 64/13, Volodymyrska St., Kyiv,

Ukraine)
E-mail: khokhliyk@gmail.com

Let
T = D2 × S1 = {(x, y, w) ∈ R2 × C | x2 + y2 ≤ 1, |w| = 1}

be a solid torus, Cr = {z ∈ D2 | |z| = r} ⊂ D2, r ∈ [0, 1] and
FT = {Cr × S1}r∈[0,1]

be a foliation on T into 2-tori parallel to the boundary and one singular circle C0×S1,
which is the central circle of the torus T .
Denote by D(FT , ∂T ) the group of leaf preserving diffeomorphisms of T , which are

fixed on ∂T .

Theorem 1. The group D(FT , ∂T ) is contractible.
Let Lp,q be a lens space, that is, a three-manifold obtained by gluing two solid tori

T1 = T2 = D2 × S1 via some diffeomorphism ϕ : ∂T1 → ∂T2 of their boundaries.
The topological type of the lens space is determined by the isotopy class of the

image of the meridian of ∂T1 in ∂T2.
Notice that each of the solid tori Ti, i = 1, 2, has a foliation Fi on two-dimensional

tori
FTi = {Cr × S1}r∈[0,1]

with one singular leaf C0 × S1 being the central circle of the torus Ti.
Since ∂Ti is a leaf of foliation FT i, we see that the foliations on FT1 and FT2

determine a certain foliation Fp,q = F1∪F2 on Lp,q into 2-tori parallel to the boundary
and two singular circles being the central circles C1 and C2 of the solid tori T1 and
T2.
Denote by D(Fp,q) the group of leaf preserving diffeomorphisms of Lp,q which also

preserve their orientations .

Theorem 2. If Lp,q = S2 × S1, then the group D(Fp,q) is homotopy equivalent to
Z× S1 × S1. In all other cases, D(Fp,q) is homotopy equivalent to S1 × S1.
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Dynamical system of inverse heat conduction via
Direct method of Lie-algebraic discrete approximations

Arkadii Kindybaliuk
(3Shape Ukraine, Poliova Str., 21, Kyiv, 03056)
E-mail: kindybaliuk.arkadii@outlook.com

Mykola Prytula
(Ivan Franko National University of Lviv, Universytetska Str., 1, Lviv, 79000)

E-mail: mykola.prytula@gmail.com

The dynamical system describing inverse heat conduction has applications in the
different fields: image processing, signal processing, eliminating of diffusion. Hence
effective numerical solution is an important problem besides the variety of different
approaches.
Some of the methods for numerical study of dynamical systems [1] can provide

factorial convergence and relatively high accuracy of approximated solution [2, 3]. For
instance, the Generalized method of Lie-algebraic discrete approximations (GMLADA)
provides factorial convergence rate for all variables: for space and for the time variable
as well [4].
According to [5], computational properties of [4] can be enhanced via Direct method

of Lie-algebraic discrete approximations (DMLADA), so we can construct the numer-
ical scheme for solving heat equation having the same accuracy with significantly less
arithmetic operations.
Considering a bounded domain Ω := (a, b) ∈ R, time limit T < +∞, cylinder

QT = Ω × (0, T ] we take the Banach space V = W∞,∞ (
QT

)
and formulate the

Cauchy problem for dynamical system




find function u = u(x, t) ∈ V such, that:
∂u

∂t
= −a∂

2u

∂x2
, ∀(x, t) ∈ QT ,

u|t=0 = φ,φ ∈W∞,∞ (QT ) ,

(1)

where the constant a ∈ R, a > 0 denotes the heat conduction coefficient and φ = φ(x)

denotes the initial condition, and space W∞,∞ (
QT

)
denotes the functional space in

which all functions and its derivatives up to arbitrary order are bounded in the domain
QT , i.e.:

W∞,∞ (
QT

)
= {u : QT → R : Dαu ∈ L∞(QT ), ∀α ∈ N} .

In general, current problem is ill posed.
The main prerequisite of the Lie-algebraic method is that differential operator of

the equation should be the element of universe enveloping Heisenberg-Weyl’s algebra
with basis elements from the Lie algebra {1, x, d/dx}, i.e. differential operator for the
problem must be superposition and/or linear combination of these base elements of
Lie algebra. As a next step we there are introduced the finite dimensional discrete
quasi representations of G = {1, x, d/dx} as matrices Gh = {I,X, Z} which act in
the finite dimensional space.
The idea of DMLADA consists in the use of analytical approaches [5], in particular

the method of a small parameter, to construct an approximate analytic solution of a
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problem (1) in the form of a power series in a time variable:

un/2(x, t) =

n/2∑

k=0

(
ũk
tk

k!

)

= φ− aφ′′t+ a2φ(4) t
2

2!
+ · · ·+ (−1)n/2an/2φ(n) tn/2

(n/2)!
.

(2)

The corresponding discrete series was constructed for (2) using the finite dimensional
quasi-representations Gh = {1, Z,X} of elements of the Lie algebra G = {1, ∂/∂x, x}:

un/2,h(t) =

n/2∑

k=0

(
ũk,h

tk

k!

)

= φh − aZ2φht+ a2Z4φh
t2

2!
+ · · ·+ (−1)n/2an/2Znφh

tn/2

(n/2)!
,

(3)

where the matrix Z approximates the differential operator d/dx. The series (3) is
finite, since the matrix Z is nilpotent [2].
Let us consider the cylinder norm for the function v = v(x) : R → R: as a following

functional:

‖v‖2Vh
=

1

n+ 1

n∑

i=0

v2(xi),

being a norm in the finite dimensional space Vh. One can verify that the following
inequality holds [5]

‖v‖Vh ≤ ‖v‖∞.
Theorem 1 (Convergence of the direct Lie-algebraic numerical scheme). Suppose
u = u(x, t) is the solution of the problem (1), and let

un =

n/2∑

k=0

(
(−1)kakφ(2k) t

k

k!

)

be the Taylor expansion of the solution and

uh =

n∑

j=0





n/2∑

k=0

(
(−1)kakZ2kφh

tk

k!

)
 lj(x)




be the finite dimensional solution. Then built numerical scheme (3) is convergent
having the factorial rate of convergence:

‖u− uh‖Bh ≤ Tn/2+1

(
n
2
+ 1

)
!

∥∥∥∥
∂n+1u

∂tn+1

∥∥∥∥
∞

+
(2max {a, diamΩ, T})n+1

4 (n/2− 1)!

∥∥∥φ(n+1)
∥∥∥
∞
.

Computational experiments have shown that with the same accuracy and conver-
gence indicators that are characteristic for the generalized method of Lie-algebraic
discrete approximations, we succeeded in significantly reducing the number of arith-
metic operations using our approach.
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Projective invariants of rational mappings
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We consider the k-jet spaces Jk as k-jets of analytical mappings CP 1 → CP 1

equipped with adjoint PSL2(C)-action:
f 7→ A ◦ f ◦A−1,

where A ∈ PSL2(C) (cf. [3]).
The representations of corresponding Lie algebras by vector fields on J0 is the

following:

〈∂z + ∂u, z∂z + u∂u, z
2∂z + u2∂u〉.

Theorem 1. (1) The field of adjoint invariants [1], [2], is generated by differential
invariants of the second and third orders

J2 = u−3
1 ((z − u)u2 + 2u1 (u1 + 1))2 ,

J3 = (z − u)2 u−2
1 u3 + 6 (z − u)u−2

1 (u1 + 1)u2 + 6
(
u1 + u−1

1

)
,

and invariant derivation

∇ =
(z − u)u1u2 + 2u2

1 (u1 + 1)

(z − u) (2u1u3 − 3u2
2)

d

dz
.

(2) This field separates regular orbits.

Equation J2 (f) = 0 has solutions of the form:

f (z) =
ax+ b

cx+ d

where matrix
A =

∥∥∥∥
a b
c d

∥∥∥∥
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has zero trace.
In general, values of invariant J2 on linear fractional maps is equal to

J2 (f) = 4
(trA)2

detA ,

and
J3 (f) = 6

trA2

detA + 24.

We say that a rational mapping f (z) is singular if f (z) is linear fractional.
There exists an irreducible polynomial (we call it generating polynomial)

Pf (X,Y ) ∈ C[X,Y ]

such that Pf (J2 (f) , J3 (f)) = 0 or in other words, the mapping f , as well as all
mappings that are PSL2(C) - equivalent to f are solutions of the third order differential
equation

Pf (J2, J3) = 0.

Theorem 2. (1) Two regular rational mappings f and g are PSL2(C) - equivalent if
and only if their adjoint generating polynomial are proportional.

(2) Orbit of a regular rational mapping f consists of the solution space of ordinary
differential equation

Pf (J2, J3) = 0.

(1) For linear fractional transformations f (z) = az+b
cz+d

, ad− bc = 1 we have

J2(f) = 4(c+ d)2

and therefore the corresponding differential equation has the following form:
u−3
1 ((z − u)u2 + 2u1 (u1 + 1))2 − 4(a+ d)2 = 0

with 2-dimensional space of solutions.
(2) For the Jukowski mapping f (z) = z2+1

2z
we have

Pf (X,Y ) = −4X + 3Y − 45

and therefore the corresponding differential equation has the following form
(z − u)2

(
3u1u3 − 4u2

2

)
+ 2 (z − u)u1 (u1 + 1)u2+

+u2
1 (2u1 − 1) (u1 − 2) = 0.
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Automorphisms of the Kronrod-Reeb graphs of Morse
functions on 2-sphere
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(Institute of Mathematics, National Academy of Sciences of Ukraine, Kyiv, Ukraine)

E-mail: maks@imath.kiev.ua

Let M be a compact two-dimensional manifold and , f ∈ C∞(M,R) is Morse
function and Γf its Kronrod-Reeb’s graph. We denote the O(f) = {f ◦h | h ∈ D(M)}
orbit of f with respect to the natural right action of the group of diffeomorphisms
D(M) on C∞(M,R), and S(f) = {h ∈ D(M) | f ◦ h = f} is the stabilizer of this
function. It is easy to show that each h ∈ S(f) induces an automorphism of the
graph Γf . Let also S′(f) = S(f) ∩ Did(M) be a subgroup of Did(M), consisting of
diffeomorphisms preserving f and isotopic to identical mappings and Gf be the group
of automorphisms of the Kronrod-Reeb graph induced by diffeomorphisms belonging
to S′(f). This group is the key ingredient for calculating the homotopy type of the
orbit O(f). In the previous article, [4], the authors describe the structure of groups Gf
for Morse functions on all orientational surfaces, except for sphere and torus. In this
paper we study the case M = S2. In this situation Γf is always a tree, and therefore
all elements of the group Gf have a common fixed Fix(Gf) subtree, which can be even
from one point. The main result is to calculate the groups Gf for all Morse functions
f : S2 → R in which Fix(Gf) is not the point.

Theorem 1. Let f ∈ C∞(S2,R) be Morse function on a sphere. Suppose that all
elements of the group Gf have a common fixed edge E. Let x ∈ E be an arbitrary
point and A and B is the closure of the connected components S2 \ p−1(x). Then A
and B-double discs are invariant with respect to S′(f), the restriction of f |A, f |B are
Morse functions and we have the following isomorphism:

ϕ : Gf → Gf|A ×Gf|B ,

is determined by the formula ϕ(γ) = (γ|ΓA
; γ|ΓB

).
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Algebra of block-symmetric analytic functions of
bounded type
Kravtsiv V.V.
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E-mail: maksymivvika@gmail.com

In talk we will describe the spectrum of the algebra of block-symmetric analytic
functions of bonded type on ℓ1 ⊕ ℓ∞. Let us denote by ℓ1 ⊕ ℓ∞ the space with el-
ements

(
x
y

)
=

((
x1
y1

)
, . . . ,

(
xm
ym

)
, . . .

)
, where (x1, x2, . . . , xn, . . .) ∈ ℓ1,

(y1, y2, . . . , yn, . . .) ∈ ℓ∞. The space ℓ1 ⊕ ℓ∞ with norm

||(x, y)||ℓ1⊕ℓ∞ =

∞∑

i=1

|xi|+ sup
i≥1

|yi|

is a Banach space.
Let us denote by Hbvs(ℓ1 ⊕ ℓ∞) the algebra of block-symmetric analytic functions

of bounded type on ℓ1 ⊕ ℓ∞ and Mbvs(ℓ1 ⊕ ℓ∞) — the spectrum of this algebra.
In this talk we will describe the spectrum of the algebra of block-symmetric analytic

functions of bounded type on ℓ1⊕ℓ∞ and we will show that the spectrum of the algebra
of block-symmetric analytic functions of bounded type on ℓ1 ⊕ ℓ∞ does not coincide
of point evaluation functionals.

Infinitesimal transformations of a symmetric
Riemannian space of the first class

Krutoholova A. V.
(Ukraine, Odessa, Dvoryans’ka St, 2, 65000)

E-mail: 01link01@rambler.ru

P. A. Shirokov [1] found all irreducible symmetric Riemannian spaces Vn of the first
class. For n = 4, the metric tensor gij(x) of such spaces in the Riemannian coordinate
system with origin at the point M0 (xh = 0) has the following form:

gij(x) = gij
◦
+
1

3
(biαbjβ − bijbαβ)x

αxβ , (1)

where

(
gij
◦

)
=




0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


 , (bij) =




ξ1 0 1 0
0 ξ2 0 1
1 0 0 0
0 1 0 0


 , (2)

(ξi = ±1, i = 1, 2)
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In (2) gij
◦
and bij , in the terminology of P. Shirokov, are values of the components

of the 1st and 2nd fundamental tensors at the origin of the Riemannian coordinates.
For an arbitrary Riemannian space Vn(x; g(x)) S. M. Pokas’ ([2]) introduced the

concept of the second approximation space Ṽ 2
n (y; g̃(y)):

g̃ij(y) = gij
◦
+
1

3
Riαβj

◦
yαyβ (3)

where gij
◦

= gij(M0), Riαβj
◦

= Riαβj(M0), and M0 ∈ Vn is an arbitrary point of
source space.
A comparison of (3) and (1) leads to the conclusion that the symmetric Riemann-

ian space of the first class Vn is isometric to the space of the second approximation
Ṽ 2
n . Consequently, the Lie group of infinitesimal transformations G̃r of the space
Ṽ 2
n is isomorphic to the Lie group of infinitesimal transformations Gr of a symmetric
Riemannian space of the first class Vn.
Using the results of studies of infinitesimal transformations of the second approxi-

mation space Ṽ 2
n , we obtain statements.

Theorem 1. The infinitesimal conformal transformation of the second degree of the
symmetric Riemannian space of the first class Vn is necessarily homothetic.

Theorem 2. In the symmetric Riemannian space of the first class Vn, a Lie group of
motions G8 exists.

The basis and structure of this group are found.
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Unique solvability of the nonlocal problem with
integral condition for nonhomogeneous differential

equations of second order
Grzegorz Kuduk

(Faculty of Mathematical of Nature Scientes University of Rzeszow, Poland Graduate
of University of Rzeszow)
E-mail: gkuduk@onet.eu

Let H(([T1, T2] ∪ [T3, T4])× R+) be a class of entirie function, KL,M be a class of

quasi-polynomials of the form f(t, x) =

n∑

i=1

m∑

j=1

Qij(t, x) exp[αix+βjt], whereQij(t, x)

are given polynomials, L ⊆ C, M ⊆ C αi ∈ L, αk 6= αl, for k 6= l, βj ∈ M , βk 6= βl,
for k 6= l.
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Each quasi-polynomial defines a differential operator f
(
∂
∂λ
, ∂
∂ν

)
of finite order on

the class of certain function, in the form
m∑

i=1

m∑

j=1

Qji

(
∂

∂λ
,
∂

∂ν

)
exp

[
αi

∂

∂λ
+ βj

∂

∂ν

]
λ=0,ν=0

.

In the strip Ω = {(t, x) ∈ R2 : t ∈ (T1, T2) ∪ (T1, T2), x ∈ R+} we consider of the
problem with integral conditios

[
∂2

∂t2
+ a

(
∂

∂x

)
∂

∂t
+ b

(
∂

∂x

)]
U(t, x) = f(t, x), (1)

satysfies nonlocal-integral conditions
∫ T2

T1

U(t, x)dt+

∫ T4

T3

U(t, x)dt = 0; t ∈ [T1, T2] ∪ [T3, T4]), (2)

∫ T2

T1

tU(t, x)dt+

∫ T4

T3

tU(t, x)dt = 0; (3)

where a
(
∂
∂x

)
, b

(
∂
∂x

)
are differential expressions with entire functions a(λ), b(λ) 6=

const.
Solution of the problem (1), (2), (3) according to the differential-symbol method

[1] is represented in the form

U(t, x) = f

(
∂

∂ν
,
∂

∂λ

){
G(t, ν, λ) exp[λx]

}
λ=ν=0

,

where G(t, ν, λ) is a solution of the problem:
[
d2

dt2
+ a(λ)

d

dt
+ b(λ)

]
G(t, ν, λ) = exp[νt],

∫ T2

T1

G(t, ν, λ) +

∫ T4

T3

G(t, ν, λ) = 0,

∫ T2

T1

tG(t, ν, λ) +

∫ T4

T3

tG(t, ν, λ) = 0.

This problem is a continuos works [2, 3].
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Coexistence of Homoclinic Trajectories
Mykhailo Kuznietsov

(Taras Shevchenko National University of Kyiv 64/13, Volodymyrska Street, Kyiv,
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E-mail: mkuzniets@gmail.com

The nonperiodic trajectory of discrete dynamical systems is called n-homoclinic, if
its α- and ω- limit sets coincide and are the same cycle of period n. For each point
x of this cycle we will call the subsequence of points of homoclinic trajectory which
tends to it as x-subsequence.
We say that the homoclinic trajectory is one-sided, if for every point x of this cycle

every its x-subsequence tends to it from one side. If at least for one point x of this cycle
its x-subsequence tends to it from both sides, we will call the trajectory as two-sided
homoclinic trajectory.

Theorem 1. The ordering 1▷3▷5▷7▷ . . . ▷2·1 ▷ 2·3 ▷ 2·5 ▷ . . . ▷ 22·1 ▷ 22·3 ▷ 22·5 ▷ . . .
represents the coexistence of homoclinic trajectories of one-dimensional systems in the
following sence.

If one-dimensional dynamical system has a one-sided n-homoclinic trajectory or
two-sided n/2-homoclinic trajectory, then it also has a one-sided m-homoclinic trajec-
tory or two-sided m/2-homoclinic trajectory for each m ◁ n.

It has been proven the following theorem.

Theorem 2. Every one-dimensional dynamical system that has a cycle of period
n 6= 2i will also have a one-sided n-homoclinic trajectory.
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Properties of changing orientation homeomorphisms of
the disk
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Denote by D2 2-dimensional disk. We will call a cell complex regularly embedded
in D2 if it is a subcomplex of a triangulation of D2.

Theorem 1. Let K be a finite connected one-dimensional cell complex regularly em-
bedded in the interior of D2 and K0 be the set of all vertices of K. Suppose there exists
a homeomorphism h : D2 → D2 reversing the orientation of D2 such that h(K) = K
and h(K0) = K0. Then h2 preserves every vertex of K fixed and leaves every edge
(open 1-cell) of K invariant with preserved orientation.

Denote by D(D2) the group of C∞-diffeomorphisms of D2. There is a natural right
action of the group D(D2) on the space of smooth functions C∞(D2,R) defined by
the following rule: (h, f) 7−→ f ◦ h, where h ∈ D(D2), f ∈ C∞(D2,R).
Thus, the stabilizer of f with respect to the action

S(f) = {h ∈ D(D2) | f ◦ h = f}
consists of f -preserving diffeomorphisms of D2.
Endow the space D(D2) with Whitney C∞-topology and its subspace S(f) with

the induced one. Denote by Sid(f) the identity path component of S(f).
Theorem 2. Let f : D2 → R be a Morse function. Suppose there exists h ∈ S(f)
changing the orientation of D2. Then exists diffeomorphism g ∈ S(f) such that g = h
on a neighborhood of ∂D2 and g2 ∈ Sid(f).
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First Betti numbers of orbits of Morse functions on
surfaces
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E-mail: kuznietsova@imath.kiev.ua, sorokayulya@imath.kiev.ua

Let G be a minimal class of groups satisfying the following conditions:
(1) 1 ∈ G;
(2) if A,B ∈ G, then A×B ∈ G;
(3) if A ∈ G and n ≥ 1, then the wreath product A on Z ∈ G.
In other words a group G belongs to the class G iff G is obtained from trivial group

by a finite number of operations ×, onZ. It is easy to see that every group G ∈ G can
be written as a word in the alphabet

A = {1,Z, (, ) ,×, o2, o3, o4, . . . } .
We will call such word a presentation of the group G in the alphabet A. Evidently,
the presentation of a group is not uniquely determined.
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Denote by Z(G) and [G,G] the center and the commutator subgroup of G respec-
tively.

Theorem 1. Let G ∈ G, ω be an arbitrary presentation of G in the alphabet A, and
β1(ω) be the number of symbols Z in the presentation ω. Then there are the following
isomorphisms:

Z(G) ∼= G/[G,G] ∼= Zβ1(ω).
In particular, the number β1(ω) depends only on the group G.

The groups from the class G appear as fundamental groups of orbits of Morse
functions on surfaces. Let M be a compact surface and D be the group of C∞-
diffeomorphisms of M . There is a natural right action of the group D on the space
of smooth functions C∞(M,R) defined by the rule: (f, h) 7−→ f ◦ h, where h ∈ D,
f ∈ C∞(M,R).
Let O(f) = {f ◦ h |h ∈ D} be the orbit of f under the above action. Endow

the spaces D, C∞(M,R) with Whitney C∞-topologies. Let Of (f) denote the path
component of f in O(f).
A map f ∈ C∞(M,R) will be called Morse if all its critical points are non-

degenerate. Homotopy types of stabilizers and orbits of Morse functions were cal-
culated in a series of papers by Sergiy Maksymenko [3], [2], Bohdan Feshchenko [4],
and Elena Kudryavtseva [1]. As a consequence of Theorem 1 we get the following.

Corollary 2. Let M be a connected compact oriented surface distinct from S2 and
T 2, f be a Morse function on M, G = π1Of (f) ∈ G, ω be an arbitrary presentation
of G in the alphabet A, and β1(ω) be the number of symbols Z in the presentation ω.
Then the first integral homology group H1(O(f),Z) of O(f) is a free abelian group of
rank β1(ω):

H1(O(f),Z) ' Zβ1(ω).
In particular, β1(ω) is the first Betti number of O(f).
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Optimal Morse flows on 2-manifolds with the boundary
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We consider optimal Morse flows on 2-manifolds, i.e. Morse-Smale flows without
closed orbit and minimal numbers of fixed points and separatrixes. We also suppose
that all fixed points belong to the boundary. It is proved that the flow be optimal if it
has a single sink and a single source. We describe all possible topological structures of
such flows on a 2-disk, a Mobius strip, a torus and a Klein bottle. On these surfaces,
there are one, one, two and four structures, respectively.
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On orbit braids
Zhi Lu

(School of Mathematical Sciences, Fudan University, Shanghai, China)
E-mail: zlu@fudan.edu.cn

Let M be a connected topological manifold of dimension at least 2 with an ef-
fective action of a finite group G. Associating with the orbit configuration space
FG(M,n), n ≥ 2 of the G-manifold M , we try to upbuild the theoretical framework
of orbit braids in M × I where the action of G on I is trivial, which contains the
following contents.
We introduce the orbit braid group Borbn (M,G), and show that it is isomorphic

to a group with an additional endowed operation (called the extended fundamen-
tal group), formed by the homotopy classes of some paths (not necessarily closed
paths) in FG(M,n), which is an essential extension for fundamental groups. The
orbit braid group Borbn (M,G) is large enough to contain the fundamental group of
FG(M,n) and other various braid groups as its subgroups. Around the central po-
sition of Borbn (M,G), we obtain five short exact sequences weaved in a commutative
diagram. We also analyze the essential relations among various braid groups associ-
ated to those configuration spaces FG(M,n), F (M,n), and F (M/G,n). We finally
consider how to give the presentations of orbit braid groups in terms of orbit braids as
generators. We carry out our work by choosing M = C ≈ R2 with typical actions of
Zp and (Z2)

2. We obtain the presentations of the corresponding orbit braid groups,
from which we see that the generalized braid group Br(Bn) (introduced by Brieskorn)
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actually agrees with the orbit braid group Borbn (C\{0},Z2) and Br(Dn) is a subgroup
of the orbit braid group Borbn (C,Z2). This is a joint work with Hao Li and Fengling Li

Quotient spaces and their authomorphism spaces
Sergiy Maksymenko

(Institute of Mathematics of NAS of Ukraine, Tereshchenkivska str. 3, Kyiv, 01024,
Ukraine)

E-mail: maks@imath.kiev.ua

Eugene Polulyakh
(Institute of Mathematics of NAS of Ukraine, Tereshchenkivska str. 3, Kyiv, 01024,

Ukraine)
E-mail: polulyah@imath.kiev.ua

Let Y be a topological space. Say that two points y, z ∈ Y are T2-disjoint in Y if
they have disjoint neighborhoods. Denote by hcl(y) the set of all z ∈ Y that are not
T2-disjoint from y. Then z ∈ hcl(y) if and only if each neighborhood of z intersects
each neighborhood of y. We will call hcl(y) the Hausdorff closure of y.
Thus the relation y ∈ hcl(z) is reflexive and symmetric, however in general it is not

transitive.
Say that a point y ∈ Y is special whenever hcl(y) \ y 6= ∅, so there are points that

are not T2-disjoint from y. We will denote by Spec(Y ) the set of all special points of
Y .
LetX be a topological space,∆ = {ωy | y ∈ Y } be a partition ofX, and p : X → Y

be the natural quotient map such that p(x) = y ∈ Y iff x ∈ ωy. Endow Y with the
corresponding quotient topology with respect to p,
Let E(Y ) = C(Y, Y ) be the monoid of all continuous maps Y → Y with respect to

the natural composition of maps, and E(X,∆) be the monoid of all continuous maps
h : X → X preserving ∆ in the sense that h(ω) is contained in some leaf of ∆ for each
ω ∈ ∆. Denote by H(Y ) ⊂ E(Y ) and H(X,∆) ⊂ E(X,∆) the subgroups consisting
of homeomorphisms.
It follows that each h ∈ E(X,∆) induces a map ψ(h) : Y → Y making commutative

the following diagram:
X

h−−−−−→ X

p

y
yp

Y
ψ(h)−−−−−→ Y

Since Y is endowed with quotient topology with respect to p, it follows that
ψ : E(X,∆) → E(Y ) (1)

is a homomorphism of monoids, that is ψ(h1 ◦ h2) = ψ(h1) ◦ ψ(h2) for all h1, h2 ∈
E(X,∆) and ψ(idX) = idY . This implies that ψ induces the homomorphism ψ :
H(X,∆) → H(Y ) between the corresponding homeomorphism groups.

Theorem 1. Suppose that
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i) X is a locally compact Hausdorff topological space,
ii) Y is a T1-space, i.e., each element of ∆ is closed;
iii) the projection p : X → Y is an open map;
iv) the set Spec(Y ) of special points of Y is locally finite.

Then the homomorphism (1) ψ : E(X,∆) → E(Y ) is continuous with respect to the
corresponding compact open topologies.

In particular so is the induced homomorphism ψ : H(X,∆) → H(Y ).

Corollary 2. Suppose the conditions of previous theorem are fullfilled and X is con-
nected. Then we have a well-defined homomorphism ψ0 : π0H(X,∆) → π0H(Y ) of
the corresponding mapping class groups.

Realization problems for Reeb graphs and
epimorphisms onto free groups

Lukasz P. Michalak
(Adam Mickiewicz University in Poznań, Poznań, Poland)

E-mail: lukasz.michalak@amu.edu.pl

The Reeb graph R(f) of a Morse function f on a manifold is obtained by con-
tracting connected components of its level sets. Sharko and Masumoto–Saeki showed
that each graph with the so-called good orientation is the Reeb graph of a function
on a closed surface. In this talk we focus on the problem of realization of a graph
as the Reeb graph of a function on a given manifold M . In particular, it turns out
that the maximal number of cycles among all Reeb graphs of functions on M is equal
to the corank of π1(M), i.e. the maximal rank r for which there is an epimorphism
π1(M) → Fr onto the free group of rank r. It leads to the natural problem of repre-
senting any such epimorphism by the homomorphism induced on fundamental groups
by the quotient map M → R(f) for a Morse function f . We describe connections
between Reeb graphs, epimorphisms onto free groups and systems of nonseparating
2-sided submanifolds. This allows us to study algebraic properties of epimorphisms
onto free groups, such as their equivalence classes or ranks of maximal epimorphisms.
For example, using theorems on topological conjugation of simple Morse functions on
orientable (Kulinich, Sharko) or non-orientable surfaces (Lychak–Prishlyak), we may
repeat some results on equivalence classes of epimorphisms onto free groups for surface
groups provided by Grigorchuk–Kurchanov–Zieschang.
The results are from joint work with Wacław Marzantowicz.

The use of K-theory in high energy physics
Tetiana V. Obikhod

(Institute for Nuclear Research, National Academy of Science of Ukraine, 47, prosp.
Nauki, Kiev, 03028, Ukraine)

E-mail: obikhod@kinr.kiev.ua



38

Modern high-energy physics associated with energies up to 14 teV is the theory of D-
brane and superstrings, [1]. The mathematical apparatus of such a theory is algebraic
geometry and topological algebra, which uses the theory of derived categories.
We will consider the case of supersymmetric string theory extended to N = (2,2)

superconformal field theory with target manifold X - Calabi–Yau threefold. With this
superconformal string field theory is associated central charge. On the end of the
string for D-brane system lives a Ramon-Ramon (RR) charge which takes values in a
two-dimensional quantum Hilbert space.
The information of RR charge can be decoded in the category of D-branes, which is

considered as derived category of coherent sheaves, D(X) over X - a topological space.
An open string from the D-brane associated to the locally-free sheaf E to another D-
brane given by the locally-free sheaf F is given by an element of the group Extq(E,F )
which is Hilbert space. D-brane/anti-D-brane annihilation which is built in the derived
category map the derived category to K-theory language for D-branes [2]. In the case
of the twisted bundle D-brane charge takes values in a certain twisted version of K-
theory with special type of sections as a Hilbert space [3]. With different types of the
structure group of the twisted bundles are connected different K-theory groups.
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A note on cohomology of locally trivial Lie groupoids
on triangulated spaces

Jose Oliveira
(University of Minho, Braga, Portugal)

E-mail: jmo@math.uminho.pt

Mishchenko and Oliveira proved that, for each transitive Lie algebroid defined on
a compact triangulated manifold, its Lie algebroid cohomology and piecewise smooth
cohomology are isomorphic. Based in that isomorphism, it is proved that the Rham
cohomology of a locally trivial Lie groupoid G on a smooth manifold M is isomorphic
to the piecewise Rham cohomology of G, in which G and M are manifolds without
boundary and M is smoothly triangulated by a finite simplicial complex K such that,
for each simplex ∆ of K, the inverse images of ∆ by the source and target mappings
of G are transverses submanifolds in the ambient space G.
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Symplectic Floer theory

Kaoru Ono
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I plan to explain symplectic Floer theory for non-specialists.
After giving basic ideas in the theory, I speak on examples and applications to

symplectic geometry.

Z-knotted triangulations of surfaces

Pankov Mark
(University of Warmia and Mazury in Olsztyn, Poland)

E-mail: pankov@matman.uwm.edu.pl

Joint work with Adam Tyc (IM PAN, Warsaw)
Petrie polygons are well-known objects described by Coxeter. These are skew poly-

gons in regular polyhedra such that any two consecutive edges, but not three, are on
the same face.
Analogs of Petrie polygons for graphs embedded in surfaces are called zigzags. They

have many applications, for example, they are successfully exploited to enumerate all
combinatorial possibilities for fullerenes. The case when an embedded graph has a
single zigzag is closely connected to Gauss code problem. An embedded graph with a
unique zigzags is said to be z-knotted.
We investigate zigzags in triangulations of closed (not necessarily orientable) sur-

faces and show that every such triangulation admits a z-knotted shredding.
Our main tool is the concept of z-monodromy.
We describe all possibilities for z-monodromies of faces in triangulations: there are

precisely 7 types of z-monodromies and 4 types corresponding to the z-knotted case.
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Right-angled polytopes, hyperbolic manifolds and torus
actions

Taras Panov
(Lomonosov Moscow State University, Moscow, Russia)

E-mail: tpanov@mech.math.msu.su

A combinatorial 3-dimensional polytope P can be realised in Lobachevsky 3-space
with right dihedral angles if and only if it is simple, flag and does not have 4-belts
of facets. This criterion was proved in the works of Pogorelov and Andreev of the
1960s. We refer to combinatorial 3-polytopes admitting a right-angled realisation
in Lobachevsky 3-space as Pogorelov polytopes. The Pogorelov class contains all
fullerenes, i.e. simple 3-polytopes with only 5-gonal and 6-gonal facets.
There are two families of smooth manifolds associated with Pogorelov polytopes.

The first family consists of 3-dimensional small covers of Pogorelov polytopes P , also
known as hyperbolic 3-manifolds of Loebell type. These are aspherical 3-manifolds
whose fundamental groups are certain finite abelian extensions of hyperbolic right-
angled reflection groups in the facets of P . The second family consists of 6-dimensional
quasitoric manifolds over Pogorelov polytopes. These are simply connected 6-manifolds
with a 3-dimensional torus action and orbit space P . Our main result is that both
families are cohomologically rigid, i. e. two manifolds M and M ′ from either family
are diffeomorphic if and only if their cohomology rings are isomorphic. We also prove
that a cohomology ring isomorphism implies an equivalence of characteristic pairs;
in particular, the corresponding polytopes P and P ′ are combinatorially equivalent.
This leads to a positive solution of a problem of Vesnin (1991) on hyperbolic Loebell
manifolds, and implies their full classification.
Our results are intertwined with classical subjects of geometry and topology such

as combinatorics of 3-polytopes, the Four Colour Theorem, aspherical manifolds, a
diffeomorphism classification of 6-manifolds and invariance of Pontryagin classes. The
proofs use techniques of toric topology.
This is a joint work with V. Buchstaber, N. Erokhovets, M. Masuda and S. Park.

On configuration spaces of k thick particles in a
rectangle
Leonid Plachta

(AGH University of Science and Technology, Cracow, and Institute of Applied
Problem of Mechanics and Mathematics of NAS of Ukraine, Lviv)

E-mail: dept25@gmail.com

Let Q be a rectangle [0, a] × [0, b] ⊂ R2 with 0 < a ≤ b. and let Fk(Q, ε) denote
the configuration space of k squares in Q with all sides of the same length 2ε, which
do not overlap each other. We consider 2ε-squares in the rectangle Q as the ε-discs in
the max norm metric d(x, y). It is allowable that different squares can have common
boundary points and the boundaries of squares can intersect the boundary ∂Q along
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some intervals. Therefore Fk(Q, ε) consists of ordered k-tuples (u1, . . . , uk) ∈ Qk such
that for any i, j, i 6= j, d(ui, uj) ≥ 2ε and for each ui we have d(ui, ∂Q) ≥ ε.
In this work we study critical values of the parameter ε with respect to change of

topology of Fk(Q, ε). In particular, we show that for values of the parameter ε enough
small Fk(Q, ε) is connected. We also discuss the problem for which parameters ε the
space Fk(Q, ε) is aspherical.

Morse functions and Morse flows on low-dimensional
manifolds with the boundary

A. O. Prishlyak
(Taras Shevchenko National University of Kyiv, 64/13, Volodymyrska St., Kyiv,

Ukraine)
E-mail: prishlyak@yahoo.com

We consider functions and flows on 2 and 3-dimensional manifolds with the bound-
ary, all critical (fixed) points of which belong to the boundary of the manifold. In this
case there is the analogue of Morse functions. They are functions which have only
non-degenerated critical points and their restrictions to the boundary have the same
critical points that are also non-degenerated. There is the neighborhood of each of
these points in such a way that the function f takes one of the following forms, [1]:

f(x, y) = −x21 − ...− x2i + x2i+1 + ...+ x2n−1 ± xn, xn ≥ 0.

Besides in the case of isolated singular points on 2-manifold, the function can be repre-
sented in the form f(x, y) = Re(x+ iy), y ≥ 0 for some appropriate local coordinates
(x, y).
Gradient-like flows of Morse functions in general position are Morse flows (Morse-

Smale flows without orbits). On manifoldsM with boundary ∂M it is a flow X which
satisfies the following conditions:
1) the set of nonwandering points Ω(X) has finite number of orbits and all of them

are hyperbolic,
2) if u, v ∈ Ω(X) ∩ IntM then unstable manifold Wu(u) is transversal to stable

manifold W s(v),
3) for u, v ∈ Ω(X), if x ∈ M is a point of nontransversal intersection of Wu(u)

with W s(v) then x ∈ ∂M and either u or v is a singularity of X [2].
Morse flows on the surface with boundary can have four types of fixed points on

the boundary: 1) a source, 2) a sink, 3) a-saddle and 4) b-saddle. The topological
structure of such flows is determined by the separatrixes.
There is a flow with one singular point for any connected surface with a connected

boundary. Separatrix breaks neighborhood of this point into the corners that can have
four types: 1) hyperbolic, 2) eliptic 3) sources and 4) sink. Location separatrix and
specifying types of angles determines the structure of such flows.
In dimension 3 generalized Heegaard diagrams [3] can be used to determine the

structure of Morse flows.
Let M be a smooth compact 3-manifold with boundary.
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We construct a diagram of Morse flow, which has the form of a surface with a
boundary and two sets of arcs and circles embedded in it. The surface F is the
boundary of the regular neighborhood of the union of the following integral manifolds:
1) sources and stable manifolds of singular points of index 1 in the interior of the

manifold;
2) sources on the boundary, which are sources on doubling;
3) stable manifolds of saddle points and boundary sources, which are points of index

1 on doubling.
On the surface F, select the following sets of nested arcs and circles:
1) circles u, which are intersections of unstable manifolds of interior singular points

of index 1 with surface F;
2) the arcs U are intersections of F with unstable manifolds of saddle singular points

of the edge, which are points of index 1 on doubling;
3) circles v, which are intersections of stable varieties of interior singular points of

index 2 with surface F;
4) arc V - intersections of F with stable manifolds of saddle singular points of the

edge, which are points of index 2 at doubling.
If we do a surgery of F along u and U, we obtain the 2-sphere with holes. Its

boundary component correspond to the boundary singular points - one source and
several saddles. We do first marking of arc of F that form boundary source component
by 0 and others by 1. Surgery of F along v and V gives another marking of the arcs of
the boundary by 0 and 2. Denote by w the framing that corresponds the sum of first
and second marking to each arc of the boundary.
By a Morse flow diagram on a three-dimensional manifold with a boundary we will

call the set
(F, u, U, v, V, w)

consisting of a surface with the boundary, a set of circles and arcs embedded in it as
above and a framing.
Two Morse flow diagrams are said to be isomorphic if there is a surface homeomor-

phism that maps the sets of arcs and circles into sets of arcs and circles of the same
type and preserve framing.

Theorem 1. Two Morse flows on 3-manifold with a boundary are topologically tra-
jectory equivalent if and only if their diagrams are isomorphic.

A Morse flow diagrams can be used to classify Morse functions on 3-manifolds.
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compact surface with boundary

Alexandr Prishlyak
(Taras Shevchenko University of Kyiv)

E-mail: prishlyak@yahoo.com

Andrei Prus
(Taras Shevchenko University of Kyiv)

E-mail: asp00pr@gmail.com

In this paper we consider the Morse flows [1] (Morse-Smale flows without closed
orbits) on the compact surfaces with boundary. There was constructed a complete
topological invariant of these flows – an equipped three-colored graph.
The graph T will be called three-color graph, if all its vertices have a degree not

greater than 3, and edges are painted in three colors, so that edges of different colors
converge at each vertex. Colors are denoted by the letters s, t, u, [2, 3]. The vertices
of three-colored graph correspond to the standard areas on the surface, that look like
a curvilinear triangle or quadrilateral.
There were found conditions in which a three-colored graph generates a flow.

Theorem 1. For a connected tricolor graph having the following properties:
1) each edge of the graph is marked with one of the three letters: s, t, u, and each

vertex is white or black;
2) two edges of the same type can not come out from each vertex;
3) for each black inner vertex there is a su-cycle of length 4 that contains it;
4) if two black vertices are connected by a u-or s-edge and one of them is bounded,

then the other will be bound;
5) each white vertex is internal. And if it is connected to the black vertex u-edge

(s-edge), then this black vertex will be the limit.
there exists a Morse flow on a connected surface with a boundary, the three-color graph
of which is a given graph.[1]

The number of topologically non-equivalent flows with 2, 3, 4, and 5 standard areas
was calculated. For each of them, the surface on which this flow is set is determined.
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S1-Bott functions on manifolds
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Let Mn be a compact closed manifold of dimension at least 3. With V. Sharko we
studied the S1-Bott functions on Mn. Separately, we investigated S1-invariant Bott
functions onM2n with semifree circle action that have finitely many fixed points. Our
aim was to find the exact values of the minimum numbers of singular circles of some
indices of S1-invariant Bott functions on M2n. I shall describe our results and also
state some open problems and conjectures.

On topology of spaces of persistence diagrams

A. Savchenko
(Kherson State Agrarian University, Stretenska st., 23, Kherson, 73006, Ukraine)
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(Ivan Franko National University of Lviv, Universytetska Str. 1, Lviv, 79000,

Ukraine)
E-mail: zarichnyi@yahoo.com

The Topological Data Analysis (TDA) provides metric and topological tools for
investigation of large data arrays. Usually, the sets of data possess a structure of
filtered topological space and can be investigated be means of persistent homology.
In turn, the persistence homology classes can be represented by the persistence

diagrams indication the “birth” and “death” of every such class (see, e.g., [1]–[3]).
The persistence diagrams are therefore important objects in the TDA. The set of

persistence diagrams can be endowed with various metrics, in particular, the bottleneck
metric. We also endow the set of persistence diagrams with a nonmetrizable topology
such that the obtained topological space is homeomorphic to the countable direct limit
of infinite tower of Euclidean spaces R∞. Also, completions of the metric spaces of
persistence diagrams are considered.
The (completed) spaces of persistence diagrams are infinite-dimensional. The aim

of the talk is to apply methods of infinite-dimensional topology (in particular, char-
acterization theorems for infinite-dimensional manifolds) to description of topology of
these spaces. In particular, we prove that some of these spaces are homeomorphic to
the pre-Hilbert spaces of finite sequences.
Also, we show that the complement of the space of persistence diagrams is locally

homotopy negligible in its completion. This naturally leads to the problem whether
the completed space of persistence diagrams is an absolute retract.
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Analogue of Whitney trick for eliminating multiple
intersections
Arkadiy Skopenkov

(Moscow Institute of Physics and Technology, Independent University of Moscow,
Russia)

E-mail: https://users.mccme.ru/skopenko/

The Whitney trick for cancelling double intersections is one of the main tools in the
topology of manifolds. Generalization of the Whitney trick to multiple intersections
was ‘in the air’ since 1960s.
However, only in this century they were stated, proved and applied to obtain in-

teresting results.
I shall describe the ground-breaking work [MW15] (see also the survey [Sk16]) and

its generalizations to codimension 2 [AMS+] and to the case when general position
multiple intersections have positive dimension [MW16, Sk17].
These were most difficult steps in recent counterexamples to the topological Tver-

berg conjecture (for which papers by M. Özaydin, M. Gromov, P. Blagojević, F. Frick,
G. Ziegler, I. Mabillard and U. Wagner are important, see the survey [Sk16]) and in
stronger counterexamples [AMS+, AKS].
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The commutator of Sylow subgroups of alternating and
symmetric groups, these minimal generating sets

Skuratovskii Ruslan
(Department of Computer and Informational Technology IAMP of Kiev)

E-mail: ruslcomp@mail.ru, ruslan@unicyb.kiev.ua

We consider the commutator of Sylow subgroups of an alternating group and re-
search its minimal generating sets. The commutator width of a group G, denoted
by cw(G) [1], is the maximum of commutator lengths of elements of its derived sub-
group [G,G]. The size of minimal generating sets of the Sylow 2-subgroup Syl2A2k of
A2k is found. The commutator width of Sylow 2-subgroups of the alternating group
A2k , symmetric group S2k and Cp o B are equal to 1. We prove that the commu-
tator width [1] of an arbitrary element of a permutational wreath product of cyclic
groups Cpi , pi ∈ N, is 1. As it has been proven in [2] there are subgroups Gk and Bk
in the automorphisms group AutX [k] of the restricted binary rooted tree such that
Gk ' Syl2A2k and Bk ' Syl2S2k , respectively.

Theorem 1. An element (g1, g2)σ ∈ G′
k, where σ ∈ S2 if and only if g1, g2 ∈ Gk−1

and g1g2 ∈ B′
k−1.

Lemma 2. For any group B and integer p ≥ 2 the following inequality is true:

cw(B o Cp) ≤ max(1, cw(B)).

Corollary 3. For a prime p > 2 and k > 1 the commutator widths of Sylp(Apk ) and
of Sylp(Spk ) are equal to 1.

Theorem 4. Elements of Syl2S′
2k have the following form:

{[f, l] | f ∈ Bk, l ∈ Gk} = {[l, f ] | f ∈ Bk, l ∈ Gk}.
Moreover, we get a more general result about the commutator width for a finite

wreath product of finite cyclic groups.

Corollary 5. If W = Cpk o . . . o Cp1 then for k ≥ 2 we have cw(W ) = 1.

Theorem 6. The commutator width of the group Syl2A2k is equal to 1 for k ≥ 2.

Theorem 7. A commutator of Gk has the form G′
k ' Gk−1 �Gk−1, where � is the

subdirect product. The order of G′
k is equal to 22

k−k−2. A second commutator of Gk
has a structure G′′

k ' G′
k−1 �G′

k−1 , G′′
k ' (Gk−2 �Gk−2)� (Gk−2 �Gk−2),

Proposition 8. The subgroup (Syl2A2k )
′ has a minimal generating set of 2k − 3

generators.

Aminimal generating set of Syl′2(A8) consists of 3 generators: (1, 3)(2, 4)(5, 7)(6, 8),
(1, 2)(3, 4), (1, 3)(2, 4)(5, 8)(6, 7). In addition, Syl′2(A8) ' C3

2 and it is an elementary
abelian 2-group of order 8.
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Singularities of curves with two-parameter families of
ideals

Skuratovskii Ruslan
(Department of Computer and Informational Technology IAMP of Kiev)

E-mail: ruslcomp@mail.ru, ruslan@unicyb.kiev.ua

We consider the study of ideals of commutative rings, in particular, the question
about parametrization of classes of ideals is of current importance for the modern
algebra.
Recall that a plane curve singularity over a field k is a k-algebra of the form

R = k [[x, y]]/(f).

It is called one branch if R has no zero divisors.
Till now almost nothing was known about the curve singularities with at most m-

parametric families of ideals if m > 1, in particular, how it relates with the Arnold’s
classification of singularities.
Sufficient and necessary conditions of possessing of one branch curve singularities

at most 2-parameter families of ideals were researched.

Theorem 1. If R is one branch singularity. Then the following conditions are equiv-
alent:

1) R has as maximum two parametric family of ideals.
2) If char k 6= 2, then R dominates one of the following singularities:

E30, E32, W24,W
#
2 , ∗, N30, N20, N24, N28;

2a) If char k = 2, then R dominates one of the following singularities:

E30, E32, W18,W
#
1 , ∗, N20, N24.

Thus, it is proved sufficient and necessary conditions for a one-branch curve singu-
larity S has at most two-parameter families of ideals.
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About multiary webs
F. M. Sokhatsky

(Vasyl’ Stus Donetsk National University, Vinnytsia, Ukraine)
E-mail: fmsokha@ukr.net

In [1] binary k-webs are investigated. In [2] algebraic aspects of web geometry,
namely its connections with the quasigroup and loop theory, the theory of local dif-
ferential quasigroups and loops, and the theory of local algebras are discussed. Here,
we give a definition of n-ary k-web and prove some properties.
Let Q be an arbitrary finite or infinite set. A mapping f : Qn → Q is called an

n-ary operation defined on Q.
A set {f1, . . . , fn} of n-ary operations defined on Q is called orthogonal if for

arbitrary elements a1, …, an ∈ Q the system




f1(x1, . . . , xn) = a1,

. . . . . . . . . . . . . . . . . . . .
fn(x1, . . . , xn) = an

has a unique solution.

Definition 1. A k-web W of the arity n consists of a set P of points and a subset L
of the power set of P whose elements are called lines. In L, there are k subsets called
pencils (k > n) such that the following axioms hold:
(W1) Each line belongs to just one of the pencils of W .
(W2) Each point belongs to just one line from each pencil.
(W3) Any n lines from distinct pencils have exactly one point in common, whereas

lines from the same pencil are disjoint.

Lemma 2. There is a one-to-one correspondence between: 1) the points of a line and
the lines of a pencil; 2) the lines of two arbitrary pencils; 3) the points of two arbitrary
lines.

Thus, the point set of a line and the line set of a pencil have the same cardinality
m called order of the web. Since the lines of a pencil are disjoint, then the cardinal
number of P is mn.
Let Q be a set of the order m, i.e., |Q| = m. Let us bijectively label all lines of

each pencil by elements of the set Q and all points of the web by elements of the set
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Qn. An expression P (a1, . . . , an) means that the point P is labeled by (a1, . . . , an)
which is also called coordinates of P .
For each pencil Li, we define an n-ary operation fi on the set Q: fi(a1, . . . , an) = a

if the point with the coordinates (a1, . . . , an) belongs to the line from Li which is
labeled by the element a ∈ Q.
The obtained system Σ := {f1, . . . , fk} of operations are called coordinate system

of operations or coordinate operation system (COS) of the web.

Theorem 3. A set of k n-ary operations (k > n) is a coordinate operation system of
an n-ary k-web if and only if it is orthogonal.
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Topology of the set of factorable almost periodic
matrix functions
Ilya M. Spitkovsky

(New York University Abu Dhabi (NYUAD), UAE)
E-mail: ims2@nyu.edu, imspitkovsky@gmail.com, ilya@math.wm.edu

A classical Wiener-Hopf factorization of (matrix) functions defined on the unit circle
T or the real line R is their representation as a product of three factors, the left/right
analytic and invertible inside/outside T (respectively, in the upper/lower half-pane),
and the diagonal middle factor with the diagonal entries of some special form.
For several classes of functions, scalar or matrix valued, the factorablity is equiv-

alent to invertibility. These classes include the Wiener algebra W of functions with
absolutely convergent Fourier series, continuous (matrix) functions, etc.
The same is true for the (scalar) almost periodic functions with absolutely conver-

gent Bohr-Fourier series (the algebra APW ), or the algebra AP of all Bohr almost
periodic functions.
This property is lost, however, in transition to matrix-valued AP or APW func-

tions. Moreover, the respective factorability criteria are presently not know even in
the case of 2-by-2 triangular matrix-functions in these classes.
The configuration of the set GLF of all factorable AP or APW matrix functions

within the respective group GL of invertible matrix-functions is therefore a non-trivial
issue.
As was established jointly with A. Brudnyi and L. Rodman, there are infinitely

many pathwise connected components of GL not intersecting with GLF , and even
with the closed subgroup of GL generated by it.
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Extension of continuous operators on Cb(X,E) with the
strict topology
Juliusz Stochmal

(Kazimierz Wielki University, Poland)
E-mail: juliusz.stochmal@gmail.com

In the paper [2] Nowak has developed the theory of continuous linear operators
on the space Cb(X,E) of bounded continuous functions f : X → E, where X is a
completely regular Hausdorff space and E is a Banach space. Then the space Cb(X,E)
is equipped with the strict topology β. Recall that β is generated by the family of the
seminorms:

pv(f) := sup
t∈X

|v(t)| ‖f(t)‖E for f ∈ Cb(X,E),

where v : X → R is a bounded function such that for every ε > 0, {t ∈ X : |v(t)| ≥ ε}
is a compact subset of X. For X being a locally compact space β coincides with the
original strict topology that was introduced in 1958 by Buck [1]. The Riesz Repre-
sentation Theorem for continuous linear operators T : Cb(X,E) → F was obtained,
where F is a Banach space (see [2, Theorem 3.1]).
Let L∞(Bo,E) stand for the set of all bounded strongly Bo-measurable functions

g : X → E. Then L∞(Bo,E) can be equipped with the natural mixed topology
γL∞(Bo,E). Note that if X is separable (resp. E is separable), then

Cb(X,E) ⊂ L∞(Bo,E).

The aim of my talk is to present some results concerning the problem of extension of dif-
ferent classes of (β, ‖ ·‖F )-continuous linear operators T : Cb(X,E) → F to the corre-
sponding classes of (γL∞(Bo,E), ‖·‖F )-continuous linear operators T : L∞(Bo,E) → F .
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Chebotarev link is stably generic
Jun Ueki

(Tokyo Denki University, 5 Senju Asahi-cho, Adachi-ku, 120-8551, Tokyo, Japan)
E-mail: uekijun46@gmail.com

The analogy between knots and prime numbers, or 3-manifolds and the ring of
integers of number fields, was initially pointed out by B. Mazur in [3], and developed
by Kapranov, Reznikov, and Morishita in a systematic way (cf.[7]). In their study
called Arithmetic Topology, an important problem is to find a nice analogue of the set
of all prime numbers.
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McMullen [5] established a version of the Chebotarev density theorem in which
number fields are replaced by 3-manifolds, answering to Mazur’s question proposed in
[4]:

Definition 1 (Chebotarev law). Let (Ki) = (Ki)i∈N>0 be a sequence of disjoint knots
in a 3-manifoldM . For each n ∈ N>0 and j > n, we put Ln = ∪i≤nKn and denote the
conjugacy class of Kj in π1(M −Ln) by [Kj ]. We say that (Ki) obeys the Chebotarev
law if

lim
ν→∞

#{n < j ≤ ν | ρ([Kj ]) = C}
ν

=
#C
#G

holds for any n ∈ N>0, any surjective homomorphism

ρ : π1(M − Ln) → G

to any finite group, and any conjugacy class C ⊂ G. (The left hand side is the natural
density of Ki’s with ρ([Kj ]) = C.)

On the other hand, Mihara [6] formulated an analogue of idelic class field theory
for 3-manifolds by introducing certain infinite links called stably generic links, refining
the notion of very admissible links given by Niibo and the author [8, 9], and gave a
cohomological interpretation to the previous formulation:

Definition 2 (stably generic link). Let M be a 3-manifold and K 6= ∅ a link. The
link K is said to be generic if for any finite sublink L of K, the group H1(M − L) is
generated by components of K − L. The link K is said to be stably generic if for any
finite sublink L of K and for any finite branched cover h :M ′ →M branched over L,
the preimage h−1(K) is again a generic link of M ′.

Here’s our main theorem [11]:

Theorem 3. Let (Ki) be a sequence of disjoint knots in a 3-manifold M obeying the
Chebotarev law. Then the link K = ∪iKi is a stably generic link.

McMullen proved that sequences of knots (Ki) = (Ki)i∈N>0 given as below obey
the Chebotarev law [5, Theorems 1.1, 1.2].

Example 4. (1) LetX be a closed surface of constant negative curvature,M = T1(X)
be the unit tangent bundle, and (Ki) be the closed orbits of the geodesic flow in M ,
ordered by length.
(2) Let (Ki) be the closed orbits of any topologically mixing pseudo-Anosov flow

on a closed 3-manifold M , ordered by length in a generic metric.

Let L be a fibered link in S3. The union of the closed orbits of the suspension flow
of the monodromy map is called the planetary link. McMullen’s theorem implies that
the planetary link K obtained from a fibered hyperbolic link L (e.g., the figure eight
knot, Hopf link, the Borromean ring) in S3 is Chebotarev. Such an infinite link K
contains every link, due to Ghrist and others (cf. [1]).
In addition, K admits an analogue of the product formula

|a|
∏

p

|a|p = 1(a ∈ Q)
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by Kopei [2]. SinceK has Artin L-functions of dynamical setting due to Parry–Pollicott
[10], Theorem 3 above would play a key role to expand an analogue of idèlic class field
theory for 3-manifolds, in a direction of analytic number theory, with ample interesting
examples.
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Symmetric analytic functions on some Banach spaces
Taras Vasylyshyn

(Vasyl Stefanyk Precarpathian National University, 57 Shevchenka Str.,
Ivano-Frankivsk 76018, Ukraine)

E-mail: taras.v.vasylyshyn@gmail.com

Let X be a Banach space, which has a symmetric structure, like has a symmetric
basis or is rearrangement invariant. It is natural to consider polynomials and analytic
functions on X, which are invariant (symmetric) with respect to a group of operators
G(X) acting on X, which preserve this structure.
In particular, if X is a rearrangement invariant Banach space of Lebesgue mea-

surable functions on some Lebesgue measurable set Ω ⊂ R of nonzero measure, then
G(X) used to be the group of operators

Bσ : X 3 x 7→ x ◦ σ ∈ X,

where σ is a bijection of Ω, which preserves the measure. In some cases, algebras of
continuous symmetric polynomials on such spaces have algebraic bases (see definition
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below), which gives us the opportunity to describe spectra of algebras of symmetric
analytic functions on these spaces.

Definition 1. A mapping f : X → C is called an algebraic combination of mappings
f1, . . . , fk : X → C if there exists a polynomial Q : Ck → C such that

f(x) = Q(f1(x), . . . , fk(x))

for every x ∈ X.

Definition 2. A set of mappings B is called an algebraic basis of some algebra of map-
pings A, if every element of A can be uniquely represented as an algebraic combination
of some elements of B.
Symmetric polynomials and symmetric analytic functions on some non-separable

Banach spaces were studied in [1, 2].
In particular, in [1] it was constructed an algebraic basis of the algebra of continuous

symmetric polynomials on the complex Banach space L∞ of all Lebesgue measurable
essentially bounded complex-valued functions on [0, 1].
Also, in [1] the spectrum (the set of all continuous linear multiplicative functionals)

of the Fréchet algebra Hbs(L∞) of all entire symmetric functions of bounded type on
L∞ was described.
In [5] it was shown that the Fréchet algebra Hbs(L∞) is isomorphic to the Fréchet

algebra of all entire functions on its spectrum.
In [2] it was shown that the trivial polynomial is the unique continuous symmet-

ric polynomial on the complex Banach space of all Lebesgue measurable essentially
bounded complex-valued functions on [0,+∞).
Symmetric polynomials on Cartesian powers of some Banach spaces were studied in

[3, 4, 6]. In particular, in [4] and [3] there were constructed algebraic bases of algebras
of continuous symmetric polynomials on Cartesian powers of complex Banach spaces
of Lebesgue measurable integrable in a power p, where 1 ≤ p < +∞, complex-valued
functions on [0, 1] and [0,+∞) respectively.
In [6] it was constructed an algebraic basis of the algebra of continuous symmetric

polynomials on the Cartesian power of L∞.
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Surfaces, braids and homotopy groups of spheres
Vladimir Vershinin

(Alexader Grothendieck Institute in Montpellie, France)
E-mail: vladimir.verchinine@univ-montp2.fr

We consider general surfaces: compact, with punctures, with boundary component.
The only condition is that the fundamental group of the surface should be finitely
generated. The fundamental group of a configuration space of a surface is the braid
group of the surface. We consider in particular Brunnian braids, that is the braids
which become trivial after deleting of any strand. We describe Brunnian braids of the
projective plane and of the sphere with the help of homotopy groups of spheres.
The talk is based on the joint works with V. Bardakov, Jingyan Li, R. Mikhailov

and Jie Wu.

Topology of the basin of attraction of surface
endomorphisms

Igor Vlasenko
(Institute of Mathematics of NAS of Ukraine, Tereshchenkivska str. 3, Kyiv, 01024,

Ukraine)
E-mail: vlasenko@imath.kiev.ua

Let f : M → M be a branched covering, i.e. an inner (open and isolated) map of
a surface M . A map is open if the image of an open set is open. A map is isolated if
the pre-image of a point consists of isolated points.
Let (A,R) be a (topological) attractor-repeller pair of f , where attractor A is a

connected component of the set of chain-recurrent points of f .
Consider the basin of attraction of A. Topological classification of such basins of

attraction is presented. It is shown that it is a non-compact surface such that its set
of ends is either contains 2 points or is a Cantor set.
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Extremal problem for domains that are
non-overlapping with free poles on the circle

Vyhivska Liudmyla
(Kyiv, Institute of Mathematics of NAS of Ukraine)

E-mail: liudmylavygivska@ukr.net

Although much research (e.g. [1],[2]) has been devoted to the extremal problems
of a geometric function theory associated with estimates of functionals defined on
systems of non-overlapping domains, however, in the general case the problems remain
unsolved.
The paper describes the problem of finding the maximum of a functional. This

problem is to find a maximum of the product of inner radii of mutually non-overlapping
symmetric domains with respect to the points on a unit circle and the inner radius
in some positive certain degree of the domain with respect to zero and description of
extreme configurations.
Let N, R be the sets of natural and real numbers, respectively, C be the complex

plane, C = C ∪ {∞} be its one-point compactification, and R+ = (0,∞). Let r(B, a)
be an inner radius of the domain B ⊂ C with respect to the point a ∈ B. An
inner radius is a generalization of a conformal radius for multiply connected domains.
An inner radius of the domain B is associated with the generalized Green’s function
gB(z, a) of the domain B by the relation

gB(z, a) = ln 1

|z − a| + ln r(B, a) + o(1), z → a.

Denote by Pk := {w : arg ak < argw < arg ak+1}, an+1 := a1.

The system of domains Bk ⊂ C, k = 0, n is called non-overlapping system of
domains if Bk ∩Bm = ∅, k 6= m, k,m = 0, n.

Theorem 1. This is the main theorem (taken from [3]). Let n ∈ N and n ⩾ 14,

and γ ∈ (1, n
1
3 ]. Then for any different points of a unit circle |ak| = 1, and for any

different system of non-overlapping domains Bk and ak ∈ Bk ⊂ C for k = 1, n and
a0 = 0, and, moreover, domains Bk for k = 1, n have symmetry with respect to the
unit circle, the following inequality holds

rγ (B0, 0)

n∏

k=1

r (Bk, ak) ⩽
(
4

n

)n (
2γ
n2

) γ
n

(
1− 2γ

n2

)n
2
+ γ

n

(
n−√

2γ

n+
√
2γ

)√
2γ

. (1)

Equality is attained if ak and Bk for k = 0, n are, respectively, poles and circular
domains of the quadratic differential

Q(w)dw2 = −γw
2n + 2(n2 − γ)wn + γ

w2(wn − 1)2
dw2. (2)

The result and the method for the obtaining of this result can be used in the the-
ory of potential, approximations, holomorphic dynamics, estimation of the distortion
problems in conformal mapping, and complex analysis.
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A few remarks on the expression a+ b− c
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E-mail: mwojt@ukw.edu.pl

As it is well known, the Euler’s formula formula a + b − c = 2 is valid both for
every finite, connected planar graph and every convex polyhedron in R3.
It is probably less known that the same formula holds for some particles in chem-

istry. The quantity e := a + b − c appears also in the theory of Pythagorean
triples/triangles T = (a, b, c), with a, b, c positive integers and a2 + b2 = c2, and
is called the excess of T .
In my lecture, I will be talking about these two less known facts.
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Cobordism groups of Morse functions, SKK-relations,
and applications
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Cobordism groups of differentiable maps with prescribed singularities are generally
studied by means of stable homotopy theory (see e.g. the works of Rimányi and
Szűcs [6], Ando [1], Kalmár [4], Sadykov [7], and Szűcs [10]). Historically, the topic
was pioneered by René Thom [11], who applied the Pontrjagin-Thom construction to
study embeddings of manifolds into Euclidean spaces up to cobordism.
Cobordism relations for Morse function are naturally based on certain fold maps

into the plane. As it turns out, explicit methods of geometric topology can be applied
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in their study, like for instance Levine’s cusp elimination technique, Stein factorization,
Cerf’s pseudoisotopy theorem, the two-index theorem of Hatcher and Wagoner, and
handle extension techniques for fold maps due to Gay and Kirby.
In this talk, we survey recent results concerning cobordism groups of Morse func-

tions. Our results generalize previous results of several authors including Ikegami [2],
Kalmàr [3], Saeki [8], and Yamamoto [15]. The following topics will be discussed:
• Using the signature of manifolds, we provide an explicit isomorphism (see [14])
between the cobordism group of Morse functions and so-called SKK-groups of
manifolds. This is a conceptually new approach which is crucially based on certain
cutting and pasting relations for manifolds that are used to define SKK-groups
of manifolds (see [5]).

• We discuss a cobordism relation for Morse functions in the presence of index con-
straints (see [12]). As an application, we explain how individual exotic Kervaire
spheres can be distinguished from other exotic spheres as elements of the cobordism
group of such “constrained” Morse functions.

• We present recent structure results (see [13]) for the cobordism groups of Morse
functions on compact manifolds with boundary. This direction of research has been
initiated by Saeki and Yamamoto in [9]. Several variants of cobordism relations
arise from allowing not all of the possible stable map germs of manifolds with
boundary into the plane: folds, boundary folds, cusps, boundary cusps, and B2

points. If time permits, we indicate how our results can be applied to construct
topological invariants for map germs on manifolds with boundary.
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Topology in combinatorics and data
Jie Wu
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E-mail: matwuj@nus.edu.sg

In this talk, we will discuss some topological problems arising from graphs and data.
Given a graph, one may consider the coloring on this graph by labeling its vertices
by colors. If colors are taken by points in a given topological space, we would get a
chromatic space. There are interesting connections between the Poincare polynomial
of the obtained chromatic space and the chromatic polynomial of the graph.
The notion of chromatic space is a generalization of configuration space. More

precisely the classical configuration spaces can be considered as the chromatic spaces of
a complete graph. Indicated from its successful applications to classical configuration
spaces and braid diagrams, the Morse theory might have potential applications to
some new mathematical objects related to chromatic spaces.
We will also discuss some topological questions from data analysis. The discrete

Morse theory might be the potential tool for exploring some new mathematical ob-
jects arising from biomolecular and social networks. The talk will report our current
progress on the topics.

On pseudo-harmonic functions defined on k-connected
domain

Iryna Yurchuk
(Kyiv, Ukraine)

E-mail: i.a.yurchuk@gmail.com

The problem of topological classification is central in topology. By V.Sharko, S.
Maksymenko and E. Polulyakh, the conditions of topological conjugacy of many types
of functions were successfully proved, for example, see [1, 3, 4].
Let D ⊂ R2 be an oriented finitely connected domain whose boundary consists of

closed Jordan curves γ0, γ1, . . . , γk and f : D → R be a pseudo-harmonic function. It
is known it satisfies the following conditions:

A) f |γi is a continuous function with a finitely many local extrema for i = 0, k;
B) f |IntD has a finitely many critical points and each of them is a saddle point

(in the neighborhood of it f has a representation like Rezn+const, z = x+iy
and n ≥ 2), where IntD = D\(∪

i
γi).
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In [2] authors researched a case of k = 0: for such functions, a topological invariant
is constructed, its main properties, the criterion of their topological equivalence and
conditions of realization of some type of graphs as given invariant are proved.
We will be interested in a case k ≥ 1. A combinatorial invariant ∆(f) of f was

constructed by the author in [5]. It is a mixed pseudograph (graph with multiple edges
and loops) with a strict partial order on vertices. In [5, 6] the author proved some
properties of ∆(f).

Definition 1. C-cycle of ∆(f) is a simple cycle whose arbitary pair of adjacent ver-
tices vi and vi+1 is comparable.

Theorem 2. Let ∆(f) be a combinatorial invariant of pseudo-harmonic function f
defined on k-connected domain. There are (k + 1) C-cycles at ∆(f).

By L(f) we denote a set of level curves of critical and semiregular values that
contain critical and boundary critical points. Let consider Dj , j = 1, N , N ∈ N,
which is connected component of D \ L(f).
A closed domain Dj has R-type if

Dj ∩ ∂D = ∅.
A closed domain Dj has St-type, (resp. Se-type), if

Dj ∩ ∂D 6= ∅ and Dj ∩ ∂D = {α, β},
(resp. Dj ∩ ∂D = {α}), where α ∩ β = ∅ and α, β ⊂ ∂D (resp. α ⊂ ∂D).

Theorem 3. For any index j a closed domain Dj has one of the following types: R,
St or Se.

Theorem 4. Two pseudo-harmonic functions f and g defined on k-connected domain
are topologically equivalent iff there exists an isomorphism ϕ : ∆(f) → ∆(g) which
preserves their strict partial orders and the orientations.
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Algebras of symmetric analytic functions and their
spectra
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(Vasyl Stefanyk Precarpathian National University, 57, Shevchenka Str.,
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E-mail: oleggol@ukr.net

Let X be a complex Banach space and G be a group of isometric operators. We
consider the algebra of G-invariant (symmetric) analytic functions on X and its spec-
trum (the set of complex-valued homomorphisms). We investigate topological and
algebraic structures on the spectrum for the case when X = ℓ1 and G is the group
of permutations of the basis vectors in ℓ1. Spectra of algebras of symmetric analytic
functions were considered in [1, 2]. In the talk will be also discussed some Hilbert
space topology on the set of symmetric analytic functions which was introduced in [3]
and corresponding Hilbertian structure on the set of multiplicative functionals.
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Обобщенный оператор Грина линейной нетеровой
краевой задачи для

дифференциально-алгебраической системы
ЧуйкоС.М.

(Донбасский государственный педагогический университет, Славянск, 84 116
Донецкая обл., ул. Генерала Батюка, 19.)

E-mail: chujko-slav@ukr.net

Исследована задача о построении решений z(t) ∈ C1[a, b] линейной нетеровой
(k 6= n) дифференциально алгебраической краевой задачи

A(t)z′(t) = B(t)z(t) + f(t), ℓz(·) = α, α ∈ Rk; (1)
здесь

A(t), B(t) ∈ Cm×n[a, b] := C[a, b]⊗ Rm×n
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—непрерывные матрицы, f(t) ∈ C[a, b] – непрерывный вектор-столбец; ℓz(·) –
линейный ограниченный функционал: ℓz(·) : C[a, b] → Rk. Матрицу A(t) пред-
полагаем, вообще говоря, прямоугольной: m 6= n, либо квадратной, но вырож-
денной. Изучению дифференциально-алгебраических уравнений при помощи цен-
тральной канонической формы и совершенных пар и троек матриц посвящены
монографии [1, 2]. В статье [3] предложена оригинальная классификация, доста-
точные условия разрешимости, оригинальная конструкция общего решения Xp(t)
однородной части системы (1) а также конструкция обобщенного оператора Гри-
на задачи КошиK[f(s), νp(s)](t) для линейной дифференциально-алгебраической
системы (1) без использования центральной канонической формы и совершенных
пар и троек матриц. Предположим, что дифференциально-алгебраическое урав-
нение (1) удовлетворяет требованиям теоремы [3, c. 11–12]. Зафиксируем произ-
вольную непрерывную вектор функцию νp(t). Подставляя общее решение

z(t, cρp) = Xp(t)cρp +K[f(s), νp(s)](t), cρp ∈ Rρp

задачи Коши z(a) = c для дифференциально-алгебраического уравнения (1) в
краевое условие (1), приходим к линейному алгебраическому уравнению разре-
шимому тогда и только тогда, когда

PQ∗
d
{α− ℓK[f(s), νp(s)](·)} = 0. (2)

Здесь PQ∗ – ортопроектор: Rk → N(Q∗); матрица PQ∗
d
составлена из d линейно

независимых строк ортопроектора PQ∗ , кроме того Q := ℓXp(·) ∈ Rk×ρp .
Лемма. Предположим, что дифференциально-алгебраическое уравнение (1)

удовлетворяет требованиям теоремы [3, c. 11–12]. При условии (2) и только
при нем для фиксированной непрерывной вектор-функции νp(t) ∈ Cρp [a, b] общее
решение дифференциально-алгебраической краевой задачи (1)

z(t, cr) = Xr(t)cr +G[f(s); νp(s);α](t), cr ∈ Rr

определяет обобщенный оператор Грина
G[f(s); νp(s);α](t) := X(t)Q+{α− ℓK[f(s), νp(s)](·)}+K[f(s), νp(s)](t).

Здесь PQ – матрица-ортопроектор: Rρp → N(Q); матрица PQr ∈ Rρp×r состав-
лена из r линейно независимых столбцов ортопроектора PQ.
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