Normal high order elements in cyclotomic finite field extensions
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Let g be a power of a prime number p, and F; be a finite field with ¢ elements. For any integer m,
a normal basis of Fyym over Fy is a basis of the form {a, ¥, ..., a?" "'} for some o € Fym [4]. In this
case the element a € Fyym is called normal over F, [I1, 3.

Let » = 2n 4+ 1 be a prime number coprime with ¢q. Let ¢ be a primitive root modulo r, that
is the multiplicative order of ¢ modulo 7 equals to r — 1. Set Fy(0) = Fyr—1 = Fy[z]/®.(x), where
®.(x) = 2" '+ ..+ 2+ 1 is the r-th cyclotomic polynomial and = x (mod®,(z)). It is clear that
the equality 6" = 1 holds. We have the following tower of finite fields: Fy C Fyn C Fen.

Theorem 1. Let b be such element of the field Fy; that 2nb # 1(mod p). Then the following statements
are true:

(a) element 0 +b € Fpn is normal over Fy;

(b) element 6 + 0~ +2b € Fyn is normal over F,.

Note that for b = 0 the order of 6 equals only to r. But for b # 0 the element § + b € F2n has
high order according to [3, Theorem 1 (a), (d)]. Also if 2b = (a? + 1)a~! and b # 0, then the element
0+60"1+2b= (01 +a)(0/ + a) has high order according to [3].
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