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Let M be a smooth orientable connected closed two-dimensional surface, and fo € F(M) a function
all whose critical points have types A;, Dj, Ej,. Consider the set 7 = F( fy) of all functions f € C*°(M)
having the same types of local singularities as fo. Denote by D°(M) the component of unity in the
group D(M) = Diff* (M) of orientation-preserving diffeomorphisms. The group D(R) x D(M) acts on
the space F by “left-right changes of coordinates”.

We want to describe the topology of the space F, equipped with the C*°-topology, and its decom-
position into D°(R) x D°(M)- and D°(M)-orbits. This problem was solved by the author in the cases
when either fy is a Morse function and x (M) < 0 [2, 3], or all critical points of fy have A, types,
p € N [4]. Topology of the DY(M)-orbits was studied by S.I. Maksymenko [5] (allowing some other
types of degenerate singularities) and by the author [2, 3, 4] (for A,-singularities).

For any function f € F, consider the set Cy := {P € M | df(P) = 0} of its critical points. These
critical points form five classes of topological equivalence (some classes may be empty):
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i.e. the critial points of local minima, local maxima, saddle points, quasi- and multy-saddle points,
respectively. Here Ai’i(f) Di(f) and Ei(f) denote the corresponding subsets of critical points of

A— D — FE types. In the set Cem’ = C}”m U Cm‘m of local extremum points, consider the subset C;}m"*

of degenerate (non-Morse) crltlcal points.
Denote s := max{0, x(M) + 1}.

Theorem 1. For any function fy € C°(M), whose all critical points have A— D — E types, the space
F = F(fo) has the homotopy type of a manifold B = B(fy) having dimension dimB = 2s + |Cj§§t’”| +

|Cextr*| 4 2|ctrw| 4 3|Csaddle| +4|cmult Moreover:

(a) There exists a surjective submersion k : F — B and a stratification (respectively, a fibration
of codimension |Cys,|) on B such that every DY(R) x DO(M)-orbit (resp., D°(M)-orbit) in F is
the k-preimage of a stratum (resp., a fiber) in B.

(b) The map k provides a homotopy equivalence between any D°(M)-invariant subset I C F and its
image (1) C B. In particular, it provides homotopy equivalences between F and B, and between
every DP(R) x DY (M) -orbit (resp., DO(M)-orbit) from F and the corresponding stratum (resp.,
fiber) in B.

In particular, 7 (F) = 7 (B), Hi(F) = Hi(B). Thus Hi(F) =0 for all k > dimB.

Our proof of Theorem 1 uses a result (obtained in collaboration with Alexandra Orevkova) about a
“uniform” reduction of a smooth function to a normal form near its critical points.

Suppose 2 € A"(M) is a volume form on a n-manifold M = M"™. Let P C M be a finite subset.
For any vector field £ on M’ := M \ P, we assign the (n — 1)-form 8 = i € A" }(M’). Clearly, this
assignement is one-to-one. Furthermore, the flow of the vector field £ is volume-preserving if and only
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f is a closed form. Indeed: the Lie derivative L¢§) = (igd + dig)Q2 = digfd = df3, so the Lie derivative
vanishes if and only if dg = 0. By abusing language, we will call the (n — 1)-form 5 a flow.

Suppose now that n = dim M = 2. A closed 1-form 5 on M’ = M \ P will be called a gradient-like
flow on M if there exists a Morse function f € C*°(M), called an energy function of (3, such that

(i) the set P coincides with the set of local extremum points of f,
(ii) the 3-form df A B[ync, has no zeros and defines a positive orientation on M,
(iii) in a neighbourhood of every point P € C t, there exist local coordinates x,y such that either
B =d(y), f=f(P)+a2°—y*>and P € 2 = C;\ P, or § = (ady — yda)/(2* + y?),
f=f(P)£ (2> +y?) and P € P.
Geometrically, the set Pg := P consists of sourses and sinks of the flow 8 and coincides with the set
of local extremum points of the energy function f, while the set Zg := Z = Cy \ P consists of saddle
points of the flow § and coincides with the set of saddle critical points of f.

Denote by B(M) the space of all gradient-like flows 5 on M (having arbitrary finite sets Z = Z3
and P = Py of saddles, sourses and sinks depending on ). Endow this space with C*°-topology. For
a gradient-like flow By € B(M), denote by B(/p) the set of all gradient-like flows 5 € B(M) having the
same local singularities as fp (in particular, |Z5| = |Z3,| and |Pg| = |Pg,|).

We want to describe the topology of the space B(fp), equipped with the C°°-topology, and its
decomposition into DY(M)-orbits and into classes of (orbital) topological equivalence.

Theorem 2. For any gradient-like flow Sy on M, the space B(By) has the homotopy type of the
manifold B = B(fy) from Theorem 3, where fy is an energy function of By. Moreover:

(a) There exists a surjective submersion X\ : B(fy) — B, a stratification and a (|Pg,| + |Z35,|)-
dimensional fibration on B such that every class of topological equivalence (resp., every D°(M)-
orbit) in B(fBy) is the N\-preimage of the stratum (resp., the fibre) from B.

(b) The map X provides a homotopy equivalence between every DO(M)-invariant subset I C B(By)
and its image \(I) C B. In particular, it provides a homotopy equivalence between B(5y) and B,
as well as between every class of topological equivalence (resp., every D(M)—orbit) in B(By) and
the corresponding stratum (resp., fibre) in B. All fibres and strata in B (and, thus, all classes
of topological equivalence and all D°(M)-orbits in B(Bo)) are homotopy equivalent either to a
point, or to T%, or to SO(3)/G or to S?, in dependence on whether x(M) < 0, or x(M) = 0,
or x(M) -|Z5,| > 0, or |Zg,| =0, respectively, where G is a finite subgroup of SO(3).

In particuar, m,(B(5o)) = m1(B), Hi(B(Bo)) = Hi(B). Thus Hi(B(Bo)) =0 for all k > dimB.

We will illustrate our results on several examples.
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