Matrix manifolds as affine varieties
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Let K = R, C or H, the skew R-algebra of quaternions and write M, ,(K) (resp. M, (K)) for the set
of n x r (resp. n x n) -matrices over K. We aim to examine the structure of special matrix manifolds,
Grassmann G, »(K) and Stiefel manifolds V;, ,(K), via their presentations as algebraic sets.

Proposition 1. Let K=R,C or H. Then:

(1) G (K) = {A € M,(K); A% = A, A' = A, tr(4) = r}.

(2) Vor(K) ={A € M,,,(K); A'A =1,}.

This implies that Gy, »(K) and V), ,(K) are R-affine varieties. The main result is:
Theorem 2. (1) The tangent bundle TG, ,(K) = {(A, B) € Gp(K) x M,,(K); B = B, AB+ BA =
B};

(2) There is an algebraic isomorphism TGy, »(K) = Idem,. ,(K), where Idem,.,(K) = {A € M, (K); A% =
A, rk(A) =1}

(3) The C-Zariski closure G, (C) = TG, ,(C) for Gy ,(C) as an R-affine variety.

Remark 3. The Stiefel map V,,,(K) = Gy, (K) given by A — AA? for A € V,,,(K) lead to a purely
algebraic construction of the universal map

EU(K) — BU(K).

Remark 4. An extension of those results on some matrix manifolds over K being the Cayley algebra,
and more generally, a composition algebra is planed as well.



