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Äèíàìè÷åñêèå ñèñòåìû (ïîòîêè è êàñêàäû) â ìåòðè÷åñêîì ïðîñòðàíñòâå convRn åñòåñòâåííûì
îáðàçîì âîçíèêàþò â òåîðèè óïðàâëåíèÿ, òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìíîãîçíà÷íûìè
ïðàâûìè ÷àñòÿìè, òåîðèè óñòîé÷èâîñòè ñèñòåì ñ íåòî÷íûìè çíà÷åíèÿìè ïàðàìåòðîâ. Â ðàáîòå [1]
ðàññìàòðèâàëèñü âîïðîñû óñòîé÷èâîñòè ðàçíîñòíûõ óðàâíåíèé ñ ðàçíîñòíûì îïåðàòîðîì Õóêó-
õàðû â ïðîñòðàíñòâå convRn. Â ÷àñòíîñòè, òàì óñòàíîâëåíû îáùèå òåîðåìû ìåòîäà ñðàâíåíèÿ è
ïðÿìîãî ìåòîäà Ëÿïóíîâà ïðèìåíèòåëüíî ê ýòîìó êëàññó óðàâíåíèé. Â ðàáîòàõ [2, 3] èññëåäîâàí
âîïðîñ îá óñòîé÷èâîñòè ïî äâóì ìåðàì äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì â ïðîñòðàíñòâå convRn.
Â ïðîñòðàíñòâå convRn ðàññìîòðèì äèñêðåòíóþ äèíàìè÷åñêóþ ñèñòåìó

X = AX + ψ(V [X])B, (1)

ãäå X ∈ convRn, A ∈ L(Rn), ψ ∈ C1(R+;R+), B ∈ convRn. Ïðåäïîëîæèì, ÷òî îïåðàòîð A óäîâëå-
òâîðÿåò óñëîâèþ Aq = βI ïðè íåêîòîðûõ íàòóðàëüíîì q è ïîëîæèòåëüíîì β. Ïóñòü ñóùåñòâóåò
èçîëèðîâàííàÿ íåïîäâèæíàÿ òî÷êà X∗ ∈ convRn ÄÄÑ (1), êîòîðàÿ îïðåäåëÿåòñÿ èç óðàâíåíèÿ

X∗ = AX∗ + ψ(V [X∗])B.

Îïðåäåëåíèå 2.1. Íåïîäâèæíàÿ òî÷êà X∗ ∈ convRn äèñêðåòíîé äèíàìè÷åñêîé ñèñòåìû (1)
íàçûâàåòñÿ:
(1) óñòîé÷èâîé ïî Ëÿïóíîâó, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ = δ(ε) > 0 òàêîå, ÷òî èç

íåðàâåíñòâà dH(X0, X
∗) < δ ñëåäóåò, ÷òî sup

p∈Z+

dH(Xp, X
∗) < ε;

(2) àñèìïòîòè÷åñêè óñòîé÷èâîé ïî Ëÿïóíîâó, åñëè îíà óñòîé÷èâà è ñóùåñòâóåò ïîëîæèòåëüíîå
÷èñëî ρ òàêîå, ÷òî ïðè âñåõ X0 ∈ convRn, dH(X0, X

∗) < ρ âûïîëíÿåòñÿ ðàâåíñòâî dH(Xp, X
∗)→ 0

ïðè p→∞.
Ïóñòü

δX = hX − hX∗ ∈ C(Sn−1), δX = hX − hX∗ ∈ C(Sn−1).

Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû À.Ä. Àëåêñàíäðîâà [4] äîêàçàíî, ÷òî óðàâíåíèå â âàðèàöèÿõ â
îêðåñòíîñòè íåïîäâèæíîé òî÷êè X∗ ∈ convRn ÿâëÿåòñÿ ðàçíîñòíûì óðàâíåíèåì â áàíàõîâîì
ïðîñòðàíñòâå C(Sn−1) è èìååò âèä

δX = ZδX + o(‖δX‖C(Sn−1)), ‖δX‖C(Sn−1) → 0. (2)

Çäåñü äåéñòâèå îïåðàòîðà Z íà ôóíêöèè f ∈ C(Sn−1) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

(Zf)(x) = Af(x) + ψ′V (V [X∗])hB(x)

∫
Sn−1

f(p)F [X∗; dω(p)], x ∈ Sn−1,

à A�ðàñøèðåíèå îïåðàòîðà A íà ïðîñòðàíñòâî C(Sn−1) îïðåäåëÿåòñÿ òàê

(Af)(p) = ‖A∗p‖f
( A∗p

‖A∗p‖

)
, f ∈ C(Sn−1), p ∈ Sn−1, (3)

ãäå A∗ �ëèíåéíûé îïåðàòîð, ñîïðÿæåííûé ê A.
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Äëÿ ôîðìóëèðîâêè òåîðåìû îá óñëîâèÿõ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íåïîäâèæíîé òî÷êè
X∗ ÄÄÑ (1), îïðåäåëèì ôóíêöèè

Amk ∈ C(Sn−1), Bmk ∈ (C(Sn−1))∗, k = 1, q, 1 ≤ m ≤ k
èç ðåêóððåíòíûõ ñîîòíîøåíèé

Am,k+1 = Amk,m = 1, k, Ak+1,k+1 = ψ′V (V [X∗])AkhB (4)

Bm,k+1[dω] = A∗Bmk[dω] + F [X∗; dω]ψ′V (V [X∗])

∫
Sn−1

hB(ξ)Bmk[dω(ξ)],m = 1, k,

Bk+1,k+1[dω] = F [X∗; dω],

(5)

ãäå A∗ ∈ L((C(Sn−1))∗)� ñîïðÿæåííûé îïåðàòîð ê îïåðàòîðó A, ñ íà÷àëüíûìè óñëîâèÿìè

A11 = hB, B11[dω] = F [X∗; dω]. (6)

Ââåäåì ìàòðèöó

dlm =

∫
Sn−1

Amq(x)Blq[dω(x)], D = [dlm]ql,m=1, (7)

è åå õàðàêòåðèñòè÷åñêèé ïîëèíîì

∆(λ) = det[dlm − λδlm]ql,m=1.

Òåîðåìà 3.1. Ïðåäïîëîæèì, ÷òî âñå êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ

∆(λ− β) = 0

ëåæàò âíóòðè îòêðûòîãî åäèíè÷íîãî êðóãà B1(0) ⊂ C è β < 1.
Òîãäà íåïîäâèæíàÿ òî÷êà X = X∗ ÄÄÑ (1) àñèìïòîòè÷åñêè óñòîé÷èâà ïî Ëÿïóíîâó.
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