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Let X be a compact Hausdorff space. By exp X we denote a set of all nonempty closed subsets of
X. A family of sets of the view

n
O(UL, ... Un) ={F €exp X : FC|JUn, FNUL #@,..., FNU, # @}
i=1
forms a base of a topology on exp X, where Uy, ..., U, are open nonempty sets in X. This topology
is called the Vietoris topology. A space exp X equipped with Vietoris topology is called hyperspace of
X. For a compact space X its hyperspace exp X is also a compact space.
Let f: X — Y be continuous map of compacts, F' € exp X. We put

(exp f)(F) = f(F).
This equality defines a map exp f: exp X — exp Y. For a continuous map f the map exp f is
continuous. Really, it follows from the formula [?]

(exp f)_lO<Ul’ ) Um> = O<f_1(U1)a (a3} f_l(Um)>
what one can check directly. Note that if f: X — Y is an epimorphism, then exp f is also an
epimorphism.
For a Tychonoff space X we put
expg X = {F cexpfX: FC X}

It is clear, that expg X C exp B8X. Consider the set expg X as a subspace of the space exp SX. For
a Tychonoff spaces X the space expg X is also a Tychonoff space with respect to the induced topology.
For a continuous map f: X — Y of Tychonoff spaces we put

expﬁf = (eXp 6f)‘expﬂX ’

where Sf: 8X — BY is the Stone-Céch compactification of f (it is unique).
For a Tychonoff space X put

exp(Homeo (X)) = {exp(g) : g € Homeo (X)}.
Proposition 1. For an arbitrary Tychonoff space X we have
exp(Homeo (X)) C Homeo (exp(X)).

Note that the inclusion cannot be reversed.

Example 1. Let X = {a, b} be a two-point discrete space. Then exp X is three point discrete
space. There exist only two homeomorphisms of X onto itself: h, h': X — X, defined by the rules
h(a) = a, h(b) = b and h'(a) = b, h'(b) = a. At the same time exp X has six different homeomor-
phisms four of them could not be generated by h and h'.
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For a topological transformation group (G, X, «) we put

exp(G) = {exp(ay) : g € G},
here ay(x) = g(x).
Let Uy be an open in G neighbourhood of an element g € G. we define a set Ueyp(a,) = {exp(an) :
h € Uy} and put
%exp(ag) = {Uexp(ag) : Ug € TG}7
here 7¢ is the topology on the space G. It is easy to check that the family Beyp(a,) forms a neighbour-
hood system of the point exp(ay) € exp(G).

Theorem 1. The set exp(G) is a topological group with respect to the operation exp(ayg, ) exp(ag,) =
exp(ag,g,). Moreover, exp(ae) is a unit of the group exp(G) and exp(ay) ™ = exp(a,-1), g € G.

Now for « it is possible to define the action a®P: exp(G) x exp(X) — exp(X) by the rule
a®P(exp(ay), F) = exp(ag)(F).

Proposition 2. For the topological transformation groups (G, X, «), the triple (exp(G), exp(X), a®*P)
18 a topological transformation groups.

Proposition 3. If the set A C X is G-invariant, then the set exp(A) is exp(G)-invariant.
Proposition 4. For a topological transformation group (G, X, «), we have
ker a®P = exp(ker ).
Here ker o™ = {exp(ay) € exp(G) : exp(ay)(F) = F,VF € exp(X)}, exp(kera) = {exp(ay) €
exp(G) : g € kera}.
Proposition 4 immediately implies
Corollary 5. The action a®P is effective if and only if the action « is effective.

Note that for the transitive action a of the group GG on the space X, the action a®*P induced from
a may not be transitive.

Example 6. Let X = {x1, 22, x3} be the discrete topological space (all three points are different).

Let
G- 1 2 3 1 2 3 1 2 3
o 1 2 3/)2\2 3 1)°\3 1 2

— the discrete topological group of permutations of the index set {1, 2, 3}. The action a: Gx X — X
of the group G on the space X is defined by the rule a(g, x;) = Ty;)- Then « is a transitive action.
Moreover, ag(z;) = z4¢;). It is clear that exp(ag)({z1, 22, ¥3}) = {71, T2, 3} for each g € G. Thus,
for no closed subset F' C X there is no element exp(ay) of the group exp(G) for which exp(ay)(F') = @,
here ® = {x1, 9, x3}, F # ®. Therefore, the action a®*P is not transitive.

Example 6 shows that the action of the group exp(G) on the space exp(X) may not be free, although
the action of the group G on the space X is free. But, nevertheless, the following is true.

Proposition 7. Let X = {z1, ..., z,} be a finite discrete space, G an arbitrary permutation group
(supplied by the discrete topology) of the set X. Then, for each free action o of the group G on the
space X, the corresponding action o*P of the group exp(G) on the space exp(X) is semi-free. In this
case, the only point in the space exp(X) that remains motionless under the action of all elements of
exp(Q) is the set {z1, ..., zp}.
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It is clear that if G is a compact group, then exp(G) is also a compact group.

Theorem 8. The action a®*P: exp(G) x exp(X) — exp(X) of the compact group exp(G) on the space
exp(X) is a closed map.

The next statement follows from Theorem 8.

Corollary 9. If G is a compact group and X is some G-space, then for any closed set A C exp(X)
the set exp(G)(A) is closed in exp(X) and for compact A the set exp(G)(A) is compact.

Theorem 10. If f: X — Y is an equivariant map of one G-space to another, then exp(f): exp(X) —
exp(Y') is also an equivariant map of exp(G)-spaces.

The normality of the functor exp and Theorem 10 imply
Corollary 11. If f: X — Y is an equivalence of G-spaces X and Y, then exp(f): exp X —exp Y
is an equivalence of exp(G)-spaces exp X and exp Y.
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