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Original ideas for the extension of classical elasticity theory to account microe�ects of a continuum
go back to the work [1] of Cosserat brothers, where they introduced a new theory called the Cosserat
continuum. The introduced theory grabbed attention of many scientists. Among others, works of Erin-
gen [2], and Nowacki [3] signi�cantly supported further development of the theory. Eringen introduced
micro-inertia in the theory, which has led to renaming of the theory to the micropolar elasticity. From
practical point of view, the micropolar theory models not only displacements of a continuum, as in the
classical theory of elasticity, but also its rotations.

In this talk we introduce representation formulae for the solution of spatial boundary value problems
of micropolar elasticity. The representation formulae are constructed in the framework of quaternionic
analysis, which is a natural extension of the classical complex analysis to higher dimensions. The
main toolbox for constructing representation formulae for boundary value problems of mathematical
physics in hypercomplex analysis is the co-called quaternionic operator calculus [4, 5]. The essential
ingredient is the T -operator (Teodorescu transform), which is a right inverse to the generalised Cauchy-
Riemann operator. Accomplishing the T -operator with the F -operator (Cauchy-Bitsadze operator),
the higher-dimensional generalisation of the classical Borel-Pompeiu formula can be obtained.

In this talk, we consider the following boundary value problem:

Problem 1. Let Ω ⊂ R3 be a bounded simply connected domain with a su�ciently smooth boundary
Γ = Γ0 ∪ Γ1. A boundary value problem of the micropolar elasticity is formulated as follows

(λ+ 2µ+ κ)∇∇ · u− (µ+ κ)∇×∇× u = −κ∇×ϕ, (1)

(α+ β + γ)∇∇ ·ϕ− γ∇×∇×ϕ− 2κϕ = −κ∇× u, (2)

with boundary conditions{
u = g1 on Γ0,
ϕ = g2 on Γ0,

and

{
tlknl = t(n)k on Γ1,
mlknl = m(n)k on Γ1,

(3)

where u is the displacement vector, ϕ is the vector of micropolar rotation, tlk is the stress tensor, mlk

is the couple stress tensor, ρ is the material density, j is a rotational inertia, λ and µ are the Lam�e
parameters, κ, α, β, γ are material parameters of micropolar theory, nj are components of the unit
outer normal vector, t(n)k are given surface forces, and m(n)k are given surface moments.

After that, a quaternionic formulation of the boundary value problem (1)-(3) is considered [6]:

Proposition 2. Considering the displacement �eld u ∈ C2(Ω) and micropolar rotations ϕ ∈ C2(Ω)
as pure quaternions, i.e. u = u1e1 + u2e2 + u3e3, ϕ = ϕ1e1 + ϕ2e2 + ϕ3e3, equations of micropolar
elasticity (1)-(2) can be written as follows

DM1D u + κVecDϕ = 0,(
D − i

√
2κ
γ

)
M2

(
D + i

√
2κ
γ

)
ϕ + κVecDu = 0,

(4)
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where the operators M1 and M2 are de�ned by

M1w := −(λ+ 2µ+ κ)w0 − (µ+ κ)w1e1 − (µ+ κ)w2e2

−(µ+ κ)w3e3,
M2w := −(α+ β + γ)w0 − γ w1e1 − γ w2e2 − γ w3e3,

for a quaternion-valued function w = w0 + w1e1 + w2e2 + w3e3.

By reformulating the system as a system of operator equations, the questions of existence, regularity,
stablity and uniqueness can be studied by using the classical and modi�ed versions of quaternionic
operator calculus [4, 5]:

Theorem 3. The system of equations{
DM1D u + κVecDϕ = 0,(

D − i
√

2κ
γ

)
M2

(
D + i

√
2κ
γ

)
ϕ + κVecDu = 0,

(5)

with Dirichlet boundary conditions {
u = g1 on Γ0,
ϕ = g2 on Γ0,

is equivalent to the system of operator equations
u = FΓg̃1 + TM−1

1 FΓ(trTM−1
1 FΓ)−1QΓg̃1

−κTM−1
1 T VecDϕ,

ϕ = Fαg̃2 + TαM
−1
2 F−α

(
trTαM

−1
2 F−α

)−1
Qαg̃2

−κTαM−1
2 T−αVecDu,

(6)

where g̃1 = g1 + κ trTM−1
1 T VecDϕ and g̃2 = g1 + κ trTαM

−1
2 T−αVecDu.

Further results related to the uniqueness of solution, as well as the estimate for a di�erence between
the micropolar model and the classical model of elasticity, will be presented in the talk.

References

[1] E. Cosserat, F. Cosserat. Sur la theorie de l'elasticite, Ann. de l'Ecole Normale de Toulouse, 10(1), 1896.
[2] A.C. Eringen. Linear theory of micropolar elasticity, Journal of Mathematics and Mechanics, 15(6), pp. 909-923,

1966.
[3] W. Nowacki. Theory of micropolar elasticity, Course Held at the Department for Mechanics of Deformable Bodies,

1970.
[4] K. G�urlebeck, W. Spr�oßig. Quaternionic and Cli�ord calculus for physicists and engineers, Wiley, Chichester, 1997.
[5] K. G�urlebeck, K. Habetha, W. Spr�oßig. Application of holomorphic functions in two and higher dimensions, Springer,

2016.
[6] K. G�urlebeck, D. Legatiuk. Quaternionic operator calculus for boundary value problems of micropolar elasticity,

Topics in Cli�ord Analysis, Springer series �Trends in Mathematics�, pp. 221-234, 2019.


