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We present some transversality results for a category of Fréchet manifolds, the so-called MCk-
Fréchet manifolds. In this context, we apply the obtained transversality results to construct the degree
of nonlinear Fredholm mappings by virtue of which we prove a rank theorem, an invariance of domain
theorem and a Bursuk-Ulam type theorem.

We refer to [1, 2] for the basic definitions and result regarding MCk-Fréchet manifolds. We assume
that E,F are Fréchet spaces and U Ď̋ E is an open subset, also thatM,N areMCk-Fréchet manifolds.

Theorem 1 (Transversality Theorem). Let ϕ : M Ñ N be an MCk-mapping, k ě 1, S Ă N an
MCk-submanifold and ϕ&S. Then, ϕ´1pSq is either empty of MCk-submanifold of M with

pTxϕq
´1pTySq “ Txpϕ

´1pSqq, x P ϕ´1pSq, y “ ϕpxq.

If S has finite co-dimension in N , then codimpϕ´1pSqq “ codimS. Moreover, if dimS “ m ă 8 and
ϕ is an MCk-Lipschitz-Fredholm mapping of index l, then dimϕ´1pSq “ l `m.

Theorem 2 (The Parametric Transversality Theorem). Let A be a manifold of dimension n, S Ă N
a submanifold of finite co-dimension m. Let ϕ :M ˆAÑ N be an MCk-mapping, k ě t1, n´mu. If
ϕ is transversal to S, ϕ&S, then the set of all points x PM such that the mappings

ϕx : AÑ N, pϕxp¨q– ϕpx, ¨qq

are transversal to S, is residual M .

Theorem 3 (Rank theorem for MCk-mappings). Let ϕ : U Ď̋ E Ñ F be an MCk-mapping, k ě 1.
Suppose u0 P U and Dϕpu0q has closed split image F1 with closed complement F2 and split kernel E2

with closed complement E1. Also, assume DϕpUqpEq is closed in F and Dϕpuq|E1 : E1 Ñ DϕpuqpEq
is an MCk-isomorphism for each u P U . Then, there exist open sets U1 Ď̋ F1 ‘ E2, U2 Ď̋ E, V1 Ď̋ F ,
and V2 Ď̋ F and there are MCk-diffeomorphisms φ : V1 Ñ V2 and ψ : U1 Ñ U2 such that

pφ ˝ ϕ ˝ ψqpf, eq “ pf, 0q, @pf, eq P U1.

Theorem 4 (Invariance of domain for Lipschitz-Fredholm mappings). Let ϕ : M Ñ N be an MCk-
Lipschitz-Fredholm mapping of index zero, k ą 1. If ϕ is locally injective, then ϕ is open.

Definition 5. Let ϕ : M Ñ N be a non-constant closed Lipschitz-Fredholm mapping with index
l ě 0 of class MCksuch that k ą l ` 1. We associate to ϕ a degree, denoted by degϕ, defined as
the non-oriented cobordism class of ϕ´1pqq for some regular value q. If l “ 0, then degϕ P Z2 is the
number modulo 2 of preimage of a regular value.

Theorem 6 (Bursuk-Ulam Theorem). Let ϕ : U Ñ F be a non-constant closed Lipschitz-Fredholom
mapping of class MC2 with index zero, where U Ď̋ F is a centrally symmetric and bounded. If ϕ is
odd and for u P U we have u R ϕpBUq. Then degpϕ, 0F q ” 1 mod 2.
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