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The N -body harmonic oscillator system and its generalized system, the Calogero-Moser model,
are known as quantum integrable systems, i.e. their Schrödinger equations are solvable and eigen-
states of the Hamiltonians can be constructed. It has long been known that there is a connection
between these quantum integrable systems and certain kind of generalized matrix models. This
talk is concerned with the new correspondence of the quantum solvable systems with some matrix
models, which is discovered last year. These matrix models are given as the Grosse-Wulkenhaar
models, known as renormalizable scalar Φ4-theories on Moyal spaces, which are non-commutative
spaces. The Moyal space has Fock representation, so field theories can be expressed by using
matrix representation. A scalar Φ4-theory on Moyal space corresponds to a Hermitian Φ4-matrix
model or a real symmetric Φ4-matrix model. In particular, Φ4-matrix model known as the Grosse-
Wulkenhaar models have kinetic terms Tr(EΦ2), where E is a positive diagonal matrix without
degenerate eigenvalues. (These matrix models are also obtained by changing the potential of the
Kontsevich model from Φ3 to Φ4.) We show that their partition functions of these matrix models
correspond to zero-energy solutions of a Schrödinger type equation with the N -body harmonic
oscillator Hamiltonian and the Calogero-Moser Hamiltonian, respectively.

Let Φ be a Hermitian or real symmetric N × N matrix. Let Z(E, η) be the partition function
defined by

Z(E, η) =

∫
dΦ e−SE [Φ], (1)

where SE = N Tr{EΦ2+ η
4
Φ4} and η is a real number. The domains of integrations are the space of

Hermitian N×N -matrices and the space of real symmetric N×N -matrices, respectively. Let ∆(E)
be the Vandermonde determinant ∆(E) :=

∏
k<l(El −Ek). Using these, the theorem obtained can

be described as follows.
Theorem 1. Let Ψ(E, η) be a function defined by

Ψ(E, η) := e−
N
βη

∑N
i=1 E

2
i ∆(E)

β
2Z(E, η).

Then Ψ(E, η) is a zero-energy solution of the Schrödinger type equation

HΨ(E, η) = 0.

Here H is the Hamiltonian HHO for the N-body harmonic oscillator system when we consider the
Hermitian matrix model with β = 2:

HHO := − η

N

N∑

i=1

(
∂

∂Ei

)2

+
N

η

N∑

i=1

(Ei)
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When we consider the real symmetric matrix model with β = 1, then H is the Hamiltonian HCM

for Calogero-Moser model:

HCM :=
−η

2N

(
N∑

i=1

∂2

∂E2
i

+
1

4

∑

i ̸=j

1

(Ei − Ej)2

)
+ 2

N

η

N∑

i=1

E2
i . (2)

It is known that the N -body harmonic oscillator system or the Calogero-Moser model is associ-
ated with a Virasoro algebra structure. Using this fact, families of differential equations satisfied
by the partition functions are also obtained from the Virasoro(Witt) algebra representations:

[L̃n, L̃m] = (n−m)L̃n+m. (3)
The definitions of symbols and terms are left to the references [1, 2], but the following theorem is
obtained
Theorem 2. The partition function defined by (1) satisfies

LSD(L̃−mZ(E, η)) =− 2m(L̃−mZ(E, η)). (4)
Here LSD is a differential operator such that some Schwinger-Dyson equation for the partition
function given by

LSDZ(E, η) = 0. (5)

This means that L̃−mZ(E, η) is an eigenfunction of LSD with the eigenvalue −2m.

This talk is based on [1], in collaboration with H. Grosse, and [2], in collaboration with H. Grosse,
N. Kanomata, and R. Wulkenhaar.
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